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Abstract 

In the c.irection of the work by Lurcat, Kihlberg and 

Fuchs a quan1.um mechanics and a quantum field theory are con­

sidered wherE the wave functions and the field operators de­

pend not on 1he 4 coordinates in the Minkovski space M 

but on all lC variables determining the inertia frames of 

reference ioEo the elements of the Poinoare'group. P a (t,l) 

(t - transla1ion vector, l - Lorents matrix). The difference 

is that we ix.troduce metrics in the space P invariant in res­

pect to 

(l) 

With this the metrics is determined up to two constants (to 

be found by t.!Je experiment). 

As exam~le one writes and solves the equation in P , ana­

logous to the Klein-Gordon equation in M.Farther,the second 

quantisation of this equation is given by writing the equati­

on for the coiiiiDutator, invariant in respect to (l). It has 

not been completely solved, but it is clear that the local 

commutativity holds. 

The aim of the paper is to get nontrivial models of inte­

raction field theories by making larger the set of solutions. 



I. BBe,l!eHHe 

B 1964 rOll.Y JlJOpcafi/ BE>,I\:BHHYJI H,lleJO aaYeHIITI:. npocTpaHCT:BO 

MHHKOBCKOrO r1 B K:BBHTO:BO~ TeOpHH ITOJIH rrpOCTpaHCTBOM 3Jl8-

148HTO:B rpynn~> IIyaaKape P . TaKaH aaueaa npe.n,J~onaraeT He TDJII:.KO 

HHB8pHBHTHOCTI:. TeOpHH ITO OTHOW8HIUJ K 3TO~ rpy11ne ( B Jl!OClOH peJIH­

THBHCTCKO~ TeOpHH 3TO T8K H 8CTI:.), HO H :B03.1WHHOCTI:. paCCM8TpH­

B8TI:. onepaTOpbl nona KBK fllYHK~HH BCeX 10 napaMnTpoB, xapaKTepH­

ayJOUIBX aneueHTbl rpynnbl P , a He TOJII>KO 4-Ko,>p.zumaT B M . 
UeJII:. 38YeHbl- ll.OCTHql) ClOJibWeH CHMMeTpHH no Ma~ce nn H CITHHY 

$ , HCUOJlb3YH TOT flJBKT, tiTO OHH xapaKTepH3y~ HenpHBO)l,HYble 

npe.n,CT8BJieHHH HMeHHO rpyllllbl p • JA.z~ea JliOpCa 5E>JI8 p83:BHT8 B 

ll.BJII:.HeHmeu KHJII:.CleproY H <t>yKCOM/Z, 3 •4 •5/. OcH03HBH sal1,at~a aTHX 

pa60T- HBHTH Oel~e CBO~CTBB onepaTopHbiX ITOJie~, onpel1,eJieHHbiX 

HB rpynne f> H BbiTeKBIO~HX H3 Tpe60B8HKH flya~Kape-HH:B8pHBTHO­
CTH. CTpyKTypa TeOpHH H 38TpOHYTble BOUpOCbl TBKOBbl xe, KaK H npH 

BKCHOMBTHqeCKOM ITOl1,XOl1,e. 

B HBCTOH~e~ pa6oTe Ybl TBKEe 6yl1,eM p83BH:B9Tb fl - TeOpK!O, 

HO coo6paEeHKa H uen11 nepexo71.a oT M :s P , KBK K KOHKpeT­

Hble lJ.OITOJIHHTeJibHble Tpe60:B8HHH, npH UOMO~l1 KOTOpbiX ocymeCTBJIH­

eTCH 3TOT nepeXOlJ., y HBC HHble, qey B yrrOYHHYT~X pa60T8X. MHO­

rHe YOM6HTE> paCCMBTpHBBeMOH p - TeopHH 8H8JJOrHtLHbl CT8Hl1,8pT­

HOH rtl - TeOpHH, K ll03TOMY Mbl He 6yl1,eY H3JI8rBTb BCe llOCJiel1,o­

B8TeJibHO C H8ti8JI8 71.0 KOH~a. lA3JIOEeHHe CJI8l1,ye~ npHHHM8Tb KBK 
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>lCXO,ll.HJIO TI03Yll..I>'Kl H8KOTOporo npocTpaHCTB8HHOrO OCiOCil!I8Hl~.fl CT8H­

,11.8pTHOH M - 'IeopYJYJ. CpaBHYJTe1II>Ho npoCTble H B o6:11ew npHeune­

Uble jJ83JJlbT8Thl, KOTOpble Ioibi llOJIY'l881o4 H8 npYlMepe O,ll.HOKp8THO H 

,li.BJKPBTl!O KBSH'J 0B8HHOrO CB060.llHOro CK8JIHpHoro llOJIH B p - npo­

CTpS!IC'I'Be, 1!8M K8lKJTCR 06Ha,l(8li!:HBaKll!IHMH. 11CTI01lb3Jfl pellleHYJH 

(U.IU) ypHBH8HMH (IT.7), B03MOXHO y,naCTCH C M8HblllYJMYl Tpy,ll.HOCTH­

YYJ C03,11.3Tb HCT~YJBH8JibHbl8 YO,ll.8JIH KB8HTOBO~ TeOpHH TIOJIH/6/ 

( CTp. 'J9-IOU). 

II. IlocTBl!c BKa 38,1Vl'lYJ 

B TeOpYJH nepBYl'lHOro, a T8K~e Yl BTOpYl'lHOro KBSHTOBSHHH 

KBE,ll.O~ UHHpOCYJCTeMe COOTB8TCTBJ8T f'YJ1lbCiepTOBO npOCTp8HCTBO ~ • 

COCTOR!IIIe OfljJ8,ZJ81lR8TCH IICToqHKKOM ~ - MBHponpYJ6opou, YJ31ly-

qaKJ~YJM MY!KpOCYJCTeMbl, B qaCTHOCTYJ, MY!Kp048CTYJU. TaHYJM HCTQqHYJ­

KOM MOlK8T 0b1Tb, HSTipYlMep, p8,ll.YJ08KTYlBHbl~ npenapaT, ll8K8JI8UH8H 

HY!Th, YJOHll~~ >lCTO'lHYlH Yl T.~. KaE,ll.OMy COCTORHHIO MY!KpOCHCT8Mhl CO-

OTBeTCTUJRT HO~IoiYlpOBSHHhiA K I BeKTOp ~ B H . (Ecn YJ cue-

illSHHbiC 8HC3Y6JIYJ, r,n.e COCTORHYJe 38,11.88TCR H860pOM nCHTOpOB ~~ 

Ho JWH ui:lc 3TO HeBaEHO.) Kall,ll.o~ .LlYIHBNYJqecKol1 nepeueHHon 5 
I.HlKpOCYJCTCMhi, T, e. K8lKJlOMJ TipHOopy ,n1IH ee i13YCpCHHn COOTP8TCT­

ByeT cauoconpill!CiiH!itl onepaTop 6 B H /?/ (cTp. ISI). 06par­

Hoe YTB€ PJi,ll.CHile TOllW Be pliO - K8lll:,li.OMY one pSTOpy d:, COOT Be TCT­

ByeT nepeueHHar. 5 H, no Kpat\He~ Mepe, o,nHH npYJ6op S /?/ 

\CTp. 234). flpY.60pb' 5 - 3TO MSKpOCOOpy:zeHHR, H3TipHuep, KJC­

Kil ~OT03NYJibCYJM 1 reArepOBCKIIC C'leTqKKi1 1 11J3~pbKOBble KSiolepN H 

l'.,l(., )\BIOUlYJe MaKp031jxlJeKTN TIO,ll ,ll.e"CTBYJ8M iiCCJie,l.lyeuoi1 IHtKpOCYJC­

TCMN. ~flH o6•HccTn Cy.lleM npeanonaraTb, qTo 5 , a, cne.noBa-

·reJibHO, 11 <:) ·• ~morOl'.OMTIOHeHTHhl - $: ( 5 ) ..) = ( b-m) I'.I\C 
'ln)l!> ' 



rn npoderaeT HeKOTOpoe KOHetrH06 HRM deCKOHe~HJe MHO~eCTBO 

SHBtreHM~, llpMHMuaeuf?/ (cTp, 22I), ~TO 

HRM, liTO TO :ae: 

(I) 

llpM aTOM eCJIM 6m He KOMMYTHPYKll!lMe, T.e. ecJJK Sm He M3Me­

PHMN O,l\HOBpeMeHHO, TO npH H8XOll,ll8HMH 5- npe.Z(n onaraeTCfl, liTO 

HMeHHO KounoHeHTa SmHauepReTCH nepBolit. 

8JielofeHTN rpynnN TiyaHKape p Hll810T .Z(BOHK.II~ tll>~3Hli8CKHJ.I 

CMNCR, Bo-nepBNX, OHM xap8KTepH3YKlT nepeXO.Z(N M< O,l\HO~ HHepuH­

BJil>HOlit CHCT8Ml:l OTClleTa 0 B ,llpyryKJ - 0 I - TOr,l\8 !ill 6y,ll8Y 

OCi03H8~8Tl> MX llepe3 ~ H, BO-BTOpl:IX, X8p8KTE pM3YIOT CBUM 

CMCTeMN oTClleTa () , BNCiMpaa o.nuy Ha HHX 0
0

KEK HCXO.llHYKJ -

TOr,lla MN dy,lleM OCi03H8tr8Tb HX trepea P /I/, 

B COOTB8TCTBHH C npHHUHllOU OTHOCHTeJibHOCTt UN KR8CCH~MUM-

pyeM HCT04HMKH (} M COOTB8TCTB8HHO - H3U8pMT8JbHNe npHCiOpN $, 
I 

ABa HCTOtrHHKa g H ~ - cooTBeTCTBeuuo .nBa tauepMTeJibUNX 

npH60p8 5 H S~ OYft.YT npHH8,1l.JI8lltaTb O)l,HOMY H TOMY JCe KJI8CCy 

( H830B8M HX O)l,HOTHllHblMH) • eCJIH OHM llOJIYliBIOTCfl .lli'Yr H3 )l.pyra H8KO­

TO]JNII npeodp830B8HH8M !1yaHKape HRH, liTO BCe p8liHO, 8CJIH 3TO 

O,llHH H TOT ze npHdop, OTHeCeHHbl.t.l K ]J83HblU HH8]Jllld8Jiblll:IM CHCT8M8M 

OTClleTa 0 H o' /9/ (CTp. 22-24, 65). Cne.llOB8"6JibHO, UN MOJB:8M 

0003H8liMTD 

(2) 

p=(t,t) 
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3neueHT rpyrrrr~ ~ ( t - B6KTOp Tp8HCHHUHH 1 8 ~ - nopeH-

UOBCK8H M8TPHU8 Bpl~6HHH) X8p8KT6pH3y6T rrpH60pb1 i3 38,li8HHOM 

KJJ8CC6, 8 l.. 1 COl ITB6TCTB6HHO \'< 1 X8p8KT6pH3y~T CSMH KJJ8C-

Chi. VlueeM e~e: 

9 = q )~ <? > , 6 :=- 6 ~ ( P L 
(3) 

flp6,Zl.J10JJOI'86TCH 1 t!TII ilpH rrepeX0,/16 OT O,l\HOI'O HCTOt!HHK8 c;; K 

,llpyrouy c' I 0,1\HilTHITHOMY euy, <P npeo6paayeTCH JJHHe£\HO c 

COXp8HRIOi116£\Cfl HOpMil», rrpH1!6M npeo6p830JJ8HH6 38BHCHT TOJJ:bKO OT 

B38HMHOI'O p8CITOJJOlK1lHHfl q, npH60pOB (; H (;I . 3H81JHT 1 cp 
npeo6paayeTCH no Ht:KOTopouy yHHTapHoMy mmellHOMY npe,llcTaBJJeHHIO 

rpynrrhl P 

~'= Uc9) cpJ ( 4) 

I',/16 ITO 8H8JJOI'HH C 12) 

q=-('l,h) 
(5) 

~8JJC6 np6,11ITOJJ8I'86T<H, t!TO npH nep6XO,ll6 OT 0,/IHOI'O H3M6pHT61J1HOI'O 

npH6opa 5 K .14P~ I'OMY s I , O,liHOTHllHOMY 6MY, npeo6p830B8HH6 

Cpe,IIHHX 3H8t!611Hi-l () 38BHCHT 6,/IHHCTBCHHO OT ll38HMHOI'O p8CllOHO-
~ ~ 

JKeHHfl 9 npH6opol ~ 1 
H 51 

• Ee3 orpauHtieHHH oCi~HOCTH 
(BKJJIOt~aa, ecJJH HYJKIO, .n.onoJJHHTCJJI>Hhle rrepeueHHble) Mhl wo*eM 

rrpHHHTI>, liTO s»1 r peo6pa3yiOTCH JJVJH6MHO. CJJe,liO!JiJT6111HO, 

s~ =- .J yn 11 s .. 
(6) 

(11p11 3TOH •:,yMM!IIpUB< Hill€ HJJIII IIIHTCI'plllpOB8HJ/16 ITO llUBTOpHIOtU€MJCH HH-

,1.\CKC '/ n llO,llp<L3Jl €B8€TCH), 8 Ll'Yin(9) - H€KOTOpoe 11H-

ueiluoe n pe.ncTBBllem e r·pyrmhl P . 113 (I), ( 4) H ( 6) nonyqaeM 
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saKOH npeo6pasoBaHHH onepaTopoB ~ 

HHH B COOTBeTCTBHH C (3) -

(7) 

Ilpellt,lle tieM H.Z!TH )lam; me, npoKouueH'l'Hpyew no; lytieHHble pe­

syn:&TaTbl. 

COOTHOUieHH€ (7) llOXOJte H8 COOTBeTCTBy!O~He !:OOTHOWeHHfl B 

CT8H,ll8pTHO~ tv\ - TeOpHH: 

a TSKJte B TeOpHH ]IOpCa H ,llp.: 

(9) 

llpK 3TOM B COOTBeTCTBHH C HBWHMH 0603H8l.leHHRMH ,2) KOOp,llHH8Tbl 

B M o6osHatieHbl llepes t (BuecTo .x ) . 

BH,l!HO, l.!TO (7) CO,l!ep:aHT KBK l.!BCTHble CJIYl.!BH (8) H (9). llo 

6onee cy~eCTB8HHO TO, liTO (7) llOHyl.leHO TOH:LKO Hl OCHOBBHHH 

npe,llll0J!Ol!€H.I'Ifl, liTO <P .1'1 S.,. 
peXO,lle .1'13 O,llHO~ C.I'ICT€Mbl OTCl.l€T8 

npeo6pasyDTCR I.I'IHe~Ho npK ne-

0 0 '. K ,llpyroa qTo6~:.~ no-

JIYliHT:L (8) HJIK (9), llPK.ll8TCH CT8BHT:L ,llOllOHHKT8H>Hble, He CTOH:L 

06~.1'18 .1'1 8CT8CTB8HHble Tpe60B8HHH. 

BBK.llY (2) npeo6p830B8HK8 (7) OTJ!Hl.l88TCfl OT (8), BO-nepBbiX, 

BKJIKJqe HHSU 1 KBK apryUeHTa y ~ , T.e. B (7) paCCM8TpHB8!0T-

CH BCe npe,llCT8BJI8HHfl rpynnbl TiyaHK8pe, a B (B) - TOJI:LKO ee llO,ll-
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rpynn~ ]opeH~a. C TOtiKH 3p6HHH eAHHCTB8 H CHMM6TpHH (7) HM66T 

npeHMy~eCTBO nepeA (8), HO H8CKORbKO C ~H3Hti6CKOR TOtiKH 3peHHfl 

3TO 0606~eHHl ~eHHO, M~ nOK8 He MOX6M CK838Tb- npHpOA8 He AOR~­

H8 ocy~ecTBRITb Bee BapHaHT~ ASHHOU TeopHH. Eonee cy•eCTB6HH8H 

p83HH~8 Me~Af (7) H (8) B TOM, tiTO B K8\leCTB6 apryMeHTB y C) 
BKRID\l6H8 M8T.1H~8 ~ • 3TO A86T B03MOEHOCTb nerKO peWHTb (7) no 

OTHOUJeHHIO K d 
A HMeHHO 

B OTRH4He OT (8), peweHHfl KOTOporo H6H3BeCTH~. 

(IO) 

rAe 6
0 

rn °
0 RJ06~e H6H3MeHHIO.H6Cfl onep8TOp~ , np6ACT8BRH-

e T COCiOM OCi.t e pe 111em'18 ( 7). flo H8WeMy MHeHHIO, O,li,H8 H3 TPYAHO-

CTeH npH C03j~HHH MO,ll,eReR KBBHTOBO~ TeOpHH nona COCTOHT B TOM, 

410 He YJJ.BeT<H pewHTb (8) H noaTOMY 38M6H8 t Ha p M0llt6T 06-

nertiHTb aaAa .. y. 

flpe.Qnom ran, 4TO 6 38BHCHT OT t (HRH ){_ ), HO He 

OT -t , K< K aTo JJ.enaeTCH B M - TeopHH, oaHaqaeT, tiTO 

noKaaaHHH np1 dopa 5 uoryT MeHHTbca, KOrJJ.a u~ nepeMe~aeu ero 

B npOCTp8HCTI6 H BO BpeueHH, HO He TOrAa, KOr,ll,a M6HfleTCfl ero 

OpHeHT8~HH H1H CKOpOCTb, T8KOe npe,lJ,TIORO~eHHe He npOTHBOpetiHBO, 

B TOM CMblcne, 4TO rpynna TpaHCRH~H~ B M - noArpynna rpynn~ P 
H,cneAOB8TeniHO, OHO He H8pywaeT fly8HK8pe-HHB8pH8HTHOCTb TeO­

paR, HO OCi~H~H coo6pallteHHHMH TeOpHH onp8BA8Tb ero Henb3H H TI03-

TOMJ HeT OCHCB8HH~ OTdpOCHTb apryMeHT e /If. 

Ecna OAHH onepaTop 6 BXOJJ.HT B ypaBHeHHH JJ.BKllteHHH paccua­

TpaBaeuon MH.HpOCHCT6M~, TO BBHJJ.Y Tp8H3HTHBHOCTH rpynmr p H6T 

B03MOlltHOCTH He BKRI04HTb H BC6 OCT8RbH~e OTI6p8TOp~ ero KR8CC8 

6 (p) . !IoaToMy, ecmt Mbl cornacaiiHCb, tiTo npH60pbl S npeo6-



pa3yiOTCH TIO l130MOp(jlllb!M llJ-,e;'\CT8BJJCHl1HM I'l'jfHlbl F , a lite T'JJ!U:u 

no npe.n.cTaBneH!1RM c0 no,Zlrpynnh! TpDHCJJHf\Vlifl. lJ M , To n P 
IIIHB8pi18HTHOti TeOpllll1 apryMCHTOM onepaTOpOB TIOJIH o/ J~UJI:.li:Ji 0Lf1'L 

p (2), a He TOJJ:OKO t (11JI11.X ) • B ypoBJJeiHir1 ( 7. i\OJU.JIU BXDJ!.IIT:O 

BCC, a HC 1'0Jl:OKO HeKOTOphle l\OMTIOHCHTbJ .n.aHl!Ol'O Bf KTO! CJ. 

CpaBHIIIM Tenep:o (7) c (9). BBMY Toro, l!To c~ 3<JIJI'!CI1T OT 

p (2), T.e. He TOJIDKO OTt , 110 VI 01' t, B npoc~·pal!C'l'BC 0)\l!OKUM­

TIOHCHTHbiX S ( p) MOJKHO OCYIJ1CCTBI1T:O He TOJ!Ll{O C!.8IlflpHble, 1!0 l1 JIKJ-

Oble MHoroHoMnoHeHTHhre npeJJ.CTaB;reHl1H J'fJYllllbJ P 
cornaclllT:OCH, 4TO OTCYTCTBI1e MHOl!\l1TenH L B (9) e111e rrc o:Ji!Bllae·r, 

lJTO Jl10pca 11 AP· orpaHl14!11BBJOTCH CI(3JJHpHUMl1 nonHMl •. IHLJMM c JJOBilMH, 

B OTJll1411C OT (b) H8Jlb3H Y'l'BepJKJJ.8Tb, 4TO MIIO.i\HTCJ eM/._, b (.'/) Mb! 

BKJJtot~aeM Tea3opaue 1.1 cnl1HOp!!bJC nonH. i:lHa4eillhi 1' HTopa L lJ (. 7) 

MOJKHO Oy):le'f Bb!HCH11'rh TOj!LIW 110CJJC TOI'O, K<'ll( uyA~ T C:DO)JMYilHpOll8l!bl 

BCC OCHOBHble TIOJJO•eHit1H P - T60pl111. 

IJO llpl1HL(l1TIY COOTBCTCTBl1R BKJ110lJCHl1CI.l :CjJI'yMeJ T& t p- 'i'eO-

pl1H CT8 HOB!1TCH rip11CTIOCOUJie HHOI'i OfllllCUIJiJT b 1l dlln~el!l e 'lll8 j'iJLIX 40C TlllH, 

KOTOpb!e B OTJll14lllC 01' MB':'el UUJlbllb!X T04eH MOI'JT l e 'l'OJ!b!W JJ.BVI1'8T:O-

CH BTiepe,ll, !'0 ;o lfJ8U(87'hCii 1 0K)JI' CBOe!'O l(eHTpa !8CC. I'BIO'IM 06pa-

30M, y HaC CCT:O JJ.Be H03MUlJ:i!!,CTil OfllllCLJB3'l'L BjJ81!(81 eJI1H08 JJ.JJ;1Ji\8HVIC: 

11plll llOMOil(lll nepeL1CII!IOI1 e 11 l1jllll IIOM8 ~VI 111Ii(e!(C8 ·m . TaKHC JJ.Be 

B03MOlKHOCTVI lllMe](JTCH VI B HCjJCi!HTl1llVICTC!Wvi K~::I!TOI Oli '1'80j)lll>l I!plll VIC­

f!OJI130l38Hl1VI ypaBHeHlllH Jlaymt VI ypVBJJeHlllH bllll'!iepa19/. :JTI1 ,liBe B03-

MOMHOCTlll Kill( B !tCpeJIHTllllJlllCTCIW11 MCXOl!H!{e, 'l'CJK VI 3)\eCb, He 3!(BlllB8-

JJeHTl!bl n TI03TOMY a, pw-\.OV""L HCJI:03H OI'jJ8H14lllB8T1CH 0):\HO~ V!3 

Hl1X. d i(8JlbHelllweM Mhl BBe,I(eM HiJ8iJTIOJ!OiE8IIl1e, IWTOJ OC )(8CT B03MOJK-

HOCTb BBeCTlll plllMBHOBCKJIO MeTpVIKY B npoCTpBHCTBO 
p • 8TO 

npeJJ.TIOJ!0)!(8l!lllC He Bb!TCHBeT lll3 lllHTCpnpeTBUllllll BpamiiOmeli-
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CA 48C'l'I1Ubl 11 110.J'l')MY p83BI1B8BM8H 3,ll.BC:b p - TBOpi1H, H8BBpHoe, 

IIMCC'l' OTIIOWCIHIC !( }IBJIHTI1BI1CTCKOMy ,IJ.BI1JKBHI1!0 TBB]J,IJ.biX 48CTI11..\ (a 

IIC TOJ:bKO •ro<JCK). 3'l'O'r BOll]JOC OCT8CTCH 1101\8 OTKpbiThliS/. 

IilLI llp11HHnl1, l!TO l\8li\l.{OMY C8MOCOI1]JHJKCHHOMY one paTopy 6 
COO'l'BCTCTBJCT O,IJ.HU nepeMCHH8A 5 11, 110 RpaAHeA Mepe, - O,IJ.I1H 

11p1100p s . l!o K8KOi1 ifl8K'l'lt1<JeCKI1 3TO 11p1160p - H8 3TO'l' B011pOC 11 

B CTBIIAB!JTHoi-l M - Teop1111 HeT <JeTKoro o6Uiero OTBeTafiU/. Jlo-

KilJL&HblC onepaTOjJ!>' H811]JI1Mep "¥ 'f' L\f' o\11 - i'f' o'V 11 T.,IJ,.' 
bt "IT" 

KOTOpb!UI1 I!Onb3YBTCH TCOjJI1H BTO]JI14HOrO KB8HTOB8HI1H 11 Cpe,D.HI1e 

31184CHI1H KOTO]Jb!X (I) Cllfi38Hbl CO 3H84BHI1HMI1 onepaTopHUX noneA 

'¥ TOnbKO B OJ~HOM TOtlJ:(B p IW11 )( , npeo6pa3yiOTCH 110 38-

KOHy (7), COOTE. (9). Ho ll Te0p1111 nepB114HOI'O KB8HTOB8Hit1A llpi160-

pb1, 011pC,D.CnHIOU\11C KOO]J1.{11118Tbl lt1JIIt1 11MI1YJI:bCbl 48CTI1U B 38,1J.8HHb!i1 MO­

MCHT, 1'/\C Obi 01!111 HC H8XO,IJ,111nlt1C:b, He nOK8JibHhiC - 110 11,ll.CC OHI1 cpa­

J.Y !ljJO.~YllblB8tJT BCC 11jJOCTp8HCTBO. !!03TOMy 1,7), K8K 11 (8), HC 

lt1MCCT MCCT8 B 'fCC p11HX 11C!JBI14HOI'O KB8HTOB8HI1H. 

Tenepb HUM I pe,IJ,CTOI1T BCC yp8BHCHI1H BTO]J114l!Oro, a ,ll.O 3TO!'O 

11 l!ejll3it14l!OrO iOJ8rTO!JtJI!I1H, KOTO]JLIC 1111WJTCH ,IJ.JIH ljlyHK!~I1n 11 onepa­

TOjJOB B cTaH;lOpTl oi1 M - 1eop1111, nepeHeCTI1 B P - Teop1110. l;lhl 

Oy,D.BM CTjJC!AI1T1CH K l.lllHI1M8JibHhiM 113MCIICHI1HM 11 K MilKCI1M8JibHOI.~Y HC­

l!Onb30B3Hll110 8li8JIC 1'1111. VlMBC'l'CH, O,IJ.HBKO, 01.{110 CyUIBCTBCHHOe npe-

11HTCTJ3111C. IlpocTpc!!CToO M - Me'l'pi14BCKoe, a Hani1411C MCT]J11<JC­

cKoro ·reir::Jopa ,D.DE 'l' JJ03MOJKHOCTb Bhllli1CaTb PH.D. anre6pali<JCCKI1X, 

J\l1.[lijlC ;JC HUl18nbHbiX 11 ,D.py ri1X y p8BHe Hl1~. B OT JII1411B OT :HOf'O npo­

CTpaH~TBO p HE MCTlH14BCKOC, 11 3TO orp8HI1411D8CT BOJMil)f(HOCTb 

nonb30BUTbCH 11HBfpl1aHTHbiMI1 ypaBHCHI'IAM11. Mbl noKazeM, 4TO nee zc 

,1\0BOJlbHO eCTBCTIJ( IIHO Mlln\!10 LBCCTII MCTp11KJ 11 H lipOCTJlUI!CTBO p , 
110TjJCliOIJilB, lJTOOI 0118 Ob/,18 111HB3jJII81!THOM flO OTI!Oc:tol!l110 K HCKOTO-



poi{ rpynne Q, ~et1CTBYIOU(C>1 B IljJOCTj.JilHCTBC p , HO OOl!Ce 

o6tueli, qeM caMa rpynrra P llocne 3Toro ne O,',ileT cyt,lCCTBCIIIILIX 

38Tpy,l\HCH!fi1 rre ]JCHCCT!f l:lCe OCHOBt!Lle YTBe plK,l.le Hlf: I I"'\ - TC 0 pn~I 
B P - ~reop1110. CyU(eCTBOBBHl1e 3TOI1 oonee :.>Otl\E;;i rpynnbi B IIJJO­

CTpaHc1'Be p , ITO OTHOWCHIIIIO R ROTO]JOiti 'l'COpl1H J(O.illhl!Cl CiLJTb l1l!­

B8pl181!THOi4, He CJIC,l.lyeT 113 npi!IHJ..ll1na OTHOCl1TCJlbi.OCTll - ::JTO CiOJ!eC 

Cf/IJibHOe YTBCplK,l\CHI1C, ROTOpOe 11 HBllHCTCH X8p8!(' C]JHLlM ,l.ll!H HdWC!'O 

nO,l\XO~a, MOl'YT Cyll(eCTBOBBTb, ROHC'iHO, l1 ll,flYI'l1t p - 11HBB]Jl1ilHT­

HbiC TCOjJI111, 

lil. BBe,llCHI1e MeTPI1Rl1 B P - npocTpaHCTBO 

PaCCTOHHI!IC 5 OT TO'il\11 P ,l\0 TO'il\11 p, ll npOCTjJBIICTBC 

p , no onpe,lle neHI1JO, 6y ~eT WYHI(L\11ei1 p 11 Ra 
s~ s(p,p_,), 

KOTOpaH Y.llOBllCTBOpHeT Cl!C,l\YIOU(I1M Tpe60B8H11HM, 

a) PaCCTOHHI!Ie IIC MCHHeTCH II]Jl1 nepeXO,lle K CXO,l\HLIM napaM: 

s Cp, p'\) = s (9· p, 9·P1) 
II ]Jl1 l!I060 M cy , 

I 
f1p11 3TOM CXO,l\HbJMI1 Mbl HB3LIBaeM ,l\BB MHOlKeCT ua TO'ieH o. 11 1) 

r" i.' 
ecn111 O,l\HO nonyqaeTcR 113 ,l\pyror·o no,ll 11,el1cTBI1eM cneua (11n11 cnpa-

Ba) O,l\HOI'O 11 TOI'O JKe npeo6p830B81ii1H 113 p 

EClll1 He yK838HO ,l\pyroe, MLI 6y,l\eM IIO~]JB3YMCB8Tb lleBOe CXO,l\CTBO, 

b) ECJII1 38,l\8Hbl Y\. CXO~IIblX nap TO'ieR, rrp148M HB'iBJIO CJJe-

~YIOU(Ci-1 napbl COBnB,llBCT C KOHL\OM npe,llbl,l\YJ1el1: 

PQ P1 , P,. Pol 1 - - - - J Pn-1 p, J 

If 



TO p8CCTOHH11e OT H848Jl8 nepBOll napbl ,1.1,0 KOHL\8 llOCJ!e)l,He~ B 11. 

jJ83 60Jinllie j.: 8CCTOHJII1H OT H848Jl8 )l,O KOHL\8 nepBOll na pLI: 

S C Po, P-n > = n s( Po, R > • 

c) ECJII1 

rim R = p 
/) 7 "-"· 

'!'On e>nor1111 rpynnu p , TO B CMbiCJie 

e,m s (0, p,.> = S(O, PJ. 
1\--'> ........ 

0TMeTl1M 1 4'1'0 BblllOJIHeJll1e COOTHOWeHl1H TpeyrOJibHHK8 11 )l,8Ke 

yCJIOBI1H Cl1MM 3Tpl141l0CTI1 S ( p, Pt) : $ (Pot, pJ 
(JOBS 1111. 

Mbl He llOTpe-

JlyCTb cl p - T04K8 ll OKpeCTHOCTH e)l,!1Hl14HOrO 3JleMeHT8 0 
rpyl1l1bl p ~ nyCTD $ ( ol pJ- ll1JOI13J30JlbH8H Henpepb1BH8H 11 O)l,HO­

po;~H8H nevBo 1 CTcneHH IPYHKL\Hff ol p . 13LJ6HpaH 

ols = s(dpJ 
(I) 

K8K paCCTOHJI1C OT Q ,1.1,0 dp 1 MOKJIO 1101{838Tb 1 4TO 3Tl1M O,llH0-

3H84HO onpe,l.l,lJIHeTCH paCCTOHHI1C MeE,I.I,Y np0113liOJ1bHLIMI1 .llBYMH T04K8-

Ml1 B P . JIJ caMOM ,Ilene, nyC'l'n no onpe.l(eneHI1IO 

d -i 
Po:: P · ( P + d p> • (2) 

Tor.n.a 113 (I) cJie.n.yeT: 

ds = s <p-~ Cp tdp)) (3) 

ecTn paccToHJ!1e oT T04KH p .n.o ~ +dp . To, 4TO AJIH 6ecKo­

He4HO 6JII13Kl1C T04eK Tpe60B8H!1e a) BblllOJIHeHO, npoBepHeTCH nerKO, 
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ecnH HMeTn B BHAY, ~TO 

P4· Cpt-dpJ: (Cf·Pf1. (9·(pt-dpJ). 

To, ~TO 3THM paCCTOHHHe OAH03H8~HO onpeAeneHO H ~DrAB P 
He 6eCKOHe~HO 6RH3l{H, ClleAyeT H3 h ) H C). 

llf P. 
1 

BenllfqHH~ (2) - HX IO -,o~eBH~Ho, MD~Ho pacc~aTpHBBTn KBK 

p8CCTOHHllfe. 0Hllf He qTo llfHOe, KBK KOMDOHBHTW nepe'e~eHMR, KDTD-

p~e DOJiy~8IOTCH 9 eCRH P \1\ P t Q p nepeHeCeM ~ BK, ~T06~ TD~-

K8 p nepewna B eAHHH~HhiH sneMeHT 0 rpynnhl P . EcnH 

( q ' p )l = Fi ( 9 K' ~ ) 
6CTn 38KOH yMHOJKeHMH B rpynne p , TO 

cp-~ (p+dp)J. =(on(9oc, pe>) J8 
L "b 'i /Cf'<= r.:J { 

( 4) 

no3BOnReT HBHTM KaK tl!YHKUllfllf or A llf d P.e- sr1 IO He3aBMCH-

M~x MelKAY C060~ B03MOJKH~X paccrolHllfH OT P ,110 f' + d p . Tor­

,118 BBM,lly ( 3) BCe .1\pyrMe 011pe,11e ReHJ.Ui p8CCTORHllfH CJ.O,IIH.TCH K MX 

OAHOPO.LIH~M ~YHKUllfHY nepBOI CT6D8Hllf. 

BoauoJKHOCTn BBeCTllf B npocTpaHcTBO ilyaHKape .? TaKoe 

YHOJK6CTBO MeTpli!K, MH.t:!8pllf8HTH~X no OTHOWeHHJO K rp;·nne p t CBH-

38H8 C TeM, ~TO qMCRO napaMeTpOB rpynnbl pBBHO, 8 He 60JibW6 

~Mcna M3MepeHMI e~ napawerpH~ecKoro DJOCTPBHCTBB. llosroMy rpyn­

ny p MOJKHO Cp8BHHTD C rpynno;1 TpBHCRRUllfU JJ Dp<•CTp8HCTBe p . 
C~JpMynHpyeu ,llunonHHTennHoe rpe6oBBHHe: 

d ) r.leTpli!K8 B p pll!r.18HOB8, T.e. d5.l - Bt:~eCTBeHH8H 
KB8t\p8THqH8H lj)OpMa d ~ 

ds~ = aij dpoidPoj ==O;iCp-\p+dpJh C p-\p+ op)~, (s) 

I3 
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I'~C Qi.J- - B"l!1CCTBCHHBR CHMMeTplr14CCK8H M8TPHI.\8. Blr1,1\lr1M, 4TO 

3H84.11TCllhH8H C3060~8 BCe e~e OCTBCTCH- HMCCTCH 10.11/2=55 npo­

.113oOJihllblX !WHC l'cli!T QiJ . 

OTMeTHM O,llr1H no6o4Hbli1 pe3ynhT8T. B reoMeTpHl1 PHM8H8 eTa-

BHTCH nonpoc o rpynne 

TOllhJW 3H84CH1r1( , 110 11 

Bl1Cl1MOCTb a.s OT P 

AllHlKCHl1i1- rpynne, KOTop8H coxp8nHeT ne 

rpopMy nHHei1noro 3neMenTa ds , T.e. 38-

11 olp . I1p11 n106oM Bbl6ope Oy· (5) 38,1\8eT 

p1r1MBIIOBO npocTfBHCTBO c ~eCHTHn8paMeTpH4eCKoi1 rpynnoi1 .1\Bl1lKCHHR 

P . 3Tl1M HCJMlel! cnocoG nocTpoennR 10-MepllblX pHM8HOBb!X rrpo­

crpaHC'l'B, ,I\Onyci{BIVil\11X IO-rrap8MeTpl14eCI<yKJ rpynrry ABI1lKeHl1H. I1p11 

3TOM BBI1~y Tp811311TI1Bl!OCT1r1 p RCHO, 4TO CK8J!RpH8R Hp1113113!18 IJO­

CTOHHH8, 110 BB1r1 ~y H81li14Ml 5S 11]J0113BOJ!hllbl..: KOHCTBHT Bl1,1\HO t 4TO 

B O(qCM MeTpi1K8 lie cq,ep!14eCK8fl • .bee CK838l!HOe OTHOCMTCllhHO MeT­

pUIOI B p MOlK 10 Jle!lOCpC)~CTBelll!O 0006il\11Tb 118 JIIOOylO Tp811311TI1JJ­

HYJO l1 ,L:,CJ,.,e ue T JoH311TI1ilHYIO rpynny 1111/II/. 

IY. !lollonHiiTeJI:onas 11IIHBfli10dTHocT:o MeTpl1Kl1 JJ P 
4TOCiLI lltJI:;; l1 I( Cun~C j((;JL~jJCTHO:,ty Bbl]J8iKel!l1;{) ,~nH dS , MLI 

p8CWI1]JIIM rpynny p , 110 OTI!OWCHI1rJ J{ J<OTOpOi1 MC'l'p1r1!(8 .L(OJlcmB 

OblTh 111!1lCJpi18JITHCi1. 

,J COOTBC'rCTtJ1r11r1 C (Ji.2) 000. llo41:M 

~ .-'(.. 

t = ( t ) J t = ( {,)/ ) ' ( 1) 

llpl14CM 

~ .A 

Q'K ;\ {,r ey ;;: a .f<.Y (c) 

(O.o.,=- Qii. = 1; O.r_..,=Onp11 fi'}./j)-I,JI= o, t~<.,3;J)-= 1,2. . .3). 
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38KOH YMHO~CHHH B rpyrrne 1? 
38,1i8!0TCH tiepe3 

11 oGpaTHce upeoC5!J830B8Hllle 

(3) 

( 4) 

11 1 CRe,IiOB8TCRnHO, 

-· -1 d Po .: ( r.l to' d e. ) == ( £ . dt I e de) . (5) 

Eonee 06~8H rpynrra c;L, KOTOpyJO M~ BBC~li!M, orrpe,1ieRHCTCH 

O,ll;HllM BCKTOpOM '"'£. .1'1 .IiBYMfl J!OpCHIJ,OBCKl1Ml1 1 8Tpl1U8Mll! h l1 I'( : 

0.= (11., h. k}.. (6) 

0Ha .l{CHCTllYCT B llpOCTp8HCTBe p , llplll'lCM, VCITOJ1h3YR 0603H8'lC­

HllH (0.2) ll (3), e~ ,IiCACTBl16 MD*HO OITl1C8Tb •epe3 

("t, h.,K)(t,f)=('t:, h)(t1 f.)(o.~ K) = 

= (tt.+-h..t, h..£. 'K), 
( 7) 

T.e. OH8 llpCJ.iCTCll:lJJHC1' COuOLi YMilO;J<.CHl1e 3JICMCI 'l'Cl ( t, t ) CJICB8 

Ha ( 'L 1 h.) 11 crrpaBa Ha ( OJ K), a rrocne,n;r>BUTeJibHOCTb yu-

HOmCHl1H, O'lCBH~HO, He l1MCCT 3H8'!Clll1H. 

ITocJJe.zwee 1'pe6oBaHne K pacc·roHHHJO 5 B P CJJe)(y:JUlce: 

e) PaccoroHHllle 5 llliB8 pll8 HTHO ITO OTHOJ e Hl110 !( lliJC 8C5pa 30B8-

HHJl: 

\ t ,e) ~ ( t, e J co, k, . 
v!HL!Ml1 CJIOB8MI1, MLI 38MCHHCM 'l'!JC60B8HllC 8) iiD !JQJW 1] CviJlb!IOC Tpe-

00B81HlC 
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a ) PBCCTORI!He HHBBjJ>'I8HTHO no OTI!OllleHHIO K rpynne a (6): 

I t e ) - ( 'l, h) ( t., t )( 0, K) . 
~H3H4eCKll~ CMHCn 3TOrO TpeOOBBI!Hff cne,l(yiO~H~. Benll4HHY S 

MH 6y,l(eM paCCMBTpHBBTb KBK pBCCTORHHe He Me~,l(y npeo6pB30BBHHRMH 

llyBHKBpe, a NeiKAY l1!!epl.\!1BJibHb!MH CHCT6MBM!1 OTC4eTa 0 . (BB11AY 

TOro, 4TO cy~eCTByeT B3Bl1MHO OAH03HB411Bff CBR3b MeZAY MBTepll­

annllb!MK 48CT!1UBMH 11 Cl1CTeMBM!1 OTC46T8/IZ/, MH 6y.l(eM pBCCMBTpl1-

BBTb S 11 K8K p3CCTORIII16 M6~AY COCTORIII1HMI1 ABYX 4BCTI1l.\.) Tor­

AB ycnonlile AOilOJiHI1TennHotl 11l!l3Bpi1BHTHOCTH 03HB4BeT, 4TO ecn11 0 
1.1 o,- ,l\B6 CHCT6Mbl OTC46Ta,a o' H 0 1' nony4BIOTCH 113 0 1.1 01 
O,l(H11M 11 T6M .8 nopeHl.\OBCKI1M noBOjJOTOM, TO pBCCTOHHHH OT () ,LI,O 

Oi 11 OT ()I AO 01' ,l(OH.iK!Ibl Obl'rb O,l(l1HBKOBb!. V!HbiMVJ CHOBBMH, 

MeTpllKB B p lii!IBBj.118HTHB no OTHOlllelll110 K O,L(H013peMeHHOMy liOBO­

jJOTy ocei1 Cl1Cl'CM 0 , CBH38HIIb!X CO BCeMH 4BCTHI..(BMH. fi03TOMY 

MLI IIiJ3oBeM a·n ycnon11eM !.130TponuocTI1. YcnoBMe !130TponHocTJ.1 Me-

Hee OfjlBllll'1>1T~JlbHO, 4eM yCJJOB>le HHBBIJ11BHTHOCT!1 no OTI!Olll6HHiO K 

rpynne neBoro 11 npaBoro yMHomeHMH Ha aneMeHThl !13 rpynnbl P : , 
p---?> 9'P·'} ... 

BB>l.LIY (7) IlOJIY'H:JeM, 4TO fljJJ.1M6H6H!1e a K cJpo (111.2) 03!1()-

4B6T 

( dto) aeo) = (e-.\.;t, e-~ c:J e; -
_, p-" t -"o-• .le ( -~~t _4Jf J -(\.<.L.d ,K.L.o.l<")::: Koo,K .. o·l<., 

~to 11 dlo npeoopaayeTCR IlO 0Tl!OW6l!l110 K K, KBK KOBB-T.e. 

jJ!1BHTHb!J B6KTljJ 11 CM6WBl!llbl~ T6H30p. Tor,l(B J.lHBBjJJ.lBHTl!OCTb liO OT­

HOlll6HII:O I< 'K oy~c·t· o6ecne4erw, ecn1.1 d"to 11 deo BXOAHT 

B d ~ (ill. 1) T JJ!bl\0 B BU,LJ,e CKBJIHp!ib!X KOMOL·!lli.l LJ,U~\ ( KOTOpb!e Mbl MO­
J-1}.1 

JKeM coc'l'oEWrb I!J.ll1 I!OMOJ111 UHBBJ.ll1BH'rHLIX TeH30jJOB ().)A vJ CA 
II £X.. ~)A y ) , llp!1 3TOM 4>1CJIO l!63BBHCK!~LIX KOIAOIIIIIBL(I1H l<OH61.!1IO. 

rc 
i. 



!1X CT8IT8Hn MOlK8T 6b!Tb ~'OJI:OKO '!8THOW. (ltl3 3TO '0 CJie;~yeT CMMMeT­

p>!'!HOCT:O paccTORH>~H S ( p, p1 ) ::: 5( f\ , p). KoM6HHilUL1ii BTopolii 

CTeneHH HMeeTCff BCero TpH: 

dt.Ud )J ~.14 ~J.J X.A .JA.P 
Q}W o to~ Qx~~;-deo deoJCX~JAYd~ cJeo 

( e.JAY::: eJAn. aw_)-)~ 
KoM6HH8IJ,MHMH '!eTBepToti cTeneHH HBJIHIDTCH 

cl/1 6 c )1.~ )A.~ 
Q [d.r~A£foo-~v cJto dto d:i!o deo > 

e a.p e.r&' P K)l J.4. j.J 

II T./.\. E:.u.rx~ E p8JAP d 0 d 0 a£.,() d eo 0 

Ecm'l Mhr y'!TeM ycJIOB>~H a ) , B) 1:'! c), He "pe6yH noKa ci ) , 
TO ITOJIJ'!MM, '!TO JIID6yro 

ITO OTHOUieHI1IO K olt0 

Henpepb!BHYJO 11 0,1\HOPOAH,IIO ITe{-JBU:-i CTe!l81H'l 

1:'! d eo qJJHKIJ,>llQ 3TI'JX :K8JIHp!IbiX KOM0HH8-

IJ,Hti MOJKHO B3f!Tn B KB'!eCTBe ds . JjJhl JI0Tpe6y1:M BCe '18'fbijJe jCJ!-

JIOBHH 8 ), 6), C) II d) H TOI'/.\8 

..,v 
a. .)of y x}f ~v p )(i'e. (8) 

ds = O)w olto dto ..-"'aX.\ o..PY cJ~ (J' 1-fofx;t.MYd,o J Z> • 

BH,I\HM, 'iTO M8'l'p11K8 BCe 8Uie HeO,llH03H8'lil8, HO llCT8Jl.IIIC:O 'rOJI:OKO ,llBC 

B8.JleCTB8HHbl8 KOHCT8HTbl o( 1:'! f> 1 3H8tJ8HHH J:OTOpb!X CJie,llyeT HC­

K8T :0 .1113 OTi!>iT8. 

!10/.\CT8BJIHH (5) B (8), BH/.\HM, '!TO Me'l'pHK<J ITpOCTp8HCTB8 He 

IlilOCK8ff - K03l{>illHI.lHeHTbl MeTpl1tJeCKOI'O 'l'8H30p8 :18BMCRT OT (1). 

TO'!Hee, OHI1 38BI1CffT TOJ!:OKO OT e , H 3TO Il01:83biB88T, tJTO npo­

CTp8HCTBO p I.(HJII'JH,l.\pH'!8CKOe llO OTHOilleHHJO K t 
~eTpi1K8 (8) ,I\OllJCK8eT 16-napaMeTpi1'!8CKYII rpynny ,1\BHJKeHHI 

CJL (6). 3TOT peayn:oTaT, KaK cnoco6 nony'!eHHH pi1M8HOBCKI:'lX npo­

CTpaHCTB C rpyniTBMH ,1\BH~eHMH, '!11Cil0 napaMeT~>B KOTOpbiX 60JI:OUie, 

'!eM tj>\CJIO 113MepeHHti npOCTp8HCTB8, TOJKe MO~HO 0606lJII1Tn H8 JII06yro 
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r pyHny Jlvr, npe,ZL ~·raBJIHIO~\YIO co6oi.1 nonynpHMoe npovr3Be,ZLeHvre .1\BYX 

rpynnfll/. 

Y. Buoop K)OPAVIHBT B n~ocrpaHCTBe ~ 
;,Jw nonpo0y~M llLI0pa'l'n I<Jop,ZLvrHaTw B IO-MepuoM npocrpaHCTBe 

p TLl!HlM o0pC130M, 'iTOOLI BbljJBlK€1il1€ (IY .8) 6b1JIO ITO B03MOlKHOCTV! 

OOJJee Ilj.JOCTUM, ilapaMeTpb! Tp3HCJJHL\l<lli t..M. BXOI\HT ,1\0C'l'BTO'iHO npo­

CTO, TBK 'iTO BCiljJOC CBO,l\V!TCH K ITBpBMBT~I13Bl\Vll1 MBT)JVll\bl AopBHUB 

e ~J r • fla paMe 'I pi133UI1H, KO'l'O pot\ Mbl Ciy,ZLBM 110Jlb30BBTbCfl, 113B€CT-

IIO, HO pB,lll-1 YTC4l!CJII1H 00lJ3H1J'iBili1H Mbl .I\B,ZL11M HBKOTOpble BbiKJIB.l(Kl1. 

llycn 

~ ) (d. 8- of3 = 1) 
3JICM€l!TLi I'PYI111b s L (:<.. c J. CBH3b MBlK.L\Y e l1 /1 38.1\BBTCH 

(I) 

/I"!/,/I 4/ (crp. Iu7-IILJ). ilpH 3TOM irepBbiMvr 6yKBBMI1 l'peqeciwro 

BJJli.·CJ!JI1Ta oy.l(eM o0oJHi343TL cn;lHOpHble 11H,ZLeKCbl. UHV! npi1!!11MB;or .1\l:lB 

3ll3'i€1ii1H, HBfl}Hi>;BjJ, +1/2, 11 -l/2, a l.)fo/fo npe,ZLCTBBJlfiiOT CO-

OOH M3Tjli1L(bl llo:, JH1: 

flp>'l nepeXO,ZLB K !UJYI'OH C>'JCTBM€ OTC4€T3 BB}JX!ilrl€ 11 HlrllKHl1€ CillriHU[l­

l!bl€ 11li,ZL€!\CIJ be: TOtJKH lr!Jllrl C T04lWL1 ll[JB001iil3YIOTCH CJ!BJ1YiOJ.li1M 00-



. 
r).te fo -ITol [3 +o( 1 o<.. - 1 -iO( 

Ao{ = ) f3, A~ = ~ p , /\ .3- /\ p . 
llO).tHHTHe H onycKaHH6 HH).t6KCOB npOH3BO).tHTCH npa llOMO~H MaTpH~ 

• • c? 1 ) 
to(~=~~·==- o~ =- r~?== (-1 a · 

MaTpH~Ii 't' y).toBreTBopaiOT fooTHo!lleHHau 
• • • 

T}lot~'T" ·=-!Jo< T.M.o(f'T ·=:~to<S~< 3 ) 
l.yotp ~, 'J'fot i o> 

KOTOpiie H onpe].te~HIOT HX ).tO YHHT8pHOrO npeo6p830B8HHH H ).tO 

KOMn~eKCHO~ conpHZ6HHOCTH, T.e. ).tO 3H8Ka y ~l • llpH llOMO~H 

(3) H3 (I) H8XO).tHM: . . 
e.).l = l J.t • 1"(' ,- to l • Jl (4) 

y .t T d..{3/\( L.v A8 
Uo&Ho BBeCTH e~e.B~nHqHH~ ~ A 

Tl"~P = T otr ~ 
npH llOMO~H KOTOpiiX CBH3D (6) nepenHC~B8eTCH B BH).te 

TJ.td. ~ == f.A.I.,_. ft~i r~r&.fv f3 (ft.= ~ r;) 
8 TaKJte H BenHq.I'IH.Ii c.L( • • 

L .J-4~ = T d. [3 _:;;- T ~o( f3 
~ ~ 

KOTOpiie XOTH H H8llHCaHN B BH).t6 CllHH-B6KTOpOB, T8KOBNMH He HB-

HHIOTCH: T 0
- cKanap, a T=(T')(i= t,/i,3}- TpexuepHN~ 

KOMnneKCHii~ B6KTOp. llpHHHM86M e~e 

\\'I( (')( 
A~=UJr-TJ4 f...., 

(5) 

r).te Wo - CK8JIHp, a ur = ( u.;;) - TpeXKOMllOH6HTHii~ 

B6KTOp, npHqeM 

w:~ - UJ ~ = 1 (6) 
0 -

o6ecneqHB86T YHHMO).tyJIHpHOCTD ~ • Tor].t8 (5) M~ MOE6Y nepenH-

CaTD B B~).te 

1~ ~ot o: /\ f3 = v 1 + (AJ.t 0 f> + w-. 1:- f3 0 
(7) 
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COOTHOWBHVfl (4) M (7) ~8WT MCKOMY napaMeTpH38UHW e qe-

]JB3 W"" H, ClB~OBBTBJlbHO, HapR.li:Y C (!1.2) Mbl MOJKBM H8ll.I!:C8T:D 

p = ( t, w). 
(8) 

OcTaeTcrr ro,l(CTBBBT1 (7) z (4) B (IY.8). AnR aToA uenH BBe­

.l\BM Bille ,l\B8 KO~DJJBKCHbiX TpeXKOMDOHBHTHhiX B6KTOp8 c;/y.:J ld d![o 

T8K~e, I!T06bl MABR B BM.l\Y (IY.5) H (IY.l), Mbl MOrnld 6bl 38llldC8T1 

d~..- J! = d . f .. dU: {fl=o, i; J.J = o1 j). (9) 
p -"< ( 0 0 1AoJ ) 

Uo. tJ-K Ole 

Tor,l\a (lY.8) nfpexOJ.lldT B 

d ~~ = Q~JicJt .J..< cAtv- .(at ( J_y;- J _Vat) f- ~j3 oJy_o d![o ~ (IO) 

!1yCT:D d UTc, - BBKTO]J, COOTBBTCTBYIDUU1ii d eo. 1.13 (7) npH MB-

JJOM W ; dg{t; H8XO,llldY - . 
"' f3 • d ~0 I( (3 ==- d.JP"o T p > J )oCt. == cA !!f"o ·J~ p 

-a< {'<>< d')O( 
H H3 (4) llpld /l J3 == O fo t- /\o follOJIYI!BBM 

e..u _
1 

_)-(. ~"'oe 0( rif\j3 - p r::-.)1 
d 0 v - r 7 d f3 ( 0 8- -t- d Wo. r r> r;, ( oi t- d_Lifo. ~ ) - 0 Jh 

TOr,l\8, HMBR B lM.ll.Y ( 3), HBXO,llldN • • • 

e _u ~ . ~ r<l( r: rr,a 1 - ?- ).4 ol s-r. P c:i "=:- c4(A[. L ~~ ri .~- ~ T _Jwo L ·'AT;, L. t>-or .z -o <A,--u <.- a,- -o 

M UOCJIB HBKOTO JbiX BbiKJI8,l\OK fiOJIYI!8BM 

~ ( o duro; } ( o 
d to v = \ d ur;~ - ( c~i~<dtt;;,~ - d w-o~· 

d Woi ) 
L C,;· K d t-U'o K. ' 

CpaBtiBH~e c (91 ,1\BBT 

d ~;-., ::: d !! 0 +- d ![o ' d~-::.df1o -L·d~ (II) 



ilocne llO.l(CT8HOBK~ 

a:=-c/..-2iJ 
B~paKeH~e (10) np~H~M86T B~A 

_I ~~tJJ -?. - -<. dsl. = OJ-'._,ot a t-!du.To, t- { dWoi · (l<') 

B~pB311M Tenep:b d Wo qepes W ~ d~ . TaK KBK /l 
aaeT npe,ncTaBneH~e {, , ~3 (IY. 5) cne.l(yeT 

_, sad - f ~r s d f3 - .P d J') 
dA,= A. ciA= (-r<>a roi<>O - a<>p + r~.o~t . (I3J 

CpaBHeHHe c (IO) aaeT 

2 d w;,1 =-o ocX +- Sdp +CX da- pc:J s ~ 
.2dwo1 ~ i.odd.+i.Solj3-i.cc.da-~·~ dJ\ cr4) 

2 d lifo 3 :-= s d~ - r d p - f d a + (j._ d 8. 
C apyro~ CTOpOH~, ~3 (7) ~Meew 

o( == V 1 t- w.z +- UJ3 1 j3 = lAJ1 - i W.z , 

X""= W. + i. W S= v-1-ru;::z - W u 1 J.. ) -· 3 
~ il0)J.CT8BRHH cl lAf BMeCTO W , 1!8XO.l\~M 

dci::=: dw3 , dp=olUJi- i.o~) 
d <f =- d w~ -r ~ w-2 ,) 'd 8 = - d w 3 • 

Tor.na (14) npeBpa~aeTCH B 

d Wo1 = Wo ci!AJ.f +- i.Wj dW.z- it».tJ~.- Wf dWO, 
d Wo.z ::::-.iW3 dl.V1 t- .Wo d~-W1 d~1- ~ dWa, 
d l.Uo3-== l UJ-l dlff1 -' UJ1 d ~ t- W0 dw~- W3 d W0 • 

flp~ nou, cornacHo (6), W 0 ~ dW
0 

38A8JOTCR qepe3 

lifo== Y 1 r wt· 
1 

dwo == w. d~[ 
v 1 t- (..~ 

2I 



llOACTBBIIHeu W 0 B (I2) 11 HBXOJ.IHM OKOHliBTen:oHo 

. K -· - <. (IS) 
ds~~o dtGlt~ r-·ldiAi- U¥.:cJUliJ t irdw~- (~~~JUJil )., 

f-4 v o \ ~ 1 t- w.t (J \ L 1 + w ~ 
3TO B!:1rBlK6HII8 MOJKHO H8TIJIIC8T:O Cl!(e 13 Blllll.e 

d S.t== O~v dt~df"-~ /fOJH' dW;.cdLJSv- fO_flvd~cJ~ji6) 
TI]JI1lleM W J-1 Ill \Ai}-1 He H638Bl1Cl1Mbl - OHJII l.(OJllKHbl OCT8B8'I':OCH H8 

e ; I.11H1li!IOi.1 HOMnneJcuoiA ncen).(oc¢e pe B npocTpBHCTBe MI1HKOBCKoro 

( 6): Orv LA-~ Wy --=1 7 a1w WJA wv = 1 

(CyMMI1pO.B8HI16 no JU 11 y il0l.(pa3yMeB86TCH). 

!i•ro6bl 11Jl!W6 UOHHTL CTpyKTypy ll]JOCT]J8HCTB8 p , BB6ll.9M 

611\e npOCT]J8HCTBO p. , OTJ111ll810[!1eCCR OT p TeM, liTO H8 Uf 11 

~ Oyll.eM CWOT]JIT:O K8K H8 H038Bl1CJI!Wble KOUUJ16KCHble nepeUeHHbiC. 

rJpOCT]J8HCTBO p ~ TOJK6 10-MepHOe, HO C 4 B6l!ICCTB911HbiMJII KOO]J,L\JII-

t ~ - - P"" 
HBTBMIII Jll 6 f ounneKCHbiMH ~· 11 Wc· . Tor,lia _G.ll.leT 

npHMO~ cyuuol.l coc TBeTCTBJIOII(HX npocTpaucTB T.~ W 11 W . Ca­

wo npocTpaHCTBo P nonyl!HM, ecn11 3BMeHHM cyMMy WtV W 
\AI~ -

H8 ee C6li8Hl16 VI , Ylii1Tb1B8H, 'qTO W 11 W KOMUJICKCHO 

COU]JHlltCHHble. IT poe Tp8HCTBO w ir" TOll6 6-MepH~~~ HO JY6.C C B6ll(C-

CTBCH!ib!Ml1 Koop,n;HHBTBMI1 U i 11 V.: , onpo.nenHeM1!J.Ul IJ coorBerc:r-

BI1111 c (II) 113 

w = ~ t-i.Y' W== y. t-LV" 
(I 7) 

YI. C!lo6p.A!lo~ cKanapHoe none B P - npoCT.f!BHCTBe 

ilOJib3YRCI> BBe,ll6HHO~ B p M6T]JHKO~, Mbl AtOlK6M BBCCTI1 p83-

Hbl6 CB060ll.Hb16 Ill B3811MO,ll;9~CTBYKll!ll16 CKBJJH]JHble, BCKTOpable Ill T6H-

'l' 
L 



30pH~e llOJIH ~ ll~C8Tb ARH HHX COOTBBTCTBy~~He AH~~epeHUH8flbH~B 

ypBBHBHHH. (YlJ.TCM, IJ.TO CKBDHp~, BeKTOpN H T.,(. 6YAYT ABYX TH-

noB no DTHoweH>~IO K P H K M ) • MOlltB!l! HBCt:TY. H cmmoprlble 

llOD.H, npo~e BCC ro paCCU8TpHB8H MX K8K CIIHHOpl! B M • (HeTpy,ll-

HO !1pOBBpl1Tb, ttTO T8ROB onpe.n.eJIBI!r!B !tlHB8pr!8H"HO no OTHOWBIIH~ 

K rpynne f> .) 
Mbl Ol'p8HHIJ.l11&Cf! CBL!.b!M npOCTUM CJly'l86)4 CBtJ60Jl,I!OI'O CKBJlHpH0-

1'0 IIOJlH B p : 
ll r'"Y- M-?_ '1; = o, (I) 

l';ll,6 BOJ!HOB8H (jlyHIO..(Hf! 4f 38Bl!CI1T OT P ( Y .8!, a [). p- onepa­

TOp EenTp8M11- 8H8DOI' onepBTOpOE ]8DJ18CB H n·:DBM6epa, TBK IJ.TO 

(I) - ana nor y pe::.nHeHI1H KJie~rw-I'op,lloHa B P 
6y,llBL!. Dl1CBTh H ypaBHBHMB 

l!apHAY c (I) Mb! 

(2) 

0
. )t-

h j 1 KO'l'Opoe OT JlHIJ.BB TCR OT ( l) TCM, 'iTO d8 W 11 U/ Ubi 

0YABLI CMOTpeTb KBK H8 HB38BJ1ClllllbiB KOM!lJlCKC!Ibltl HCflBMCHHbl€ 11, 

CAB,llOBBTBJlbHO, no 8H8JlOI'!tllll C (Y.B) 

(3) 

PerneHHe (I) nonyqaeTcf! H3 (2), ecn~ yqecT~ B KoHue Kounnettcuy~ 

COllpHEBHHOCT~ ULr H W • 

YpaBHBHHe (I) npH He~~KcHpoBaHHOu t'\ &OEHO paccM.aTpMB8T1 

H K8K ypBBHCHH6 A1If! COClCTBBHH!:lX 3H8lJ.6HH~ >1 C>ClCTBBHHbiX !f>YHRQI/l~ 

onepaTopa n611Tp8YH .t1p . lr1 B TOM H ,llpyrou CJIJ'l86 Y!:l MOrDH 6~ 

CT8BHT:b ,llOll01IHHT€1IbH!:lB Tp660B8HMH H8 'V , H.lflpHMep, OI'p8HH­

qeHHOCT:b HDH CTp6U116HIIlB K HY1ID H8 6BCKOH6lJ.H~:TII!. 3Toro BOllpOCB 

M!:l K8C8Tl>Cf! He 6y,ll6U, 
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M~ HS{1,llt:M noJIHblit Ha6op pe UieH>~tl ypallt.<'Hf (I). To'IHOe onpe­

.z~eneHHe nuiiH"HH nonHoro Ha6opa Tpe6yeT sapaHee yKasaT:r,, :s Ita­

ROM KJISCCe MllJ'TCfl peUI6HVIfl l1 B KSKOM KJI8CC6 ,l.IOJllKHbl !ISXO,l.IVITI>Cfl 

Koa<f><f>KUMeHTHIJe tl>YHKUVII'I paanolKeHHH. M~ aToro .ZleJiaT'D He 6y.z~eM, a 

llpMM6M <f>OpM8.lliH0 1 'ITO M6TO.ll p83,1.16JI6HMH nep6Y6HH~X ,li86T llOJIHblit 

Hauop, T.e. 1111 Haia.ZleM Bee pemeHHH, noJiytiaeu~e pa3,lleneHl16M ne­

peueHH~x. 

B (2) ncpeweHHble t , W H \J.f pa3J.16Jl6Hhl ltl noaToMy u~ 
MOJK6M H8llHC8~ ''D 

~~ = "Y,- o/w "'Vw J (4) 

[) ~ - "YYY.t 't'T ::;;. 0 ' (5) 

LJ.w \.V w- ( ~~ -1) 'i'w == 0' (6) 

~ w lV w - C ~""' -1) 'rw = o ' (?) 

llpH'l6M KOHCTI HT~ m 1 cg.- J fj- B 06!1l8M KOMI1Jl8KCHhl8 -CBH38Hll CO­

OT!IOW6HH61i 

~. ~ - -Y_.t - .t m -a(~ -f)-a(~ -4)- M_, (8) 

a f1 w H ~·AI - onepaTop~ Jlannaca-EenTpauH 

KounneKcHow rceBJlOC<f>epe B npocTpaHCTBe M 
!18 e,l.IHHH'IHOla 

C KOOP.z1HH8T8MH lAf f'l. 
H Wr . (KoHc TaHT~ fj- H 9- :s o6~qeu He KolmJieKcHo conpHUHH~e!) 

YpaBH6Hle (5) cpasy .z~aeT 

l 'K Vm.L-r p..:t to-r X P-·t 
'-if \t1 ~ J ~)~ -e = 

ixp-t e (9) 
' 

r.z~e ~ ~ :t 1 :> P- - Tp6XM6PRbiH KOMllJI6KCH~tl B6KTOp, 8 p -
24 



- tleTblpeuaepHbiM BeKTOp C npOCTp8HCTBeHHOi1 KOM IOHeHTOH P-­
y~OBneTBOpH~~HH ycnOBHHM 

(10) 

OnepaTop Llvv He 1.!TO HHoe, KaK onepaTop ~nH yrnoBoM t~oc-

TH onepaTopa ~anaM6epa. Ha caMoM ~ene,nycr& 

x).C = 'L w~ , 
W 0 == c..h p' 
W

1 
== shp~e, 

w~ = shf h-1?fJC.OS 'f, 
w

3 
:=:sA f Y>rn& ~·1'1lf · 

Tor~a, KaK H3BeCTHO, 

' 
rOHBnbHble l{pHBOnHHe~H!lie IWOp~HHaTbl Xl, T81( 'ITO 

(II) 

ds),. = f_ -r u.~ (.x.i.)dX\c~, 
To onepaTop EeJITpauH B"<aJor.~ npocTpaHcTBe ::JallHI:uBaeTCH B BH~e 

n ~ 

11 =-__!_\+E_.u .Q__ (u=nu\()_ 
x. u. &, o.x~ 0i~ u:tl( 1<"1 

(13) 

KOOMHH8Tbl 7.) p ; e) lf opTOPOH8]bllbl 

Hflfl 3Ty qJOPMYJIY K npOCTp8HCTB8W C KOOp~HH8T8MII 

T8K 1.!TO npHMe-

x}4 H u.r,: ~ 
HBXO~HM 4 VJ' ::: LJW, 1.!TO Mbl H XOTeJU1 UOK838"b, 

Tor~a no.n,cTaBnHeM (12) B (6), BMecTo Llw p<J::JnuraeM 

?5 



~'Yl() 1e (S-i'YI e j)) --~{3 e + YC VH) e ~ 0 J 

1~$ t- )-{~ ? ~-~ 0 . 

PeweHMRMM 3THX YfBBHeHH~ RBnR~TCR WYHKUHH 

P 
_I l,l +1-' ~ ;)4 'f 

(f)== sh rf Q. }+g(chp)_, ty(e)::: Qv(W5&) J pNJ..o e / 
npM4eM (i.~(l) - n~6oe peweHMe ypaBHeHMB AexaHAPB 

"' 
c .c ~ _ 1 J d~Q- t- ~, 2 d a_ _ [- .J-1 <. _ + ).J c l-' t- 1 J J a = o c I 3 > 

d -z~ ' d t:- r.r.-1 

1'51. AHanorM4HU~ cnoco6ou pewaeTCR M ypaBHeHMe (7), npM4eM 

BMeCTO (II) MMeeM: 

\.Af0 = ch F , 
W1 = St. f __ Wl ~-' _ 
U.f2 = S j, P ~'Yl (! C-v-5 lf 2_ 

\).[3 ..: 5:1 f <yi'l'l f) 'Yl'rl 'f 
B pe3ynbTBTe nonHUR CMCTewa peweHMill ypaBtteHHR (2) Oy.n.eT 

\I/ t- i x p. t 
1 ( p ~) r-{ ) :: C X , 

~ _ }2. H~ J..4 l f'\ If 
X sr f G. -l- +-;r_(ch f) Uv ~ wff7) f' . Li ~- (14) 

h-h. - Q 1
;,_ t- y Q ).{ -) 0 l If 

X s r -l- +-i ( c h F) j7 ( COJ e c ' / 
'f-

npH4eM p 3a.n.aercH qepe3 (3), a pa3nH4HHe peweHHR xapBKTe-

pH3y~TCH tlBflH4MHOI 
k - -- -

'L -=:. ( x, P-' m, ~, ~' J-l, .J-1, J-J, )..} ) crs) 
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li 1 KOHBtlHO 1 Bhl60pOM pe wemti1 ~ ypaBHBHHfl J!Bl!WH,I\p8. TipH 3TOM 

BCe KOMTIOHBHTbl 7.1t , 3a KCKJ1101.!8Hl18M }( ::: .±: 1,- KOMTIJI8KCHhle .If 

npOl13BOJlbHble C Yl.!BTOM TOJlbKO COOTHOWBHHA (8) H (IU). PeweHHfl 

(I) nonyl.!HM I Y1.!11TblB8H KOMTIJlBKCHYKl conpHlKBHHOC"b ur 11 U/ 

r.e.y,e,~ Kf~&,'f 

YD. WccneAOBSHHe oco6eHHocreA nonyqeHHhiX peweHMM 

PBWBHJ.IH (YI.l4) BOOCllllB He O,I\H03H81.!Hbl J.l lil .iJCIOJ.lY perynHp­

Hbl. ilpl11.!J.IH8 38KJ!l01.!88TCH B TOM, 1.!TO npH nepexo ~8 OT W J.l W 

K p, S, 'f H _p, e 1 'f lPYHKUHOH8JlbHbli1 onpe,I\BJIHT l Jib 

a(ur w) h .t .t -ol -J- --) =chrc psnrsh_fYI'Yl&:n'ne rJ e, lf, y, e, If 
SHHynHpyercH np11 

6-'B=-KJT V\ p,f=t'-\<~- (K-=OJt:1/L-J.---). 

Cne.llOBare nbHO, npli 3TH X 3H81.!8HHHX peweu11e 4f (JI. 14) MOJKeT 

liMBTb OC06bl8 T01.!Kii 1 B 1.!8CTHOCTH 1 T01.!Kii BBTBJIBfliH. KpOMB TOrO, 

(Yl.l4) MO*BT liMBTb OC06ble T01.!Kl1 1 BCJlJ.l K03¢Wiilli8HTbl M8Tpli1.!8-

CKOrO T8H30p8 (Y.I5) liMBKlT CHHrynRpHOCTL. T8K1Ml1 T01.!H8Ml1 RB­

JlHIOTCH \.AJ~ w<- :::::._ i 1 T. e. OTIHTb f., f = L ( \c( f-~;) JL-. Ec­

Jlli Mbl Bb16epeM '(_'If- (YI.I5) T8K 1 1.!T06bl peryJJRptOCTb B 3THX 

T01.!K8X 6h!JI8 068CTI81.!8H8 1 Mbl 068CTI81.!HM 3TiiM perfJIHpHOCTb 11 OJ.lHO-
- .. ., ,.---._ 

3H81.!HOCTb ( Yl. 14) TIOBCIOJ.lY. TOIJKH f 1 f ::::; l ( \< -t- pJL rpaKTii'le-

CKH perynHpHb1 1 TSK tiTO OCT88TCH liCCJIB.l\OBSTb T J1.!Kl1 e 1 e -= "<.JL 

li f 1 f = i~o<'fl. 0603H81.!8R qepea r apryMettT lPYHKUHH Q 1 

TIOJiyqaeM, 1.!TO OC068HHOCT1i lPYHI{UHH ~ (YI.14) o6ycn8Bl!l1B8IOT-

CR oco6eHHOCTRMH Q. (t:-) np.11 ?:- =- + 1 . Ho 'iBJIHl.!He oco6eH-

')'7 
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HOCTH Y HeKOT,lpO~ \l>YHKUHH Q (r_J 

.l(OR~H~ OT6pOCJ!Tb COOTBeTCTBy~~ee peweHMe, T8K K8K OH8 Mo~eT 

6b1Tb CKOYTieHCllpOB8H8 .l(pyrHM J.IHOllmTeJieM Q (-~ J B (YI.I4). 

il03TOUY H8M n:nt.l(eTCfl BBeCTH IlOHHTHe, donee IlOJIHO X8p8KTepH3y~­

~ee \l)yHKUIIll1 Q C~) . BB6.l\6M AJIH 3TO.I1 U€JiK ll0Hl"i'J'I1e Jit,B€.l(€HHH 

8H8JII1TIIl'IeCKOH \l>YHI\Uillll Uf" ('C) B OKpeCTHOCTIII OC060~ TOIIKIII 

z. = a.. 

ilyCTb l, .fi (.. 't-)- rlJYHKUHJ1 8H8RIIITI/Ili6Citlll6 Ill, MOJKeT 6b1Tb, MHO­

r03H8'1Hble B 01 peCTHOCTH TOIIKJ/l r = c;t. , HO He 06H38TeJibHO Il 

C8MOH 3TO~ TOt Ke. Ey.l(eM rOBOpHTb, 'ITO B OKpeCTHOCTl/1 TOIIKH 't :=.t:t-

6CJII/I OH8 npe~CT8BHM8 B BH.l(e 

- 8H8JliiiTIIItleCKIIIe B 0Kp6CTHOCTIII r == Gt. Ill B 

C8MO~ 3TO~ TOtKe. COOTB6TCTB6HHhiM o6p830M BBO,l\HTCH llOHHTHe JIIII-

He~HO~ 38BIIlCI/I}OCTH B OKpeCTHOCTJ/l TOIIKIII ~ = ~. ECJII/I nplll 

3TOY BCe 0..(1-2) OTJIIIIIIHhl OT HYJIH np111 'i2 :. a. , 8 u.Ji.· (-?;-) 

JIIIIH6~HO He38BV.CHY~, TO IIIMeHHO STill ~-(~ ) 38.l(8!0T IlOB6,l\eHIIIe 

WT~·) B OKJ ecTHOC'rH a... . KoHetiHO, a To noHHTlie MO:.IWT 6h1Tb 

none 3HhiU, e CJI.I1 pe'lo HAeT He o6 OAHO~ rjJyHKUl-1111 u..T Ct J , a o 

HeKoTopoM uHol!!eCTBe TBKliX ilJYHKUHH L.t.Jfl(-t:), npHt~eu vY,t-2-) 

oT A He .1\0lllltHhl 38BMCeTb. PerynHpHOCTb npoltl3Be.l(eHMH ABYX 

if>YHKUVIH lif {:t- ) li UJ",· (i) B OKpeCTHOCTH TOIIKI1 z =a:_ CBO,l\HTCH 

K perynHpHOCTH npOI13B6.l(6Hl1H rjJyHKUHH, X8p8KTe~H3yiO~liX HX IlOBe.l(e­

HHe B TO'lK8X C~ li ct . 8TO ycnOBl-16 ,l\OCT8TOIIHO. 0HO 11 He06XO­

.l(liMO, eCJIH 3TH npOl1HB6,l\6HI1fl Jll-!He~HO H638BliCHMhl. 

B KatieCTB~ ABYX JIHHe~Ho He3aBHCHMhiX peweHHH ypaBHeHHH 

JlelltBHApa ( YI. 15) Ubi B03I>MeM npHcoe,l\liiJellHYIO if>YHIU.\ltliO JleEBH,l\pa 
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nepBoro poAa 

rAe 

4 g (d.,p,O,r)= r(iJFf<X, f3,r,r) • 
PaAH npocToT~ ~~~ npeAnoqnH pa6oTaTn c ~YHKlHHMH ~ H ~ 
BYeCTO rHnepreoueTpHqecKO~ 1>YHKI.(HH F ( ol., ~) r I Z!;) M npli!COe­

AMHeHHO~ WYHKI.(HH ReEBHAPB BToporo poAa 
•ft1i .)-1 

a~(r)= 'IF e rr}t+Vt-1) RJ/ (i'). , .2 )1+1 

3Aecn (j H R.. B OTJIHqHe oT F H Q M~ eJOT cy~cn npH Be ex 

3HaqeHHHX napaueTpOB. 

H IT03TCMY 

B OKpeCTHOC~ M TOqKM Z == f 

!1pHueu, qTQ lf1 - moOoe HBTypaRbHOe t HCRO HRiil 0 . ilp!tl 

3TOM, eCRiil /YI yqaCTBJeT B HeCKORbK!tlX p8B! HCTi38X !tlR!tl uepaBeH­

CTBBX, ero 3HaqeHHH B 06~ell p83H~e. TOrAa, ITORb3JHCb ~OPMJROM 

G (d., !3·•· r 1 = -,.;[.," f;;~F/: qra- ~- p-s, 1-0, h!' J-
~ l'lc41-~)rq~- 8) (j(d.,fo;, '"~- &_.~ 1-c)] 

( t = cA..+ fo -r J .7 
KOTopaH B cu~cne npeAeRnHoro nepexoAa cnpaieAnHBa H npM Cl= x;; 
a TBKEe ~opuynauH 
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9c«, f3, -'Y), 2 l = 
- r(o<+ntf J n f3t-n+ 1) .r ~+1 q(o<tn+f, J3+tlt 1, 'nt-.2, r )} 

r(a.>rr pJ 
, l ..,...,_1 r 

f [-nJ/r (-n) =(-I} ('YH-1); 

/I 6/, M~ Haxo~MM cne~y~m~e WYHK~~~. onHc~Ba~m~e noBe~eHHe _S( 
B OKpeCTHOCT~ TO lK~ Z :: 1 : 

Tao:IHL\8 I 

floBe~eHHe 

1, (1-rF8 

l. 8='Yijct-8,J3-3::F--n (1-r-F; t.-,(1-~J 
3. O='Yij d.,pt-'YI;d-8:-'t"'MJ'U4f3-8=-"? (1-7:}-<S 

it. 8=11j ~=-'YI,p-S-1--'YI w.nu p::--'YI, ci.-J.:j=-n i 
5'- d = 11 . 0( p,- s = - 'YI LA.n"' B I d- d = - -n 0 

3H84eH~R D8J8MeTpOB 

1. ct =1- .:t 'YI 

' •r /- -S 
G. o = -'Yl; 0(;) ~I=- n. 1 ) rt- i:J flnr.,-r-; 
1-. 8 = -n j d- 8 1 p-S -1=- ., J. ~ =- n ~ .nw p = - n 1 
g, 8=-'YI;d.-8=-n,pt=-n 'MH p-8=-n,ot=t=--n (4-~J-J 
tJ. J=--"Yljd-~~)p=-?11f1J1H a.Jp-J-=-/)1 ..£1 0 ..-'4 

Ilo.n.cToBIIRR B (I) ~ ( 2), Haxo.l(HM noBe~e~me f1, (r-) H RY (~) 
npH i!. - t 1 

Ta6IIit!L\8 IT 

3H84eHlt!R napaMeTpOB 
.)-4 

,4 ) lA r = P"' ( t.J ) -l- ----.1> i 
1 . j.,t f.. /)1 t- 1 

..t. }t == 'Yl ; v t:- )A - n - f) -~ t-11 

3. }'< = 1'1) y -~--, -- ?1- 1 ) -Jl +11 

·•. Jc")• 

l!oBe.zteH~e 

)( 

(1-r-J-~ 

(f- ~) )14. 

0 



~ 

B) w-= p (~) l - --1 
y ) J.t _..g_ 

~. ).( =1=-:!: ~Y~ ( 1-ti) r, [ u t.) .t. 
,y_ -'~ 

~. ~ = - /fl · vf=:t -11 {ft-i!..FJ1t1) ··fl,(1-t-Z) 
~ ~-

3- ),( = -11; v =ytf')')_:,--fl~ Yl .. 1 ( f t- Z) ,.z. J.t/. 

. /J. 4. JA = -?'lj v==_f(-n-1w.pl.f Jll;-;}lt'YI (4 -r~) 
-~ .);~ 

5. _;.-c == 1'2; Y 'fa r -n r 1 t-:r-) , { 1+ ~J '"-e... r 1+ c) 
G. y. == -n ; v:;:: ")4- n-hww v~_JA-t" (1 +r.l ~tt 
'f. _u = /YI ). v = /' -t ?1, p - 'YI - J 0 

~ 

C)UJ == R v(l> , r -+ r 1 

1 ~ -~ 
• J--t j=:t--n (1:;::zJ ,(~+~J .z_ 

:t . .f-4 = -11, v t- "/'l-11-1 (f +r.)~ (1~r/..411.ten(1-Fi!) 
3. _).-( = --nj V=~-"YJ-1 1jH-'YJ (1 ~ i') ~ -H 

1. .)A = - "n ) ~ = _}-1- '11 - 1 ( 1 -:;: ~ 7} - :(" 

5. }A = 'Y1) Jl-j=- )-1- n-t { ft:~r~ (1+.~)'¥: &.. (!t=i!) 
G. fl == n} Y=j-f-n-1/~n, Ui- 2 ~-~ 
f · ~ = --n , Y = -y - -n - 1 ( 1 -:;:: "i:_, I ~ 

Tenepb npHcTynaw K OT~CKBHHID perynHpHux pew,:HHA cpeAH 

(YI.I4). ilpH 3TOY perynHpHOCTb 6yAeM DOHHMBTb B t:Yucne orpa-

HHQeHHOCTH H oaH03HBQHOCTH. 

38DHWeY peweHHe (YI.I4) B BHAe 

'-VcpJ= K(tJLrr~JJM(e,eJNflf, ~~', 
t...}(p.t 

K(t}~ e , 
I I I - <I 

-ii -Y.z- QJ.Jt-;r J.l -t-£ -
L(p,pr~sh rsh f 3 _~(chrJ Q9-_ ~ (chp)) 

J'1(e,eJ = Q:c~e; G.: ree-se), 
N ( lf, ~) ::: e ifC 'P t- i A \P 

(3) 

(4) 

JI 



0tJ8BI1}.1HO, peryJIHI·HOCTb o/ Tpe6yeT peryJIHpHOCTH B OT).I8Jlb­

HOCTI1 !WJK}.IO~ 113 ~'YHKl\llli1 ( 4). 

HOCTb M ( e I e) B TO\IK8X 

06ecnet~11M npeJKJ.~e 

el<. = el<. = lo<JL 
BBTCTBY!OT TO\IK8M :Z: = r_ 

e-el<.= W l H8XOl,I1M 

=_±-i 0603H8ti8R 

BCBrO peryJIHp-

1 KOTOpHe COOT­

e -eK=w 
' 

"K at - k 4 --l 
Z:. == C.058 = W>(BK-tW)~(-1} (1-}W ))~~(-1) {1-£GU) 

11, CJIB}.IOB8T8~bHO. 

' - .t -W .1.. ~ 
(5) 

npll!t~eM 3HaK (-) <OOTBeTCTByeT qeTHOMY K a (+)- Het~eTHOMy, 

T. e. COOTBBTCTBJriT r = 1 11 2 = -1 . P8B8HCTB8 ( 5) llpi1-

0JIII!3lllT8JlbHH B TOI. CM~CJI8 1 t{TO OTCJTCTBY!OT 60JI8B BHCOKI1B CTene­

!!11 no W 11 W , HO 3TH t{J!BHH HBCY!llBCTBeHHH - 0!111 He M8Hfl!OT 

llOB8JlBli11H qJJHI\UIH • Bon poe COCTOI1T B H8XOJK}.I8HI111 3H8t{8Hli!H ..f< ,_fiJ 
Y, )7 11 JIII!He11Hw xoM611H8UlllM Q iiJYHKU11M P 11 R. , np11 

1\0'l'Op!iX lpJHKU11R f1 ( f}, fj) 6y.li8T orp8!!11ti8HHOM 11 O,ll,li03118t{HOH 

B 0i(p8CT!IOt.:TRX T('t{CK ek == el<. = KJI. Tac5.~11l(H fl II0!(83HB8-

IOT, t{TO 8CJil1 jr1 l.(C JIOe, 8 V - H8U8JI08, TO ~~Yill(l(I1H Q 
K8Kon Ubi KOM0li!H8!il18il p 11 it 0!18 H8 np8JlCT8BJIHJI8Cb, 0y­

}.18T HMBTb JlOr8pl1liMI1t{8CKJIO OC068!!HOCTb llpl1 i! = 1 l1JI11 i! =-f. 
To JKe C8M08 OTHO<I1TCH 11 K ~ 11 Y . JlorapwpMI1qecKI1e oco-

6eHHOCTI1 H8 Jlb3H <:KOMI18HCI1jJOB8'l'b yMHOJK8H118M. CJ!8}.10B8T8JlbHO, 

3H8ti8HI1fl ~ 11 J-J rpynnHpy!OTCH B AB8 KJI8CC8: ,.q - }-( 
Heuenoe, .11 ~ - }A ~ V - uenble. AHanorHt{Hble Knaccbl A 11 B 
11M8IOTCH 11 B llJIOC!:OCT.H _jA 

7 
)/ , T8K t{TO B llpi1Hl(l1J18 IIM88Tt.:H 

4 B03MOJKHOCT.I1: A jj I .4 B J B if I B B . B COOTB8TCTBI111 c 

T86JII1UBM fl l10B8}.11:HI18 ljJyHKU1111 so scex aTlllX cnyqaHx 6y.I~eT 



OITpC,ll.CJIH'r:bCfl <JlYHI(!J,l1f!Ml1 Tl1IT8 

t.)-1- "fjf E~+tli ~([p-FfiJ'+' . ;p w w ::: f e ( t·, c = :r -1, '-U = f e J " 

0TCIO,ll.8 HCHO, 4'1'0 Tpe60B8Hl1C O)l,H03HB'!HOCTI1 1VYlLUl1H 

O,il,HOBpCMCHHO B TO'!KBX ~=+I 11 ~=-I ITpl1BO)l.lT K TuMy, 410 

p H )4 /(OJiiKHbl OL!Th OlJ,HOBjJCMCHl!O UCJlblMI1 111111 ilUJIYl\CJILlMil. Tfll(l1/,: 

o6pa3oM, cnylia>t AB 11 BA oTrrBABIOT. llpi1MeM 6::o OI'IJBHl14CHI1R 

06~HOCT>t, '!TO BCW.CCTBCl!Hb!C '!8CTI1 .)4 11jf H•:OTp11L(8TCJ!bHLl, 8 

BCU(CCTBCHHble 48CTI1 ).) 11 ).) - 118 MCHblilC -Ij;', TurJ(8 '!JICH 

}4 - -p. 
W- uJ HC )l,OJllKCH ITOHBJlf!ThCH, 8 3TO llOK J3blll8CT, 4TO B 

0Kp€CTHOCTII1 TO'!KIIl r .::. [_ (£ = ± 1 ) OJ(l1.! il3 Ml!OiKl1'l'CJ!Ci·; 

Q(f.i:) >1 (l(EZ) J(OJ!lKCH CBOJ(I1TbCH, CCJOTB:TC1'lJCl!ll0
1
K Q)J-4 

-)-C - -
>1 W . B cnyqae ftf1 , IWr)l.a j-4 >1 )-t. IOJIYIJ,eJibiC, ::J'l'O 

ITIJliBO,l(>iT K 

h+/.z. h+f -
M (8)3)= P v (Ews8) B ( -Ewse) (6) 

( t = T 1) h :::: 0} j '~)---; R.f.t J), ~ ,7 ~ -J-). 
B cnyqae B 6 nonyqaeM BT_~PYIO cep>t1o fJCill :IB!~l: 

M Ph ph - -ce,e)=- "KCe-oseJ i<(coseJ (~<~-h,h~fJ-
ToT JKe C8Mhii.1 BHBJI!/13 OTHOCI1TCH l1 K rj1yHKUl11 L ( f, f) . 

TaM TO;KC flOJJY'!8J(JTCH ,1\Be ce p>tl1 pe WCH>t\1, iJ1(1!8KO Bllil,l\y !WJ!li4MH 

h-YJ. , -rJ 
MHOlKI1TCJICl1 5 f 11 Sn f , CliHryJIRpHOCTh KOTOIJbfX 11p11 

.r 1 f = iL< Jf ,1\0JllKHB 6b1Tn CKOMITCHC11p0B8H8, OCTBC CCR TOJ!h!(Q 803MOlK­

HOCTh 0 B , npl14CM Bepxul1e l11!,ZJ.CKCbl He .n.oJiiD:HEJ npl1HI1Man 3HB4e­

Hl1e u. ,llaJroll!e, BBH.n.y Taro, '!TO BepxHl1e 11H.L(eKc" 1l>YHKIJ.llll1 Q 11 L 

( 4) .L(OJIJilHLJ 0'1' Jll1"1BT:hCfl HB 1/2 OT Hl1JK!HlX liH.L(C!(C lb tDYHI(!J,!IIH Q B 

M ' JLJIH MHOlKI'!TCJIR L OCTBCTCH 'f()Jibl\0 b03MOJKHOCTh Ali 
Dp11 3TOM Bcne.n.cTBl1e Taro, "'TO y M c,yMMbl )• -t-}.) ill ji + j.J 

J'J 



u,eJJtJe, :.JH3I< E_ TJ ( u) MllJKHO OIIYC'l'lfTb. 

0JWli'I3TCJ,bHO ll0Jl:fll38M fWfJBYJO C€jJVIIO peWCliV!l1 

. tH.p-t 
I. 'f l t I ~;f, rz) -= e x 

I I K I< 

'f.- srll.psrl;f~(Chf) ~(Chf) X _ 

() h r 
1
1-t p h + h __ i.( h + Y.t){ If t 'f) 

'f. ri<-1 ( {jr) 6) 1-< _ 1 l (g-5 f}) e 
/z. .h 

( ~;) 

fl<J poMe T p:,;, xa ~mere !H1:.J yJ(LJ;Il e Jil: u1c ilVIH, OYJJ.YT 

'(_:.:: (.rt:._,f-,·rn., h, K.,K, e.f). \ r.) 

l!'JVI4CM '-< =·t '< L=D A I·;:: e· J/-::12. -f>v f>k_ 'a P-1 <71... --}Tl , •• .,..,.. .... ;"""J, ..... ,--·i =-,~)-

KUMIIJl:CKCI!UL llCJCTO!J, jj(U!l:Je'JnujJlHJl!\l1.H (.Jl.JO). i;};LlJ!ii1J;UH ( (; 

( Yl. I4)' H8XO/ !1M 

CJ
..__.(_e (!1_._~_/} 
• 12.- · 1 rr r - - v 1 

v ~ 

Ti:IK 4TO, nu;(c:Tc nnHH E , Yl. b), nony'Il!!M 

1'\1~ -a~(£ -lf-1)- i(( l-;/:.. 1) _-cc M~. 
JTO COOTllOJCH> e )l,oCT )jVICI{iJBTHWl CIICKTp 7\liH fl31JBM€T1J8 m 
KOTOjlblM, !10-lli.L(VIMOMy, L:Jie,n:yeT VIHTC}!liiJC1'lilpOB3Tb K31{ M8CCy. 

!1a poM€ T pb /;r1 VI P--
MLI He HCJKJI3ll.bll 8JlV! l!i:J lj/ 

OCTGHV!Cb KOMITJ!€KCHLIMVI, IIOTOMJ 4TO 

HVIK3KVIX jCJ!OBV!M H3 6eCKOHB4HOCTVI. 

Mb! paCCMOTpliiM O,ll,li!H 113 !l8pV18HTOB, B KOTO_[JOM ljlyHKL\HR lj/ 6y­

,ll,BT ~YHKUV!Bil ~MepCHHOI'O pOCT3 ITO OTHOWCHV!JO K apryMCHTBM t VI 

W . TorJJ.a -m 11 P- 0YJJ.YT B811(8C1'BChJlLIMlil, 8 BMCCTO 

(Yl.IU) OJACM HMBTL 

p~=-1Yl2J po/'O _ 
(9) 

Jlf 



TipH HSXO~~eHHH (7) Mhl TIOT]JBOOB8~H, qToO~ ~YHHI.l,HH~(t, ~) 
6~na perynHpuoA 11 OJ(H03HHquoA npH HCBX BB~BCTBCHHbX t 11 

KOMTIJ!BitCH!:lX fP , iliW MOJKBM jJ8CU!MjJHTh MHOlKCCTBO jJCJICHMtJ (Yl.l4~ 

•r,e. MHOlKBCTBO ,lJ,OIIYCTMMbiX 3H8qCHMl1 TI8jl8MBT]JOB (YI.l5) no 01'­

HOmeHMID K (8), BCJIH yqTeM, qTQ ~M3MqeCKMU CM~CJI M~B~T TOJI:&KO 

Bblj.JDlKBHI1R 'rl-1118 

cp. 'V ~ f VCi ~{t, w) o/ ft I W.J( d t )ldlif) / (IU) 

r~e t - DjJOCTjlDHCTBBHHDR KOMDOHCHT8 BCKTO]JS i· 
\f! 11 <P - JIM!!BLlH!:lB KOM611H8I.J,MM peweiiMM ypJB!iE lll1R (.'/I.l), 

.n;ocTaToquo 6l:lcTpo yObiBBKJIIIHB ua 6ecwmequocTH, a (J,.. - onpc:.n.e-

JIHTen:& MBTjJH4BCKOrO TBH30p8 (Y.l5) 

~-=-I chrchyshp, shf ¥111&~1'YIB/· (II) 

H8JJHqMe MHOlKMTeneA S h f M shf B (II) CHHMSBT J(C TIOJIHMTBnhllYIO 

I - ) -11: /_ -';1.. 
CMHryJIRjJHOCTb B /..J (fl.f' (4) H3-3a MHOlKHTBJlfl Sh ) CYI f 
B <P H r . !I03TOMY 3HaqeHHR K, K::: 0 B (8)Blm~aTh yJKe 

He Oy;n.yT. Kpoue Toro, B03UOJKHOCT:& A- if ,ll)JH MHOlKMTE nR L ( f• f) 
(4) BOCCTDH8BJIHB8BTCR, 4TO J(SCT Bille CJICAYIDIIIHtl H86Cp peweHHA 

t ;}-(. p.t 
11 . 'f c t , tJF, '- J = e x 

-I -I I< t- ~L k -t h. 
x sh Y~f sA Vt._p ~-h. (tchp)PirA ( E chp) J\ 

It h j(h!f-thlf) 
x P (uxfJJ P (~e;e 

\( K 

(12) 

.. 
3;n,ec:& B OTJIM4HB OT (7) 3H8K [ nepe.n. ch p 11 ch 7 OCTBeTCR, 

T8K K8K perneHHR npH £ =I H c =-I JIHHBHHO He38BHCHM!:l. B OTJIH-

4He OT (6) OH OlJ.HH M TOT ~e, TBK KBK OC06l:le T04KH H8XOJJ.HTCH 
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rrp~ _p ) p = i ~: JL a noaroMy nepeMcHa 3HaKa nonyqaercH 

• B aTOM cnyqae HMeeM 

(I3) 

npa orpaHH48H~HX (YI.B) W (~). 

,JBJihHCtiwce ,18CWI1jJCHI1e ,ll.Ol1JCT11Mh1X pewe1111U Mbl MOrJIH Obi IIO­

ny4HT1, CCJII1 Obi ; 4JIH, 4TO ~113114CCK11M CMbiCJI BepoHTHOCTI1 11M8IDT 

)l.BJKC He Bblpa.~e IIHll ( IU)' a TOJ!hKO B8JII1411Hbl Tl1118 /l( r I~' 
T, C. MHOrOJH84!101 Th ~830BOrO MHOlKI1TCJIH 11p8KTHlJCCKI1 HCCJII(CCTBeH-

HB. aTO ,ll.88T B03110lKHOCT1, BO-IlCJ!BLIX, B cnyqaeAA BKJIID411Th 
- . - ~ 

3HolJelmH }1., 
1
k. = 'Y + Y.; );I f1 • _)..{ =- 1)1- YLt a, BO-BTOIJIJX, BKJIKJ411Tio 

- ~ -
cnyqa11 A- B 11 [,A np11 ~ =- 'Y1 r :[ 1 .J-1 = IYl.-> cooTBeTcr-

BeHHO)A -:on , _fi -= 'f1.. + Yz_ T<JK noHBJJRIDTCR ell(e cJJe.n.yroii(He 

BIJjli.llKC H>lR J\JIH o/ ( t) LV, 'L) ; 

Il l \IF t'xp.t 
I • I ( t) l& -, '[} = e X. 

( D 1 " 0 1 I -) '7_= ~(.'FJ'm,E..,E,o,o,n,k..,g,f/-, (I')) 

Jfj 



r,lle 

1 I 1 e -) 'L = ( n., p.,~ m, £.E. I hI h) K, 1< I , } J 
(I 9) 

llJll'IliB14 h ' h , K :::: h 1 f ~ K J a (YI .8) .n.aeT 

Yill. KBaHTOBBHHe CBOOO,llHoro cKanRpHoro nonR ~ 

npocTpaHCTBe P 

B K8l!BCTBB npHMepa KB8HTOB8Hl1R R TI.[JOCTfJ8HC~ Be p Mbl 

llpOKB8HTJBM CBOCiO)l.HOB CK8 nHpHO e flO JIB, y ,ll.OBJIB TBO ]IH!Oil\B e J paBHB­

HHIO (YI.l), ,llnR KOTOporo np11 p83Jll1l!HL!X npe,ll.IIOJl(ir.(BllHHX 0 KJIBC­

ce ,ll.OTIJCTHMLIX pewel!Hii Mbl H8UIJII1 IIOJIHhiB HiJuOphl: I Y!1. 7), (Yl1.12) 

(Yl1.I4), (Yl1.16) H (YI!.I8). !1p11 3TOM Mbl 6y,lleM noJI:b30B8T:bCR 

8H8JIOrl1eti C BTOpl1l!HbiM KB8HTOB8Hl1BM CB060)l.HOrO CJ:BJIJipHOrO IIOJIH 

B npocTpaHCTBe M . l1To6w nyqwe l1CTIOJIL30B8TL 3''Y ananorl1IO, 

Mbl BKp8TQB OCT8HOBl1MCff H8 TeX OCHO~HbiX MOMBHT8X KOTOpb!e CBH-

J7 



38Hbl c KB8H'rOB8HlleM B M, B Toii q,opMe, KoTopaR ,l\Jifl Hac y,l\06Ha. 

!lyCTl> ~ ( ::i.) - KoMnneKCHBR BonHoBaf! IPYHI<UHR cBo6o,l\-

HOI'O CK8JIHPHOI'O JIOJIH B M H nyCTl> 

0 f- ~~ ty == 0 (I) 

ypaBHeHJIJe Knei1Ha·-fop)(oHa, KOTopoMy oHa YAOBneTBOpfleT. IIycn 

o/ (X 1 '(, ) - nonHaf! CJIJCTeMa nHHei1Ho H838B.li!CHMbiX peweHHl-1, TaK 

liTO 06111ee pellleHHI! HM88T BH,l\: 

(2) 

npHlleY nO,l\p83yue:l88TCfl CyMMHpOB8HHe HJIH HHT8I'IJHpOB8HHe no KOY­

nOH8HT8M rr • B lJ8CTHOCTH 1 T8KOJ.1 CHCTeMOii flBJlfieTCH CHCTeMa 

WYHI\Uii1t1 

(3) 
') 

rAe "}-(:::: tr, p - BeU1eCTBeHHuiil BeKTop B M , YAOBneTBOpR­

IOIJ1Hi1 ycJIOBHRM (Yil.9), a f- - ero npocTpaHcTBeHHBR lJBCTl>. Tor­

.l\8 (2) CBO)(HTCH J; BH)(y 

(40 

npHtJeM no,i.lpasyue:JaeTCH cyuuHpoBaHHe no X H HHTerpHpOBBHRe 

no P- H8 BepxlleJ.i lJ8CTl'l M8CCOBOH nOB8pXHOCTH, T.e. llO,lip83Y-

M8B88TCH 8il\8 yMHOlK8HH8 H8 

(dp) (5) 

nepe,I( HHTe!'pHpOBiiHHeM no P- • 

38 



TaK KaK ypaBHeuue (I) HHB8pHaHTHO O'l'HOCHTe.IbHO rpynnhl 

P , To noJIHaR CHCTeMa lV (X , 't ) TOJKe .l\DJJJKHa C5b1Tb HH­

BapHaHTHoli!, 8TO 03H8'l!88T, 'liTO B ll]JOCTp8HCTBe ne .leMe HH!1X '(_ 

cymecTByeT yHHTa pHoe npe.l(CT< BJJeHVIe f ( rt, P, S) Taiwe, '!TO 

\(( Px IS)= \{(xI tt) E err,~ 5). (6
) 

Tor,Z(a, ecnVI HanVIweM 

\((Px)~ \f(X/t)a(Pl(..') 

TO H3 (2) VI (6) llOJJY'l!HM 

Q(Ptt)== Ecrt.,/~s)Q(s), <?> 

T,e, B npocTpaHCTBe peweHIIli! lj/ (X, I'() ypaBJI6HIIH (I) 11 B 

npoCTp8HCTB6 K031P<lH1l(H6HTOB p83JIO:iK6lHIH a ( r-c) OCYil\CCTBJIHCT­

CH O,Z\110 H TO lKC npe,Z\CT8BJI6HH6 rpynnbl f? , 
BTopH'l!Hoe KB8HTOB8HHe .llJJR paccMDTPHBaeMoro HHMH IH060.l\HO­

ro CKanHpHoro nonH H npocTpaHCTBe M osH<PI86" 38Meuy IW3l]J­

W11IJ,HeHTOB p83JIOJK6HI1H a ( 't) llo Olle Jl8TO jlLI 0( ( '!..)' ,L(ei.1CT­

BYKlil\H6 B HCKOTOpOM rHJib6epTOl:lOM ll]JOCTp8HC'l'l:lC, Jl]IH'!CM HX KOIH1y-

T8TOp 

[o(('L)) eX+( S)] Q("t.,S) (8) 

RBJIHCTCH C - l.!Hcnow (TO'l!Hee,o6o6U(eHHoii q,yHKI(Hci.1 yKasai!Hh!X 

apryMCHTOB), ~B T60pl111 B38HMO.ll6~CTBJKlil(HX UOJJeli :JTO JCHOBll6 

HBJIHETCR CJIHWKOM CHJ!bllbiM- HMCCTO YCJIOHHH (8) TmOyeTCH HO­

K8JibH3H KOMMYT8THBHOCTb,) 
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ITpHHQHTI OTiOCHTBflbHOCTH Tpe6yeT, 4T06H COOTHOillBHHB (8) 

6hlfl0 HHBB pHBHTH :JM TIO OTHOillBHHIO K p , npH4BM ci ( "(.) npeo6-

p83YIOTCH no TOM y Jl(B C8MOMY 38KOHy ( 7)' 4TO 11 a ("t.) • Tor,Z(a' 

yMHoJKaH (8) cnesa Ha £('t,P,~') 11 cnpaua Ha £t-(S
1
, p,s), 

HBXO,l(HM 

[ 

I t- I E t- I .l . E I I ' [+- I E(rt,P,'t'J(X':tt>,o<csJ {s,RsJJ=L ('t,P,7JD{'l,s) (s,P,s)_, 
Hfll1 

3TO TIOK83biB8BT, 4TO D( 't, 5) - MBTpH4BCKHH TB!I30p, COOT­

BBTCTBYIOll\l1Li yHHrapHOMY npe,ncTaBneHHIO f 
ECJIH B K84~CTBe llOflHO~ CHCTBMbl peilleHHH MW Bbl6epeM (3), 

To 113 Px = t t- tx Haxo,Z(Hiol 

\( ( Px , :x, P-) ~ o/ L t + e. X., ~, P-) = 
i'X.p·t , ;)-(: p.e.x j i~p·t(\ iXCj·.xd'IJ 

= E 
0 

? = e o'm ('f-p.f)e r f.;., 
lljJl14BM 01\"11 ( ::> ) - TjJBXMBpHBR J - cpyHKQHH H8 M8CCO-

BOU noBepxHoCTH (Yfl.9). Cne.l(oBaTenbHo, cpaBHHBBH 3TO Bblpa~eHHe 

c (6), nonyqaeM 

(04BBH.l(HO, P-· / - TjJBXMBjJHhl~ BBKTOp, COOTBBTCTBY!Oll\l1H p.t ). 
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06~HM peWBHHBM 3TOrO ypaBHBHHH HBJIHBTCH ¢YHKUHH 

(II) 

flpH 3TOM H3 ( 8) CJie~yeT 1 '!TO M8TP11U8 d -,c;;., - apll HTOB8. KaK 

H3BBCTHO, ana ~OJIJKH8 6b1Tl> KP8TH8 I - a·ro ,l\OfiOJIHHTCJ!l>HOe cjJI13VI­

'lBCKOe Tpe60B8HVIB KB811TOB8HVIH 1 KOTOpoe l-13 001!\IIX 8000p8JKBHVI~ 

He BbiTBK8BT. 

flepet\~eM Tenepb K p - TBOpHiil. BMBCTO ypaBc!BEHH (I) 

a~ecn HMeeT uecTo (YI .I). BuecTo MHOJKBCT.aa M - MHOlKBC'l'BO 

p , 8 BMBCTO rpyllllbl p - rpynna Q b~paJKeHiile (2) 

3,ZIBC1> 38MBHFIBTCH CHCTBMOH llOJ!HhiX pell!BHI1H: (.YI1.7), HJIH (JI!.I2), 

HJ!VI (Yll.I4), (YU.I6) VI (Yll.I8) B 38BHCHMOCTH OT ;TeneHiil pery-

JIHpi!OCTVI VI O~H03H8'!HOCTVI 1 KOTOphle 'l'pe6yiOTCFI. 

BTopV!qnoe KBBHTOBBHHe B npl1UUVIne ocyll\BCTBJIH~TCH yKa3aHHeM 

KOMMYT8TOp8 P ( fL I S) . .l\JIH nero Mhl p8CllOJI8I'8BM yp8Bl!BHHBM 

( 9). TaK KBI< npe,n.cTaBJIB!IVIe F yu11Ta pno, TO yp lBHe nVIe .11MeeT, 

110 Kp8!1HBI1 Mepe, O,ll.HO peWBHVIe. 

Tpy,I\HOCT.l1, CBH38HUble c pel:leH.l1eM a·ror·o ypalll!tlil1H, cyll(eCT-

BBHJ!O 38BHCHT OT Bb!OOpa l18pUMCTp11JuU>ll~ B IIOJJH0l1 C:HCTCMC jJBll!B­

Hltlfl. !iibl YK8lKBM TpH B8p.118H'l'Cl, HO AO KOHUb 11Y. llp0B(•J(l1Tb He 0YABM. 

uycn J-
COOTBBTCTBYIOil\11B 9 COPJl8Cl!O lY.4)1 M8TPMU8M h 11 \.: • TOPA8 

BMBCTO liY.6) Mhl 11MBBM 

(I2) 



llpVIl!eM e) m =- D.) 1, .2 ' a CBH3l> f ) e I lf c )I aa,l(aHa 

qepe3 (YI.II) VI(Y.7), a M={E,E',oi.,J3,~) r.11e Q',p==-o,.rf.~ 

1. . Tor,l(a Bee CHCTeMN (Yil. 7), (YII.12), (YII.14), (YI1.16), 

(YU.18) aanHC~Ba~TCfl B BVI,l\e 

\II ix.p."t 
ct .. ur,'t.J == e cpc),~M>~,K cpr~"M>;;K' (14) 

IlpH 3TOM B C1!;) qae ( YII. 7) HMeeu h :: h , B C1Iyl!ae ( YII. 12) 

- \C= K
1 

a B c11yl!ae (YI1.14)-J, =h 1 K = k , TaK l!TO 

VIH.l(eKCN y ~ COOTBeTCTBeHHO yMeHI>WaiDTCH. Me~.l(y KOMllOHeHTa-

YH M H {V TOJKe HMemca HeKoTopNe CBH3H, KoTopNe BNTeKa-

IOT 113 (13). 

MeTpHKa _.l .t ( W: cJW)~ 
d s<- = ow - -l ' w - 1-t-!¥ 

a, C1Ie,l\OHaTem.HD, H ypaBHeHHe (Y1.6) HHBapHaHTHN 110 OTHOWeHVIIO 

K rpynne e ~- h. e. K • BNpalK8~1!1efl .l(elilCTBHe Q Ha e, . 
C1!e.l(onaTe1!hHO. cy~J~eCTBYIDT npe,I\CT8B1IeHHH A- ( ll.) Jncf/J?'l. 

H t3(~J nKf/Y;I TaKVIe, liTO 

<P(X.A .~ M)hl( == A(X);n<hn ¢r/., M)f-111, 

cpc ;1,x.) M)hK-=:: Brx.\l<e® cp (A 1 M)11111 . 

MaTpHua ~ , ol!eBVI~Ho, BNpaJKaeTCH qepe3 ff : 

4~? 



!.iTO K8C8eTCff A-
1 

B cnyt~ae d._> ~ = 0 OH8, 04eBH~­
H01 coBna~aeT c npe~cTaBneHHeM rpynn~ ~ L (~ C ) B KaHo­

HHt~eCKOM 683l'!Ge npH '<0 = 0 H C = a- (B 06 J3H84eHl'lffX 

HaRM8pKa/l
4
/, CTp. 104) l'l npH COOTBeTCTBeHHO ilOp~l'lpOB8HHYX 

6a3HCH~x BeKropax/14 ,I 7 I. llpH r:i., ~ f:;. 0 cyupcrnoBaHMe 

u:aTpldl.\hl A c;re,l(yer H3 npe.l{nonoJKeH>~H o '!'OM, 4T J Mero~ paa~e­

neHMH nepeMeHHbiX 38.!(8eT fiOJJHYID CHCTeMy peilleHH~. IX, UO-BM,l(l'IMO-

MY. MOlKHO nonyt~HT:b H3 M8TPl'!Uhl A npM ot' r = 0 8H8JJH-

Tl'l4eCKMM npo~onJKeHl'leM no h., \.< l'l f~,., , aa.AeHHH nocne 

3TOrO h 
1 

K M e 1 _,., H8 h + o(. 1 K. + fo l'l e +c{ 1 -'m T {3, 

ITpe.l(cTaBJJeHl'IR A l'l B aKBMBaneH'l'ilY, H no.lTOMY ycnonHe 

HHBBpHaHTHOCTH no OTHOIIIeHHIO K npeo6J1830ll8HHIO A_,. ;r . .,1. )t. 

He TpeuyeT l'l He ,1(8eT Hl'l4ero 60Jlbille, 4eM •. HBopM8H"HOCT1 !10 OT­

HOl!IeHMIO K ~-- JC. ~ • 8To o:Jua4aer, 4'ro npM HaxoJK~eHMM D 
Mbl MOJKeM orp8HMtll'!TbCR 38KOHOM npeoOp830B8HMR ljf(t, ~~ f't) 

IlO,ll. ,n.e~CTBHCM TOJlbKO rpynnbl p , Y4.iTbiB8H 3TO II l'IMCR B Bl'IAY 

(10) 11 (14), ~JJH MBTPHUbl E no JWTopol'l dfJeOO:Ja3yiOTCH Bon-

BOBble i)}yHKUl'IM lf/ (t I V<r, "'[) 1 Jl8XO~MM 

lw.p;t 
E ('l., t)x, sJ = 0'~~ e J,., < ~- p·hJJ' MN JM;;; x 

(16) 

>< Ac~., MJh'<tm ftri..)MJ-h~e;):;1 

{ 't : ( x. J P- , M ~ M ~ hI k h k ) J S = (,;1,! 1 ~ A?~ m, l, fit)) . 
:1Meff B Bli1,li,Y, 4TO peweHIIC ypaB!Iel!l'IH ( ~), GOOTBCTC"BYPJU\Cl'O ypaB-

IICi!l'lrJ icJI8VJI!<J-I'Op,L(OJHJ, 38,ll.8C'ICH 4e;,e3 (Il), li8XO.l(liM 
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A (t, M )h ~ h'K' A(i, ~l)hk~' K' Qo(M MII..V}")! h'l<'h•K' f'.,n'.f'_,;;, X 

(17) 

X A(X.){Je'~'fm ;I (i, ii-J;,m'.i"" = D(M MNH)x.H Kh i<l·,1im, 
0 

ITJ!IFieM 0 BBO.l\11 ref! qepe3 

D - - - ) Oc"r,sJ= c-x/ 12 , A,tl,h,K}h,k.,e,,/.e,~,~M.N,.A? .. 
- (18) 

OIWI(p-.,)0°(M,M;o/\-jN)H~ 1.~ L:"-1(/'}JWJ '4.-fn 
'"' 1 n 1 ,c, J'L.J 

4TOO!i peUI!tlT:b JJBBHCH!tle (17), .l(OCTBTOllHO BMCCTO h ll0.1\­

CTCiBI1Tb COOTBCTC'l'BY OlllltlC reHepaTOpbi npe.l(CTBBJ!CHI1fl. llpltl o/, p =0 

OHI1 H3BCCTiiiJ. KaK 11!{ H<Ji.\'1'11 np11 cJ., f> t 0 , Mbl OTMCTI1Jll1 B 

CBH311 c onpeAeneHI1e M MaTpltli.\LI .4 . Pewemm y]JaBHeHI1fl KneLlHa­

rop.'\OHa IljiCOCJ]JCJ3JfiT::H ITO ll]JC.l(CTaB!lCHIHJ rpynr1bl P , KOTOpoe 

MO~eT D~Tb ~J~ilJ~CHJ TOJ!bKO Ha .l(da HCllpi1BO.l(I1MbiX npe.l(CT8BilCI!Itlfl. 

f!03TOMJ' p - l1IIB<J;JlWHTHOCTb OlljJC.l(CJ!fl€T D c TO'lHOCT:biO .1(0 

M8T]JI11.\LI BTOporo pH.l(3 d)C./- . 

Pe UJe lll1r! y paBiie Illfl PI. I), no-BI1.l\11MOMY, npeo0pa3JIOTCH no 

OOJiee pa3HOOOp83HbiM npe.l(CTBBJ!CH11flM l'pJDDbl P 11 DO:JTOMY MO-

lKC'l' l1MeTb Mecro CJOJibWDH ueo.l(H03HBYHO<-:'l'h B nLJ0ope D 
YpaBl!CliUH (7), (8) 11 (9) 11MCIOT MCCTO Il]JI1 mo60M BbiOOpe 

llOJIHOi.i Cl1CTCMbl peUie~I1B ypaBHCHl1fl (YI.1). Up11 STOM, ecn11 KOMMy­

TaTOpbl (H) CJTh C - 'li1CJ!8 ll]Jl1 O.l(HOM Bli60pe DCJ311C8, TO Ta­

HOe J\C ITOJIOJKCHI1C Oyl.(CT 11MCTb MCCTO 11 Il]JI1 J!IOOOM ,1\pyrou Bb160pe. 

Eonee roro, ecm1 T ( f, 'r. ) - JII06aH MaTpl1ua, npl1'leM "l -

npoH3BOJibH!i~ napaMerp, a ~ npooeraeT no BCeM neKropaM oa-

311ca, TO KOMMJTBTO]J~ onepBTOpOB 

p (~)) =- T (f,'L)o((rr..) (I 9 
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6Yll.YT onRTh C - \IHCJiaM>~, a ecJIH MBTPHUCJ T1' p, 't) nMeeT 

o6paTHYIO B MHoJKeCTBe QYUKU>~i1 b (F) = f( f, 'l) C ( '!) 
1 

To AJJH 

r(~) OTIRTb 6ylJ,eT CYll\BCTBOB8Tb Tp8HCqJOpMol(HOIIHLJJ.1 38KOII 

}-> ( Q-p J = E cr, Q ,6) f3 ( f? J. 

llp!t! aTOM f (f l Q 1 6) onpelJ.eJrHeTCR Vl3 

b (Q.f) = E (f, Q,6)b<6J, 

a btf) H b(Qy)- >~a 

lVCpJ= o/(p,7.}T-\tt.~y)bfp). 
-1 

o/ ( Q. p) :::- LV (pI 't) T ( 't, f) b ( u. 7.). 

Bhl6epeM B KB\leCTBe T ( f' "l ) ¢YHK 11111 nomwro Havo-

pa lf/(p,'l.). Tor.n.a nony\laeM 

[o/cpJ) 'Yf1J]= ~· Drp~~J.~ 
npH\leM 0 ( p~ Cf) OY.l\e'l' y,noBJieTBOpilTb Yl' Jlli!Clil1m~: 

( Llp- M~) Dr p, co= o/ 
( 4~ - M<-) D ( p, 'f)= o_, 

D ( Q. p J Q. Cf) ::: D ( P• ? ) . 
PemeHI1e aTHX ypaBHeuHi1 - BTopoi1 nyTh, HAil no <aTopoMy, MLJ 

MOrJII1 Obi HaHTii Q ( p~ 'f) • 

Mbl 3HaeM, \ITO mmei1H<JR ouu.-,o\!Ka ,pyHKiliH1 . ~':i. '1), cooTBeT­

CTBeHHO c A06aBnem1eM 'J:yHi:UV.ll (Yl1.Ii) HJIVI euu (Yll.I4), 

(Yll.l5), (.YJI.l7) ,1\oeT Ml!OlKBC'rBO BCBX HCKOMLIX JeWeHHi1 

ypaBHBHHR (Yl.l). CJie,ll,OHBTCJibH0 1 B Ka)j(lJ,QM V!j lTI1X MHO~eCTB 

OCYll\BCTBJlReTCH HCKOTOpoe npe,ll,CT8BJICHI1B rpyllTILI Q 
\{(Q. p, s)::: lVCp, 'l) F ('"£, Q, s) 

(20) 



ii1JC.l(CT1:lHJierme E MOlliHO 1JD3JIOlliHT& HD rrpHMYID cyMMY uepaano-

EKMHX lljJC.l(CTUHJlBIMK: 

E::: lA Eatrt~ Eo-= 8iJ [Jr-z~) Q, s~). 

Tor.l(u, oOoJHBQBR 

c:p, (p, 't~.' = Lfcp.r-z.JU{rt; i, rz1), 

HDXO.l(HM ~3 ll~): 

~ ,:( Q p~; s,·) = cpi C pl·, 7.') E,· (rt,·, Q., s,) 
M (9) CtiO.l(HTCH K 

E l c r-r..:, G, 7./ JD,i (r--c/ ~·Js·+-( 5,;: Q, ~) = D,i trz,~ ~.;. 
'l'B!\ Ki.JK ft_ HC1Jil3JIOJKMMH, TO nony4aeM, 4TO D 'i = 0 npM 

i. =F i ., d 0 ~ i. onpeJ~C,lBHbl c 'l'04HOC'l'&ID 40 rrocToHnHoro MHDJKHTe-

JiR c( . 'l'BK, 00iU8H !JlOPMYJIB .l(JIH l) ('!,5) 6y.l(BT 

D {7., 5) == u I 'l) l·, 7,) o/,_·Doi.J'-(~ 5,) u ( i, s~ > 5). 

8TI1M HcXOlK.l(BHI1B 0('7:,5) CBO.l(HTCH !\ p83J!Oll\6HMIO 

f ( 'l) Q, 5) Ha He p3no;i\HMwe npe.l(cTBBJIBHMfl. PeweHHe 3Toili aa.l(B4lll 

00ner4BBTCH, TBK \BK M~ 3H8BM ITOJIHYID CHCTBMY peWBH11ili ypBBHBHHH 

(Yl.l). 0CTBBTCH ~CCJIB.l(OBBT&, KBK OHM 381\BITJIHIDTCH ITO.l( .l(B~CTBI1-

BM rpyllllhl Q . !nfl 3TOili l\BJII1 BOCITOJ!h3YBMCH TBM, 4TO BCJII1 

~ { p) peweHHe, To ~ ( Q.p) - yJKe I6-rrapaMeTp114BCKOe 

CCMBiliCTBO pCWCHHil, KOTOpHe MH MJ&CM ITBpBMBTPI130BBTh ITBPBMCTpa-

Ml1 rpyrrnw Q. (U). l!OCKOJihi\Y rpynna ~·(Q-p) TOJihKO 

POJIOMOJ-l.lli!B Q , 1'0 jJB311HM 3JICMCHT8M Q MOjj(CT COOTBCTCTJJO­

BBTh O,ZJ,HB K T8 jj(C {jlyHI\i1.11fl 'Vi ( Q.p) , i::iHB4CHHfl Q , KO-

I~'. 



TOph!M COOTBeTCTBYIOT pa3Hh!e aneMfHThl rpynnh! ~· ( G~.p), 

048BH~HO, COCT3BJIHIOT H8KOTOpyiO HHB3pHBHTI!YIO llOJ~rp ynny rpyllllbl 

Q . lJ.HcJio ar11x no~rpynn orpam<!tJeHo. TaKl1M o6 JJBJ JM, BbJ~eJIHH 

HOCJIB}.(OBBTCJ!bHO pB3Jil1'lJHbl8 npe~CTBBJI8Hl1H rpynnhl G 
' 

Mbl MO-

JKBM OCYII(8CTBl1Tb BC8 3TBTihl 3TOI'O Tp8Tb8I'O 11YTl1 ,1\JlH I!BXOlK}.(BHI1H 

Or't,s). 

IX. 0 ¢l13l148CKOM CMb!CJI8 KBBHTOliOM TCOpV.l1 ll 

p - npOCTPBHCTBB 

B KB8HTOBOA T80pl1l1, KBK l1 ll JI~6oA CTBTI1CTl1'lJBJKO~ TBOpl1l1, 

l1M8JOTCH ABe TepMl1Honorl1l1. Mo:acHo r;tJl1TBTh, tJTo BOJlll)liBH t!JYHK­

LlHH '¥' , HOpM11pOB8HI!8H K I, OTil1Cb!B88T COCTOH!Il1C ),I\H0l1 lJ3CTl1-

Ub! (l1Jil1 r;l1CTCMb1) 1 l1 MCJJOHTIIOCTb TOI'0 1 'ITO nepeMBH IBH S 
COOTHBTCTBYJOII(8H onepaTOJJY ~ , AJIR 3TOU 4UCTl1Ub! l1MCBT co6-

CTB8HHOB 3H348Hl1B S.:. OIIPB.l\CJlHBTCH Bb!p8)1{8Jil1BM 

- .t 
~· ( 'Y J = I Y'i ·'VI 1 

(I) 

I'.l\C '¥i 
Topa cl, 

- Hopwl1pOB8HH8H 118 I coucTJJBHHBH rj;yHH(l1H onep8-

1 COOTB8TCTliYt043H COCJCTliBIIHOMY 31W4BIIl11\J 5 i. /IS/. C 

)l.pyroil CTOJJOHbl 1 ll0JlHOB8H !IYHKUl1R lfl MOiKBT 6b!Th !OpMl1pOBBHB 

H8 JltOOue liOJlOii\l1TBJihHOe 4l1CJio M l1 TOl',l\8 ClJI1f88fCH 1 'liTO OH8 

Olll1Cb!Bo8T BHCBM6J!h HB38Bl1Cl1MilX 4BCTl1U (111111 Cl1CTCM) CtJB.I\HCI'O 

'll1C:w M . Cpe4Hee 4l1CJJO 4oCTl1U, y KOTopux S HMeeT 3H8-

'lBHl1e S ~ 1 OllflTh 38JJ.BBTCH 'lepe/l/ 1 llpl148M ,YlKB ;_, C00Tll8TCT­

Rl!l1 co CK83BHIILJM noJIJIO.JBH ljlyHKU.1H HO)JMl1!JOB8Jia 11a M . 3T8 

<J?opwynHpOBK8 donee o6Ul8H - oHa l1Meer CllhiCJI M Tor,n11, Kor.na M 
118HH8TCH co BpeueHeM. Mhl 6y,neu npH,nep&HB8TbCH ee. 
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YTOObl )lyqwe 11cnono::JOll<JTh 3H8JIOri1IO co CT8HABIJTHoi1 M 
Teuplle,i, jJClCCI,lO'l'}i'll,, CHU48i!Cl J,;(ll0Kp8THO KB8HTOB8Hl!Oe ypaBJCHl1e 

t\ ;ru 1\Ii a-l'o )J.i\OH a 

(2) 

COCTOH!llilC ll MOMChT tc 3Cl,ii3CTCH !18)JOVI rlJYHKIJ,IHl 11~UCTp8HCTBCH-
.!LX i\J ;, /(llii0T X : 

a\V(~)tJ) . 
0 t i =-to 

(3) 

uCJI8.1\CTHil8 C8MlJCCflpRjj(Cfll!OCT!1 yp8lll1CHiilR \2) t(I1BCfll'Cllll,I1R BCK'ropa 

11C483clt;T, U fl'J,JTCMY liliiTCT'fJBJ! 

0 y ,l\e T coxpu!!RTbCi' BO B jJCM8HI1. COOTBCTC'l'BYi~J.\I1i1 one paTO p ll npo­

CTj,:JliCT158 ~YHI<JJ,;a· l5) Gy)LCT 11MCTh llYI,iL: 

o ~eSc~-~)) 
£ "E,d = 1 (-i8{'!-J) o . 

qT06U ~H8rOH8J!H30B8TD 3TOT onepSTOp K8K X8p8KTepHCTHKI1 

COCTOHHHH npH t = to , BU6CTO ( 3) BBO,ltHTCH napa <1JyHKUHti 

onpe.nenHeuux H3 

~ J LtP-.~-Elt-t;,)) -i(~:~-E(t-t())) 
'f(~,t):::.(J.ffJh (U(P->e ttnpJe ) <c:IPJ 

VT 



( E = V p.t +'YYI.t) ItlJm, 'liTO nee paBHo, :13 

\.V ~ f if2.X. _l·P-·~ 
1-=(.l:Jl)3h (UtEJe -+l.nP-Je j(;.:)_, 

'()ql -I· i P-· )'- - ~·.?..~ 
-= -- (('l.L(P-Je _ u-cf2Je ) 'fE(dP-J. u-t ( <.Tt )~.!} 

OnepaTop (5) B HOBOM 6B31ice W( P-) n;l1ll1t..HJCT lllil\ 

E. - ( 8 ( P- - Cf) 
P'l - -

0 

0 1 
- d(f- 9 J) 

(c) 

,lJ.BJiee yKB3biB8101'Cfl OllC]JBTO]Jbl JL I~ S , COOT!JCT·~TBYI'r 

U(lie I<BHOIIIil!CCJ01M ,Ll,l1l!BMiitiecKl1M nepeMel!IWM: ll.1IIYJ11CJ' f2 1'1 l(U-

O]J).(IiH81'8M X (0CT8JlbHbl8 Oll8]J8TO]Jbl /~JJfl ;,jlyl'l1X ,l\lilWMl1'1CCI\VlX 

nepeMelillbJX noJJytiaTcH no OOiJ1liM II[JBBI1JI8M). llJ•llHI1MaeTcH 

J[.;;:; 

s= 

( 

8( ~- J) 

P- 0 

( -' oo(P--~) {)P-

0 

Tor.n,a, OtiCBVI/1Hll, onevuTo J1 

}{;= 
(0(:-~J 

sc:-J)L 
0 

)· o8t 1?.-JJ 
-----

op 
-L 

8(:-J,) 

('I) 

( t:) 

(':1) 

C•Y/.\C'l ll!JC,LI,CTUlJJIHTL CU(Jl!il Oi!CjJclliJj, r; 1!l:):l!L;J'U •,;;c;u, ti<:CTI.I;, 'I .C. 

HOpMLJ M . lJCe L>JGC'l' Ll( tli!:);t~ ;l]i(:;4Cli .. ;I, :J'l'ri:: (1,j\~ 1 ;_Jrj·· ~;~ :·r'LjJ:i J dU 

BbijJUA,.I(e!ll,J, 'I, C. lliJJilJOJ,CJ)j lj,yiJJ{ll~IH cp ( :):_) ·)) /LUJJ::.Jl'i ULliCL;.bCJ'l l 

,1\h:J '1 lllliJ tJiJ("J Ill(. lil!E!jJ[J1 cJ!1 ( 1 ) CiH1Mcll;'J ,JTU 1 J,' 1 ,1J,ii\C!Il:e. 1 !11 ]JCIC· 

C!l1o'l'jJVII:We'J'il!, l{dl{ UJIC) U'J UjJ ,;;q,,i 1(u, 'I; 1: Y'J'U cp (:X.) Ulll'JCLJlliJ· · 

CT ;,;,J,ridjlid:·C ('J\UJJHjJ!IbJ(; 4ClC'Jli.! 1L .• 



,iJ,CliKC CCJII'J I'JI:CJIC):(yCMb!C l!BCTI'l!Lbl HBXO):(RTCfi BO BHCWHI1X BCI\­

TOjJHOM ll CKBJIRj..:III>M !IOJlfiX, TO CCTh eCJII'J BMcCTO (I) Mbl 6bl 11M8Jll1 

TO 3i:JjJi!-'\ e , 3il):(i:l.B8eMbiM yJY.e qepe3 

e= o/(i~-- !lo)LV-Y(i2--Ao)lJF_, 
~1: ~t 

Bee p3Bl!o by):(eT <:oxpaHRT1CR, HO obiijee l!l'iCJIO qacTI'll\ M - He 

CJKpoi!RCTt:R, l!BC"I'lL\bl 11 auTI'll!BCTI'lL\hl MoryT pOiK.LIBThcH 11 yHHl!TO-

lK3ThCH. 

Bee cKaJauHtJe o0 ypaBHeHI'll1 KnetlHa-I'op.l(oua (I) Jienocpe.Q­

CTBeJJuo lJTHOCI'JTC:l 1'1 !{ jJ8CCM8Tpl1B8eMOMY 3,l.\eCb ypaBHCHI'JIO (YI.I) • 

OnepaTOp henTpoM.I D !ljJOCTp8HCT.BC P , XOTH 1'1 I'JMeeT nepeMeH­

HLJe !{03:iJtPilUKeH'l'bl , HO Tr; M He MeHee, IWK Bl'l.L\HO 113 ( YI. I2), ToJKe 

C8MlJCOripRJKCH. !10 lTOMy OilRTh MOJKHO bBeCTI'J lJeKTOll TOK8) 

yJKe c Iu KoMnoueiTBMI'l, c 1'1Cl!e3a!OmeH .LII'JBepreHl(l'leA. B nepeMeHHbiX 

(YI.3), r21e ~- (f, (9, l.p) , rpynn11pyR KOMTIOHeHTbl J 
B J-t J ':lw I 'Jw 1'1 I'JMCR B BMAY (Y.I5), (YI.I2) H 

(YI.l3), nonyqaeJJ 

7 - ·r-: o'Y £I) 
t- - l 'tfJ 0 t 0 yr 0 to / 

Jw ~--~·r(YAw--lf!"AVJ~), 

1w = -u- CCV Aw- \f -lVAw-\f)__, 
ilp11l!CM OIIepaTop ftw- 33):(8H l!epe3 

(II) 

(I2) 

(I3) 

l 



0TC~~a H8TPY~HO nonyl.lHTb oneparop~ MBCCU H 38pl).IB. AHa­

norHl.lHllM CTIOC060M BBO,li.HTCH H onepaTOp~ MOM8HTCJ f- H TIOJIO­

JK8HHH -(; (HnH :X. ) • Ho BBH~y TOrO, l.lTO l.lHCRO H83 3BHC>!Mb1X ne-

peMeHH~X (TIOMHMO BpeweHH) p8BHO 9, ylKe f-. H X He 6y/J.YT 

~aBaTb nonH~x Ha6opoB. KaKHe nepeMeHHble 6y,n.yT HY~Hhl eme, qro6u 

nony4:HTh nonubln Ha6op, H KBKOB HX WH3Hl.leCKHn CMbiCJI, r.e. KaK 

OHH CBfl3biBB~TCH C nepeMeHHbiMH, OTIHCbiBB~IIlHMH Bpa;~aTe1bHOe ABH­

JKeHHe t{BCTHQ~, - 3TOT BOnpOC OCTaeTCfl OTKpbiTbiM. 

YpaBHeHHe (YI.I) HMeeT O,li.HH He).IOCT8TOK. MeTpHK3 (Y.I5) HH­

~eWHHHTHa H ll03TOMY (YI.I) B OTJIHqHe OT (2) -YJibTpB'Hnep60JIH4:e­

CKoro Tlr'lfiB, T8K t{TO 38).18HHC lV H npH ff He 06 ~CTiel.lVESeT 
0).1H03H8l.lHOCTb H Cyl!leCTBOBBHHe 'j/ npH BC8X r . JerneHHH 

yp8BH6HHH (YI.I) bCe ~e Cyl!leCTBYIDT- B r11. YD Mbl H8UJIH TpH T8-

KHX KJIBCC8. MOlKeT 6b1Tb, J,li8CTCH orpaHHl.lHTbCfl paOOTOl TOJihKO C 

HHMH. Cyl!l8CTByeT, TIOlK8Jiylit, H ,llpyroM, 6onee p8AHK8Rh!bllit BbiXO).I. 

DycTD lf/ ( P' '7.) - nonHaH cJAcreua oproroHaJJbHux H HO pMilpo-

BBHHbiX K f) ( 't- 1 S) perneHH~ ypaBH8HHH (YI .I). Coc :OHHHe Cl1C­

Te!,.H.:, COOTBeTCTBY~I!lee ,li.Bl!HOMY npHOOpy y , MOlleT •>npe,n.eJIHTb­

Cfl o,n.Hon WYHKUHen 9P(f) , He o6H3BHHo~ YAOBJieTBOlHTh ypaBHe­

HH~ THna ( YI. I), uo c BoapacTBHHeM t H Uf J(OCTBT Jl.lHO 6blcrpo 

y610B81Gi!lelit, TBK 4:TOCb1 HHTerpam~ THTI8 

<P· rc't) = J fcp; lf/(p,'l)(df) 

cxo,n.HnHcb. TorJ(a BeJIH4:HHY 

..t 
A/ (-z) == I <P· \f'"('tJI 

MOJIHO Oy,n.eT pBCCM8TpHB8Tb KBK cpe,liHee 4:HCJ10 4:8CTHQ I COCTOHHHH 1 

xapaKrepH3yewoM napaueTpoM '7. , a 

/Vf<f, 't) ::: J fuy, pJ Y(p, "lJ (d. pJ 
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6y.neT onpe,l\eJIHTb :IH846H>te TOM .lKe CBM0£1 BeJill4llH!l Af {'l) ~ 

npll npe,llfiOJIO.lKeHHH 4TO ll3MepHTeJibH!lH npH60p C,Z\BHHYT npeo6p830-

B8HHelol llyaHKape 91 • B tiBCTHOCTH, ecnH Cf-t - nepeMel!I6HHe 

BO BpeMe!lll, /V(<ft? 'l) 6yJJ.eT onpeJJ.eJIRTo p83BHTHe CllCTeMhl 

BO BpeMeHH -t . lice 3TO, KOHe4HO, TOJ!:bKO B03MOlKH!le nyTH. 

0TKpllTbJM OCT: leTCR H BOfipOC, HBJIReTCR Jill llHB8pll8HTHOCT:O 

no OTHOWeHlliO K Q , 8 He TOJI:OKO K P , 06R38TeJI:OHO~ ,Z\JIH 

BCeX noJie~ - C!{BJii!pHilX, Be!(TOpllbiX, TeH30pH!lX H CfillHOpllhiX, llJIH 

3TO TpeuOBBHJ.fe CB:I381!0 TOJI:OKO C OJJ.HllM BHJJ.OM CKBJIHpH!lX 48CTlll(. 

4TO K8CBeTCR nepeXO,Z\8 KO BTOpH4hOMY KBBHTOB8HHIO, OH 

fipOllCXO,Z\llT no 0641M npB~MJIBM. P83HHU8 TOJI:OKO B TOM, 4TO Tpe-

60B<lllli1C Q - t1lll· ;1:1IBHT!ll>C~'li1 h p - TeOpllH, B OTJIH4H6 OT 

HHBapHBHTHOCTH B M - TeopuM, 6onee H60JJ.H03HB4HO onpe.nenHeT 

KOMMYTBTOphl. Cp8BIHHBR (Yill.ll) C (Yill.I8) ll J4llTilB8H HBJIH4H6 

Lti!OlKllT6JIH ()'_,., (Cf- f) B (Yill.l8), noJiy486M, 4TO, XOTR HOMMy-

TBTOpll B j) - T~OpllH B OKOH48TeJibHOM BH,lle He H8~,1\eHH, CK8-

JIRpHOe none B P - npocTpBHCTBe, T.e. Bee era KownoHeHTH B M 

- llpOCTpBHCTBe JIO i8Jl:bHO KOW.MYTBTHBI!bl. 

0TM6THM e~e, 4TO j) - TeOpHH HBJIHeTCH 0606~eHHeU ~ 
- T6 0p1111, T. 6. 4'i ) npH H6KOTOphlX ,1\0llOJIH>tTeJI:OH!lX orp8HH46 IIHRX 

- TeopHR CBJ,Z\HTCR K 

npe,llnOJIOlKHTh, 4'1'0 \f (t 7 tif) 

p ~ - TeOpllH. nnR 3TOrO ,l\OCT8T04HO 

oT W He aaBHCHT. Tor.na on epa-

TOp L':l p CBOJJ.HTCfl K 0 , HeCMOTpR HB 3H8tieHHe 0 . 4T06bl CBe­

CTH P -TeOpHIO K M - TeOpHH, ,l\OCT8T04HO TBKllte npe.nnOJIOlKKT:O, 

4TO 0-=- 0 . 3BBHC11MOCT:D Y OT UF npH 3TOM He OTnB,l\BeT, HO OH8 

CTBHOBHTCH HeCJUI6CTBeHHOi1. 068 3TH npe,nnOJIOJKeHHR, CBO,Z\Ril\116 P-
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Teopl110 K M - Teop1111, coaMeCTI1MbJ c P - 11HBap11BHTI!oCT1KJ, 

HO 113 Hee He CJ!C.L\YIOT. Tpe60B8Hflle Q - IIIHB8pl181ifHOCTI1 TO,;~e 

He CJie,ll,yeT, HO OHO HBJ!RCTCH MCHCC Ol'p8HIII411TCJ!11iLJ v, Ill, cne,li,OBCJ­

TCJI1HO, TOJI1KO OITbJT MOACT peillfiiT1, K8K8H TBO!JilH JIY4lliC COUTBCT­

CTBYCT .n.e,JcTB.:TenLHOCTIII. To, tJTo YiJBBdenfiiH (ll.?) B OTJ1>'411C 

OT lll.b) !JCW8!0TCH JJBJ'I\0, KBK Ill lljJOCTU'I'~J il]JC.i\lJ,JJllJ KCHfllil, !i8 l\0-

TO!JblX P - TCO!JIIIH CT!JOIIITCH, BW!Bi!RIOT Ct; fljl8111MJ:UcC'l'B8 llC]JC.Ll 

M - Teop!1etl, HeCMOT!Jfl HB oon1wyK1 cnoa.liOCTb B ~e pa:cpac5uTKt. 

b 3CJKJIKJ'i8Hfll8 C'il1TCJI'J fllJIIIHTHUM .i\OJ!I'OM BbliJ801111 b CCj .LlBYiiYKI 

Cl;r3l\J.i(8!JHOCT1 rrpo;,eccopy >1.'l'O,i\O[JOBY l1 CT.H.;. ,L( • .,TOHI!OiJV :Ji.J 

flOHCJHYIO A~CKyCCIIIIO l1 HpiiiTI14BCKl1C J3MCY3Hl1H. 
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