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B paMKax anre6paHqecKoro HarrpaaneHHR Xaara-ApaKH B aKcHoMaTHqec

KOi% TeopHH rronR 3aaaeTcR cooTBeTCTBHe I 0 ... R ( 0) I M9)!(/lY OTKpbrTotl: 

o6nacTbiO 0 rrpocTpaHCTBa MHHKOBCKoro M H anre6potl: cjloH Heti:MaHa 

R (O) • npHHHMaeTCR, qTo 9TO COOTB9TCTBHe YllOBneTBOpReT H9KOTOpOMY 

Ha6opy 8KCHOM 1 rrpHBOilHMOMY HH)!(e. 

1. Yf30TOHHR: 

0
1 

c 0
2 

.... R(0
1

) c R(0
2

) 

Ill 
la. HenpephlBHaR H30TOHHR 

Ot:::J02:::J .•. :::J0n:::J ... H 

.... R(O)= nR(0
1

). 
I 

2. Cna6aR BllllHTHBHOCTb: 

0 = int 0 :::l 

der 
u R(O)I"=I u R(O+x)l". R 
0 X 

2a. AllllHTHBHOCTb: 

R(0
1

u 0 2 )=!R(0 1 )U R(02 )!". 
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s. TpaacnHUROHHaH KosapRaHTHOCTb: 

R < o + x ) .. u < x > R < o > u-• < x >. 

4. CrreKTpanbHOCTb: 

A n V - cp ... E (A ) ... 0, 
+ 

rae v+ - 38MKHYTbiA KOHYC oyaywero, 8 E(A) - crreKTpanbHaH Mepa 

B rrpOCTp8HCTBe 9HeprHH-HM-orrepaTopa TpaacnHUHH U anH MHO)KeCTaa A 

rrynbC8o 

5, CywecTBoBaHHe, eaHHCTBeHHOCTb H UHKnH~HOCTb aaKyyMa, 

6, noKanbH8H KOMMyTSTHBHOCTb: 

0
1 

co; ... R(0
1
)CR'(0

2
). 

7, npHMHTHBH8H ITpH~HHHOCTb: 

R •I v R ( 0) I " .. I v R ( 0) I ·", 
00 0 OCT 

rae T - OTKpbiT8H oonaCTb, COJlep)K8Ul8H rronHOCTblO rrpOCTp8HCTBeHHOITOJlOO-

Hyxo rHrrepnoaepxHoCTbo 
I~ 

7~.CHnbH8H ~OpMa rrpHMHTHBHOA rrpHqHHHOCTH 

R(O ) c R(O), 
0 

rae 0., - rrpHqHHH8H TeHb oonaCTH 0 ( CM,• T8K)Ke/3/), 

8, npH~HHHOCTb B ~OpMynHpOBKe feHeHa-MHcpa/4/: 

0 '. ¢ .. R ( 0) .. Roo • 

B TpaJlHUHOHHOM noaxoae nepe~HcneHHbie aKCHOMbl ycTaaaanHaaxoT HeKo

"'opbxe CBOACTB8 noKanbHblX anreop, ecnH H3BeCTHbl CBOACTB8 COOTB9TCTBYIO

lllHX o6naCTeA, MO)KHO, OJlH8KO, ITOCT8BHTb H o6p8THbl9 38Jl8~H, T,e, paCCMOT• 

peTb nepexoll OT anre6p K o6nacTHM, B ~aCTHOCTH, HHTepecaa, aa aaw BsrnHJl, 

"o6paTH8H H30TOHHH": nycTb JlSHbi coanaaaxomHe anre6pbi R(O 1 ) -R(0 2 

Cfip8WHB89TCH, qTO MO)KHO CK838Tb 06 oonaCTHX 0 I H 02 ? 

4 

•'· 

J 

•'~rl 

.>1 
'{i 

·.!Jtf 
~~~~ 
'i 

'·· 

8 H8CTOHUieA 38MeTKe yCT8H8BnHBaeTCH pHil pesynbT8TOB1 OTHOCHUIHXCH 

K yKasaaaoA rrpo6neMe, Ee Hcqepr ~qxomee peweaHe nonyqeao c rroMOlllbiO noc

TynaTa 8 ( TeopeMa 2 H cnellCTBHe), PesynbT8T 9TOA TeopeMbl H8CTOnbKO CH

neH, qTo, ObiTb MO)KeT, OH nosaonHT llOKasaTb npoTHBopeqHBOCTb nocTynaTa 8 

H BC9X OCTanbHb!X 8KCHOM, no CHX rrop H3BeCTHO nHWb, qTo ITOCTynaT feHeHa

MHcpa aapywaeTCH a TeopHH CBOOOilHoro rronH/5/, ~To llOK83biBaeT ero Hesa-

BHCHMOCTb, 

B § 1 paooTbi ycTaHaBnHaaxoTCH HeKoTOpbxe caoAcTaa noKanbHbiX anre6p 

R(O) 6es rrpHBneqeHHH rrocTynaTa 8, B §2 cymecTBeHHO HcrronbsyeTCH 9TOT 

ITOCTynaT H Jl0K838HH8H C ero ITOMOUlblO (cM,/3/) TeopeMa JlyanbHOCTH JlnH 

rrpOH3BOnbHblX oonacTeft, 

§ 1. HeKoTopbre llOCTaToqHbie ycnoBHH aecoBnaoeHHH noKanbHbiX 

anre6p 

HsBecTHO OllHO saMeqaTenbaoe B cBoeM poae ycnoBHe aecoBrralleHHH an

re6p ( cMJ6!), a HMeaao cneJlyxomaH 

TeopeMa 1 , 

nycTb BbiiTOnHeHbl B,KCHOMbl 1a, 2, 4-7 H rrycTb ll8Hbl orpaHHqeHHble OT-

Kpb!Tbl9 o6naCTH 0 

d 

Tor a a 

inf 
xc;o

1
,yc;o 

H 01 

[ I X 0 

R(0
1

) ~ R(0
2 

). 

rrpHq~M 0 I C 0 H 

2 -> ... 2 1/2 
-yo\ +\x-y \ ] "?:.. ( > o. i' 

nerKO BHJl9Tb, ~TO TeopeMa 1 aorrycKaeT oooomeHRe. 

ITpeano)KeHHe 1, 

nycTb BbiiTOnH9Hbl 8KCHOMbl 1-6, nycTb, Jlanee, Jl8Hbl orpaHH~9HHbl9 OT-

Kpb!Tb!e o6naCTH 0 H 0 1 t npHq~M 0
1 

C 0 H H8ftll9TCH T8KOft BpeMeHH~ 

ITOilOOHbiA B9KTOp X qTo 

v ( o. +A X) c 0 
AC: R 1 

\A\~ 1 
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TorJla 

R(0 1 ),f. R(O). 

noKa3aTenbCTBO: 

DpelliiOnO)KHM, 'ITO R(0
1 

) =R(U) • Torna, no ycnoBHIO TeopeMbi, HMe-

eM: 

V R(0
1 

Ac;;; R t 

!AI s_ t 

+Ax) c R(O ); 
t 

B '18CTHOCTH1 

R (0 +x) c R(0 1 ) 
t 

R(0
1 

-x )c R(0
1 

). 

Cornacao aKcHoMe 8 HS (1) cnenyeT: 

v lt{Ot + y +X) c R (0 + y ) 
y t 

V R (0 + z 
t z 

H 

-x) C R(O +z ). 
t 

DonO)KHB B (8) Z = y +X , nony'IHM 

VR(O +y)CR(0
1
+y+x), 

y t 

6 

( 1) 

( 2) 

(3) 

., .. ·.··;. ,'·)I 

I . 

' ' ~;: 

·ll 
~· 1·,· 

·:.· 

·,,,. 

\; 

'·!~: 

i'( 
.~;~i 
\'J, 

~~· 

-1
·''' 
, 

' 

'ITO B COBOKYIIHOCTH C (2) .ll89T HaM 

V R(O 
1 

+y+x) .. R(0
1 

+ y ). 
y (4) 

OoKa)KeM Tenep&, 'ITO paeeacTBO (4) eeneT K npoTHBope'IHIO. CocTaBHM o6-

nacTH 

0 
2 

v 
O,SA9 

(0 +Ax) 
t 

CornacHo aKcHoMe 2a 

H 

R ( 02 ) "' I u R ( 0 t + ,\ X ) I , 
0.:5 A .:5 t 

R(0 3 .) ... 1 u R (0 1 +ax) I". 
-oc~~+oc 

0 = u (0 +ax). 
3 t 

-oosas+oo 

(15 

BeeJleM o6osHa'leHHe a = n + A 0 , rJle n =0, ±.1 , .:!:2 ,;:., a O~A 0 ,:;; 1. 

nerKo BH.lleT&, 'ITo H3 (4) cnenyeT 

R(0 1 +ax)-R(0 1 +nx+A 0 x) =R(0 1 +A 0 x) 

H BM9CTe C (5) 9TO Jl89T 

R(0
2

)-R(0 8 ). 
( 6) 

HMeeTCH TeopeMa Eopxepca o Tpy6e171 (Hcnon&syiOTCH aKCIDMbi 1, la, 2, 8, 

4, 5), cornacao KoTopoA anre6pa R ( 0 a ) = ~ ( J( ) , T.K. o6nacTh 0 3 

conep)KHT epeMeHHIIO.ll06HyiO nHHHIO. TaKHM o6pasoM, paBeHCTBO (6) nepexo.llHT 

e R ( Oa) = ~ ( J() , rne o6nacTb 0 2 orpaHH'IeHa. Ho Torna aaAneTcH o6nacT& 

04 c 0; 0 
.!lnH KOTOpOA IIO aKCHOMe 6 HMeeM BKnJO'IeHHe 

7 



R(0
4

)c R'(0
2

)• ~'(}().6;(}(). 

0TCJOJla, B cao10 o'lepea&, nony'laeTcSI, 'ITO rno6an&HaSI anre6pa R oo 

COBfiaJlaeT C anre6poA CKaiiSipoB @ ( }{ ) , 'ITO tPH3H'IeCKH 6eCCMbiCIIeHHO: 

R =I v R(0
4 

+z) I",. 6;"(}{) = B;(J<). 
z 

npeJlnOmeHHe 1 JlOKa3aHOo 

npHBeJleHKOe JlOK838TeiibCTBO Jl~eT H8M erue OJlHH peaynbT8T0 

npeJlnomeHHe 2, 

nycTb crrpaBeJlnHBbl aKCHOMbl 1-6. nycTq Jlanee I 

orpaHH'I9HHbl9 OTKpb!Tbi9 o6naCTH 1 IIpH'I~M 0 2 = 0 I~+ X 

pbtif apeMeHHIIOJl06Hbtll: aeKTop. Toraa R ( 0 1 ) ;:R ( 0 2). 

.lloKa3aT91IbCTBO: 

Opennono)KHM, 'ITO R ( 0 
1 

) - R ( 0 2 ) 

R(0
1
+x)-R(0

1 
). 

,a 3H8'1HT1 

AKCHOMa 3 TOrJla npHBOJlHT K paBeHCTBY (4): 

" ..... R ( 0 + y ) - R ( 0 + y + X ) • 
y I I 

01 H 02 
, rae X- H9KOTO-

KOTOpoe 1 KaK Mbl y)Ke HaWIIH BbiWe1 He MO)K9T BblfiOIIHSITbCSI 1 'ITO H JlOKa3bi

B8eT npenno)KeHHe 2 

HMeeT MecTo no'ITH oqeaHnaoe 

OpelliiO)KeHHe 3 • 

nycTb BblfiOIIH9Hbl 8KCHOMbl Ia, 2, 4-7, H nyCTb JlaHbl orpaHH'IeHHbie 

OTKpb!Tbie 061I8CTH 0 I H 0 2 , npH'I~M R (0 1 ) c R(0 2 ) • 

TorJla 0
1
n o; "' ¢ 

LloKa3aTeiibCTBO: 

LloKa)KeM CHa'!81I8 IIpeJliiO)KeHHe npH YCIIOBHH 0 'ITO o6naCTb 0 
2 

- an:viD.:1 

( T.e. 0 '"'0 , 
2 2 

) • OyCTb 0 
1 

n 0 ; = 0 3 f,. ¢ • TorJla HMeeM 

O'leBHJlHbie BKIIIO'IeHHSI: 

8 

.(i; 

'~¢ ' 
1,·;~:· \,'. 

A ' 
~.-4 .. 

' '~~ 
,.,I, 

'i'i 

ll' 
I 

,. 
I~ 

'~~~ 
t 
.I 

...._ 

R ( 0
3 

) c R ( 0 
1 

) c R ( 0 
2 

) 

H 

R(0
3

) c R '(0
2 

), 

OTKyJla 

R(O ) c R(O..,)n R'(O ) .. B;(J<), 
8 ~ 2 

T.K. JliiSI anMaaa 0 2 anre6pa R ( 0 .) ecTb ljlaKTop ( cM/81). HanoMHHM, 

'ITO BKIIIO'IeHHe R( 0 
3 

)C & (}{) npHBOJlHT K npoTHBope'IHJO, T.e. npenno)KeHHe 

3 Jl0K838HO B TOM CIIY'I89 1 KOrJla 0 2 - anMaa. 

nycTb Terrepb 0 c M 
2 

- npOH3BOIIbH8SI orp8HH'I9HH8SI OTKphlT8SI 061I8CTb0 

HMeeM: , 

0 c 0, H o6nacTb 

Llanee, R(O 1 ) C R(0 2 ) C R(O'; 

¢=On(0")'=0 n 0'. 
I 2 I 2 

npeJlnomeHHe 3 fiOIIHOCTbiO JlOKa3aHO. 

CnencTBHe. 

2 2 

H no JlOK838HHOMy 

0" 
2 - anMaa. 

OycT& BhmonHeHbi ycnoBHSI npenno)KeHHSI 3 H, 6onee Toro, R ( 0 
1 

) .R(O~) • 

To rna 0 
1 
n 0

2
' = 0

2
1 1 0

1
' .. ¢ . 

Ewe paa OTMeTHM, 'ITO Mbl JlO CHX nop He fiOIIb30B81IHCb fiOCTynaTOM 

reaeaa-MHcpa. C ero noMow&ro, KaK H cneJlo&ano O)KHJlaT&, nony'laJOTCSI 

6onee CHIIbHbie peaynbTaTbi1 JC H31IO)K9RHIO KOTOpbiX Mbl celf'laC H nepeXOJlHMo 

§2, Heo6xonHMoe H nocTaTO'IHOe ycnosHe cosnaneHHH 

IIOK81IbHbiX anre6p 

Openno)KeHHe 2 Mbi JlOKaaanH nocTpoeHHeM Tpy6ht Eopxepca H HeKoTopoll: 

orpaHH'IeHHOlf o6naCTH, npH'I~M COOTBeTCTByiOIUHe anre6pbl COBfi8JlaiiHo. EcnH 

6bt s aToM npeJliiO)KeHHH BMecTo paseacTaa anre6p R ( 0 1 ) = R ( 0 2 ) Mbi 

9 



HM9l1H BKnJ0'19HH9 R(O 1) c R(02) t TO aaM yaanocb 6bi nocTpoHTb 

scero llHllih rronoBHHY Tpy6hi 0 = au< 0 ( 0 +ax ) 
·- I 

I 

, npH'I~M 0 '= n ( 0; +ax)-f>, 
a::;:o 

T,K, B9KTOp X 

R(O) = ~ (J( ) 

speMeHHnoao6ea, DpHsaeKaSI nocTynaT 8, Mbi nonyqaeM 

, KSK H B cnyqae ITp9,1ll10)!(9HHSI 2, Bee OCT8llbHbl9 pac-

Cy)!(Jl9HHSI rrepeHOCHTCSI 093 H3M9H9HHI!:, 

TaKHM o6paaoM, npeano:lKeaHe 2 nonyqaeT cneayiOwee ycH.neaHe: 

Dpeuno:lKeHHe 4. 

nycT::. BhmonHHIOTCH aKCHOMhi 1-6, 8. DycTh, nanee, 0 1 H 02 

orpaHH'19HHbl9 OTKpb!Tbie 00l18CTH 1 IIpH"'~M HSI!:Il9TCSI T8KOI!: BpeMeHHIIOllOOHbll!: 

B9KTOp X t 'ITO 0 C 0 + X , Tor•a 
2 1 

R ( 0 
1 

) rt R ( 0
2 

) • 

CnenyiOmee cnencTBHe HBn.HeTCSI ycHneHHeM rrpeuno*eHHH 1. 

CnencTBHe. 

H cymecTsyeT TSKOI!: Bp9M9HHIIO.ll00Hbll!: B9KTOp : EcnH 0 1 C 0 

'ITO 0 
1 

+ X C 0 , TO R ( 0 1 ) I> R ( 0 2 ) • Depel!:aeM Terre ph K 

H8XO)!(Jl9HHIO Heo6XOliHMOI'O H liOCT8TO"'HOI'O ycnOBHH COBII81l9HHSI llOKSllbHblX 

W * -anreop, nnH 9TOI'O H906XO/lHMO /lOK838Tb H9CKOllbKO rrp9.1ll10)!(9HHI!:, 

DpellnO)!(eHHe 5. 

DyCTb Bb!IIOl1H9Hbl 8KCHOMbl 1-61 8, H rryCTb 0 1 

HH'19HHb!9 OTKpb!Tb!9 OO.II8CTH 1 npH"'~M 

01"11 0~' ... ~. 

Toraa R(0 1 ) 11 R(0 2 ) • &(J( ). 

noK838T9llbCTBO,. 

H 0 2 - orpa-

Bse/leM anre6py R == R ( 0 1 ) 11 R (0 2. ) • Ee KOMMyTaaT 

R' .. 1 R'(0 1 ) u R'(0 2)1" = 

( 7) 

=IR(O')u R(O')l"-R(O'vO'). 
I 2 1 2 

10 

BTopoe p8B9HCTBO B STOlt U9IIO'IK9 HBllH9TCSI Cl191lCTBH9M T90p9Mbl uyanb

HOCTH llllH ni06hiX o6nacTel!: ( cM/
31 ), TaK KaK 

(O'vo;)' ... O~'n o;'=~ 
t 

no ycnoBHI01 To rrocTynaT 

8 COBM9CTHO C (7) IIpHBOilHT K 

R'= ~(}() .... RCR"= &(J<), 

'ITO H Tpe6osanocb .llOKaaaTb, 

Dpeano2l(eHHe 6, 

DycTb BbliiOl1H9Hbl SKCHOMbl 1-61 8, H rryCTb 0 t H 0 2 - orpaHH'I9H

Hbi9 OTKpb!Tbl9 OOllSCTH, rrpH'I~M HM9IOT M9CTO BK.IIIO'I9HHH 0 2 C0"2 ~ 0 1 

Torna R(O 1) /. R<02) 

lloKB38T9llbCTBO, 

Dpeanono:lKHM, 'ITo R ( 0 1 ) ,., R (0 2 ) H aseaeM aenycTyiO o6nacTb 

0 8 =0 1 /0;' • Torua 

0 
3 

c 0 
1 

.... R ( 0 
3 

) c R ( 0 1_ ) 

( 8) 

"' R ( 0 D ) c R ( 0 ~, ). 
f 

Bee rna aal!:neTcH nocT aTO'IHO Manb!A anMaa 0 4 C 0 3 H, cnenosaTenbHO, 

.llllSI 8l1M830B 0 4 H. 0 ~, HM99M ycnOBHH rrp9.lll10)!(9HHSI 5: 0 P 0 ;' zcp. 

Torna 

R (0 
4 

) n R ( 0 '; ) .. 6; (J() • 

C upyrol!: cTopoHhi, R(O 4 ) c R(0 3 ) c R (0 2' ) 
H BM9CT9 C ( 9) STO Jl89T HSM paBeHCTBO R ( 0 4 ) "' l!J ( j{ ) 

Ho, Dpenno)!(eHHe 6 noKaaaao. · 

npesno*eHHe 7, 

DyCTb Bb!II0l1H9Hbl SKCHOMbl 1-6, 8, H rrycTb 0 1 

rrpH'I~M 

1l 

H 

( 9) 

• Cor nacHo ( 8), 

1 'ITO H9B03MOlK~ 

0 2 - anMa3bJ 1 



0 8 = 0 1 n 0 2 ~ ¢ H 08~01, 08 j.. 0 2 • 

Toraa R(0 1 ) ~ R( 0 2 ). 

noK838T9nbCTB00 

ITpeanonoxmM, 'ITO R ( 0 1 ) = R ( 0 2 ) 

0 =(0' U0' ) '1 OTKYJl8 

• MMeeM npeacTaaneHHe 

3 1 2 

R(0
8 

).,ft[(O; u0
2
')'] R '(01 ' u 0

2
')"' 

= l R (0;) u R (0 ;> I ' 

=IR'(OI) UR'(02)1'= R(OI) (\R(02)= ( 10) 

=R(0
1

)= R(0 2 ). 

C Jlpyroii CTOpOHbi1 0 a = 0 ;• ~ 0 I 1 H 110 rrpeJlJIO:>KeHHIO 6 HMeeM R (0 I ) f, 

f, R ( 0 3 ') , 'ITO rrpoTHBope'IHT ypaBHeHHRM ( 10), 3To H llOKa3biBaeT rrpeJlno-

:>KeHHe 7, 

KoM6HHHpyR BMecTe npeJlno:>KeHHR 5-7, nonyqaeM cneJly!OmyiO TeopeMy, 

TeopeMa 2, 

OycTb BhmonHeHbi aKcHOMbi 1-8, 8, H rrycTb 0 
1 

H 0 
2 

TorJla coanaaeaHe cooTBeTCTBYJOmHx noKanbHblX anre6p R ( 0 
1 

) 

- anMa3bi, 

H R(02) 
B03MO:>KHO TOrl!a H TOnbKO TOrJla 1 KOrJla COBI18Jl8JOT C8MH anM83bi

1 
T,e, 

v 
o t = o I' 

o ~o '" 
2 2 

R(0
1 )=R(0

2
) -:_0

1
=0

2 

12 

CneLicTaue. 

B npeanono:>KeHHRX TeopeMbi 2 noxan&Hble anre6phi R ( 0
1 

) H R ( 0 
2 

) 

JlnSJ I1pOH3BOnbHhiX orpaHH'IeHHhiX OTKphiThiX o6naCTeA 0 1 H 0 2 COB

II8Jl810T TOrJla H TOnhKO TOrJl8 1 KOrJla COBI18l1810T anM83Hble o6onO'IKH STHX 

o6nacTeA, T.e. 

v R(0 1 ) .. R(0 2 )-:_ o;·- o;·. 
0

1
,0

2 
~M 

noK838TenbCTBO: 

0 ·; - 0 ;' -+ R ( 0 1 ) .. R ( 0 ;· ) • R ( 0 ;· ) .. R ( 0 
2 

) 

R ( 0 1 ) • R ( 0 2 ) -+ R ( 0 '; ) • R ( 0 'J") -+ 

-+01"-02 

IIpHM9HHM8 TeopeMa 2 l!nSJ anMS30B 0" 1 H 0 ;• 

H 

1 TeKo 

BbmonHSJSJ npHSJTHhiR aonr, npHnomy B .aaxnJO'IeHHe rny6oxy10· 6naroaap

HOCTb M.K. ITonHBaaoay, A.H. TaaxenHJlae H C.C. XopyJKeMy aa rrone3Hhie 

o6CyJKJleHHSI1 U9HHhle COBeThi H IlOCTOSIHHOe BHHM8HHe K pa6oTe. 
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