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3Ta paooTa srsnsreTcsr III norH'ieCKHM npoaomKeHHeM ( I), Hoo, 

BbiJlenHB TOpOHJ:lHb!e MOMeHTbi B MynbTHnOnbHOM paano)f{eHHH TOKB, ec

TeCTBeHHO 3BllBTb Bonpoc, Hany'iBIOT OHH HnH HeT. Ha nepBbiA Barnsra, 

MO)f{eT nOKB3BTbCH 1 'iTO TOpOHJ:lHbie MOMeHTbi He JlOn)f{Hbi H3nY'iBTb
1 

TBK 

KBK MynbTHnonbHOe Hany'i9HHe MO)f{9T Ob!Tb nHUib llBYX THnOB - aneKTpH

'ieCKoro H MBrHHTHOro. M bl noKa)f{eM, 0JlHBK0
1 

HB OCHOBBHHH OOUIHX pac

Cy)I(JleHHA ( § I), 'iTO TOpOH):lHbie MOMeHTbi C03llBIOT none HanyqeHHH aneKT

PH'ieCKoro THna. nanee (§2) oyaeT HBIJleHo none HanyqeHHH TO'ie'iHOro 

TopoHaHoro Toxa. B aaxniO'ieHHe (§8) 6yaeT HaAaea BeKTop-noTeHuHan 

anexTpoMarHHTHoro nonsr, coaaasaeMoro npoHasonbHbiM TOKOM ( HaoopoM 

MynbTHnonbHbiX MOMeHTOB scex THnos H scex paaros). 

§I. KanH6posxa anexTpoMarHHTHoro noTeauHana H Toxa 

B Hany'ieHHe TOpOHQHhlX MOM9HTOB 

Bonaosoe ypaBH~HHe an.sr cny'iasr Hany'ieHHsr aneKTpoMarHHTHoro nonsr 
HMeeT BH):l 

... ... ... 
~A -A =-J (c =0 . 

(I) 

8 
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nonpo6yeM 'Hcnonb30B8Tb ycnOBHe ilonep~•JHOCTH aneKTpOMarHHTHOA BOnHbl 

B BHJle: 

... 
divA • 0. ( 2) 

Toraa, KSK H Tpe6yeTCSI 1 BeKTOp CTaHeT llBYXKOMDOHeHTHbiM ( CnHpanbHOCTb 

!jloTOHa A = + 1 ) 1 B TO BpeMSI KSK B npaBOA 'ISCTH ypaBHeHHSI ( 1) ... 
TpexKOMDOHeHTHbiA BeKTOp J llOn)l(eH onpeaenSITbCSI TpeMSI ceMeACTBaMH 

napaMeTpoB. Kasanocb 6bi 1 H3 aToro MO)I(HO cJlenaTb B&IBOJl, 'ITO rrpeacTa

BHTenH OJlHOrO H3 CeMeA:CTB - TOpOHilH&Ie MOM8HTbl - He H3ny'ISIOT1 

IIOCKOnbKY 
1 

KSK H3BeCTH0 1 38pS11l0Bbie H MarHHTHbi8 MOMeHTbl C031laiOT 

aneKTpOMarHHTHble nonsr aneKTpH'IeCKOrO H MarHHTHOrO THIIS COOTBeTCTBeH

HO. 01lHSKO ypaBHeHHe (1) HS CSMOM aene OIIHCbiBaeT noTeHUHan He IIOnSI 

H3ny'leHHSI
1 

a IIOT9HUHan nonSI npH HanH'IHH HCTO'IHHKOB1 KOrlla KynoHOB-

/2/ 
CKSSI KanH6pOBK8 ( 2) HeKoppeKTHa ( CM. 1 HSDpHMep, ) • 

EcnH Mbl BCe )l(e XOTHM1 HeCMOTpSI Ha IIpHCYTCTBHe HCTO'IHHKOB nonsr. 

BbiilenHTb TOnbKO IIOIIepe'IHYIO 'ISCTb ero (none H3ny'leHHSI) 1 Mbl1 O'leBHilH01 
-+ 

llOmKHbl B3SJTb B ( 1) nHWb IIonepe'IHYIO 'laCTb H OT BeKTOpa TOKa J 1 T.e. ... 
Hapsray c xynoHoBcxoA: xanuoposxoA: sexTop - noTeHuHana A B npaBoA 

'ISCTH ( 1) Bblll9nHTb nHWb 1 .L 1 HanO)I(HB ycnOBHe 

-+ 
div J = 0. (3) 

TorJla KaK IIOTeHuHan, TaK H HCTO'IHHK rronsr H3ny'leHHSJ 6yJlyT orrpeJlenSJTbCSJ 

JlBYMSJ aa6opaMH napaMeTpoB. OaHaKo y Hac HMeeTCSI eme OJlHO Heo6xoJlH

Moe ycnosHe, BhiTeKaiOmee H3 ypaBHeHHA: Maxcsenna - ycnoBHe Herrpep&IB-

HOCTH TOKa 1 H3 KOToporo IIpH Tpe60B8HHH (3) BblTeKaeT: 

. 
p = 0. (4) 

4 

I, 

'l 
I .):~~j 

•
:'1_:1 .. ··~. 
' . ; 
;,,. ·,'I 

,, 
.•, ~ 

j ~? 
,t·ll;~;\;. 
l, ~~ . 

. · .. ·~~.r~.: ... ·. l'l~, jl 

I 

. ' 

:(' 

T.e. 38pSIJl0Bble MynbTHIIOnbHble MOMeHTbl CTSTH'IHbl 

H3ny'leHHSio ,[lpyrHMH CnOBSMH, B nonepe'IHOA: H3l!Y'ISI 

onpeJlengeMoA: JlBYMSI ceMeA:CTBSMH He3SBHCHMblX IISJ 

pHBaeMOM cnyqae OTCyTCTBYIOT 38pSIJlOBbie MynbTHno 

JlOBaTenbH0 1 H3ny'leHHe aneKTpH'IeCKOrO THna npH Ta 

'IH MO)I(9T onpeaenHTbCSI TOpOHilHbiMH MynbTHIIOnbHbl~ 

Mbl H8Hil9M SIBH09 Bbip8)1(9HHe llnSI IIOTeHUHana Hsnyq 

M9HTOB • 

Ha caMoM aene HssecTHo, 'ITO CHCTeMa sapgao 
-+ 

H 1 npupaBHHBSSI div J = 0, a TeM CSMbiM p = 0 

'laCTHbiA cny'laH CHCTeMbl 3apS1JlOB H TOKOB1 H3ny'!aiO 

H MarHHTHbie MynbTHnonH. OaHaKo Ka)l(eTCSI soo6me 1 

38pSIIlOBbl9 MynbTHIIOnbHbie MOM9HTbl H3ny'ISIOT1 TaK 

HOCTH TOKS OHH BXOJlSIT TOnbKO B IIPOilOnbHYIO (HeH3l 

xa. Ha aToT rrapaaoxc snepBbie yxasanu 4>peH'I H llhi 
/2/ 

TSK)I(e 1 CTp. 71) • CyTb aena 3aKniO'I89TCSI B TOM, 

rrapaMeTpH3aUHSI IInOTHOCTH TOKa eCTb rrpellCTaBneHHe 

x/ 
paHH'I9HHOro B npOCTpaHCTBe) TOKa B BHJl9 cyMMbl 

oopa3HhiX TOKOB1 a llnSI Ka)I(JlOro orpaHH'IeHHOrO B II~ 

neHHSI ycnoBHe HC'I93HOB9HHSI Ha rpaHHUe nonHOrO TO: 

meHHe rrpoaonbHoA: H rronepe'!HoA: ero qacTeA: 

J J. + J" = 0, JJ.=-JII. 

x/ 
C ellHHCTBeHHhiM ycnoBHeM aocTaTO'IHO OhiCTJ: 

oeCKOHe'IHOCTH • 

5 



'HCIIOnb30B8Tb ycnoBHe iiOIIep~·JHOCTH sneKTpOMSI"'HHTHOI BOnHbl 

0. ( 2) 

H Tpe6yeTCSI 1 BeKTOp CT8H9T llBYXKOMIIOHeHTHbiM ( CIIHpanbHOCTb 

+ l ) 1 B TO BpeMSI KaK B IIpaBoft 'ISCTH ypaBH9HHSI ( 1) 
-+ 

eHTHb!ft BeKTOp J LlOn*eH OIIpeaenSITbCSI TpeMR CeMeftCTBSMH 

• Kasanocb 6br, H3 sToro MO*HO caenaTb BbiBoll, 'ITO rrpeacTa

ro H3 CeMeiCTB - TOpOHllHbie MOM9HTb! - He H3ny'ISIOT
1 

KSK H3BeCTH0 1 38pRllOB&Ie H Mal"'HHTH&Ie MOMeHTbi C03llaiOT 

HTH&Ie nong sneKTpH'I9CKOI"'O H Mal"'HHTHOI"'O THna COOTBeTCTBeH

ypaBHeHHe (1) Ha CaMOM Ilene OnHC~BaeT IIOTeHUHan He IIOnR 

a IIOTeHUHan IIOnR IIpH HanH'IHH HCTO'IHHKOB1 KOI"'ll8 KynOHOB

/2/ 
OBKa ( 2) HeKoppeKTHa ( CM. 1 HSnpHMep, ) • 

bl BCe *e XOTHM1 HeCMOTpR Ha npHCyTCTBHe HCTO'IHHKOB nons. 

nbKO rrorrepe'IHyro 'laCTb ero (none Hsny'leHHR), M&r, o'leBHllHO, 
-+ 

b B (1) nHllib rronepe'IHYIO 'ISCTb HOT BeKTOpa TOKa J 
1 

T.e. 

-+ 
noHoacxoA xanH6poBKoA BeKTop - rroTeHnHana A B rrpaBol 

-+ 
billenHTb nHrub J l , Hano*HB ycnoBHe 

0. 
(3) 

OTeHuHan, TSK H HCTO'IHHK IIOnSI H3ny'I9HHR 6yllyT onpeaenRTbCR 

SMH IIapaMeTpOB. 0llHSKO y Hac HMeeTCSI ewe OllHO He06XOllH-

' BbiTexaromee H3 ypaBHeHHI MaxcBenna - ycnoBHe Henpep&rB-

H3 KOTOpOI"'O II pH Tpe60B8HHH ( 3) BbiTeKaeT: 

(4) 
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T.e. 38pRll0Bb!e MynhTHnonbHbie MOMeHTb! CTSTH'IHbi H He C03ll8IOT nons 

Hsny'leHHS. Llpyl"'HMH CnOB8MH1 B IIOIIepe'IHOft Hsnyqarorueft '18CTH TOKa, 

orrpeaenseMoft llByMs ceMelcTBaMH HesaBHCHM&rx rrapaMeTpoB, a paccMaT

pHaaeMoM cnyqae oTcyTCTBYIOT sapsaoa&re MynbTHIIOnbH&re MoMeHT&r. Cne

llOBaTenbHo, Hsny'leHHe sneKTpH'IeCKOI"'O THna npH T8KOI IIOCTSHOBKe 38lla

'IH MO*eT onpeaenHTbCSI TOpOHllHbiMH MynbTHnOnbHbiMH MOMeHTSMH. B §3 

Mb! HaftaeM SBHOe Bbipa*eHHe llnR IIOTeHUHana H3ny'leHHSI TOpOHllH~X MO-

MeHTOB. 

Ha CSMOM aene H3B9CTH01 'ITO CHCTeMa 3apRllOB CIIOC06Ha H3ny'I8Tb 
1 -+ • 

H, IIpHpaBHHBaSI div J = 0 • a TeM C8Mb!M p = 0 
1 

Mbi paCCMOTpenH 

'18CTHb!fi cnyqafi CHCT9Mb! 38pSillOB H TOKOB1 H3ny'laiOIIIHX sneKTpH'IeCKHe 

H MarHHTHbl9 MynbTHIIOnH. 0llH8KO Ka*eTCS B006IIIe II8p8llOKCanhHbiM
1 

'ITO 

38pHJlOBb!e MynhTHIIOnbHb!e MOMeHTb! H3ny'I8IOT
1 

TSK KSK H3-38 Herrpepb!B

HOCTH TOK8 OHH BXOllHT TOnbKO B IIPOllOnhHYIO (HeHsnyqaromyro) '18CTb T0-

/3/ Ka. Ha STOT napaaoxc anepabre yxasanH 4>peHq H lliHMaMoTo (eM. 
121 ' 

TBK*e 1 CTp. 71) • CyTb Ltena 3aKnroqaeTCH B TOM, 'ITO MynbTHnonbHaR 

IIapaMeTpH3aUHR IInOTHOCTH TOKa eCTb npellCTaBneHHe 1IpOH3BOnbHOI"'O (Heor

x/ 
p8HH'IeHHOI"'O B 1IpOCTp8HCTBe) TOKa B BHlle CYMMbl Ol"'p8HH'IeHHbiX 8 -

o6pa3HbiX TOKOB, a llnH Ka*aoro orpaHH'IeHHoro B rrpocTpaHcTae pacrrpeae-

neHHR ycnoBHe HC'Ie3HOBeHHR Ha rpaHHUe nonHOI"'O TOKa 03H8'189T COKpa

IIIeHHe rrpoaonbHofi H rrorrepe'IHOfi ero qacTeA~. 

Jl + J" = 0, Jl =-J II (5) 

x/ 
C ellHHCTBeHHbiM ycnOBHeM ll0CT8TO'IHO 6&ICTporo CIIBllaHHR Ha 

6eCKOHe'IHOCTH. 

5 
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BnaroJlapSI aToMy oocTOSITenbcTBY aapSIJlOBbte ( KynoHOBCKHe) MoMeHTbi, 

CBSI3 8HHbie HS-38 coxpaHeHHSI TOK8 llHIIIb C npOJlOilbHOtl: ( HeH311Y'I8IOIIIetl:) 

'18CTbiO TOK8
1 

non8Jl810T B nonepe'IHYIO '18CTb H 'Ha'IHH810T' H311Y'I8Tb, 

J1T8K
1 

Mbl npHIIIJIB K BbiBOJlY1 'ITO 38 H311y'leJIHe aneKTpH'IeCKOrO 

THn8 OTBeTCTBeHHbl JlB8 BHJl8 MYilbTHnOilbHbiX MOMeHTOB - 38pS1Jl0Bbie 

H TOpOHJlHbie, CyMMY 9THX MOMeHTOB C COOTBeTCTBYIOIIIHMH KOa¢xiJHUHeHTS-

1111 I . 
'.1, 
d" .. ' ·:.·I 
~ n 

":·~·;: 
···i'l~i:, ~: 

·'~ ;!' 
!1!/''~ 

.•... ~~~~. 
I ;t): 
'''·(f' 
~l~· 
''\¥,,. 
t't!~(, 

MH J183biBaiOT oobi'IHO ( nonepe'IHbiMH) aneKTpH'IeCKHMH MYilbTHnonbHbiMH 

/4/ .i 
MOMeHT8MH , TipH paCCMOTpeHHH KOHKpeTHbiX 38Jl8'1 He CI'JeJlyeT1 OJlH8-

K0
1 

380biB8Tb
1 

'ITO 9TH MOMeHTbl SIBI'JHIOTCSI CyMMOtl: JlBYX He38BHCHMbiX 

C ~H3H'IeCKOtl: TO'IKH apeHHH MOMeHTOB, 

TipOHili'JIOCTpHpyeM H3110*eHHOe H8 npHMepe H311y'leHHH 1 C03JlaBaeMoro 

TO'Ie'IHbiM TOpOHJlHbiM TOKOM, 

§ 2, J.iany'leHHe TO'Ie'IHOrO TOpOHLIHOrO LIHnOI'JH 

TiyCTb nnOTHOCTb pacnpeJleneHHH HCTO'IHHKOB nOilH HMeeT BHLI: 

-> -> _. -lcut 
J =J (x)e ( 5) p = 0, 

I -> 
TaK KaK aapHJlOBaH nnoTHOCTb pasHa HYI1I01 TO Ha aeKTop-noTeHuHan A 
MO*HO H8110*HTb yCI'JOBHe K811HOpOBKH (2) npH paBHOM HylliO CKanHpHOM no

TeHUH81'Je. TorJla coaLiaBaeMoe pacnpeJleneHHeM (5) aneKTpoMarHHTHoe 

none oyLieT onHCbiB8TbCH ypaBHeHHeM ( 1) 1 HMeiOIIIHM H3BeCTHOe peiiieHHe 

B BHJle aanaaJlbiBBIOIIlero noTeHuHana: 

... 
J{x',t -(x-x'P da , 

X • A<;; ,t>=-1- I 
477 

( 6) 

I~ -~' I 

6 

1' ;: 

I 
)~·~ 
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! ... · i 

··:·1 
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-~ 

TIOJlCT8BHM B (6) nnOTHOCTb pacnpeLieneHHSI TOKa 

UHIO fpHHa no CTeneHSIM X ' B TO'IKe X <1 ;, I· 
LIBI'Jee HH3IIIHe TeH30pbl H8 CHMMeTpH'IHbie H 8HTHC 

H HCnOI'Jb3yeM COOTHOIIIeHHSI: 

8 
fJ

1 
dx=O, 

f(x J +x J )d
8
x =0, 

I k k I 

f(xlxkjf +XfXI Jk+Xk xfjl )d8x=0, 

BbiTeK810IIIHe H3 YCilOBHSI OTCYTCTBHSI aapSIJlOB ( 3), 

HOCTbiO JlO 'llleHOB TpeTbero nopSIJlKa no V /c nOilJ 

-+_.., ... -+-+ ... -+ 

A'(x,t)=A (~,t)+A (x,t)+A (x,t), 
Ml M2 E I 

... ... 
rae A Mt H AM2 - noTeHUHai'Jbl H311y'leHHH Marl 

pynonSI cootaeTCTBeHHo, a A E 1 - noTeHuHan, coa.c 

TopoHaHbiM aHnoneM. .Usa nepBbiX noTeHuHana HMeJ 

A 
Ml 

. ... i (L) 

(x,t)= tcu [~xM(t-x)]= [~x 
4 7T X 

2 
4 7TX2 

rae MarHHTHbitl: MOMeHT onpeaeneH KaK OObi'IHO 

7 



·JlSpSI aTOMY o6cTOSITenbCTBY 38pSIJl0Bbl9 ( KynOHOBCKHe) MOM9HTbl1 

HHbie HS-38 coxpaHeHHSI TOK8 nHIUb C npOJlOnbHOft ( H9H3ny'laiOilleft) 

IO TOK8
1 

nonaJl8IOT B nonepe'IHYIO '18CTb H 'H8'1HH8IOT' Hany'laTb, 

1yfTaK
1 

Mbl npHIUnH K BbiBOJlY1 'ITO 38 H3ny'I9HH9 aneKTpH'19CKOro 

OTB9TCTB9HHbl JlB8 BHJl8 MynbTHITOnbHbiX MOM9HTOB - 38pSIJl0Bbl9 

OHJlHbie, CyMMY 3THX MOM9HTOB C COOTB9TCTBYIOillHMH KOa<jxj:lHUH9HT8-

3biB8IOT o6bi'IHO ( nonepe'IHbiMH) aneKTpH'19CKHMH MynbTHnOnbHbiMH 

/4/ 
TaMH • ITpH paccMoTpeHHH KOHKpeTHbiX aaJla'l ae cneJlyeT, OJlHa-

6btBaTb, 'ITO 3TH MOM9HTbl HBnSIIOTCSI cyMMOft JlBYX H938BHCHMbiX 

H'19CKOA TO'IKH apeHHSI MOM9HTOB, 

ITpoHnniOcTpHpyeM Hano*eaaoe aa npHMepe Hany'leHHSI, coaJlaaaeMoro 

HbiM TOpOHJlHbiM TOKOM, 

§2, Hany'leHHe TO'I9'1Horo TopoHpHoro pHnonH 

flyCTb nnOTHOCTb pacnpeaeneHHSI HCTO'IHHKOB nonSI HMeeT BHJl: 

0, 
-+ ... ... -llu t 
J =J (x)e ( 5) 

... 
ax aapHJlOBaSI nnoTHOCTb paaaa ayn10, TO aa aexTop-rloTeHuHan A 

HanO*HTb ycnoBHe KanH6pOBKH (2) npH paBHOM HyniO CK8nS1pHOM no

ane, TorJla coaaasaeMoe pacnpeJleneaHeM ( 5) aneKTpoMarHHTHoe 

6yJleT onHCbiB8TbCSI ypaBH9HH9M ( 1) 1 HM9101llHM H3B9CTH09 peiUeHH9 

e aanaaabtBaiOmero noTeHuHana: 

... 
G ,t)=-1- I 

4TT 

J(;t',t -<x-x'l> ds , 
X • 

I~ -~'I 

6 

.-

( 6) 

,,.1,, 
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fiOJlCT8BHM B (6) nnOTHOCTb pacnpeJleneHHSI TOKa (5) H paanO*HM ~YHK-
UHIO fpHH8 no CTeneHSIM X' B TO'IK9 X (I;'I«IX'I > • Paao6beM 

aanee HH3IUHe T9H30pbl Ha CHMMeTpH'IHbie H 8HTHCHMM9TpH'IHbl9 '18CTH 

H HCnOnb3yeM COOTHOIU9HHSI: 

8 
fJ

1 
dx=O, ( 7a) 

f(x J +x J )d 8x =0, 
I k k I ( 76) 

f(xlxkjf +XfXt Jk+Xk xfjt )d8x=0, 
( 7a) 

BbiT9K8101llH9 H3 ycnOBHH OTCYTCTBH.H 38p.IIJlOB ( 3) • B peaynbTaTe C TO'I

HOCTbiO JlO 'lneaoa TpeTbero nopsaxa no v /c nony'IHM: 

.... .... ... 
A'(~,t)=A (~.t)+A 

Ml M2 

... .... ... 
(x,t)+A (x,t), 

El ( 8) 

.... ... 
rae AMI H AM2 - noTeHUH8nhl Hany'leHHSI MarHHTHOro JlHnOnSI H KB8Jl-

pynons cooTaeTcTBeaao, a A E 1 - noTeRuHan, coaJlaBaeMbiA To'le'IHbiM 

TOpOHJlHbiM JlHnoneM, naa nepBbiX nOT9HUHana HMeiOT H3B9CTHhlft BHJl: 

A 
Ml 

. ... i CU ... ICU(t-x) 
(x,t)= •cu [~xM(t-x)]= [~xM0]e , (9) 

4 TT X 
2 

4 TT x2 

r)le M8rHHTHbiA MOMeHT onpeJleneH K8K 06bi'IHO 

7 



~ 
~. 

R 

-+ -+ 

M 0 -LI[~xJ]d
8 x 

2 

cu2 [A (x ... ,t)1
1 

= 
M2 

2 
cu 

€ o. X X M 0 ( t- X) = 
lt.~ I k kL 

(0) 

1211' x 8 
€ X X M 
tfJ I k kf 

ICU(t-x) 
e 

rae MarHHTHWA KBaapynonbHbiA MOM9HT HM99T BHQ: 

(0) 1 -+ ... -+ ... 8 
M 0 ==- I [ x xJ ] Xo + [ x x J ln x I d x . 
kL2 kL Lk 

( 10) 

( 11) 

( 12) 

noT9HUH8n nom! sneKTpR'I9CKOrO THna OK83biB89TCSI ornH'IHbiM OT HynH1 

aecMoTpH aa ycnoBHe P= 0. EcnH ~ocnonbsosaTbCH onpeaeneHHeM 

TOpOHilHOrO llHnOnH, llSHHbiM B ( 1): 

... [[;- 2... -+ 
T = -I [(3x J -~(itJ)]d 8 x 

0 10 

TO cosaasaeMoe HM none Hsny'leHHH BbtpasHTCH B BHae: 

8 

( 13) 

I 

I 

\'i\ .. 
:~f:~: 
.'l(•;\ ' 

.. ~~ . i 

,t,·: .. i 
:·,ql 

·'NJ~. 
.\!1 i 

•. il\ii,l 
''';!:'!'. \11 . . 

.:.t !·· .• i 

,,,J· ~· 'I ~ 
. ~ 

·~·· t 
q' ·t: ~ 

1 .. '.! .. ~. ·. II . t\ ·.; ~ 
\·; ~ ~ 

l
·.··r· 

< .. · .. ·. ·.'\· 

~ ... ·~.· /1.: ,': 

t,(.i:· 
it.\· 

•'·'I 

·~ ' . 
•: 

··~.·,i 
'II •. 

,if J ) 
~~:~ I 

·I 

I, 
1.!; ,, 

~ 'i' ~\ 
f', 

-~· ' 
·. ~ . 

)'.' 

-+ 
A (;, 

~ ~ ~ ~ 

El 28 17 x8 

I x(xT(t-x))-x~T (t-x) 

3ylo cu 2 
2 -+ -+ -+-+ tcu(t -x) 

=---lxT-x(xT )}e 
2811' x 8 0 0 

EcnR Rsny'laJOmaH cRcTeMa ycTpoeaa TaK, 'ITO ae o6 

MoMeHTaMR nepsoro R BToporo paara, a oaHHM Ton~ 

nonbHbiM MOM9HTOM, KaK, HanpHMep, TOpOHQHbiA TOK, 

CHCT9Mbl 6yaeT 'IHCTO SJI9KTpH'19CKOrO THna • 

TOKS 

QT9HIIB8D DQQB3BQ, §8. 3neKTQOMarHHTHblft: n 

MynbTHnonbHWX MOM9HTOB 

noTeHuHan A p. ( ;t, t) CRCT9Mbl SapSIQOB H TOKOil 

Jp. ( x ... , t ) onpeaenHeTCSI H3B9CTHOA: ~OpMynoR:: 

~~· 

A ( 

-+ J ( X-+, I -+ ... 
p. x , t ) = I P. ' t - x -x '1 

I X ... X , I 
8 

d X 

-+ -tcut -+ 
EcnH Jp. (x, t)=e Jp.(x) - TO MynbTH.ITOnb. 

ny'laJOmeA CHCT9Mbl TSK»<e o6naQaJOT 9KCnOH9HUHSnbHOil 

MOCTbJO: 
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... ... 
1 [... 8 o= -J xxJ]d x, 
2 

M2 (x ... ,t)] liJ

2 

I = 
1217 X 2 

( o. X X M 0 ( t- X ) = 
1(,1 I k kL 

2 
(i) 

1217 x 8 £1f1 
M 

(0) 
X X 

I k kf 

lliJ(t-x) 
e 

rHHTHb!A KBa/lpyDOJlbHblft MOM9HT HM99T BH/l: 

) 1 ... ... ... ... 8 
if = 2 f [ x xJ lk xf + [ x x J ]f xk I d x . 

( 10) 

( 11) 

(12) 

Han nom1 SJ19KTpH'I9CKOrO THUS OKa3b!B89TCSI OI'JlH'IHbiM OT HYJISI
1 

pSI Ha ycnoBHe P= 0. EcnH BocnonbaoBaTbCSI onpe/le~eHHeM 

Horo /lHDOJISI 0 .ciaHHb!M B ( 1): 

= (-[;._ J [ (3x 2 J -i (;t J)] d 8 x , 
10 

aBaeMoe HM none H3JlY'I9HHSI Bb!pa3HTCSI B BH/le: 

8 

.-

( 13) 

'1~.1·.' ··~· .'-11 
II'. 

~) 
t~.,, )Iii 
~~ 
{II 
~~ 
,:!;~J! 
·.1 ~ ; ) .;,, 

,,•:,' •,' 
,~·'.i ~~ ' f ' 

.! t't_ I 

'1\i' 
;·1:;,( 

·'I 

''I ;.''H );:~ 

.
· .. ' <; .• ~.~~,: . 
''1'1' 

·~.;,~ 
' I I' ' ' 

,J< r 
''11\ . 
(.,?I 
•t·' 
''j'' 

·~11 ;~,. 

}{~· 
'·\.lli~J 

~~~· 
~'ll 
11 

-'1. 

~ ,, 
·.'i. ( .• · ) ['! 
',,'1 ' 

" 

'· ~ •' \ , . 
) 

,. I ,. : 

... 
A 

El 

. r:::a -+ ... 

... ) 3y101iJ 1 ;(';T(t-x))-x2 T (t-x)l= (x, t = 
8 2877x 

( 14) 
3y'lo (i)ll 2 -+ -+ -+-+ lliJ(t -x) 

=---lxT-x(xT )le 
28 17 X 8 0 0 

EcnH H3Jiy'laiOIIl8SI CHCTeMa YCTp09H8 TaK, 'ITO He o6Jia/laeT. MarHHTHb!MH 

MOMeHTaMH nepBOrO H BTOporo paara, a 0/lHHM TOJlbKO TOpOH/lHbiM llH

DOJlbHb!M MOMeHTOM, KaK, HaDpHMep, TOpOH/lHb!A TOK 0 TO H3JIY'I9HH9 STOlt 

CHCT9Mb! 6y/leT 'IHCTO aJI9KTpH'I9CKOrO THDa. 

UB8Jl npogSBOJlbHOI CHCT9Mbl §3. 3neKTpOMatiJgTHb!ft DpTeH 

MvJibTBDOJlpHhiX MOM9HTOB 

IToTeHuHan A p. ( ;t, t) CHCTeMbr aapSI/lOB H TOKOB, aa/laHRhiX 4-BeKTopoM 

TOKa Jp. (X-+, t) 

A (;,t)= f p. 

onpe/l9JlS19TCSI H3BeCTROA ¢opMynoft: 

J (X-+'' t - I ; -; 'I 8 
p. d X 

I x-+-x 'I 

... -lliJt ... 

(15) 

E CJIH J p. ( x, t) = e J p. ( x ) - TO MYJibTHITOJlbHbl9 pacnpe/leneRHSI H3-

ny'laiOIIleA CHCT9Mb! T8K)K9 06Jla/l810T SKCDOR9RUHaJibHOI BpeMeHHOA 3aBHCH-

MOCTbiO: 

9 



.'.: 
.te 

-I cut 
qfm (k,t)=e qfm(k), (16a) 

(0') ( -!cut (a) 
mfm k,t)=e mfm{k). (166) 

noTeHuHan nonH HanyqeHHH B aToM cnyqae paBeH: 

-+ -!cut -+ 
Ap. (x, t) =e A p.(x), rile 

1-+ ... ,1 leu x -x 

A (~) = f J (~') e d 8x'. 
p. f' 1-+ -+,I x-x 

( 17) 

llnH paano*eHHH noTeHuHana nonH HanyqeHHH no Myn&THnonHM MO*HO 
IV 

nocTynHTb aHanorHqHo Poyay • Hcnon&ayg opToroHan&HOCTb xo~~H-

UHeHTOB BeKTOpHoro cno*eHHH: 

I<f 1m1 ,f 2 m 2 1 LM>< LM I f 1 m;, e 2 m2 
L,M 

>=8 ,8 
m m m m 

1 1 2 2 

H paanO*eHHe ~yHKUHH fpHHa: 

1 ru I:-~ 'I 
( -+ ... ') e · 2 '<' G x,x = =217 leu ., 

1
-+ -+ , I , f,m x-x x>x 

-+ -+ 
Ff:..cu (~')J(fmcu (~)' 

rile 

10 

( 18) 

(19) 

I 
I 

-+ -+ 
J{ fmcu ( X ) == h f (cu X) Y l.. ( D ) 1 

e -
h f (a ) = i He +

1
/

2 
(a) I v a 

(H f+% (a)- ~yHKUHH faHxenH),nonyqHM: 

-+ -+ 2 (0') -+ (0') 
8 ........ G (X' X , ) = 217 l cu I [ Fe (x , ) h, [ J( em l 

DD f,m,U mCd D (L) 

B 9TOM Bbrpa*eHHH 8'itn .. ' - ellHHHqHbiA TeH30p B x 

a wapoBbre BeKTOpbi H fm cu (~) onpellenHIOTCSJ, xax I! 

(1,26) - (1.28) C 38MeHol!: B HHX c~epHqecKHX ~yH 

Ha ... c~epHqecxHe ~yHKUHH faHKnH h f (a ) • CBol!:cT~ 

H J( f m cu (x) aaanorH'IHbl CBOl!:CTBaM COOTBeTCTBY 

~yHKUHA, T8K 'ITO llnH HHX cnpaBellnHBbl COOTHOWe 

pa6oTbi ( 1). Hcnon&ayH paano*eHHe ( 19) ( nocneJJ 

. THnOnbHOe paano*eHHe nnOTHOCTH 38pHil8 (l.l5a) 

OpTOHOpMHJlOB8HHOCTb 6a3HCHblX ~yHKUHA ( 1.13), (J 

no*eaHe noTeHuHana H3ny'leHHH no Myn&THnonHM 

-+ 2 ... 
A

0
(x)=21T icu I qfm(cu) J(fm (x)= 

f,m 

2 
'<' < > e ...; (2 f+I)/2 Q < 2 > J< 

= ITlcu ., -leu -cu 
f,m (2f +l)!! fm fm 

11 



-I cut 
qfm (k,t)=e qfm(k), 

m<o> (k -lcut 
fm ,t)=e 

(0 ) 
mfm (k). 

uHan nong Hany'leHHH B aToM cnyqae pases: 

-+ -I cut -+ 
Ap. ( x, t ) = e A p. ( x) , r.Qe 

'

-+ ... ,, 
leu x -x 

(~)=JJ(~') e dax'. 
p. p. ,;_;,, 

(16a) 

(166) 

( 17) 

aano~eHHH noTeHuHana nons HanyqeHHH no MynbTHnonsM MO~Ho 
IV. 

HTh aHanorH'IHo Poyay • Mcnonhays opToroHanhHOCTh xoa¢~H-

B B9KTOpHoro cno~9HHH! 

f 1m1 ,f 2 m2 l LM>< LM lf 1 m~, f 
2

m2 > = 8 , 8 
m m m m 

0~9HHe ~YHKUHH fpHHa: 

i(J)f ;_ ~,, 

, ~ ')= e =2772 ieu ~ 
1~-~ 'I 

..-

, f.m 
x>x 

1 1 2 2 

-+ -+ 

Fl,.cu (~')J(fmeu (;t)' 

10 

(18) 

(19) 

I 
. I 

-+ -+ 
J( fmcu ( x ) .. hf (cu x) Y l,. ( n ) , 

f -
he (a )=i Hf+t/

2 
(a)/ya 

( 20) 

(H f+% (a)- ~YHKUHH rasxens), nony'IHM: 

-+ -+ 2 (0) -+ ( 0) -+ 
8it:...,G (x, x ')=217 leu~ [Fe (x ')]~, [J(fm (x)] .... 

n f,m ,CT m w n (r) n 
( 21) 

B 9TOM Bbrpa~eHHH 8r:n .. , - e.QHHH'IHbiA TeHaop B xaHOHH'IeCKOM 6aaHce, 
~-r ... ...(0) ... 

a waposbre seKTOpbr Jtem cu (x) onpe.QensroTcg, xax H F fmeu (x),~opMynaMH 

(1.26) - (1.28) c aaMeHoA B HHX c~epH'IeCKHX ~YHKUHA Beccens f f (a) 

Ha ... c~epH'19CKHe ~yHKUHH faHKnH he (a ) • CsoACTBa ~YHKUHA J( emJxl 

H J( em eu (x) aaanorH'IHbl CBOiiCTBaM COOTB9TCTBYI01UHX perynS!pHbiX 

~yHKUHA, T8K 'ITO .QnSI HHX cnpaBe.QnHBbl COOTHOW9HHH ( 13), ( 14), ( 29) -( 34: 

pa6oTbi ( 1). Mcnonhays paano~eHHe ( 19) ( nocne.QHee paaeacTso), Mynb· 

THnOnbHOe paano~eHHe nnOTHOCTH 38pH.Q8 (l.l5a) H TOK8 (1.48), a TaK~e 

opTOHOpMHpOB8HHOCTb 6a3HCHbiX ~yHKilHA ( 1.13), (1.33) , nony'laeM paa-
/2 5/ 

no~eHHe noTeHuHana Hany'leHHH no MynbTHnonSIM ( cp. ' ) : 

... 2 J( ... 
A (x) =277 leu ~ q fm (cu) fm (x) = 

0 f,m 

= 217 leu ~ (-1 eu) e y(2f+l)/2 
f.m • . (U +l)!! 

Qfm ( -cu 2) J( fm ( ~); 

11 

( 22a) 



-+ 
A(;)=217' 2 <a> }{<a> -+ 

i w "I m 0 ( w ) 
0 

( x) = 
r.ma r.m unc.~ 

= 21Tw I (-i w )e v<e +1)(2 e +l)/2 
X 

(226) 

e. .. ,a ( 2 e + l ) ! ! 

2 }{-+ (0) l 2 
x{M 0 (-w) 

0 
(x)+ ~[iQ 0 (-<U )+ 

un r.mw ...;e r.m 

-+ 2 ) -+ (+) -+ l Q 
w Tfm (-w ] }{ (x) + ::=:::. fm 

+ em w v f+ I v (f +l)(2f +3) 

2 }{ (-) -+) 
( -w ) e (X I. 

mw 

l13ny'le.lfHe, onpeaenHeMoe rrepBbiM cnaraeMbiM B rrpaeoA 'IBCTH 

-+ (0) 
<flopMyllbl ( 22) 1 IIpOIIOpUHOH8llbHOe J{ o (~), H83b!B89TCH MarHHTHbiM 

r.mw 

}{ (+) (-+) 
MYllbTHnoneM, a nporropuHOH8llbHOe em w X - aneKTpH'19CKHM MYllbTH-

rroneM. 

-+ 
3aMeTHM1 'ITO IIpH COlleHOHll8llbHOA KanH6pOBKe IIOTeHUH8ll8 H3lly'leHHSI 

(divA =0) epeMeHHaH KoMnoHeHTa rroTeHuHana A0 ( ;) H rrpoaonbHBH 'IBCTb 

-+ ( -+) }{-+ (-) -+ 
rrpocTpaHCTBeHHOA KOMfiOHeBTbl A II X • rrporropUHOHBllbHaH em w (x). 

/2 6/ 
o6palll810TCH B Hyllb ( CM. 1 H8IlpHMep, 

1 
). J13 Bb!pa>KeHHSI ( 226) BH.llH01 

'ITO TOpOH.llHble MOM9HTbl1 KBK H cneaoaano O>KHll8Tb 1 HHllYUHpyiOT MyllbTH

IIOllbHpe H3lly'laHHe TOI'O >Ke ( aneKTpH'IeCKOI'O) THIIa, 'ITO H 38pH.ll0Bbl91 

OllHBKO HHTeHCHBHOCTb ero HB .llB8 fiOpSillKa IIO '18CTOTe BhlWe1 '19M OT 

38pSI.llOBbiX MOMaHTOB TOI'O >Ke paHra. 
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:)=217 2 I w I m cu> ( w ) J{ <u> (;) = 
fmu fm fmC9 

21Tw I 
f.m,u 

e ...;u +I)(2 e +0/2 
(-iw) -----

( 2 e + I > rr 
X (226) 

2 J{ .... co> I 2 
{M 0 (-w) 0 (x)+ -=:[iQe (-cu )+ 

tm LmW yf m 

( 
2 ) .... <+> I Q w Tem -w ] J{ (x) + :.=::. fm 

fm w V f+ I 

.... (-) 

< - w 
2 

> J< e < x) 1. mw (f +l)(U +3) 

any'leHHe, orrpe.llemreMoe rrepBbiM c.naraeMbiM B rrpasoA: 'laCTH 
.... (0) 

hi ( 22), rrporropuHoHanbHoe J( fmw (x), H83biBaeTcs MaraHTHbiM 

oneM, a rrporropuHoaa.nbaoe J( t>C!J (it) - aneKTpH'IeCKHM My.nbTH-

M9THM1 'ITO IIpH COII9HOH.ll81IbHOA KanH6pOBK9 IIOT9HUHana H31IY'I9HHH 

BpeMeHHaH KOMIIOH9HTa IIOT9HUHana A0 (~) H IIpO.llOIIbHaH '18CTh 
-+ -+ J( .... (-) .... 

HCTBeHHot! KOMIIOHElHTbi A II (x) , rrporropuHoHa.nbHasr\ fm C!J (x), 
/2 6/ 

TCH B Hyllb ( CM., H8IIpHM9p1 
1 ).113 Bb!p8>K9HHH ( 226) BH.llH0

1 

OH.llHbie MOM9HTbl1 KaK H Cll9.llOB81IO O>KH.Il8Tb
1 

HH.llYUHpyiOT MyllbTH

H31IY'I9HHe TOro >Ke ( 9119KTpH'I9CKOro) THIIa, 'ITO H 38pH,IlOBbi9
1 

HHT9HCHBHOCTb ero Ha .llBa IIOpH.QKa IIO '18CTOT9 Bblill9
1 

'19M OT 

h!X MOM9HTOB Toro >Ke paHra. 
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