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§1, BBell eHHe 

B nocneJlHHe rOJlhl npo6neMa noCTp09HHH KOH9'1HOA KBBHTOBOft TeOpHH 

nonH C HenonHHOMHBnhHbiM narp8H)f{H8HOM npHBneKaeT K ce6e BHHM8HH9 

Ill 
BCe 6onhwero 'IHCna !j>H3HKOB , noMHMO HHT9HCHBHOro H3Y'I9HHH TeOpHft 

c cywecTr1eano aem!HeftHbiMH no nomo narpaH)f{HaHaMH, TaKHMH, KaK , nanpH

/2/ 
Mep, KHpanhHbie narpaH)f{HBHbi HnH narpaH)f{HBHbi c aKcnoneauHanhHOft 

/3/ 
38BHCHMOCThiO OT CKanHpHoro nonH 1 H9KOTOpb19 8BTOpbl nbiTBIOTCH BBO-

JlHTh CyiiieCTB9HHO HenHHeftHyJO 38BHCHMOCTb OT CKanHpHoro nonH B o6bi'IHbl9 

nonHHOMH8nbHbi9 narp8H)f{H8Hbl H C nOMOIIlhiO STOft onepaUHH CTpOHTb 38T9M 

/4/ . 
KOH9~HYIO TeOpHIO nonH , HaH6onee 9CT9CTB9HHOft H HHTepeCHOft nonbiTKOft 

TaKoro poJla, Ha aaw sarnHJl, HBnHeTCH nonbiTKa nocTpoHTb KOHe'IHYJO aneKT

POllHHaMHKy c y'I~TOM aenHHeftaocTH no rpaBHTauHOHHOMy non~. noJlo6aaH 

pa6oTa B aacToHmee speMH BelleTCH A. CanaMoM cosMeCTHO c ero coTpyJl-

/5/ 
HHK8MH , HeCMOTpH Ha MHOrHe eme HepaapeweHHbl9 TpyJlHOCTH STO Ha-

npasneHHe npeJlCT8BnH9TCH 6eaycnOBHO HHTepeCHbiM, 

KoaeqaocTh peaynhTaToB so scex BbiweyKaaaHHbiX TeopHHX JlOCTHraeT-

cH aa C'I~T Hcnon&aosaHHH cneuH!j>HqecKHX Ka'leCTB cynepnponaraTopa - llBYX

To'le'IHOft lj>yHKUHH fpHHa nonH, aenHaeftao BXOllHmero B narpaH)f{HaH. 3Ta 

lj>yHKUHH He TOnbKO CaMa OCTaeTCH KOHe'IHOft KBK B KOH!j>HrypaUHOHHOM1 TBK 

H B HMnynbCHOM npOCTp8HCTB8X1 HO KpoMe TOro MO)f{eT perynHpH30B8Th 
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cTeiTeHHhle pacxoaHMOCTH B aMITDHTyaax pacCeRHHR1 COOTBeTCTByiDWHX 

o6bi'IHbiM ITODHHOMHaDbHbiM narpaH)KHaHaMI ecnH OHa 6yaeT CTORTb rroa 

38aKoM HHTerpana. TaKHM o6pasoM1 cyrreprrporraraTop BbiCTyrraeT a Ka'leCTBe 

aeKoToporo $opM$aKTopa. B sTo~ CBR3H orrpeaeneHHbi~ HRTepec rrpHo6peTaeT 

BOITpOC - KaKOBbl perynRpH3YIDWHe B03MO)KHOCTH cyrreprrporraraTopa B pa3DH'I

Hb!X TeOpHRX? nro6yro DH pacxoaHMOCTb MO)KHO ycTpaRHTb C ero ITOMOWbiD 

HDH DHWb ReKOTOpb!e? 0Ka3b!BaeTCR1 B pa3DH'IHbiX TeOpHRX perynRpH3yiDWHe 

aosMO)KHOCTH cyrreprrporraraTopa aoaonbHO CHDhHO pasnHqaroTcR. BbiRCHeRHro 

ITOCTaBDeHHbiX Bb!We BOITpOCOB H ITOCBRWeHa aaHRaR CTaTbR. 

Bo BTOpOM rraparpa$e 6yayT paCCMOTpeRbl DOKaDH3yeMbie B3aHMOae~CT-

BHR 1 T.e. B3aHMoaeii:CTBHR 1 ITpH OITHCaHHH KOTOpb!X MO)KHO yaDBDeTBOpHTb 

rrpHRUHIT MHKporrpH'IHRHOCTH TeopHH. B TpeTbeM rraparpa$e 6yayT paccMoT-

peRbi HenoKaDH3yeMble B3aHMOae~CTBHR1 rae MO>KHO yaosneTBOpHTb DHWb 

rrpHHuHrr MaKporrpH'IHHHoCTH TeopHH. H1 HaKoReu1 B 'leTaepToM rraparpa$e 

6yaeT paCCMOTpeRa KBaHTOBaR sneKTpoaHRaMHKa C y'I~TOM rpaBHTaUHH. 

§ 2. n 0 K a D H 3 y e M hi e B 3 a H M 0 a e ~ C T B H g 

..... 
HarroMHHM 1 'ITO cyrreprrporraraTop B X -rrpOCTpaHCTBe 3aiTHCbiBaeT-

CR B BHae pgaa 

ell:!: ( x) f C (n ) ( + i !!. 0 
( x ) ) n ( 2.1) 

rae !!. c ( x ) - rrporraraTop cso6oaao~ qacTHUbi • .UnR noKanH3yeMhiX B3aHMo

/6/ 
ae~CTBH~ KOS$$HUHeHTbl C ( R ) yaosneTBOpRIDT ycnOBHID 

lim I C (n) 1
1/n = 0 , ( 2.2) 

n ... oo 
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B HMrrynhCHOM npocTpaacTBe anR 6e3MaccoBbiX qacTHU cyneprrporraraTop 

. ( ) /7/ i + ( p ) MO)KHO 3aiTHCaTb B cneayrome~ HHTerpaDbHO~ lj>opMe 

~(+) (p) 

a-loe 

__ i_ f dz 

2 
6 

11 a+too 

., ~21 
(.J..L..i 

(4tr )2 

sin 2 
11 z 

rae r ( Z ) - raMMa-¢yHKUHR 1 p 
2 < 0 

) z-2 

c ( z ) 
( 2.3) 

r (z-l) r(z) 

0 < a < 1 

<f>opMa ( 2.3) O'leHb yao6Ha ang BbiSIBDeHHR perynRpH3YIDWHX CBO~CTB 

cynepnponaraTopa. 3To BHaao H3 cneayro.mero paccy)KaeaHH. 

PacCMOTpHM aHarpaMMy c aByMR BepmHaaMH. npH .ll06asneHHH K TaKoA 

aHarpaMMe DHHHH 1 COOTBeTCTByromeA CyrreprrporraraTopy1 B MaTeMaTH'IeCKOM 

Bb!pa)KeHHH 1 OITHCbiBaromeM STy aHarpaMMy1 ITORBHTCR eme oaHH 'leTbipeXMep

HbiA HHTerpan ITO HMITYDbCY 1 a o6maH CTeneHh HMriYDbCA B noaHHTerpanhHOM 

Bbipa)KeHHH yMeHbWHTCSI Ha 2 ( 2 - z ) • OTc10aa RCH0 1 'ITO ecnH Re z 

6yaeT MeHbme HYDH1 Toraa ao6asneHHe nHHHH 1 oTseqaromeA ( 2.3) 1 6yaeT 

ynyqmaTb noaeaenHe noaHHTerpanbHoro Bbipa)KeHHR 1 cooTseTCTByromero pac

cMaTpHsaeMoA aHarpaMMe 1 npH 6ecKoHe'IHbiX HMnynhcax. PerynHpH3AUHH 

6y.lleT TeM cHnhHee 1 '!eM MeHbme MO)KHO caenaTb Re z 1 T.e. '!eM .llanbwe 

HaneBO MO)KHO CaBHHYTb KORTyp HHTerpHpOBAHHR B Bblpa)KeHHH ( 2.3) • Boa

MO)KHOCTb caBHra KOHTypa onpeaenHeTCSI BHaOM K09~HUHeHTa C (z) 1 Toeo 

BH,IlOM B38HMOaeACTBHRo CeA'IaC Mbl paccMOTpHM HeKOTOpbie H3 HHX H K8)K,Ilblj 

pa3 6yaeM HAXOaHTb 1 KAK aaneKO MO)KHO caBHHYTh KOHTyp HHTerpHpOB8HHSI 

a (2.3). TeM caMbiM Mbi BbiRCHHM aonpoc - KaKHMH perynRpHayromHMH 

CBOftCTBaMH o6na,llaiDT cynepnponaraTOpbl npH pa3nH'IHbiX B38HMO,IleftCTBHHX. 
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HaqaeM paccMoTpeaHe c noKann3yeMbiX B3aHMoaeAcTBHA. Han6onee 

/3/ 
THIIH'IHhiM noKanH3yeMbiM B3aHMoaeACTBHeM HBnHeTCH 9KCIIoaeauHanhaOe 

narpaa~Haa TaKoro B3aHMOaeACTBHH HMeeT BHa 

fl (¢) 
e 

G : exp I g cp ( x ) ': ( 2.4) 

rae cp ( x ) - cKanHpaoe none, g H G - KO}ICTaaTbl CBH3Ho neyXTO-

qeqaaH ~yHKUHH fpHaa (BTopoA rropHaoK no KOHcTaHTe G , aee eaewaHe 

nHHHH) paBHa 

( g G )2 
exp I -ig 

2 ~ 0 
( x) -I <I> (X) 

e ( 2.5) 

"" 
DonaraH g 2 < 0 H BhiaenHH H3 <I> e ( p ) aenbTa~yHKUH~, rrpHXOaHM 

B HMIIynhCHOM IIpOCTpaHCTBe K Bbipa~eHH~ anH ~ ( p ) 
e 

( 2.3) o 0TC~lla HaxoaHM an.H KO~HUHeHTa C ( Z ) e . 

C (z) 
e 

= _ G 2 _il; j z+l 

r(z+l) 

t rroao6HoMy 

( 2.6) 

H~TpyaHO y6eaHThCH, 'ITO KOHTyp HHTerpHpOB8HHH B (2.3) rrpH TaKOM 

K03qxjlHUHeHTe C e ( Z ) MO~Ho caeHraTh eneeo aeorpaHH'IeHHO aaneKo, 

OTKyaa cneayeT, 'ITO cyrreprrporraraTop, OIIHChiBa~WHA B3aHMoaeACTBHe ( 2.4 ), 

o6naaaeT aeorpaHH'IeHHhiMH peryn.HpH3Y~WHMH B03MO~HOCTHMH. ( B oKoH

'IaTenhHhiX pe3ynhTaTax aeo6xoaHMo caenaTb aaanHTH'IecKoe rrpoaon~eaHe 

2 /7 8/ 
ITO g ao ITOnO~HTenbHblX 3Ha'leHHA 3TOA BenH'IHHhi, CM., HarrpHMep, ' J o 

PaccMoTpHM Terreph narpaH~HaH o6wero BHaa 

oc n 
u (n) ( g cp (x)) : 
n! 

( 2. 7) fl o6< ¢) G: I 
0 

6 

I 
I 
'I 
II 

'I 
i 
I 

neyXTO'Ie'IHaH ~yHKUHH fpHHa 3aeCb 6yaeT cneay~ma.H 

<l>o6 ( x) (gG )
2 I 

0 
--[ - i ~c (X ) ] n 

n! 

Ko~HuHeHT C o6 ( z ) paBeH 

Co6(z) = -G2 (.,...g2)z+l u
2
(z+l) 

r(z+l) 

( 2.8) 

( 2.9) 

J13 ~OpMynhi ( 2.9) BHaHo, 'ITO anH TOrO, 'IT06bi KOHTyp HHTerpHpOB8HH.H 

MO~HO 6btn0 caBHraTb Bneeo, Heo6xoaHMO OTCyTCTBHe OCo6eHHOCTeA y 

~yHKUHH n 2 
( Z + 1 ) B neeoA rronynnoCKOCTH, 3a HCKn~'leHHeM IIpOCTbiX 

rron~coe B ueno'IHCneHHhiX TO'IKax. B cnyqae ~e aanH'IHH KaKHX-nH6o HHhiX 

oco6eHHOCTeA KOHTyp HHTerpHpOB8HH.H B ( 2.3) MO>KHO caBHraTb BneBO !1.0 

2 
6nH~aAweA H3 HHXo KoHCTaHTY g OIIHTh cneayeT C'IHTaTb OTpHUaTenhHOA 

'IT06bi rrpeacTaBneHHe ( 2.3) 6btn0 3aKOHHhiM 0 a B KOHue pacq(~TOB Heo6xoaH

MO caenaTh aaanHTH'IeCKOe npoaon~eHHe K ~H3H'IeCKHM 3Ha'leHHHM KOHCTaH

Tbl CBH3H g 
2 '> 0 

§ 3. H e n 0 K a n H 3 y e M hi e B 3 a H M 0 a e A C T B H H 

PaccMoTpeaHe aenoKanH3yeMbiX B3aHMoaeAcTBHA ecTeCTBeHHO Ha'laTh 

c rpaHH'IHoro cny'laH, Koraa 

lim I C ( 0 ) 11/n a (3.1) 
n-->oc 

rae a - HeKOTOpaH IIOCTOHHHaH BenH'IHHao K aeyxTO'Ie'IHOA ~yHKUHH C 

TaKOrO poaa K09qxjlHuHeHTaMH IlpHWnH, HaiipHMep, <l>aAa6epr H DaAc, HCCne

ayH cna6oe B3aHMOaeACTBHe ~epMHOHOB C BeKTOpHbiMH Me30HaMH/
9/. 
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<llyHKUHH C <I> ( Z ) 

4JyHKUHeH 

B STOM cnyqae oyneT llpOCTOH ITOK83aTenbHOH 

C<l>(z) az ( 3.2) 

KoHTYP B (2.3) cnaHraeTCH Haneao HeorpaHHqeHHO naneKo H cynepnpona

raTop MO>KeT perynHpH30BaTb mooy10 CTeneHHYIO pacxonHMOCTb, 

Cneny!OlliHH HHTepeCHhiH cnyqatf - STO cnyqatf KHpanbHO-CHMMeTpHqHbiX 

/2/ 
narpaH>KHaHOB • llnH npHMepa npHBeneM 3necb narpaH>KHaH BatfHoepra nnH 

/2/ 
1T -Me30HOB 

fa(¢) G 
( a 1/cp (X ) ) 2 

(l + g2 ¢2 (x)) 2 
( 3.3) 

0K83biBaeTCH 1 qTo cynepnponaraTOpb! 1 B03HHKaiOIUHe npH paCCMOTpeHHH 

T8KHX narpaH>KHaHOB 0 y>Ke He 06nana10T HeorpaHHqeHHhiMH perynHpH3yiOTUHMH 

CBOHCTI38MH 0 a MoryT ITOil8BnHTb nHWb HeKOTOpbie 1 qaCTO BeCbMa HeMHOrHe 

CTeiTeHHhle p8CXOilHMOCTH, 4TOOW y6eJlHTbCH B 8TOM 0 paCCMOTpHM BMeCTO 

(3,3) 6onee npocTOH narpaH>KHaH Toro >Ke THna 

-. 
(¢(x))e 
---

(1+ g ¢ (x)) m 

( 3.4) f ( ¢) 
K 

G 

3necb Mhl BBenH 3HaK HOpManbHOrO npOH3BeneHHSI B narpaH>KMaH, M bl 

He 6yaeM OOCY>KilaTb 0 H8CKOnbKO npaBOMOqHa TaKaH onepaUHH 0 a Cpa3y 

cTynHM K onpeaeneHMIO tPYHKUMH C ( z ) • Pa3naraH narpaH>KHaH ( 3,4) 

ITO CTeneHHM ITOnH cp (X) 1 Hatf.aeM Koa¢¢HUHeHTbl pa3nO>KeHHH UK ( n ) 

(eM, (2.7)) 

npH-

B PSIIl 

u ( n ) 
K 

(-l)n f'(n+l) f'(n+m -e> 
-T- ( 3.5) 
(-g) r (n- e + 1) r ( m) 

8 

i 
0TC!Ona nnSI cl>yHKUHH C K ( Z ) HaxonHM 

C K(z) 
2 

( 2'1 z+l 

- G d..!_ 
g2f 

f'(z+m- e +1 ) 

r ( z - e +2 ) r ( m ) 

2 
1 < z + 1 ) r (Z+ 2 ) . < 3.6) 

KoHTYP B ( 2.3) ne>KHT B nonoce e -2 < Re z < e- 1 ( g 
2 

OITSITb cqHTaeM 

OTpHU8TenbHOH BenHqHHOtf), 

3.aecb uenecooopa3HO 3aMeTHTb, qTo MeTon, pa3BHThiH HaMH B paoo-

/7/ 
Te 

0 
HenocpenCTBeHHO MO>KHO npHMeHSITb K OITHCaHHIO Bb!pa>KeHHH THITa 

( 2,1) nHWb B TOM cnyqae, ecnH CYMMHpOB8HHe HaqHHaeTCH C "IHCna n ~ 2 , 

B aaHHOM cnyqae B3aHMonettcTBHSI (3,4) H cl>yHKUHH fpHHa c nByMH BRew-

HHMH KOHUaMH STO npHBOilHT K orpaHHqeHHIO Ha e e < 3 B 

cnyqae 6onbwHx 3HaqeHHH e HeOOXOnHMO K Bbipa>KeHHIO THIT8 ( 2,}) nooa 

BHTb H BhiqeCTb KOHeqHoe KOnHqeCTBO qneHOB TaK, qTOObl CyMMHpOB8HHe Ha 

qHHanocb 'liTSITb C llBOHKH, Torna 6eCKOHeqHyiO CYMMY MO>KHO oyaeT BHOBb 

171 
OITHCbiBaTb MeTonOM 0 a OCTaBWHeCH qneHbl ( HX oyneT KOHeqHoe KOnH-

qeCTBO) - OOblqHbiMH MeTonaMH KBaHTOBOH TeOpHH ITOnSl, ( 3TO 3aMeqaHHe 

I 101 
OTHOCHTCSI, B qaCTHOCTH 0 K CTaTbe 1 B KOTOpOH CO.Ilep>KHT~H HeKoppeKT-

H8H KpHTHKa Hawero MeTona, KOTOpaSI TepSieT CHny, ecnH yqeCTb yKa3aHHOe 

OOCTOHTenbCTBO) • 

nonCTaBnHSI Bhipa>KeHHe (3,6) B (2,3), Mhl BH.IlHM 1 qTo ecnlf m - f ·> 0' 

To KOHTYP HHTerpHpoaaHHH B (2.3) MO>KHO CllBHHyTb aneao no Re z 

e- m-1 +£ EcnH m = e HnH m = f - 1 0 KOHTyp MO>KHO cnBH-

HyTb aneao no Re z = -2 + £ , J1 ecnH f - m > 1 0 TO OITSITb KOHTYP 

CllBHraeTCSI no Re z =f -m- 1 +£ (3necb 

>KHTenbHaH BenHq~Ha), 

9 
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0TCIO.Q8 BH.QHO, 'ITO perymipH3YIO!UHe B03MO)I{HOCTH cyrreprrporraraTopoB, 

B03HHK8JOIIIHX rrpH OITHC8HHH KHpanbHbiX narpaH)I{H8HOB
0 

BeCbMa Or'p8HH'I9Hbl, 

TaK, HaiTpHMep, ecnH m =4 H f =2, TO cyrreprrporraraTop, COOTBeTCTByJO-

!UHti: T8KOMY narpaH)I{H8Hy, MO)I{eT perynHpH30B8Tb CTerreHHbJe paCXO.QHMOCTH 

He BbiUJe ITHTOti: CTerreHH, a ecnH HeT BHeUJHHX CKansipHb!X KOHUOB, TO He Bbl

rue Tp8Tbeft CTerreHH, ( EcnH HeT BH9UJHHX CKanSipHbiX KOHUOB, COOTB9TCTBYJO-

IIIHX ITOIIJO rp (X) , TO KOHTyp HHTerpHpOBaHHSI B ( 2,3) MO)I{HO C.QBHT'aTb 

aneao no Re z = e-m + ( a ecnH f = m To no Re z = -1 + £ ) • 

§4, narpaH)I{JiaHbl C rpaBJiTaUJiO H Hbl MH ITOnSIM H 

B nocnenHee apeMSI A. CanaMoM H ero coTpynHHKaMn HHTeHcnaHo 

H3Y'!8IOTCSI narpaH)I{H8Hbi C H9fiOllHHOMHanbHOti: 38BHCHMOCTbJO OT rpaBJITaUHOH-

_15/ /7/ 
Hb!X rroneH • C ITOMOllibJO M9TO.Q8 0 ITOJlOOHOT'O M9TOJly , aenaeTCSI ITO-

ITbiTKa fiOCTpOHTb KOH9'1HYJO T90pHJO ITOIISI0 B 'laCTHOCTH, KOH9'1HyJO KBaHTOByJO 

9lleKTponHH8MHKy, Pa6oTa 8T8 naneKa OT 3aBepUJei!HSI H B Heti: HMeeTCSI 

U8llblti: pSIJl JlO CHX rrop eme He paspeUJeHHbiX TpynHOCTeti:, 0.QHaKO C8MO Ha

rrpaaneHH9 aechMa HHTepecHo n ObinO Obi nJOOOITbiTHo, Ha Haw asrnSIJl, rro-

CMOTp8Tl?! K8KOBbl perynSipH3YJOIIIHe CBOti:CTBa y cyrreprrponaraTOpOB, HCITOllb-

3Y8MblX YITOMSIHYTbiMH 8BTOp8Mlf, 

Harne paccMoTpeiiHe Mbi H8'1IIeM c cyrrepnporraraTopa, nony'leiiHoro 

I Ill 
P. Denboypro H A .n. XaiiToM • 0Hn HcxoannH Hs cnenyJOmero narpaH)I{H-

ana 

[ {3 {3 -t/2 
- Det ( TJ a + K h a ( x) ) ] 

' 
f (h) 

( 4.1) 

af3 ( 
rnc TJ = l , -1 , -1 , -1 - MeTpH'IeCKHti: T9H30p B ITpOCTpaHCTBe 

MHHKOBCKoro, a h a{3 ( x) 
- rpaanTauHOHHoe none. TiporraraTop caooo.QIIoro 

rpaBHTaUHOHHOT'O ITOIISI paBeH 

10 

.~~ 
:1l 
,'~; 

·I\ 

h a{3 ( x ) h yB ( y) _i_[ "lay TJ {38+TJ a8TJ f3y_., af3.,y8]~"(x-y).(4.2) 
2 

TipenrronaranOCbo 'ITO MHO)I{HT9nb (4,1) M0)1{9T ITOSIBllSITbCSI B Ka)l{nOti: BepWHH 

OOhi'IHOro rronHHOMHanhHoro asaHMo.Qeti:cTBHSI HeKDTOpbtX noneft. Toraa rpa-

BHTaUHOHHhtti: cyrreprrporraraTop B X -rrpOCTpaHCTBe HM99T BHn 

ct> (X) 1>1 (x) + c1>2 (X) ( 4.3) 

ct> 1 ( x) =- 4 I (-l) n(n+l) f(n+3/2) [iK2~ c (x) ]2n+1 

0 r (-n-1/2) 
( 4.3') 

ct> ( ) 
00 n r (n+3/2) 

2 X. = -4 I (-1) -·-- [ i K 2 ~c ( x ) ] 2n , 
0 r<-n-l/2) 

( 4.3") 

171 ( 2 
Hcrronh3YSI MeTOJl , rronyqaeM B HMrrynhCHOM rrpocTpancTBe p < 0 

ct> ( p) 
1 

-a-too 
__!.':.~:_ f d z 

IP
2 

I -a+too 

( i :.1!?.:1_ )2 z 

~.II!_ 

sin
2 

77 z 

2 
( z+l ) ( z+ 1/2) . 

f(z) r(z+l) 

( 4.4) 

2 
7 

17 
3 a-too ( 2 I P 

2
1 )2z ( 1 )( 1 ) 2 

K~ z- 2 z+ 2 
ci:2 ( p )- ( 217) 

4 8 (4 ~ p) + ---- f dz 
I P 2 I 2 a+too 

11 

. 
sin 2 77 z r ( z > r (z > 



0TCIOaa HeTpyaHO BHaeTb 0 'ITO KOHTypbi B OOOHX HHTerpanax MO>KHO caBH

HyTb aneao aeorpaHH'IeHno aaneKo, T,e, cyrreprrporraraTop ( 4,3) o6naaaeT 

neorpaHH'I9HHOH perynBpH3yroweft CIIOCOOHOCThiD, 

HecKonhKO HHOH rpaaHTauHOHHhiH cyrreprrporraraTop rronyqea A. Cana-
/5/ . 

MOM H )!(, CTpa3aH • BMecTo MeTpHtJecKoro TeH30pa g a(:3 (x) = TJ a(:3+ Klflf:3(x) 

OHM HCIIOnb30B8liH penBTHBRC'I'CKYID TeTpaay La a (X ) , CBB38HHyiD C 

MSTpH'19CKRM T9H30p0M COOTHOW9HH9M 

ga(:3 ( x) = L (x) L (:3 (X) TJ a b 
au b 

(4,5) 

PemiTHBRCTcKyro TeTpaay MO>KHO rrpeacTaBHTb a <PopMe 

La a (X) aa K rl.. aa ( ) 
TJ + 2 'f' X ' (4.6) 

rae rrone ¢aa ( x) MO>KHO C'IHTSTb KBBHTOBSHHhiM rroneM, Ero rrporraraTop 

paseH (4,2). 

nanee HCCn9JlOB8.1I8Cb aneKTpoaHH8MHK8 B KBSHTOBOM rp8BHT8UHOHHOM 

rrone, qaC~b narp8H>KH8H8 B38HMOil9HCTBHH 0 B KOTOpyro BXOaHT aneKTpO-

MarHHT_aoe rrone Aa , HMeeT BRil 

fan ( t/1 ' A a ) e Laa (x) t/J(x) ya t/J(x)Aa(x). 

Oet L (x) 
(4.7) 

fpaBHTSUHOHHb!H cyrreprrporraraTop, B03HHK8IDlliHH 31l9Cb 0 paBeH 

aa {:3b 

0 aa,{:3b (x) =<OI T( L (x) L (0) )jO·> • 
Oet L (x) Oet L (O) 

( 4.8) 

nng Hero Bb!WeyiiOMBHYTbie 8BT0pb! H8lliliH cnenyrol!lee HHTerpanbHOe rrpen

CTSBneHHe: 

12 

.. ,., ./ ) 
H 
l I ' 

tl l :~.;l 
·~· ,lj~ ' 

i. I 

ii'·JII 
r!; 

t.ll S1 . :,,j' 

I 

rae 

-a-lo.o 

O aa,{:3b (x) = ..!__ J -~ 
2 sin 11 z 

[ aa {:3b (0)( ) I ( a(:3 ab ab {:3a 
TJ TJ 0 z +- TJ TJ +TJ TJ -

0 (O)( z) 

2 
-a+lo.o 

- TJaa TJ {:3b ) 0( 1) ( z) ) X [ - j K 2 f'l o ( X) ) z ' 

19 z + 53 ------0 (z) -
36 

5 2 
0 ( z -1 ) + - ( Z+ 2 ) 0 ( z -2 ) ' 

36 

(4.9) 

B '19M HeTpYilHO y6ellHTbCH H3 <lJopMynhi ( 4,11), 'IHCliHTenb rroaHHTerpanbHOf'O 

Bb!p8)1(9HHJI B {4,9) o6pawaeTCH B Hynb B TO'IKSX z =-1 H Z =-2, 

floaToMy KOHTyp MO>KHO CllBHHYTb HaneBo ao liHHHH Re z •> - 3 + E 
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TeM caMhiM rpaBHTaUHOHHbtti cynepnponaraTop ( 4.8) MO>KeT perynHpH30BaTb 

cTeneHHbie paCXOJlHMOCTH BnnOTb JlO nHTOft CTeneHH, T.e. 3aBeJlOMO pery

nSipHayeT BCe paXOJlHMOCTH, BCTpe'laJOIIlHeCSJ: B 06bi'IHOti aneKTpOJlHHaMHKe 

)la>Ke 6e3 yqeTa rpaJlHeHTHOft HHBapHaHTHOCTHo 

OcHoBHoe aoapa>KeHHe npoTHB Bbt6opa narpaH>KHaHa, y'IHThiBaJOmero 

cymecTBeHHO HenHHefiHoe B3aHMO)leftCTBHe C rpaBHTaUHOHHblM noneM 1 B ~op

Me ( 4. 7) aaKnJO"!aeTcSJ: B cneJlyJOIUeM. EcnH C'IHTaT&, 'ITO B Bbt6paHHOM TaKHM 

o6pa30M narpaH>KHaHe HeT 3HaKa HOpManbHOrO npOH3Be)leHHSl: no rpaBHT8UHOH

x/ 
HOMY non101 TO TOr)la 9KBHBaneHTHblM npeo6pa30B8HHeM CnHHOpHOrO nonH 

t/1 '(x) = t/1 (x) ( Det L (x)) - 1
/

2 ( 4.13) 

MO>KHO H36aBHTbCS'I OT HenHHetiHOCTH no rpaBHTaUHOHHOMy non10 H TeM CaMhlM 

Mbi npHJleM K npe>KHeti TeopHH co BCeMH ee cTaphiMH TpyJlHOCTSJ:MH. B 9TOM 

OTHOil!eHHH HaM Ka>KeTCS'I 6onee HHTepeCHbiM Bbi6op narpaH>KHaHa B ~OpMe1 
. /12/ 

Hcnonh30BaHHOH B.H. OrHeBeUKHM H H.B. nony6apHHOBbiM • 

f (t/f,A,h) = 1-i- rJl.V(x) [~y (a -f' -ieA )tf!-if;(fl +l 
2 Jl v v v v 

- ml/it/1 I (Det g )-1
/

2
, 

rJle rp.v (x) onpeJlenSJ:eTcSJ: paano>KeHHeM B pHil KopHH 

+ieA )r. tf!]
v f' 

( 4.14) 

ri-IV(x) 
2 

V TJ/-(V +KhJl.V(x)' =TJ/-(V +~hf!V(x) -~hiUl(x)hav(x)+ ... , (4.15) 
2 8 

x/ 
Mbi 6yJleM C'IHTaTh 1 'ITO TaKoe npeo6paaoBaHHe 3aKoHHo. 
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h/-(V (X ) 
- KB8HTOBaHHOe none C KOMMyTaTOpOM

1 
paBHb!M ( 4.2), a 

f' v (x) TaK>Ke npeJlCTaBnSJ:eT C06ofi PHil no CTeileHSJ:M rpaBHTaUHOHHoro 

/12/ 
nonS'! (CMo ). 8KBHBaneHTHbiM npeo6pa30BaHHeM 

t/1 '(x) t/1 (x) ( De t g ( x ) ) -
1 I 4 

( 4.16) 

MO>KHO y6paT&JleTepMHHaHT MeTpH"!eCKOrO TeH30pa H3 narpaH>KHaHa (4.14). 

Ho TeM He MeHee HenonHHOMHHanhHaSJ: 3aBHCHMOCTb narpaH>KHaHa OT rpa

BHTaUHOHHoro nonS'! OCT8eTCS'Io 

HHTepecHo nocMoTpeT&, KaKHMH perynHpHayJOIIlHMH caoficTBaMH o6naJlaeT 

cynepnponaraTop, nocTpoeHHhiA Ha ocHoBe cnapHBaHHSJ: JlByx onepaTopoB 

raf3 ( x ) H r p.v 1 (y) • B o6meM BHJle B HMnyn&CHOM npocTpaHCTBe 

aTOT cynepnponaraTop HMeeT ~opMy 

a-loa -11Tz 2z 

Ra{3.p.v (p) =1Jaf3 TJ p.v [(2rr)4 s<4tp) +I dz 
a+loo 

e K A (z) 
sin2 rrz f'( )_f'_(_ (p

2
+i( )z-21 z z-1) · J + 

( 4.17) 

a-loo -11Tz 2z c ( ) 
+ ( TJap. TJf3v + TJ av TJf3P.) I dz _e ___ K z (p2+i()z-2. 

a+loo siJf 1TZ f'(z) l (z-l} 

K co>KaneHHJO, onpe)leneHHe BHJla tlJyHKuHA A ( z ) H C (z) npeJlCTaB-

nSJ:eTCSJ: JlOBon&Ho cno>KHofi aaJlaqefi. Ho 'IT06bi B o6mHx qepTax BhiSJ:CHHTb 

perynSipH3YIOIUHe B03MO>KHOCTH TaKoro cynepnponaraTopa, MO>KHO paCCMOT

peTb ynpoweHHYJO aaJla'Iy, KOrJla 
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To rna 

H af~·f.l" (x) 

rf.LV ( x) TJ f.LV y I + K h (x) 

;---i 

h (X) h (y) 

;a!(~); f.LV(O) 

i ll0 (x-y) . 

a I oo r(n+2I )r(n+2I ) 
a,, f.LV 2 c( ) ] n 

TJ TJ - I ------ [iK tl X 
TT 0 r (n+l) 

2 
n B HMilynbCHOM 11pOCTpaHCTBe HMeeM ( p < 0 

K 21~ 21 z-2 

( 4. 18) 

(4.19) 

( 4.20) 

i{ a{i.f.LV (p) = TJa{iTJf.ll' [ (2rr )40(4 ~p) + 

4 a-loo (-~ ) (r(z~ ) )2 
_K_ f dz (4rr) 2 ]. ( 4.21) 

2 5rr2 a+loo sin2 TT Z r(z-I)r(z)r(Z+I) 

H3 sToro Bhlpa*eHHH BHllHO, qTo TaKoA cyrreprrporraraTop MO*eT perynHpHao

BaTb nHWb norapH~MHqeCKHe paCXOllHMOCTH (KOHTyp CllBHraeTCH HaneBO 

no H(' z t ) . l 
-2 

TaKHM o6paaoM, Mhi BHllHM, qTo ecnu ocTaBHTb B narpaH*HaHe Det g , 

To perynHpnayiDwne caoAcTBa cyrreprrporraraTopa ycnnHTCH. OnHaKo rrocKonb-

Ky 3KBHBaneHTHblM rrpeo6pa~lOBaHI!eM 3TOT neTepMHHaHT Bcerll8 MO*HO 

ycTp8HI!Tb
0 

TO B03HHKaeT BOilpOC - HallO nH yqnT;,IBaTb 3TOT JleTepMHHaHT 

B narpaH*Haae? TeM 6onee, qTo HMeiDTCH orrpeneneHHbie ocaoBaHHH cqn-

T8Tb, qTO 3H8K HOpManbHOrO 11pOH3BeneHHH He cnenyeT OTHOCHTb K rpaBH-

TaUHOHHbiM llOnHM B narpaH>KHaHe, a rrpH 9TOM 9KBHBaneHTHbie 11peo6paao-

BaHHH cTaHOBHTCH arronae aaKOHHOA orrepauneA. Ha rrocnellHee o6cToHTenbcT-

16 

BO (onycKaHHe 3HaKa HOpManbHOrO npOH3BelleHHH no rpaBHTaUHOHHOMy no

niD a narpaH*Haae) yKa3biBaeT, B qacTHOCTH, TaKoA ~aKT. Ecnn lla*e Mbi 

6ylleM CqHTaTb, qTo 3HaK HOpManhHOrO npOH3BeneHHH OTHOCHTCH K rpaBHTa

UHOHHbiM nonHM B ( 4.14) H TeM CaMbiM ycTpaHeHbl rpaBHTaUHOHHble neTnH, 

B KOTOpbiX nHHHH abiXOilHT H aXOilHT a OllHY H Ty *e TOqKy, nOJl06Hble neT

nH ace paaHo nOHBHTCH a nanhHeAWHX abiqHcneHHHX no TeopHH aoaMyweHHA 

6naronapH qneHaM c nponaaollHOA a narpaH*HaHe (4.14) 

2 
rf.ll/ (x) ~ (x) y a r/J ( x) • 

f.l 1/ 
( 4.22) 

noaToMy, nocKonhKY HopManhHoe nponaaeneane no rpaaHTauHoHHoMy rroniD 

B (4.14) He H36aanHeT TeOpHID OT nosraneHHH TaKoro p011a neTenb H casr

aaHHhlX C HHMH paCXOl!HMOCTeA, ~0 He HCH0 0 uenecoo5pa3HO nH BaOl!liTb 

aopManhHOe npoHaaeaeHHe a narpaH*HaH c caMoro aaqana. 

Bonpochl ahl6opa narpaH*Haaa a ToA HnH HHoA ~opMe qepea nocpeacTao 

9KBHBaneHTHblX npeo6paaoaaHHA, a TaK*e BH!la HOpManbHOrO npOH3aeneHHH 

cne11yeT pewaTh a TecaoA CBH3H c erne oaaoA, aecbMa aa*HOA npo6neMoA, 

aaKniDqaiDweAcsr a cnellyiDweM. KaK cnenyeT H3 pa6oT <t>eAaMaaa, .!<l>aaneeaa 

H norroaa, MaaaenhWTaMa, .lle-BHTTa, <t>panKHHa H TIDTHHa, XoaepKaMrra H 

/13/ 
ap. , B cnyqae rrpoo6paaa rpaBHTauHn-noneA Hara-Mnnnca H B cnyqae 

KHpanbHOA llHHaMHKH 0 noMHMO llHarpaMM <t>eHAMaHa, onpenensreMbiX H3 aaaHMO

IleACTBHH B raA3eH6eproaCKOM llpeacTaBneHHH, ao3HHK8IDT ewe nononHH

TenbHble aaMKHYTbie neTnH. BoaHHKHoaeane TaKoro *e pona neTenh MO*HO 

O*HnaTb H B cnyqae rpaaHTaUHH 0 H OHH MOryT Cb!rpaTb onpenenHIDWYID 

ponb B aonpocax aKanaaneHTHOCTH H ~opMbi aanHcH S -MaTpHUhi. Bea 

yqeTa 9THX neTenh ace peaynhTaTbi 0 CBH3aHHble C nOnbiTKOA nocTpoeHHH 

KOHeqaoA TeOpHH nonsr,aenh3H CqHTaTb OKOHqaTenbHblMHe 

17 



QqeHb eepbe3HbiM BonpoeoM RBngeTeR Bonpoe eoxpaHeHHR rpaaHeHT-

HoA HHBapHaHTHoeTH TeOpHH. Mo*HO nH, Henonbayg MeToahl HenHHeAHoit KBaH

TOBOA TeOpHH 1 yaoeneTBOpHTb yenoBH~ rpaaHeHTHOA HHBapHaHTHOeTH B KO-

He'IHOM nopRaKe no KOHeTaHTe K ? Ha Haw BarnRa, OTBeT aaeeb Mo*eT 

Ob!Tb TOnbKO OTpHUaTenbHbiM. PeuenT, npeano*eHHb!A rr. ByaHHH H r. Kany
/5/ 

UH ang npHOnH*eHHOT'O eoxpaHeHHSI rpaaHeHTHOif HHBapHaHTHOeTH
1 

TaK*eo 

no HaWeMy MHeHH~, He npHBOaHT K yenexy. 3TH aBTOpbi npeanO*HnH B 

Ka*aOM nopRnKe no 9neKTpoMarHHTHOA KOHeTaHTe e paeeMaTpHB8Tb 

He38BHeHMO rpynnbi aHarpaMM1 HMe~mHX OaHO H TO *e KOnH'IeeTBO eynep

nponaraTOpOB. B eyMMe BeR 9Ta rpynna aHarpaMM 6yaeT, aeAeTBHTenbHo, 

y~oBneTBOpRTb yenoBH~ rpaaHeHTHoA HHBapHaHTHoe~ TeopHH. OaHaKo, eenH 

He Bee BepwHHbi 6yayT nonapHo eoeaHHeHbi eynepnponaraTopaMH, a nHWb 

HeKOTOpbie, K8K 9TO HMeeT MeeTO B ynOMHHyTOM peuenTe 1 TO B TeOpHH no

SIBHTeH onHTb eTapbie Tpya.HoeTH 1 eBH38HHbie e H8nH"'HeM OObl'IHbiX non~eHbiX 

paexoaHMoeTeA. 

EenH Obi yaanoeb npoeyMMHpoBaTb Bee nopHaKH no K B aaHHOM 

nopHaKe no e 1 TO Toraa Ohl rpaaHeHTHaSI HHB8pHaHTHOeTb 1 O'leBHaHo
1 

BoeeTaHoBHnaeh. Ho 9Ta aaaa'la KpaA.He eno*Ba. TaK 'ITo Bonpoe, eBH3a.H

HbiH e eoxpaHe.HHeM rpaaHe.HT.HoA HHB8pHaHTHOeTH1 . eneayeT e'IHT8Tb noKa 

He peweHHbiM B HayqaeMoA aaeeb TeopHH. 

C apyroA eTOp0Hbi 1 eenH Be Y'IHTb!B8Tb eoxpaHe.HHSI rpaaHe.HTHOA 

HHBapH8HTHOeTH1 Toraa perynHpH3y~.meA MOlliHOeTH eynepnponaraTopa ( 4.21) 

He XBaTaeT anH noaaBneBHH Beex paexoaHMoeTeA B 9neKTpoaHHaMHKe 

(KBaapaTH'IHaH paexoaHMOeTb npH Bbl'l:Hene.HHH nonHpH38UHH BaKyyMa He 6y

aeT noaaBne.Ha). TaKHM o6paaoM, Bonpoe eoxpaHeHHH rpaaHeBTBoA HHBapH

aaTHoeTH OK83bJBaeTeH eBR3aHHb!M e BonpoeoM 0 B03MO*HOeTH noeTpOeHHSI 

KOHe'IHOit TeopHH Ha OeHOBe narpa.H*H8H8 ( 4. 14) ( 6ea ( Det g 'r ~ ) . 
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§ 5. 3 a K n ~'I e H H e 

IToaBoaH HTorH npoBeaeHHOMy aaeeb paeeMoTpeHH~ perynHpHay~mHx 

eBoAeTB eynepnponaraTopos npH paanH'IHbiX B3aHMoaeiteTBHHX nonea, Mhl 

npHXOaHM K BbiBoay, 'ITO HaH6onee 6narononyqHaSI eHTyaUHH HMeeT MeeTo 

npH B38HMoaeiteTBHHX e 9KenoHeHuHanbHOH aaBHeHMoeTb~ oT nonH. Boa-

HHKa~IUHe aaeeb eynepnponaraTOpb! B COeTOSIHHH nonaBHTb n~6y~ eTeneHHYK 

paexoaHMOeTb. llnH KHp8nbHO eHMMeTpH'IHbiX narpaH*HaHOB 9TH Ka'leeTBa 

eynepnponaraTopa Y*e aoBonbHO orpaHH'IeHbi H uenHKOM onpeaenH~TeH paa

'HoeTb~ eTeneHeH1 B KOTOpb!X none BXOaHT B 3HaMeHaTenb H 'IHenHTenb 

narpaH*H8Ha. "ieM 6bieTpee narpaH*H8H eTpeMHTeH K Hyn~ npH cp ->"" 

TeM eHnt>Hee perynHpH3Y~IUHe B03MO*HOeTH eOOTBeTeTBy~IUero eMy eynep-

nponaraTopa. 

HaKOHeu, enenyeT OTMeTHTb1 'ITO MHOT'O eno*Hb!X H HepeweHHbiX ao 

eHX nop npo6neM B03HHKaeT npH nonhlTKe noeTpoeHHSI KOHe'IHOH KBaHTOBOH 

9neKTpOaHHaMHKH e HenonHHOMHanbHOH 3aBHeHMOeTb~ OT rpaBHTaUHOHHb!X 

noneA. PHa 9THX TpyaHoeTeit 6bm OTMe'leH Y*e paHbWe A. CanaMoM H 
/5/ 

)f(. CTpaanH (eM. ) • lleHTpanbHbiMH H BeebMa npHHUHnHanbHhiMH Bonpo-

eaMH1 OeTa~IUHMHeH OTKpb!Tb!MH ao eHX nop1 HBnH~TeH BOnf}OebJ1 eBH3aHHbl€ 

e 9KBHBaneHTHb!MH npeo6pa30BaHHSIMH H Bb!OOpOM narpaH*HaHa B TOM HnH 

HHOH ~OpMe1 Bhl60pOM BHaa HOpManbHOT'O npoH3BeaeHHSI H y'IATa aononHH

TenbHbiX aaMKHYTbiX neTenb. Bee 9TH Bonpoebi nomKHbi pewaTbeH B TeeHoit 

eBH3H npyr e apyroM H npeaeTaBnH~T eo6oit BeebMa enO*HY~ H HeTpHBH

anbHY~ npo6neMy. llo eHX nop He peweHa H npo6neMa, eBH3aHHaH e eoxpa-

HeHHeM rpaaHeHTHOH HHBapHaHTHOeTH TeopHH. 

B aaKn~qeHHe aBTOp Bbipa*aeT rny6oKy~ npH3HaTenbHOeTb npo~. 

n.l1. BnoXHHueBy aa noeTOSIHHb!H HHTepee K pa6oTe H a-py B.l1. OrHeBeUKOI 

aa noneaHbie o6ey*aeHHH. 
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