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B 9ToA aaMeTKe Mbi paccMoTpHM aCHMDTOTHKY co6cTaeHHbiX aaa'leHHA 

ypaBHeHHSI 

y " ( z ) + ( It - 2 (J cit 2 z ) y ( z ) = 0 ( 1 ) 

npH 6onbWHX aaa'leHHSIX napat:-te.Tpa (J • TaK KaK (1) SIBnSieTCSI ypaaae-

HHeM THDa ypaBHeHHSI MaTbe, Uenecoo6pa3HO HSllOMHHTb OCHOBHbie cllaKTbl 

TeopHH ypaaHeHHA MaThe. 
Ill 

KaK H3BecTHO , npH peweHHH nayMepaoro aonaoaoro ypaaHeHHSI 

a2 w 
a x2 

+ 
a2W 

a Y 2 

+ a
2 

W = 0 

B opTOrOHanbHbiX 9nnHDTH'IeCKHX KOOpnHHSTaX 

x = c ch u cos v y = c sh u sin v 

( 0 < u <.. • 0 ~ v < 217 ) 

(2) 

(3) 

nocne noncTaHOBKH W = U (u) V (v) B03HHKaJOT cnenyiOWHe naa o6biKHOBeH

HbiX nHcllcllepeHUHanbHbJX ypaBHeHHSI: 

2 
__L.Y_ + ( h - 2 (J cos 2 v ) v ( v ) = 0 

dv 2 
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(4) 



d2U 

du 2 
-(h -28 ch2u) U (u) 0. (5) 

3aec& h H (I - JtOHCTaHTbi paaaeneHHSI nepeMeHHbiX, npH'I~M h 

npoHaeon&HhiA napaMeTp, a (I YllOBneTBOpSieT COOTHOWeHHIO 

(I 
a2 c 2 

-r- (6) 

Ypaeaeaae (4) aaahrsaeTCSI ypaeaea&eM MaT&e (Y.M.), a ypaeaeaae 

( 5), KOTOpOe MO)KHO cp0pM8nbHO nony'IHTb H3 ( 4) 1 nonaraSI v = i U 

HOCHT H83B8HHe MOAHcpHUHpOBaHHOrO ypaBHeHHSI MaTbe (M.y.M.). 

YpaeaeHHSI MaTbe HMeiOT TPH oco6biX TO'IKH. Llee H3 HHX SIBnSIIOTCSI 

/2/ 
xoae'IHbiMH H peryngpHbiMH c noxaaaTenSIMH 0 H 1/2. TpeTbSI oco6aSI 

TO'IKS H8XOllHTCSI Ha 6eCKOHe'IHOCTH H SIBnSieTCSI HeperyngpHOit, 'ITO 3H8'1H

TenbHO 3aTpyARSieT HCCneaOBSHHe CBOitCTB ypaBHeHHAo 0TMeTHM1 'ITO (y.M.) 

MO)KHO nony'IHTb H3 llHcpcpepeHUHSnbHOrO ypaBHeHHSI THna <Slyxca C nSITbiO pe-

rynS!pHbiMH OC06biMH TO'IKSMH Z l 

/2/ 
SIHHSI nocneAHHX TpeX TO'IeK 

/1 2/ 
Cornacao o6meit TeopHH ' • 

z2 ' z a z 4 H _oo nyTeM cna-

ypaBHeHHSI ( 4) H (5) HMeiOT nepHOllH'Ie-

cxae peweHHSI, KOTopbre aaahreaiOTCSI .PYHKUHSIMH MaT&e H MOAH$Buapoeaa

HhiMH cpyHKUHSIMH MaTbe nepsoro pOllS COOTBeTCTBeHHOo 3TH peWeHHSI B03-

HHK8IOT, HSllpHMep, npH paCCMOTpeHHH rpaHH'IHOit 38ll8'1H llJTypMS-JlHYBHnnSI 

AnSI ypaBHeHHSI (4) C rpaHH'IHhlMH ycnOBHSIMH 

v (0) v ( 71 ) (7a) 

v '(0) v '(71) (76) 

4 

lJ.aHHaSI 3aAa'la HMeeT peWeHHSI TOnbKO npH HeKOTOpbiX (co6CTBeHHbiX) 

3Ha'leHHSIX h ( (I ) • lJ.nSI co6CTBeHHblX 3Ha'leHHil H COOTBeTCTBYIODlHX HM 

peweHHit 06bi'IHO HCllOllb3YIOTCSI o603Ha'leHHSI b n ( (I ) H s e n ( V , (I ) . 

npH rpaHH'IHOM ycnOBHH ( 7 a), a n ( (I ) H C en ( V, (I ) - llpH rpaHH'IHOM 

ycnOBHH (76). <llyHKUHSI ce ( v, (I ) 
n 

'I~THaSI, a s e n ( v , 8) - Re'I~THaSI, 

npH STOM ce2 n ( v) H se2n ( v ) HMeiOT nepHOll 71 , a ce2n+l ( v) 

H s~n+l ( v) - nepHOll 2 11 

MoAHcpHUHpoeaHHbie cpyHKUHH MaTbe nepeoro poAa AnSI co6cTBeHHhiX 

3Ha'I~HHit an ( (I ) H b n ((I ) 0603H8'1aiOTCSI nocpeACTBOM C e n ( U, (I) 

H Sen(u, 8) H SIBnSIIOTCSI COOTBeTCTBeRHO 'I~THbiMH H He'leTHbiMH cpyHK-

UHSIMH apryMeHT8 u C nepHOAaMH 71 H 2 71 

llocxonbKY o6UlHe peweHHSI ypasHeHHA THna (4) H (5) He MOryT 6biTb 

/2/ 
nepHOllH'IeCJtHMH 0 TO cymeCTByiOT BTOpbie HenepHOllH'IeCKHe peWeRHSio 

8 nHTepaType OHH o603R8'18IOTCSI COOTBeTCTBeHHO fen ( v , 8 ) H 

ge (v, 8) (Ami a (8) H b (8) , ypaeaeaae (4)) H Fe (u,8) 
n n n n 

H Ge (u, 8) (AnSI a ( 8) H b (8) , ypasaeHBSI (5)). 
n n n 

Ecna aenepHOllH'Iecxae peweHHSI ypaeaeaait (4) H (5) npeacTaeneHhl 

B BRAe pSIAOB no MOllHcpHUHpOB8HHbiM cpyHKUHSIM EeccenSI BTOporo POllS Y n 

TO OHH o603H8'18IOTCSI CHMBOnaMH fe y ( V, (I ) , ge y ( v, 8 ) H 
n n 

Fe y ( u, 8) H Ge y ( u , 8 ) • Ecna Te )Ke CaMbre peweHHSI nony'leHhi B 
n n 

BRAe pa3nO)KeHHit B pSillbl no MOllH$HUHpOB8HHbiM cpyHKUHSIM TpeT&ero POllS 

K , TO ynoTpe6nSIIOTCSI cnenyiOmHe o6o3Ha'leHHSI: fekn ( v, 8), 

gekn (v,8), Fekn (u, 8) H Gekn (u, 8) 

CTaHnapTHbiil Me TOll OTbiCK8HHSI peweHHA ypaBHeHHA ( 4) H (5) COCTD

HT B npeACTSBneHHH HCKOMbiX cpyHKUHit B BHlle pSillOB no peweHHSIM npenen&

HbiX ypaBHeHBit, nony'laiOinHXCSI H3 (4) H (5) npH HeKOTOpbiX npeAenbHbiX 

3H8'1eHHSIX napaMeTpa 8 : (I =0 H (I _. oo 

lJ.nSI K09cpcpHUHeHTOB 9THX pS!llOB B03HHK8IOT peKyppeHTHhle COOTHOWe

HHSI, npH'I~M Tpe60B8HHe CXOAHMOCTH BbiAenSieT C06CTBeHHbie 3H8'1eHHSio 

5 



x/ 
0TM9THM, 'ITO A8HH8SI npoUeAypa npHM9HHM8 KO BC9M AHcp!flepeHUHSnbHbiM 

ypaBHeHHSIM C ABYMSI KOHe'lHbiMH perynSipHbiMH H OAHOA 6eCKOH9'lHOA Hppe

rynSipHOA OC06btMH TO'IKSMH (HaiipHMep1 K ypaBH9HHSIM AnSI ccpepOHASnb

HblX BOnHOBblX cpyHKUHA) o 

TaKHM MeTOAOM, HCXOA.H H3 pa3nO:lKeHHi!: no pemeHH.HM npeAenbHOrO 

ypaBHeHHSI, B03HHK810lllero IlpH fJ = 0 , MO:lKHO IIony'lHTb cpopMynbi 'q~T-

HOCTH" AnSI C06CTB9HHbiX 3H8'19HHi!: an ( fJ ) H bn (8} 

a 2 n (- 8) a2n(8) b2 n ( - ~ } = b 2 n ( (J } 

.. (8) 

a2n+l ( -8) b2n+l (8} b2n+1(-~l =a 2n+l (8) 

Ecna :lKe acxoAHTb H3 pa3nO:lKeHHA no pemeHHSIM rrpeAenbaoro ypaBHeHH.H, 

B03HHK810lll9rO npH 8 

3Ha'leHHi!:: 

a ( 8) ·-. n 

-+ 00 

b ( 8) 
n+l 

/4/ 
, MQ:lKHO Hai!:TH 8CHMIITOTHKY C06CTB9HHbiX 

=-28 + 2(2n+l )8'1. -l(2n2+2n+l).(9) 
4 

Hai!:AeM Terrepb acaMnToTHKY npa 8 -+ oo C06CTBeHHbiX 3Ha'leHHA 

ypaBHeHHSI 

d2 
__ Y_ + ( h - 2 8 ch 2 z ) y ( z) = 0 , (10) 
dz 

KOTopoe OnHCbiBaeT s -Bonay OAHOi!: penSITHBHCTCKOi!: MOAenH rapMOHH-

/5/ 
'lecKoro ocuunnSITopa 

$opManbHO ( 10) MO:lKHO nony'lHTb H3 MOAHcpHUHpOBSHHOrO ypaBHeHHSI 

MaTbe (5), npoH3BeA.H 3aMeay 

x/ 
YKa:lKeM aa aHanorH'lHbii!: MeTOA aTanoHaoro ypaBHeHHSI AnSI caHryngpHbiX 

38AS'l illTypMa-flHyBHnnSI( CM. pa6oTy/S/, B KOTOpOi!: HMeeTCSI COOTBeTCTBYIOlli8SI 

6a6nuorpacpH.H). 6 

~ 
I 

,I 

~ 
1 

.h -+ - h 

e _. - e. ( 11) 

0JlH8KO H3 (9) Cpa3y BHAHO, 'ITO npH STOM C06CTBeHHbJe 3H8"19HHSI nony

"18IOTC51 KOMIIneKCHbiMHol1CnOnb30B8Tb B Jl8HHOM cny'lae COOTHOllleHHSI (8) 

Mbl He HMeeM npaBa, T8K KSK OHH AOK838Hbl nHlllb Jln.H ManbiX 3H8'19HHA 

napaMeTpa (J • npH 60nblliHX (J 3TH COOTHOllleHH.H MoryT He HMeTb 

MeCTa, 'ITO 6yAeT SICHO H3 ASnbHei!:mero. noaTOMY JlnSI rrony'leHHSI SCHMnTo-

THKH C06CTBeHHbiX 3Ha'leHHi!: IlpH 6onblliHX 

/4/ 
8 Mbi npaMeHHM npoue11ypy, 

aHanorH'lHYIO onacaHHOi!: B pa6oTe • 

nocne nOACTSHOBKH 

I 

X 2 8 T sh z 

ypaBHeHHe (10) anre6paH3HpyeTcSI: 

I 

( x2 + 482> ~ 
dx 2 

I 

+ x~+(h-28-8'2x 2 )y(x) 
dx 

(12) 

0 . (13) 

TaK KaK npH 8 -+ oo aTo ypasaeaae rrepeXOJlHT B ypaBHeHHe AnSI 

/1/ 
cpyHKUHH napa6onH'l9CKOrO UHnHHApa : 

2 
d y + ( h -28 ----

4..;T 

x2 
(14) ) y(x)=O, 

4 

TO Mbl 6yAeM, cornaCHO CK838HHOMY Bblllle, HCK8Tb pemeHH.H (13) B BHJl9 

pa3nO:lK9HHSI B pHil 110 pemeHHSIM rrpeAenbHOrO ypaBHeHHSI (14): 

00 

y(x,8) I an ~8) Dn (x). (15) 
n=O 
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DoACTasngg (15) S (13) H rrpHHHM69 SO SHHMBHHe ypasHeHHe Al19 

/1/ 
4JyHKUHH On (X) : 

40 "(x) - x 2 
n 

/4/ 
H paseHCTSO 

n n (x) -2(2n +1) 0
0

(x) 

x 2 D" (x) + x D' (x) 
1 1 

""'4 0 n+4 + T Dn+2 --~(2n 2 +2n+1) n 4 n n n -

n (n-1) 
-2-

1 D
0

_ 2 + T n Cn-0 (n-2) (n-3) D 0 _ 4 , 

rronyqaeM ClleAyiDmee IT9THqneHHOe peKyppeHTHOe COOTHOW9HHe: 

00 

~a !...LD +.LD 
n=O n '4 n+4 2 n+2 

n (n-l) o + _1_ n (n-1 Hn-2Hn-3) nn-4+ 
2 n-2 4 

+ [ h --2 (} - 2 (2 n +1) ~ - _1 (2 n2 + 2n + 1 ) ] n . 4 n 
0 • 

OTCIDAa s rrpeAene (} -+ 00 HBXOAHM: 

00 

a [ _h_- 2y(} -2 (2n+1) - - 1-(2n2 + 2n + l)] Dn (x)=O. (16) 
n -y (} 4{0 

I 
n=O 

TaK KaK ¢YHKUHH on (X ) llHHeitHO H936SHCHMhl, TO ( 16) HMeeT MeCTO 

llHWb S TOM cnyqae, KOI'AB see K09$ifJHUH9HTbl ITpH 0 n ( X ) OOpamaiDTC9 S 

x/ 
B HYllb. :3TO ABeT HCKOMYID aCHMITTOTHqeCKyiD iflopMyny Al19 COOCTSeHHb!X 

3HaqeHHH h ( (}) ypaSH9HH9 ( 10) rrpH (} -+ oo -: 
n 

x/ 
«t>opMyny ( 17) MO)KHO rronyqHTb T6K)K9 0 rrpHM9H99 Me TOll TeOpHH S03My-

ill9HHH K ypasHeHHID (10). 

8 

1 
- 1 

h ( 6) = 2 6 + 2 ( 2n + l) (} 
2 + - ( 2 ~ 2 

+ 2 n + 1 ) • 
n 4 

(17) 

Terrepb MO)KHO aenocpellCTBeHHO y6ellHTbC9 s TOM, qTO ¢opMYllbi (8) 

He HMeiDT MeCTB rrpH 6 -+ 00 • neACTSHTellbHO, yqHTbiS69, qTO (10} 

rronyqaeTC9 H3 MOilH¢HUHpOB6HHOI'O ypasHeHH9 ~aTbe (5) SaMeHOii (11), H3 

(9) C llOMOillbiD ¢opMY11 (8) HBXOilHM rrpH qi:!!THOM n ( hn (- 6) = h n ( 6) 

.. 
h n (6) =-hn((})}: 

1i ((}) 
n 

1 

=2(} -2(2n+1) e2 
1 +- (2 0 2 
4 -

+ 2n + 1 ) ' 

qTo, oqesHilHO, He cosnallaeT c (17). 

3aMeTHM, qTO eCllH paCCMBTpHSBTb h KBK ¢yHKUHID yO 
He (} t TO ( 17) ¢opM6llbHO MO)KHO rronyqHTb H3 ( 9) 3aMeHOit 

h <-~ ... - h ce > , yo ... - yT 

' a 

(18} 

Ho 9TO npeo6paaosaHHe He cosrranaeT c aaMeHoA ( 11), KOTopag cs93brsana 

ypaSH9HH9 (10) H (5). 

B 36Kll IDqeHHe aBTOP Sbipa)KaeT onaroAapHOCTb CSOHM coasTopaM ITO 

/5/ paOOTe , S KOTOpOit S03HHK116 H6CT09ill6g 3aAaqa, a TBK)Ke fl.J1. 0oHOM6-

pesy H H.E. CKaqKosy sa rroneaHbre o6cy*AeHHg. 

9 

4_;;1 



fluTepaTypa 

1. r. BeATMaH, A. 3plleAH. BT<J), T.3, MoCKBa, 1967. 

A.B. MaK-flaxnaa. TeopHSI H npuno>KeHHSI <PYHKUHA MaThe. Hfl, MocKBa, 

1953. 

2. s.n. AAHC. 06hiKHOBeHHbie llH<P<lJepeHUHallbHbie ypaBHeHHSio XapbKOB, 1939. 

3. C.IO. CnaBSIHOB. nH<P<IJepeHUHallbHbie ypaBHeHHSI, T. 5 ( N92). 313 ( 1969). 

4. R. Sips 'l'rans. Amer. Math. Soc., §.§., 93 (1949). 

5. A.D. Donkov, V.G. K.adyshevsky, M.D. Mat~ev, R.M. Mir-K.asimov, 

Preprint JINR E2-5339, Dubna (1970). 

PyKonucb nocTymma B H3llaTellbCKHA OTllell 

18 lleKa6pSI 1970 rolla • 

._, 

10 


