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BaeneHtte 

B pa6oTaX / 1 •2 / 61,ino noKa3aHO, '-!TO '-!BCTHUbl co cnttHOM 6onbllle 1 /2 

MOlKHO, paccMaTpttBaTb KaK COCTBBHble. C TeX nop nosrnttn0Cb 6onhll!Oe KOntt

'-!eCTBO 1lCCnenoBaH11ll, noCBSIIUeHHblX 9Tl!M BonpocaM. 8 nocnenHee BpeMSI 

l!HTepec K C0CTaBHblM Monenl!M 3Ha'-lttTenbH0 B03pOC (KBapKOBal! Monenb 131 

H pa3ntt'-!Hbie Monenu, o6nanarourne AllHBMH'-!eCKOll CHMMeTpnell 141 ). B CBS!-
. •' 

31l C 061,enHHeHl!eM BHyTpeHHl!X H npoCTpaHCTBeHHO-BPeMeflflhlX CHMMeTp11i1, 

a B HBCTOllll!ee BpeMS! ll c MonenbJO BeHeUl!BHO 15 ,61 , npOS!Bnl!eTCll l!HTepec 

K 6ecK0He'-IHO-KOMnoneHTflbIM nonl!M 141• OnaaKo, KaK 6i.ino noKa3aao /7,8/, 

HeB03MOlKHO nocTpOl!Tb noKanhHYIO 6eCKOHe'-!HO-KOMnoHeflTHyJO TeOpl!!O C MaC

COBblM cneKTpOM. !109TOMY C caMOl'O Ha'-!ana MO>KIIO paCCMaTpl!BBTb 3TY Teo

PIIIO KBK HenoKanbHYJO, T.e. paCCM8T[ll!B8Tb nong KaK nonnnoKanhHbie 191• 

OnnaKO B .TaKOM cny'-!ae 3TI! •nong npeo6pa3yJOTCSI, B006we, no npllBOAIIMblM 

rrpencraaneHl!l!M 1:pynnbI SL(2,C) • 3nech, KaK II B pa6orax 19 ,lOI, 6yneM 

paccMa TPIIBB Tb AByXT0'-1.e'-!HYI0 IPYHKUIIIO 611noKanbHOI'O CKamipH0I'O nong. 8 

pa6oTe /lO/ pa3nolKeHn!'l no npttBOAIIMbIM npencraBneH11S1M rpynnb1 nopeHua 

npOBOAl!nOCb C ITOMOUlb!O npeo6pa30B8Hllll Wanttpo-fenbtpaHna-fpaeBa 

(Wrr)/11,12/. 

B HaCTOS!Well pa6oTe Mb! 6yneM paanaraTb ABYXT0'-19'-!HYIO tpyllKUIIIO 

6ttnoKanhHOI'O nong no_ ABYXT0'-19'-!HblM tpyHKUl!llM, KOTOpble npeo6paayJOTCSI no 

aenP,HBOAHMbIM npencTaBneHl!l!M rpynnbl nopeHua, 6ea HCnonb30B8Hllll npeo6-

pa30BaTeng wrr, Hanp11Mep, KaK 3TO nenanoch a pa6orax 113- 151 nng aMn:nH

TYAbI paccel!Hllll. 3necb pa3~0lKeHl!e npOBOAIITCSI OTHOCIITenbHO rpynn 0(4,1) 

( 0(3,2 )),0(3,1) II 0(3) , nocneAllllll 113 KOTOpbIX 1130MOptpHa Manoll rpynne 

rpynnbI IlyaHKape, B tpl!KCl!pOBaHHOll CHCTeMe 0TC'-!eTa. 
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Mb! paccMaTp1rnaeM l!ApO qiypbe-npeo6pa_aoaamrn ABYXTO'!e'!HOii qiyHKIUUI 

61moKanbHoro nonH, cymecTaeHHO 11cnonb3yll ycnoa11e penHTl!Bl!CTCKoii 0aa·ap0-

aHTHOCT11, 3To l!Apo MOlKHO TaKlKe paccMaTpl!B8Tb, KaK Hi:tpO H8KOTOpoii l!HBa

pl!aHTHOii aMnnHTYAhl ynpyroro paccel!Hl!ll nayx CKanl!pHhlX '!aCTl!U BHe Mac

COBOii noaepXHOCTII. TTepexon Ha Maccoay10 noaepXHOCTb MOlKHO cnenaTb B 

OKOH'laTenbHOM peaynbTaTe. 

TT pl! paanolKeHl!I! OTHOCl!TenbHO rpynnhl O (3,2) , 0 (4,1) H 0(3,1) Mhl 

orpaHl!'ll!BaeMCll TOnbKO YHl!TapHh!Ml! npencTaaneHl!llMII, OAH8KO anecb MoryT 

6b!Tb BKnIO'l0Hhl l! HeyHl!TapHhl0 npencTaaneHl!ll, 

§2, LlayXTO'l8'!Hal! qiyHKUl!ll 611noKanbHOI'O nong 

PaCCMOTpHM' "nayxTo'le'IHY:10" qiyHKUl!IO 60noKanbHOI'O CKam1paoro nong 

F(xl ,x2 •Y1 •Y2 )=<OJ<fi(xt ,x2)'l'(y,,y2)IO >, (2.1) 

rne 611noKanbHOe none <f, ( x, y ) npl! npeo6paaoaa!Il!l! l!3 qi11a11qec!{oii rpymthl 

TTyaHKape npeo6paayeTCll KaK 

U(a,A) <ti (x,y)U-
1 

(a,A )=<fl (Ax+a, Ay+a) (2,2) 

l! ynoaneTBOpgeT ycnOBl!IO "noKanbJIOii" KOMMyTaTl!BHOCTI! 

[<fi(x ,x ),<fi(y ,y )]=0 
I 2 I 2 

(2,3) 

np11 
2 

(x -y ) < 0 
a f3 

( a , f3 = 1,2). 

TTepeXOAll B l!MITynbCHOe npencT,aaneHl!e, l!MeeM 

4 4 4 4 • 
F ( xi 'x2 'Y t 'Y 2 ) = f d PI d P 2 d q I d q 2 ° (PI + P 2 - q I ~ q 2 ) x 

fplxl+l~2x2-lqlyt-lq2y2 0(p +p2) K (p,,p2 ,q I ,q2), 
Xe 1 

(2.4) 
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BbipalKaeT ycnos11e cneKTpanbHOCTII, a np11cyrcrs11e 

o - ¢yHKUIIII HBnHeTCH cnenCTBIIeM TpaHCnHUIIOHHOH IIHBapl!aHTHOCTI! /lBYX

TOqeqHofi _¢YHKUIIII, 

B H/lpe ¢yphe-npeo6pa30BaH11H 
12•41 

yno6ao rrepefiTI! K HOBbIM rrepe

MeHHbIM! 

P=p 
I + p 2 . Q =q1+q2 . 

(2.5) 

P=P p2 q = q -q 
I I 2 

noncTaBnHH (2.5) B (2.4) II IIpO!!HTerp11poBaB no Q rrp11 IIOMOIUII O -¢yHK

UIIII, rronyqaeM: 

((P (X-Y)) + lxp + lyq 

F(X,Y,x,y)= J<l
4

P <l}<l 4q 0 (P)e K(P,p,q), (2.6) 

rne IICIIOnb30BaHbl cnenyJOIUl!e o603HaqeHIIH: 

I 
y =2 (y,+y2) 

(2,7) 

Ycnos11e penHTIIBHCTCKOH IIHBapliaHTHOCTII llBYXToqeqHofi ¢YHKUIII! 

(2,8) 

HaKnanhrnaeT Ha H/lpo K Tpe60BaH11e 

K(A P,Ap, Aq)= K( P,p, q ). (2,9) 

4ro6bI ynoBneTBOplITb ycnOBHIO penHTl!BIICTCKOH l!HBapliaHTHOCTI! ./
2 ,91 , 

Heo6XO/ll!MO paccMaTp11BaTb ,Hnpo K KaK ¢yHKUII!O He3aBl!CIIMblX IIHBap11aH

TOB, KOTOpbie MOf'yT 6bITb IIOCTpoeHbl 113 'JeTb!pex-BeKTOpOB p • p . II q • 

8T11 1IHBap11aHTbl o6o3Haq11M rroc'pencTBOM: 

5 



2 2 
p =S q =I. Pq= V. 

2 
p = r • 

= 
pp= u pq = w' 

(2.10) 

I!, cneA0BaTenhH0, l!MeeM: 

K=K(s,r,t, "' U, V, w ). (2.11) 

OTHOCf!TenhHbie flMllynhCbl p fl q Mb! oyAeM paccMaTpflB8Tb KaK 

"Clll!HOBbie" nepeMeHHbie B TOM CMbICne, 'IT0 .. Clll!H" 011noKanbHOI'O nonSI Bb!pa

)KaeTCSI qepes 9TII nepeMeHHbre. feHepaTOpbI rpy1111b1 nopeHua Anl! nonSicl>(x l'x2 ) 

M0)KH0 npeACT8Bf!Tb B Bf!Ae: 

M = M (I\ M <2> 
µv µv µv • (2.12) 

I'Ae 

(a) ( (a) _a __ -
M = -i p V 

µv a p 
(a) 

(a) a 
p --

v a µ 
P Ca) 

( a=l, 2). (2.13) 

nepeXOAS! nocpeACTB0M (2.5) K nepeMeHHblM ueHTpa P I! K 0TH0Cl!TenbHbIM 

nepeMeHHbIM p , nonyqaeM: 

I'Ae 

I! 

M = M(P)+ M (p) 
µv µv µv' 

(P) a 
M =-i(P --P 

µv µ aPV V 
a -) 

ar· 11 

<P> . a a l 
M = -d p --- - P -- • 

µv /l a { V ap /l 

(2.14) 

(2.15) 

(2.16)' 
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113 I'eHepa TOP OB r-pynnhI flopeaua II 'leTblpex-BeKTOpa Pµ 

CTpOHTb onepaTop "cn1IHa": 

MOJKHO no-

(2.17) 

I'Ae 

(P) 
B /2, 17 / Mb! Y'lnlI, 'ITO 1\1 µv He A8IOT BKnaaa H3-3a aHTIICIIMMeTplIII 

TeH3opa ( µvap , noaTOMY Mb! Ha3bIBaeM OTHOCIITenbHbie nepeMeHHbie "cn1I-

HOBbIMII", EcJIII none <I> (x, y) onlICbIBaeT ABYX'l8CTII'-IHYIO CIICTeMy, TO onepa

TOp ·12,11 / B T8KOM cnyqae 51BJI51eTC51 onepaTOpOM yr-nOBOI'O MOMeHTa '18CTl!U 

B Cl!CTeMe ueHTpa ( p e O) , B 3TOM CMbICne pOJib nepeMeHHhIX p I! q 

0AIIHaKOBa C nepeMeHllbl_MI! I; II T/ , KOTOpble np11MeH51fll!Cb B pa6oTe /Bl 

C TOH pa3HHUel1:, 'ITO 3AeCb B006111e l!MeeM p 2 , q 2 ~ 0 • 
< 

P11c, 1. 

I'Ae .. 

<l>yHKUl!IO (2.11) M~lKHO pac

CM8TPl!B8Tb J1 KaK HeKOTopyIO HHB.apn

aHTHYIO 8MilflHTYAY ynpyI'OI'O pacceg

Hl!H AByx CKanHpHbIX '18CTl!ll BHe Mac

COBOH nonepXHOCTH (pttc. 1). 

C!>ypbe-npeo6pa3ona1111e (2.6) 

M0l!U!O GanucaTb eme II B Bl!Ae: 

(2.18) 

K (p ) fd 4 d4 lpx+lqy K.(I>, ) ;x,ye p qe ,p,q, 

T.e. 3AeCb HAP0 K H8X0AHTCH B CMelllallHOM npeACT8BJie111111: B p - npea-

CTaBneHHH 0TH0CIITenbH0 KO0PAIIllaT "ueHTpa" H BX -npencTaBJieHHH no 

0TH0Cl!TeJibHbIM K00pA11Ha TUM. B aanh1Iel1:111eM I! OTHOCHTeJibHbie ~oopauirn Thi 

H 0TH0Cl!Tellbllhle HMnynbCbl 6yaeM o603118'laTb nocpeACTBOM p H q • Op11 
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paccMoTpeHnn ABYXToqeqHofi ~YHKUnn 6yneM ncnonbaoBaTb npencTaBneHne 

(2.19), a ecnn nMeeM neno c nnarpaMMOH ct>efiHMaHa c qeThipbMI! KOHUaMn, -

npencTaBneHne (2,6), 

§3, PaanoJKeHne nHBapnaHTHoro Mpa K no 0(3) n 0(2,1) 

Ha rnnep6ononne 

HnJKe Mb! pa3JIOJKllM (2.11) no co6CTBeHHblM ~YHKUlll!M onepaTopa "cnn

Ha" (2,17) B cnyqae, Korna cnnHOBbie nepeMeHHbie aanaHhI Ha rnnep6ononne 

( nn6o .QByxnoJIOCT!IOM, nu6o OAHOnOJIOCTHOM). npu STOM paccMoTpHM TaKJKe u cny-

qau, Korna P 2 < 0 • T,e. Korna p SIBJISleTCSI He TOJlbKO BpeMeHn-nono6HbIM, HO 

I{ npocTpaHCTBeHHO-UOA06HbIM BeKTOpOM. nocneAHllH cnyqafi ocymeCTBnl!eTCI!, 

KOI"Aa K paccMaTpI1BaeM KaK llHBap11aHTHYIO aMnnl!TYAY nnal"paMMbl (pnc.1 ). 

Cnyqa11 P 2 > 0 n P 2 < 0 paccMoTpHM OTAenbHO: 

a) P 2 > 0 • nocKOJlbKY Mbl llHTepecyeMCI! llHBap11aHTHbIMll pemeHHS!Mll 

ypaBHeHl!SI 

... 2 
[S -e<e+l)]Ke=O, (3.1) 

➔ 

yno6HO uepeHTI! K enc Te Me UOKOSI nnsi BeKTOpa P ( P = O) ' B KOTOpOH na 

(2.17) UOJI):qaeM: 

i)2 k " ➔ ➔ kiJ ➔ 2 __ :-;-+P 5
2 

(P=o)=M~P> =2p apk - P iJpkiJpk 
e a2 

P apkapr • 
(3.2) 

(k , e = 1,2, 3 ) . 

noacTaBJISISI (3.2) B (3.1), nonyqaeM ypaBHeH11e: 

sin20 
iJ

2
K 

iJ(cos 0 ) 2 
-2 cos 0~ 

a cos0 
+ e<e+o K=O, ( e C 0,1,••• ) I (8.3) 

rne 
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UV -s W 

cos 0= -======== 
y ( u 2 

- s r )( v 2 -s~) 

eCTb yron MS)KAY BeK1.:opaM11 p 

(3,4) 

II 'I B CIICTeMe, B KOTOpoil: 

Pewellllll ypan/i?.Hllll (3,3) MO)KHO npenCT8B11Tb B Bllne: 

Ke = he ( s , r, i , u, v) Pe ( cos O ), (3.5) 

rne ~ (cos O i llBnmoTC·ll peweHllllMII ypaBH8!11{ll (3,3)' perynllpllh!MII B TO'!Ke 

cos2 0 = l npH 8TOM Mhl orpaHH'llln!!Cb TOnbKO yH11rapHhIMII npeacranne-

llHllMII rpyrrnhl O ( 3) • <f>yHKUl{ll he llBnll!OTCll ll81l3B8CTllh!MII, l1Mell B Bil-

AY, '!TO K 11nnHeTCll cyrrepno3HU11eil: H3 Ke , nony'!aeM: 

(3.6) 

K TaKoMy )Ke pe3ynhrary MO)KHO np11i1:r11, ecn11 B ypaBHeH11e (3,1) rroncra-

BllTh oneparop (2.17) B nepeMeHHhlX q • 3ro llBnlleTCll cneACTBHeM 38KO-

Ha coxpaHeHllll "cn11Ha". 

6) B cnyqae, KOl'A8 P
2
< 0 • ecTeCTBeHHall CllCTeMa K00pAllH8T llB-

nlleTCll CHCT9MOfi. B KOTOpoil: (> = (0,0,0, p 3 ) • B 3TOll _CllCTeMe onepaiop 

(2.17) 38Il11ChIB8eTCl1 B BllAe: 

rne (a , f3 "' 0,1,2) 

0(2,1 ) 

3ror oneparop ecrh oneparop Ka3HMllpa rpynnhI 

(3.7) 

KaK II B rrpeAhIAYIUSM cny'!ae, 6yneM l{CK8Tb COOCTBeHHhie cpyHKUl{I{ one

paropa (3,7), r,e, pewea1111 ypanHeHHSI 

[S 2 
( P ) - j ( j + 1 ) ] K "' o. (3.8) 
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l13-3a Toro, 'ITO rpynna 0(2, 1 ) H9KOMITaKTHa, ace ee YHHTapHhle 

npeACTaBneHIHl, 3a HCKnIO'IeHIIeM CKanllpHoro, 6ecK0He'lHOMepHb1e. KaK H3-

BeCTHO /lB/ I cymeCTByeT 'leTbipe Knacca YHHTapHb!X npeACTaBneHHll 3TOfi 

rpynnh1: 

1) rnaaHaSJ cepHSl 

·He j = - .L , - oo < Jm j < oo • 
2 

2) ilononHHTenbH8Sl CepHSl 

_ L < He j < .L , Im j = 0. 
2 2 

3) ilHCKpeTHaSl cepHSl 

. 1 -1 -3/2, ... 1~-.-, ' 
2 

4) CKanllpHOe npeACTaBneHHe 

j = 0. 

not:1cTasngg (3.7) B (3,8), nonyqaeM: 

[( 1- z 2
) 2.:.., - 2 z _a_+ j ( j + 1)] K "'0, 

az 2 a Z 

rne nepeMeHHaSJ z 3at1aeTCSl cnenyromHM o6pa30M 

"' UV -SW 
z 

,J(u2 -rs) v2 -si") 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

11 KOTopaSI coananaeT no qiopMe c nepeMeHHofi (3.4), ·onHaKo ee 3Ha'leHHSl 
2 2 

38BIICSlT OT xapaKTepa B9KTOpOB p II q • B cnyqae, KOI'Aa p > 0 H q >0, 

llMeeM 1 ;S z _< I B OCTanbHbIX - OO ,5. Z $. 00 

YpaBH9HH9 (3.13) IlOK83bIBaeT, 'ITO ero pelll9HllSl MO)KHO_ npet1CT8BllTb 

B Blllle: 

Kl h
1 

(s,r,~,IT.v) P
1 

(z), ( 3.15) 
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I'/le p j ( z) SIBnSieTCSI peweHHeM ypaBHeHlrn ( 3, 13)' a 

Hl!SI (3,9-12), 3aecb, aHanorH'lHO (3,6), HMeeM 

K = l h l ( s, r , i, ii , v ) Pl ( z ) . 

npHHl!Maer 3Ha'le-

(3,16) 

B cny'lae, Koraa !!Meer Henpeph!BHhlll cneKrp, cyMMY B (3.16) HylKHO 

noHHMBTb KBK HHrerpan. 

§4, PaanolKeHHe siapa K no rpynne nopeHua 

KaK ylKe OTMe'!anocb, SlllPO K npHBO/lHMO OTHOCHTenbHO "cnHHOBOii" 

rpynnh1 nopeHua. 3aecb paanolKeHHe smpa ·K no smpaM, Koropble npeo6paay-

10rcsi no HenpHBOllHMhIM npeacraBneHHSIM rpynnhI nopeHua, coBepwaercsi npsi

MO B nepeMeHHhlX p H q ' He nepeXO/lSI Ha KOHyc, KBK sro aenanocb B 

pa6ore /10/, t.JroohI caenarb sro paanolKeHHe, cHa'lana Haao Haiirii co6cr

BeHHb1e qiyHKUHH oneparopoB Ka3HMl!pa, COOTBeTCTBYIOIUHX rpynne nopeHua, 

KaK 1!3BeCTHO, rpynna nopeHUB HMeer llBB KB8/lp8TH'!Hh!X onepaTOJ)'a Ka3l!Mll

pa: 

" I ,_.µv = c,=-M "' 2 µv 

( 4,1) 

noacraBnSISI (2.16) Bo Bropoii H3 oneparopoB (4,1}, nony'laeM 

(4.2) 

'!TO SIBnSieTCSI cneacTBl!eM aHTHCl!MMerpH'lHOCTH reH3Opa £ µvap • 

CooCTBeHHble 3H8'l9HHSI oneparopOB (4.1) Bhlp8lK8IOTCSI nocpe/lCTBOM na

pbl 'll!Cen [ f O , f I ] • 
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c = e 2 + e 2 
-1, 

t O t 
c =-ie e 

2 0 1 
(4.3) 

J,l3 ( 4.2) n ( 4,3) cnenyeT, 'ITO B paccMaTpn:BaeMOM Ha Mn cnyqae liMeeM: nn-

60 e0 = 0 , a e I - Ilp0113B0flbHOe, J'Iii60 e O - Ilp01i3B0J'lbHOe uenoe 'Il!CJ'IO, a 

e 1 = 0 OrpaHll'Il!MCII TOflbKO paanolKeH11eM no YHl!TapHblM npe)lCTaBJ'leHIIIIM 

rpynnbI nopeHua, T.e, no npencTaBneHl!IIM r= [ 0, i p ] 

(oCHOBHag cepn:11) 11. x = [ 2m, O] (nononH11TenbHa11). 

, rne - oo 5 p ::: oo 

3necb, KaK II B §3, CHa'Iana Hano HallTI! co6CTBeHHble qiyHKUIIII onepa-

TOpOB KaanM11pa ( 4.1)' T.e. Heo6XOJlliMO pelllliTb ypaBHeH111I: 

( C (p > - c ) K = 0 
· I I 

" ( C (q )_ c 1 ) K = 0 
I I ' 

(4,4) 

rne 11HAeKc p (q) o6oaHaqaeT, 'ITO onepaTop nelicTByeT Ha nepeMeHHy10 

p (q ). noncTaBJ'IIIII (2.18) B nepBbtli 11a onepaTopoB KaanMnpa (4.1), nonyqaeM: 

µ V a 2 

,. (p) a ~- + P P a µ a P v c1 : P a Pµ P 

2 
2 a __ 

P "a';µaPµ 
(4.5) 

"(q) 
Bb1palKeHne nng C I nony'IaeTCII aaMeHoli p ➔ q • 

noncTaBJ'IIIII ( 4.5) B ( 4.4), nony'IIIM nnqiqiepeHunanbHoe ypaBHeHne B HH

BapnaHTHbIX nepeMef!HbIX. Bnn ero 38BliCliT OT 3Ha'IeH!lli p
2(q 2)(> 0) • nosTO

< 
MY pacCMOTPIIM OT)leJ'lbHO cny'Ian: 

a) Korna p2(q 2)=0, na (4.5) cnenyeT, 'ITO ypaBHeHne (4.4) 1IBJ'11IeTc1I 

ypaBH0HlieM )lJ'III O)lHOPOJlHb!X q>yHKUlili Ii, cnenoBaTenbHO, MPO K 

YAOBJ'leTBOPIITb ycnOBHIO: 

K( P, ap,q)=a"K(P,p,q), 

rne v=e 1 -1 • 11a (3,6) nonyqaeM: 

12 
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(4.7) 

Ec;m l!MeeM p
2 = q 

2 = 0, ( 4.6) BbIITOnHHeTCSI II nnH nepeMellHb!X q • Cornac-

110 peaynbTaTaM pa60Tbl 
181 , C8Mblll o6nrnli BIIJ:I h e MOlKHO aan11CaTb KaK: 

(4.8) 

OrpaHll'IIIBSHCb pa3nOlKeHIIeM TonbKO no YHIIT8pHb!M npencTaaneHIISIM, 

nonyqaeM cnenyIDwee paanolKeHiie nnH K 

K J
00

dp f00

dp'""u'P-' v'P'-t '<' ( )P ( 0) ,:,, a e s e cos • 
p=-oo p '=-oo 

(4.9) 

noncTaBnHSI ( 4.5) B ypaBHe1111e ( 4.4) II IIMeH B BIi-

AY, '!TO K 38BIICIIT OT p , nocpeACTBOM r u 11 W , C y'leTOM 

paanolKeHIIH (3.6) nony'laeM ypas11e1111H nm1 qiyHKUIIII he 

0, 

( 4.10) 

rne aaeneHbt HOBhie nepeMeHHhie: 

V 
µ =---' 

y?f; 
( 4.11) 

a g f aanaeTCH cneny10w11M o6paaoM: 

(4.12) 
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II 

K=-L+ yl+c 
2 I (4.13) 

YpaBHeHl!SI (4.10) _ IIOKa3hlB8IOT, 'UO g £ <paKTOp1!3yeTCSI !IO ,\ II. /1 , T.e. 

ee MOlKHO rrpeACTaBl!Tb B Bl!Ae: 

te (s,r,i,,';',v)=ft' (s,r,t )a~ (,\)be'(µ), ( 4.-14) 

K 
rAe a £ II bK' 

£ yAoaneTaopSIIOT ypaaaeHHSIM (4.10), IWTOphre eCTb He 'ITO 

IIHOe, KaK ypaBHeHIISI AIISI <pyHKUIIII nelKBHApa. TTepe11:rnHHhre ,\ 

nae Ho ( 4.11), rrp11 s,r,~ > 0, rrp11H11Ma10T 3Ha'IeHnsr 

11 /1 , car-

l<A,/1,: 00 , (4.15) 

a a cnyqae, KOI'Aa s < 0 11 r , i > 0 , l!MeeM 

Re ,\ , /1 = 0, - oo < Jm ,\ , /1 :S oo • (4.16) 

PeweHnSI ypaaHeHl!SI (4.10) OAH03Ha'IHbre II perynSipHhle B l!HTepaane 

(4.15),rrp11£ 1 •=ip, £ 0 =0 ,nMeIOTBl!A: 

I 
Ip -(2 + f) 

a£ (z)=P I 

-2+1p 

£ + .!.. 1 .i. . 
0 

• 

1
2-L 2 

2 7+ 2 -t-£+1p F(l+£-1p ::!f._ 3/2+ £.-) ( 2 1) -- ' ' ~ (z);, ___ z - z 2 2 z 

f'(C +t-) (4.17) 

Llnsr s < 0 , T.e. KOI'Aa rrepeMeHHaSI z 3aAaHa a 1rnTepaane ( 4.16), 

peweanSI ypa~HeHnSI (4.10) rrony'IaIOTCSI 113 (4.17) rryTeM aaan11T11'IecKoro 

rrpoAOIIlKelll!SI. B STOM cnyqae Heo6XOAl!MO y'IeCTb, 'ITO 

'IeHl!SI (3.9-12) cooTBeTCTBeHHO. 

rrp11H11MaeT 3Ha-

c) LlnSI cnyqag p 2 (q 2) < 0 B pa3nolKea11e aoliAyT, noMIIMO npeACTan-

nen11li 113 ocnoanoli cep1111 r= [0, i p] , ewe II rrpeacTanneansr 113 AIICKpeT-

aoli cep1111 x = [2m, 0] 1121• PeweHl!SI_ ypanneanSI ( 4.4) AIISI rrpeACTannoanli 

113 OCHOBHOli cep1111 rrony'Ia!OTCSI 113 ( 4.17) ananl!Tl!'IOCKIIM npOAO!IlKOHHeM. 
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.tiT06h1 Halirn H/lpo K ' . 
, KoTopoe npeo6paayeTCH no npe1IcTaaneHll.1IM na 

/lllCKpeTHOli cepn11, Heo6XO/IIIMO pewllTb ypaBHe~l!.II (4.10), I')le K aaMeHe-

HO Ha 

( 4.18) 

a m - nenoe 'Il!Cno. TTpn 9TOM Ha/IO llMeTb B BIIIIY, 'ITO nepeMeHHhie ,\ 

ll µ - 'Il!CTO MHl!Mhie, T.e. 

Re ,\ = Re µ = 0; - "" < Im ,\ , Im µ _< "" . 

B 9TOM cnyqae peweHll.lI ypaBHeHll.lI ( 4.14) llMelOT BIi/I! 

n _,- ""++ 2 m ro+ £ +2m) 
at (µ) __ v_77 ___ ( µ 2 -0 

m z1/2+2m 

x F ( 2m- f 
2 

1+2m-£ 

2 

r(l+2m) 

, 1+2m 
I-µ 2 

X 

( 4.18) 

.fl/lpO K I B006me I'OBOPH, SIBnHeTC.II cynepnoa11nneli .II)lep, KOTOpbie 

npeo6paay10TC.1I no npHMOMY npo11aae1IeHn10 HenpnBO/lllMhIX npe1IcTaBneHnli rpyrr

nhI nopeHna. 

K = I K , 
a/3 a/3 

(4.19) 

I')le cyMMllpOBaHll.lI B ( 4.19.) HyJKHO paccMaTpnBaTb KaK llHTerpnpoBaHnSI, ec

nn a nnn f3 npnHnMaJOT HenpepbIBHhie aHa'IeHnH • .fl1Ipa Ka/3 onpe1Ien.1I-

10TC.1I q:iyHKUJI.IIMll h2 ' BXO/l.lIWllMI! B paanoJKeHne (3.6) COOTBeTCTBeHHO 

(3.16). 3Tn q:iyHKUlll! B paccMaTpllaaeMb!X H8Mll cny'IaSIX BbipaJKalOTC.II paBeH

CTBaMI! ( 4.1), ( 4, 12) II ( 4~ 14 5. (B nocne1IHee BbipalKeHne Heo6XO/ll!MO 

y'IeCTb (4.17) 11n11 (4.18)). 
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§5. PaanOlK8HHe OTHOCHT8llbHO rpynnhl 0(4,1) ll 0(3,2) 

113 (4.14) B. cny,rne, 1<;orna p 2 -/, 0 ll q
2

-/, 0 - qiyHKIIHSI 

s ll t , qiy HKIIHIO g ( X) , aanaHayro 

3aBl!CllT 
2 

nnsi x OT nepeMeHHb!X 

=x2-~2-1,o , MOlKHO npencTaBHTb KaK qiyHKIIHIO, onpenenem1y10 Ha KOHy-

ce B llSITHMepHOM ncePn0-3BKllHJ:WBOM npOCTpaHCTBe C CllI"HaTypoli: 1, ecnu 

X 
2> 0 ' ll C CllI"HaTypoli: 2. ecnu X 

2 <0 • fpynnoli: LIBlllK8Hl!SI Ha KOHyce 

SIB.nsiercsi rpynna 0(4,1) nnsi x 2 > 0 H 0(3,2) nnsi x 2 <0 , TaKH.M o6pa3oM, 

paccMaTp1rnasi qiyHKIIHIO K , aanaHHYIO B llSITHMepHOM 'cnnHOBOM 0 npoCT-

paHCTBe, MOlKHO pa3nOlKHTb no co6CTB8HHh!M qiyHKIIHS!M onepaTopoB Ka3l!Mllpa 

rpynnh1 0(4,1) (0(3,2)). 

fpynna 0(4,1)( 0 (3,2)) siBnsieTcsi rpynnoii:, KOTopasi coxpaHSieT 6unuHeii:

HyJO qJOpMy 

rne 

a 

A B ➔ ➔ 

gABX y = XO yo -XY +( x4 y4 • (A,B =0,1,2,3,4), 

goo=-g11=-g22 =-gaa =tg44 = 1 , 

( = 1 ~l 

ecn11 

ecmI 

p2(q2) > 0 

p2 (q2) < 0. 

(5.1) 

reaepaToph~ rpynnb1 0(4,1)((0(3,2)) ynoBneTBopsi!OT cnenyroml!M KOMMyTa

llHOHHhIM COOTHOW8Hl!SIM 

[LAB' LCD ] = i (gAD LBC+ gBC LAD -gAC LBD-gBDL AC ) • ' (5.2) 

Depexon OT '18TblpexMepHOI"O 'cnuHOBOt'OH npOCTpaHCTBa K IlSITHMepao

MY MOlKHO cnenaTb- cnenyJOlllllM o6pa3'0M! BBOLIHM IlSITl!MepHhie B8KTOpbl no

cpencTBOM 

p = (p, ,.;-;-; ll q=(q,yti. (5,3) 
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Ha (2.10) 11 (5.1) cneayeT, '!TO 

p2=q2=0, 

TaKIIM o6pa30M, nocpellCTBOM (5.3) naeTCSI OT06pa)KeHlle '!eTb!peXMep

HOll 06nacT11, conep)Kameficg BHYTPII 11n11 BHe CBeTOBoro KOHyca, Ha KOHYC 

B IlSITIIMepHOM npocTpaHCTBe. 

feHepaTDpbI rpynnh1 0(4,1)((0(3,2)) 

L 
fl" 

M 
flll 

( fl , II = 0,1,2,3 ) 

MO)KHO aan11caTb KaK: 

(5.4) 

rne M fl" - reaepaTopb1 "crr11H0Bofi" r'pynnh1 JiopeHua, aanaHHbie cpopMynofi 

(2.16). AHanor11'1HblM o6pa30M aanaIOTCSI reHepaTOpbl, nefiCTBYIOIUlle Ha rrepe

MeHHble q 

KBanpaTll'IHblll orrepaTOp Kaa11M11pa l!MeeT Bllll! 

(5.5) 

a COOTBeTCTBYIOIUllll orrepaTop '!eTBepTOll CTeneH11 paBeH HynIO, 

rne 

WA = ( ABODE L L . 
• BC DE 

(ABODE 
- aHTIICIIMMSTPll'IHblll T0H30p B IISITIIM0PHOM npOCTpaHCTBe, 

(01234 

KaK II B np0/lblllYIU0M naparpacpe, onpenen11M co6CTB0HHbie- cpyHKUIIII 

orrepaTopa Kaa11M11pa (5,5) 

(5.6) 
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CnenaB COOTB0TCTBY!Ollllle IlO!ICTallOBKII, nonrrneM 

[r
2

.L..+4r_£_-a2 ]£=0 (5,7) 
a r 2 a r 

II aaanOl"'II'IllOe ypaBllelllle OTllOCIITenbllO nepeMellllh!X q 

"'2 a "' a , 2 
[t --;:;]"'+4t--;;;--a ] f=O. (5.8) 

at at 

YpaBllelllISI (5.7) II (5.8) nOK83bIB8IOT, 'ITO qiyllKUIISI f qiaKTOpll3yeT-

"' cg no nepeMeHllhIM r II t , T.e. 

"' 
f ,(s,r,t)=a ,(s)E 

aa aa a 
( r) }:, , (~ ) ' 

,t 
(5.9) 

rne = -a II }:. , ynoBneTBOpSl!OT ypaBllelllISIM (5.7) 11 (5.8) COOTBeTCTBellllO, a . 

II, cnenoBaTenbllO, Ollll SIBnSIIOTCSI O!lllOPO!lllhlMII ipyllKUIISIMII CTenellll O!lllOpOJ:t

llOCTII 

V "'-3/2 + j /3 -oo< /35' oo, (5.10) 

rne 

/3 2 =-9/4"-a 2
• 

3necb Mb! orpal111'I11n11cb pa3nOlK0lllleM TOnbKO no YlllITapllblM npencTaB-

nellllSIM I 17 /. LlnSI qiyllKUIIII f nonyqaeM npencTaBnea11e: . 
c e1 e; , 00 00 

£ f = f d /3 f d /3 ' r-a/~+tf,· l-a/2+1/3' [~ ,e I ,{3,(3 '] 
/3=- /3~ a e (s). (5.11) 

noncTaBnSISI (5.11) B ( 4.14)' nonyqaeM OKOll'I8TenbllOe pa3nOlK0lllle 

AnSI SIApa · K .• BxoASilllaSI B 9TO pa3nolKell11e cneKTpanhllaSI qiyllKUIISI a 

38BIICIIT TOnbKO OT s , a BCSI 38BIICIIMOCTb OT "cn11llOBhIX" nepeMeilllhIX 

BXOAIIT B II3BecTllhie qiyllKU1111. 

KaK ylKe OTMe'Ianocb, nony'Iellaoe paanolKell11e HMeeT c11ny 11 nnSI 1Ill

Bap11al1TllOii aMnnHTY!lhl n11arpaMMhl' (pile. 1)' nng KOTOpoii BlleWllHe n11ll1III -

CKangpllhie, II lie llaXOASITCSI lla MaCCOBOii noBepxllOCTII. 
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Heo6XOIU!MO OTMeTl!Tb, 'ITO orpaHn'IeHl!e c pa3nolKeHl!eM TOnbKO no 

YHl!TapHblM npencTaaneHl!S!M, 3KBl!BaneHTHO Tpe6oaaHl!S!M 
112 I KBBllPBTl!'IHOli 

l!HTerpl!pyeMOCTI! OTHOCHTenbHO "cnnHoab1x" nepeMeHH01x. E_cmr nocnenuee 

npenrronolKeH!re He BhmonHsreTcsr, Heo6XO/ll!MO B pa3nOlI(eHl!SI BKmO'Il!Tb II HElYHI!-' 

Tap111,1e npencTaaneHnsr. 

Ecnn B OKO!l'IaTenbHOM pa3nOlKe!ll!I! IlO/lCTBBIIM 

p2 =m2 (a,f3= 1,2) 
a a 

(5.12) 
2 =M2 

q f3 f3 

T,e, cnenaeM nepeXOll Ha Maccoaoli noaepx11ocTn, rrpelllIOnarasr llnsr npoCTOThI, 

'ITO ace M8CCbl Olll!IIBKOBhl, 1!3 (2.10), (3.4) n (4.11) cnenyeT, 'ITO 

u =V = A /1 = o, 

(5.13) 

cos 0= -1 + _ 2_i __ _ 

4m
2 
-s 

rile s n t sranmoTCSI nepeMeHHhlMII MaH/lenbCTaMa, a 0 - yron MelKllY 

OTIIOCl!Tenbllh!MI! HMnynbC8MI! BXO/lS!lllHX H BbIXO/lSllllHX '18CTl!I{ B CHCTeMe 

UElHTpa Mace. 

AaTOpbl aecbMa npH3!1aTenbHhl H.A. CMopO/lHIICKOMY 38 none3!1ble 3aMe

'I8HHSI. 
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_ ............... -- .... _ ...... , ................... ...,L.ll .. ..... . 

PaanoJKeHlie liHBapliaHTHOll llBYXTO'Ie'IHOll cpyl!Klllili 61InoKanbHOI'O 

rronsr rro rpyrrrraM TTyaHKape, fl ope Hua II 0(4,1) ( 0(3,2)) 

.UayXTO'IS'IHasr cpyl!KlllilI 61InoKanbHOI'O rronsr paanoJKeHa IIO ym!TapHbIM 
rrpeacraaneHlilIM rpyrrrr TTyaHKape, flopeHUa II 0(4,1) (0(3,2)) • 3ro paanoJKeHne 

rrpOB0/ll!TClI II0 cpyHKUl!lIM, 3a/laHHbIM Ha llBYXIIonocTH0M, 0/lH0II0nocTH0M 

r1Irrep6on01Ille 1In1I Ha Koiryce, cooraeTCTBeHno. TaKIIM JKe 06paao1v1 rronyqeHo 

·paanolKSHlrn ansr 1iHBap1IaHTHOi1 aMIInliTYllbl pacceSIHIIlI nayx CKansrpl!blX 'IaCTliU 
BHe MaCCOBOll lI0BepXHOCTlio 

Coo6~eexa O6beAHH8HHOro KHCTKTYT8 BA8PHHX KCC~8A0B8HHA 

,lbr&la, 1970 

Blokhintsev D.I., Zaikov R,P, P2-53O4 

Expansion of the lnV<'triant "Two-Point" Function for the 
Bilocal Field of the Lorentz, Poincare and 0(4,l) ( 0 (3,2 )) 
Groups 

The "two-point" function for the bilocal field was expanded in 
the unitary representations of the Lorentz, Poincare and 0(4.ll ( 0(3,2)) 
groups. This expansion was performed in the functions given on 
the two-sheet, one-- sheet hyperboloid or on the cone, respecti-
vely, In this way the expansion was obtained for the invariant 
scattering amplitude of two scalar particles out of th'e mass surface, 

Communication• of the Joint lnatitute for Nuclear Research. 

Duhu, 1970· 


