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_ 1. PeaynbTBThi npe.cthi.ctymeft .paooTh/ 
11 

roBopSIT· o TOM, 'lTD npn pac

CMOTpeHHH BOilpOCOB npe.ctenbHOrO nepeXO.Qa OT penSITHBHCTCKHX BOnHOBhiX ypaB

HeHHH K HepenSITHBHCTCKHM H HHBapHaHTHOCTH nocne.ctHHX Mhl T~KJKe .QOnJKHhl 

onnpaTbCSI He Ha OOhl'lHhie HepenSITHBHCTcKHe npeoopa30BaHHSI, a Ha TB:K Ha-

3hiBaeMbie npOCTpaHCTBeHHOfiO.QOOHhie ( "ljla30Bhie") npeoopa30B8HH.1Io 

·. B cnyqae KBaHToaoft MeXaHHKH aToT ru·ar .ctononHnTenhHO no.ctKpennSieTcSI 

TeM <jlaKTOM, 'ITO oohi'IHhie HepenSITHBHCTCKHe npeoopasoaaHnSI npnao.ctSIT K Ta

KHM <jlopMynaM npeoopa30BBHHH nepBbiX npOH3BOAHhiX BOnHOBOH <\JyHKUHH, 'ITO 

nnSI aHeprnn n nMnynbca nnocKoft aonHhi 6yneM nMeTb 

p 
X 

BMeCTO ~OpMyn npeoopa30B8HHSI 

(p 
X 

(l) 

B TO apeMSI KaK ncnonhaoaaHne H~penSITHBHCTCKnx npocTpaHCTBeuuono.ctooHhiX 

npe001J830B~HHft il03BOnSI~T nony'IUTb UMel!HO <jlopMynhi ( 1). 

11 Tak, B03bMeM -npOCTpaHCTBeHHOilOllOOHh!e npeo6pa30BaHUSI B · HepenSITU-: 

BHCTCKOM H rannneeBOM npnonn>KeHHSIX: 
' ' 

, ( 1 2) 
.x··=X 1+"2"'"{3 -{3ct, 

{3 1 2 
l , = ( t - -X )( 1 + --{3 ) , 

c 2 
('l.) 

X =X , 
, {3 
=t--x, 

rne 
c 

{3 = v/ c 
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llpH 9TOM CH8"1811a Mhl TIOK8)KeM,~ "'TO-HX, npHMeHeHHe .QeHCTBHTellbHO TI03BQ-

11SieT TIOliY"'HTb Tpe6yeMbie YCliOBHH .Qi'ISI BTOph!X npOH3BO.QHhlX OT BOliHOBOH 

/2/ 
·, HCTIOllb30B8HHhie HaMH paHee . • cPYHKUHK ib 

PaccMoTpHM .QliSI aToro, aanpHMep; cjJopMyllhi npeo6paaoaaHHii a"JY,'!ax'at' 
2 . . 

(H a o/'/at' 2 
) B HepeliSITHBHCTCKOM H raliHlleeBOM npH611H)KeHHSIXo 

2 
a ifr' a~ 

2 2 
2 f3 a ifr 2 a .ifr . 1 2 . 

0 + 2 f3 > + - -a 2 < 1+ f3 > + f3 c --< 1+ - f3 >. (3). 
ax'at' axat c t CJx 2 2 · 

a2y,, a2y, f3 a2y, 
---+- --2-, axat c at 

. (3 '} 
ax' at' 

2 2 2 . 2 a ifr' a ifr · . 2 a ifr 1 2 . 2 a ifr 
--~ = -- (1 + f3 ) +2f3c --- (1 + -{3 ) +(f3c) --at' 2 at2 axat 2 ax 2 (4) 

a2y,, 2 a ifr 
-a ,2 =-a 2. 

t . t 

(4 ',) 

nanee 6ylleM paCCY*ll8Tb CllellyiOIIIHM o6pa30M0 

KOllb CKOpo nepeXOll OT HepeliSITHBHCTCKOrO npH611H*eHHSI ·K raliHlleeB

CKOMY CBSI38H C llOnOliHHTellbHhiM OT6paChiB8HHeM "'lleHOB nopSI.QKa {3 2 
no 

cpaBHeHHIO C 1 t TO Mhl BnpaBe CBSI3h!B8Tb HC"'e3HOBeHHe TpeTberO 

"'lleHa s cjJopMyne (3) npH nepexolle K (3 ') c BhmonHeHHeM HliH ycnoBHSI 

a2y, 13 2 a2y, 
-a 2 .,_2_ -a 2 • 

X C t 

HliH yCliOBHSI 

2 ay,. f3 __ .,_ 
ax2 c 

a 2 ifr 
ax a. 

HliH HX 060HX O.QHOBpeMeHHO. 

(5) 

(6) 
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llpHBJie'leHHe ljlopMyn (4) ir (4') npHBOJlHT Hac K noci:teJlHeii: B03MO)I{Hoc

TH. B pe3yJibTa.Te HMeeM: 

(7) 

fl OCJl9JlHee Bblpa)KeHHe COJlep)KHT, 0'19BHJlHO, BCe He06XOJlHMbie YCJIOBHSI, KOTo

phl~ Hcnonb30BanHCb HaMH paaee JlJISI nepexoJla oT penSITHBHCTCKoro ypaBHe

HHSI llJpeJlHHrepa K HepeJISITHBHCTCKOMy ypaBHeHHJO (S) 121• qTO )1{9 Kaca-

9TCSI npoUeJlypb! JlOK838T91lbCTBa HHBapHaHTHOCTH ypaBHeHHSI ( S) , TO OHa 

npaKTH'l9CKH He H3M9HSI9TCSI~ 

2, flepeii:JleM Tenepb K o6Cy)KJl9HHJO BOnpoca 0 BH)le Hepe1ISITHBHCTCKOro 

BOJIHOBOro ypaBHeHHSI npH H81IH'IHH 91l9KTpOMarHHTHOrO HOJISI, 

.UnSI aToro Mbi Bocncinb3yeMCSI ynoMSIHYTbiM HepenSITHBHCTCKH HHBapHaHT-

HhiM ypaBHeHHeM H y'ITE}M npHcyTCTBHe ::meKTpoMarHHTHoro nonSI. B pe3ynb

Taie nony'IHMxt 

. 2 ~ 

-[tfr (E-ecf>) tfr] 
1 .... 2 2 

(P- c A) tfr +me tfr, 
2m c 

(8) 

.... 
r)le' KaK o6bi'IHO, E = i h a I at H P = - i h · grad 

O'!eBI!JlHo, 'ITO nony'leHHoe TaKHM o6pa3oM ypaBHeHHe (8), KaK H B CBo-

60JlHOM CJiy'lae, OT1IH'l89TCSI OT COOTBeTCTBYJO!Ilero ypaBHeHHSI llJpeJlHHrepa B 

31leKTpOMarHHTHOM none ljlopMoii: 'Ineaa B neBOii: '18CTH, Ero MO)KHO CBeCTH K 

YK838HHOMy ypaBHeHHIO llJpeJlHHrepa, eCJIH TOJlbKO BbiHOJIHeHO CJle.llyiO!Ilee 
. . . 

cneuHanbHOe ycnoB~e: 

~ 
- L tfr ( E - c cf> )2 tfr ] (E-ccf>)tfr 

x/ 
KaK H paHbme, Mbi Bhi6panH nono)KHTenbHoe 3Ha'leHHe KOPHSI. 
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2 . . . 2 ~ al{r · · 
- [ ifr ! _ _'!:_ + ~ ~ ifr + 2 ~ rfo a ifr - ~ rfo 2 ifr 1 = -- + J!L rfo ifr. (9 ;> 

at 2 h at h · at h2 · . at . h · · 

) 
OTKy~a, BOSBO~H o6e qacTH paBeHCTBa (9') B KBa~paT H acnonhsyg ycnoBHe 

2 ·~ 
-(l{r~) =2Y!._ 

at 2 at 
(A) 

CBe~eHHH ypaBHeHHH ( S ) K ypaBHeHHIO llJpe~HHI'epa/2 /, ·nonyqHM, B qacT-

HOCTH, 

arp ifr = o, 
at 
rp = const · f( x ~ y , z ) • (B)· 

TaKHM o6pasoM, ecmi onapaTbCH Ha Tpe6oBaHHe aepenSITHBHCTCKofi 

HHBapHaHTHOCTH, TO MOlKHO CK838Tb 1 qTo ypaBHeHHe llJpe~HHI'epa B aneKTpo

Mai'HHTHOM none 6y~eT ~aBaTb npaBIInbHhie pesynbTaThi, ecna · ~nH ero pemeaaii 

Bhmomreao ycnosae (A), a cKanSipHbifi noTeHuaan aneKTpoMai'HHTHoro nonH 

He 38BHCHT OT BpeMeHHe 

0TMeTHM S~eCb, qTo KOnb CKOpO npH nonyqeHHH HepenSITHBHCTCKOI'O ypaB

HeHHH (8) Mbl He nonbSOBanHCb HHK8KHMH I'HnOTeTuqecKHMH. ycnOBHHMH, TO 

Mbl snpase OlKH~8Tb, qTo yKaSaHHOe ypaBHeHHe ~OnlKHO y~oBneTBOpSITb Tpe6o

BaHHIO HHB8pH8HTHOCTH OTHOCHTenbHO HepenHTHBHCTCKHX npOCTpaHCTBeHHOno

~06HbiX npeo6pa30B8HHfi (2) • 

To, qTo aTo Tpe6osaaue .ueiicTBHTenbHO Bhmonaeao, MOlKHO nerKo npo

sepHTb, npusneKaH ycnoBHSI (7), ahmucaHHhie HHlKe tiJopMynhi ( 12), H pesynb

TaTbi pa60Tb/2 f, 

3. KocaeMcSI Tenepb sonpoca HHBapHaHTHOCTH aepenSITHBHCTCKoro ypas-

HeHHSI TiaynH ~ng qaCTHUbl CO CnHHOM l /2 B aneKTpOM8I'HHTHOM .none • 

l-+ -+ 2 h -+-+ "h -+ () 
(E-mc2)ifr=[-(P-..!!. A) + erp+~-a'H- ~--aE ]l{r 10 

2m c 2mc 2mc 

OTHOCHTenbHO UepenHTHBHCTCKHX npeo6pa30B8UHH (2), 

B , 



OpH sToM Mbi yqTeM, 'ITO a HepenSITHBHCTCKOM npH6nH>KeHHH q,opMYnbi 

npeo6pa30B8HHii AnSI KOMITOH9HT BOnHOBOii q,yHKUHH HM9IDT BHA/3/: 

(ll) 

· rAe p: =1,2 ,3,4, a =4,3,2,1, a q,opMynbi npeo6paaoBaHHii AnSI noTeHuHanoa 

H HanpSI>K9HHOCTeii sneKTpOM8t'HHTHOt'O nonSI HM9IDT q,opMY 

H 

' 1 2 1 2 
E =E' ,E =E'(1+-

2
f3 )+tm~ ,Ez= E'z (1+..,..f3 )-f3H~, (13) 

X X . Y Y ~ 

H =H' ,H = (H' -f3E' )(lc+.lf3
2

), H =(H'+f3E' )0+ 2i t:/). (14) 
X X y y Z 2· · Z Z Y . 

3AeCb q,opMynbi (13) H (14) nony'leHbl Ha OCHOB8HHH (12) H (2) C npHBne-

'19HH9M H3B9CTHbiX Bblp8>K9HHH 

... 
... 1 aA 
E =- - - - grad ¢ ; 

·· c ·at 
_... ... 
H =rot A (15) 

OpemAe '19M· nepeiiTH K HenocpeACTBeHHOMY paccMoTpeHHID ABHHOt'O 

aonpoca, aaMeTHM cneAyromee. 

Konh·cKopo penSITHBHCTCKoe aonHoaoe ypaaHeHHe a sneKTpoMarHHTHOM 

none HHBapHaHTHO OTHOCHTenhHO npeo6pa30B8HHii nopeHUa, TO OHO AOn>KHO 

6b!Tb HHBapil:aHTHO (npH ManbiX CKOpOCTSIX) H OTHOCHTenbHO BbiT9K8IDIUHX H3 

npeo5pa30B8HHii nopeHua HepenSITHBHCTCKHX npeo6pa30B8HHH (2); AHanorH'IHhlH - . - . . 
Bb!BOA 6yAeT cnpaBeAnHB H AnSI BOJU!OBOro' ypaBH9HlHI AnSI '18CT11Ubl CO CITHHOM 
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l/2 B aneKTpoMai"'HHTHOM none. H o rrocnenaee ypasaeaHe oTnnqaeTCSI OT · . . . . . . 
IIepBOI"'O Hami'IHeM .llBYX 'lneHOB, COBIIaUa!OIUHX (c TO'IHOCTbiO .llO IIOCTOSIHHOI"'O 

KoacjlcjJHUHeHTa) C ~~YMSI IIOcne,ClHII~II 'lneHaMu ypaBHeHH~ ( 10). 0TCIO,Cl~ MO>KHO .. 

3aKniO'IHTb, 'ITO CyMMa yKa3aHHb!X 'lneHOB He3aBHCHMO OT llPYI"'HX AOn)KHa 

y.no.sneT.sopSITb · Tpe6osaHHIO HepenSITHBHCTCKoii ·HHBapHaHTHOCTH. TioaTOMy 

9TH 'JneHbl MO)KHO HCKniO'IHTb H3 paCCMOTpeHHSI. 

KpoMe TOI"'O, ecn.H, HaiipHMep, Mbl 6y.neM HCXO.llHTb H3 ypaBHeHHSI naynn 

nns:~ t/11 , To nocne nepexona K npyi"'o!i cncTeMe OTC'l~Te rrony'IHM ypasH_e

Hue .nnSI .llBYX KOMIIOHeHT, t/J; · H t/J '4 • QqeBH,ClHO, 'ITO .Tpe6osaHHe Hepe:.. 

. nSITHBHCTCKOii HHBapnaHTHOCTH 6y.neT Bb!IIOnHeHo, ecnu HaM Y.llBCTCSI CBeCTH 

nocnen11ee ypanHeHne K cyMMe nsyx ypaBHeHnii naynu ~ns:~ t/1
1
' · u t/1·; 

C y~~TOM aTux nsyx saMe'laHnii rrocne nepesona ypasHeHHSI (10) a .npy

I"'YJO CHCTeMy OTC'l~Ta Mb! OI"'pBHII'IIIMCSI . TOnbKO paCCMOTpeHneM 'lneHos; COUep- ·.· 

>Kamux t/11' , a TaK)Ke 0IISITb-T8KH C _Uenb!O ynpomeiiHSI paCCMOTpiiM TOnbKO 

O.lliiOMepHb!H cnyqait. 

at/!' [_1_ 
at' 

npu 9TOM 6y.neM IIMeTb 

ie 
h cp 't/1, 

I 

. 2 
+ ....!..!!!.£_ 

h 

2 

ih a t/11' 5 
--(I 2 
2m a X ' 2 - 1f" {3 ) -

t/1 , 
I 

at/!' aA' · 2 2 s 2 
- _e __ (A ' --

1 
+ 1... rp ' -.1! - ~- A ' rp ' )(I + ~ {3 ) ](I+- ,8 ) = 

me X ax' . 2 I ax' 2hc X I 2 . 8 • 

2 , 
:ll. , 2 ih ,a a r/J 

=,8cl~(l-.2..,B >+-;r(-~ 
ax' 8 me 2e at' 

2 a 2 r/J, ~ A, r/J, >O- f3 > + 
--+ h2 X ax, at, 

a r/J , · · a¢ ' · arp , a A ' arp , 
+-e __ [rp'-1 __ (A,+ ,Brp') _!_ -~--+.!. r/J' __ +.!.¢; ( _x_ ~,B --·· )-

me 
2 

. a X' x C at' · 2 I a X' 2 a l' a l, • 

. I 2 9 2 
--

1
--(A'¢'+ -{3¢' )¢']I (1+-{3 >+ 

he X 2 I 8 

8 
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3]leCb B neaoii 'JSCTH BblpS)KeHiie B KB8Jlp8THbiX CK06KaX ITO'ITH. COBIT8Jl8eT C 

. ypaaHeHiieM. llaynH JlnH 1/1
1
' B HOBOii CliCTeMe OTC'JeTa, OTnH'JSHCb OT Hero 

HanH'IIieM JlBYX ITO]l'IepKHyTbiX COMHOlKiiTeneii. llp11 9TOM, ecnH nepBbiii COMHO-

lKHTenb. MOlKeT 6hiTb OT6pomeH BBHJlY ManOCTH 'JneHa (ih/2m)a
2 y, , I ax' 

2 

' 1 

H8 OCHOBSHHH ycnOBiiii THna (7), TO 9TOrO Henb3H 6yJleT C]lenaTb CO ~TOpbiM 

COMHOlKiiTeneM • .Ueno B TOM, 'ITO Mbl He HMeeM cnaraeMbiX ITOJl06HbiX TeM 'TpeM, 

KOTOpbie tjmrypHpyiOT B KpyrnbiX CK06KaX, H 6onblliHX HX no aenH'IHHe. TaKiiM 

o6pa30M 0 Mbl He MOlKeM CBeCTH OTMe'JeHHOe BbipalKeHHe B KB8Jlp8THbiX CK06-

KaX K ypaaHeHHIO lla,ynH JlnH 1/J
1
' • Eonbme Toro, Mbl He HMeeM TBKlKe 

OCHOBBHHii. ]lnH TOrO, 'JT06bJ OT6pOCHTb. tJneHhl B npaaoii 'JBCTHo 

H 0 KOnb CKOpO 9TO TaK, TO Mbl BbiHYlKJleHbl 3BKniO'IHTb, 'ITO ypaaHeHHe 

llaynH He HHBapHBHTHO OTHOCHTenbHO HepenHTHBHCTCKHX npeo6pa30BBHHfi. 
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