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§ 1. Baei:1eHue 

Uenb Hacrosrw:efi pa60TbI - pa3BHTb Ha OCHOBBHHH K,ll8CCH'i0CKHX 

MynbTHIIO,llbHbIX pa3,110)K0HHH (jiopManH3M, (jieHoMeHonoruqecKHM o6paaoM 

OIIHCbIBB!OW:HH aneKrpoMaI'HHTHbie BepIIIHHbI, COAep)Kaw:He 'iaCTHUbl C BbIC

lllHMH CIIHHBMHx), H paCCMOTpeTb B HeM rrpocrefiIIIHH rrpouecc - H3nyqe-

HHe y -KBaHTa. 

Ew:e ner A8CHTb Ha3aA pa60TbI IIO aneKTpoMaI'HHTHbIM B381:1MOAefi

CTBl:IHM qacruu c BbIClllHMH CIIHHBMl:I HMenn xapaKrep a6crpaKTHbIX reope

Tll'i8CKHX HCCneAOBBHHfi. B HBCTosrw:ee BpeMsr B CBH3H C ycrrexaMH. (jinaHKH BbI

COKHX aHeprHfi CHTyaUHH peaKo H3M8HHnach. Cefiqac H3B8CTHO OK0,110 ABYXCOT 

"aneMeHTapHbIX" 'i8CTHU, IIPH'i8M 6onhIIIe IIO,IIOBHHbl H3 HHX l!M8!0T CIIl!HbI 

j ~ 1 • Cnei:1yeT y'ieCTh, '{TO HMeercsr HBHaH T8HA8HU11H yaen11'ieHHH 

3HB'i8HHH CIIHHOB A,IIH BbICllll!X COCTOHHHH. 

TIOCKO,llbKY Mb! He 3HaeM Al!HaMH'i0CKOH KapTHHbl B38l!MOA8HCTB11H 

(jioTOHOB C aneMeHTapHOH qacrnuefi, IIpllXOAllTCH IIpl:IM8HHTb (jieHOM8HO,IIOI'H

'{8CKOe orrncaH11e rrpoueccoa. TeopeTHKo-rpyrrrroaoe paccMorpeHl!e rroneab1X 

oneparopoB II03BO,IIH0T Bblpa)K8Tb MaTpll'ilibI8 aneMeHTbI, OIIl!Cb1Ba~w:11e 

aneKrpoMaI'HHTHbie rrpoueCCbI, 'iepea HHBapHaHTHbie ¢YHKU110: - (jiopM(jiaKTO

pbI. Heo6XOAl:IMOCTb BbIAeneHHH llHBap0:aHTHbIX B8,llll'{Hli 113 aMII,IIHTYAbI 

yrrpyroro sneKTpOMBI'HHTHOI'O pacceHHHH, KOMIITOH-a(jJ(jieKra, (jioro- 11 

sneKTpOp0)K,ll0HHH pe30H8HCOB B03HUKaer B i:10:crrepCHOHHOM IIOAXOAe. Bbrpa

)K0HH8 aeplllHHHbIX (jiyHKUHH 'i':!P83 (jiopM(jiaKTOpbI Heo6XOAHMO T8K)K8 rrpH HCIIO,llb-

30BBHH.lf raK0:X HOBbIX M8TOAOB, KBK MOAenu Cl:IMMeTpHH aneMeHTapHblX 

'iaCTHU 0: anre6pbi TOKOB. 

x) 
B b!ClllHMH CIIHHaMH rrpmrnro H83b!Ba Tb CIIl!Hbl j .::: 1 . 
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K 'i8CTHUaM C Bb!ClllHMH CilHHaMH MO)KHO OTHeCTH TaKme H srnpa. On

HHM H3 HHCTpyMeHTOB HCCnenoBaa:ni!: CTPYKTypbl srnep SIBnSieTCSI paccesrHHe 

aneKTpOHOB Ha srnpax. B HaCTOSIIllee BpeMSI B. CBSI3H C . pOCTOM 9Heprni!: 9K

cnepnMeHTa IlOSIBnSieTCSI 11eo6XOllHMOCTb BBOllHTb B paC'ieTbl Bb!ClllHe Mynb- . 

THil0nbllbJ9 M0MeHTbl srnep. CnenyeT TaKme ·y'iHTbJBaTb BCe penSITHBHCTCKHe 

acpcpatTbl B pacceSIHHH, Il0CKOnbKY, HanpnMep, acpcpeKT OTll8'iH srnpa B 9Kcne

pnMeH_TaX Ha H0Bei!:IllHX aneKTpOllllbIX ycKOpHTensrx MomeT 6b!Tb 3l18'iHTene11 

110 TonbKO nnsr nerKnx, HOH nnsr cpenHnx H name nnsr TsrmenbIX srnep. 

TTporpecc 13 MeT0llHKe C03ll8IIHSI nonSipH30BaHHbIX MHilleHei!: OTKpbl-

BaeT HOBbJe 9KCilepHM9HTanbHbl9 B03MO)KHOCTH nanbHei!:IlJeI'O neTanbHOI'O 

nccnenoBaHHSI aneKTpOM8I'HHTHOi!: CTpyKTypbl HyKn0HOB H srnep ( H3MepeHne 

BbICilJHX MynbTHnOnbHbIX cpopMcpaKTOpOB 'iaCTHU) • 

B CBSI3H C Bbllll9H3nomeHHbIM, a TaKme C rnnoTeaoi!: 0 HapyllleHHH 

CP-HHBapnaHTHOCTH B aneKTpoMaI'HHTHblX B38HMOi:tei!:CTBHSIX cpeHOMeHono

I'H'i.eCKOe onncaHHe aneKTpOM8I'HHTHbIX CBOi!:CTB. 'i8CTHU nonyqnno nanbHei!:

Illee pa3BHTHe. Eonee neTanbHO nay'ieHbI cBoi!:cTBa onepaTopa aneKTpoMar

HHTHoro TOKa npn P - n T- OTpameHHSIX • OTKpblTO HOBOe CeMeHCTBO 

MynbTHnonbHblX T0K0BbIX M0MeHTOB, 0TnH'iHbJX OT aapsrnOBblX H MaI'HH THbIX, 

TTocnenHee o6cTOSITenbCTBO 38CTaBnSieT BHOBb neTanbHO paCCMOTpeTb 

CTapblll Bonpoc 0 MynbTHnonbH0M paanO,K0HHH .aneKTpoMaI'HHT:-IOI'O TOKa· 

B Knaccn'ieCKOM H B KBaHTOBOM cny'iaSIX. 

§ 2. MynbTHnOnbHble MOMeHTbl KnaCCH'ieCKOI'0 

aneKTpOMaI'HHTHOI'O TOKa 

non paano)KeHHeM TOKa no MynbTHnOnbHblM M0MeHTaM o6bJ'iHO non

paayMeBaeTCSI pa3n0JK9HHe nnoTHOCTH TOKa B psrn no nonH0MY H_a6opy 

,, a -o6pa3HbIX" cpyHKUHi!: npocTpaHCTBeHHLIX KO0PllHHaT, T.e. cpyHKUHH, 
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OTnH'IHl>lX OT aymr TOJibKO Ha 6eCKOH811HO ManOM JIHTepaane H npeo6paayro

lllHXCSI no HenpnaonHMbIM npencTaBneHHSIM rpyllllbI O ( 3). Koaq>q>HUHeHTbI 

paanoJKeHHSI HS3bIB810TCSI MYnbTHnOnb.llbIMH MOM8HTSMH TOKa (nonHbiil: aapsra, 

aneKTPH118CKHA R MaI".IIHTHbiil: nnnonb.llbie MOM8HTbI H T.n.) • Mym,Tnnom,

Hble MOM8HTbI BM8CTO co cpenHHMH 3H8118HHSIMH HX 2L -CT8ll8HHbIX panny

COB pacnpeneneHnil:, O11eannHo, nonaocTbIO onpenensrroT•nnoTHOCTb TOKa, T.e.

aanaHne HX 3H8118HHA 8KBHBaneHTHO aanaHHIO nnoTHOCTH TOKa. 

ITocxom,xy 4-aeKTop nnoTHOCTH ToKa 1µ =Ip , J I non11nHsreTcsr yc-

noanro coxpaaeansr 

a J = o, µ µ (1) 

TOnbKO TpH KOMllOH8HbI J µ HBnsrIOTCSI H83SBHCHMbIMH qiyHKUHSIMH. ITpn 

MYnbTHllOJibHOM paanoJKeHHH OHH nopoJKnaroT TPH ceMeil:CTBa MynbTRllOnb

HbIX MOM8HTOB: xynoHOBCKOe ( aapsrnoaoe) R naa TOKOBbIX. 

Ecnn, KaK o6bl'IHO, paanoJKRTb npocTpaHCTB8HHylO 118CTb J µ aa 

nponom,Hyro H nonepe11Hyro cocTaansrromne Toxa: 

(2) 

➔ 

(2a) 

TO 38KOH coxpaHeHRSI ( 1) CBSl3bIBaeT xynoHOBCKHe MynbTHllOnbHbie MOMeH
➔ 

TbI c MynbTHnonbHbIMR MOMeHTaMH n:ponom,Hoil: 11acTH Toxa J II : 
➔ 

(3) 

Tax 11To nnoTHOCTb pacnpeneneHRsr aapsraa nonHOCTbIO onpenensreT npo

nonbHyro cocTaansrromyro Toxa. 

HnH 

Hcnom,aysr onpeneneHRe npononbHoil: R nonepe11HoA aexTopHbIX qiyHK
/11 

(2a), paanoJKeHne (2) MOJKHO npencTaBHTb a BRne (cM. ,HanpRMep, 

/2/ ): 
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➔ ➔ ➔ ·➔ ➔ 

J = J l + J I I = rot M + rot rot R + grad ef, • (4) 

➔ ·➔ 

B 8TOM Bb!pa:ncemrn: BeKTOpHbie <i>YHKUIUI M H R onpeJlenSIIOT nonepe"l:HYIO 
➔ ➔ 

"l:aCTb TOKa 
➔ 

11 , a CKanSipHaSI ¢YHKUHSI ef, - npOJlOnbHYIO, BeKTOpbI M H 

R MO»cHO Bbipa3HTb "l:epe3 CKanSipHbie ¢YHKUHH 1/f H )( (cM,, HanpH-

Ill 
Mep I):. 

➔ ➔ .:. 
M=xifr (x,t) 

➔ ➔ ➔ 
R=xx(x,t). 

TOI'Jla TPH CKanSipHbie ¢yHKUHH 1/f, )( H <p ( <p CBSI3aHa. B CHny 

xi 
(8) c p ) nonHOCTbIO onpeJlenSIT coxpaHSIIOIUHliCSI TOK J µ. • 

(5) 

ypaBHeHHSI 

Pasno>KeHHe 

KalKJlOil H3 HHX B PSIJl nopOJKJlaeT ceMeHCT BO COOTBeTCTBY,.IOIUHX MynbTnonb-

HbIX MOMeHTOB: ef, ( p ) -sap~O.Bb!X HnH KynOHOBCKHX; 1" ~MaI'~HT.Hb,IX' , 
' . '1 ' I 

(o6bI"l:HbIX); x - BTopoe ·ceMeficTBO TOKOBbIX MOMeHTOB - MaI'HHTHbIX ·Mo-

1 
. 181 B ·, . . 

MeHTOB I po/la . • yJleM Ha3J,IBaTb HX TOpOHJlHbIMH i ~bI6op, Ha3Bamrn, cra-

HeT SICHbIM H3 JlanbHefiu.ero ( §3) ~ 

IlpocTeilurnfi cnoco6 nony"l:eHHSI MynbTHnOnbHO,I'O pasno:nceHHSI CBOJlHTCSI 

"' • u . < . 141> n . K cneJlyIOmeil 'l'OpManbHOH onepaUHH CM,, HanpHMep, • peJlCTaBHM nnoT-
➔ 

HOCTb TOKa J~(x,t) B BHJle: 

➔ ➔- ➔ ➔ 3 

J (x,t)=JJ (t,t)8(t-x)d f• 
µ. µ. (6) 

IloJlCTaBnSISI B (6) pasnolKeHHe 8 -<l>YHKUHH B pSIJl Teilnopa 

.. 
8(~-t)= 

00 

~ 
L = 0 

(-1 )L ➔ 
- g g ... g a a ... a 8 (x) 

L! l J k l .J k 
(7) 

.. 
~ R IlOJl"l:epKHeM, , "ITO TaKoe BBeJleHHe mt rot He npOTHBOpe"l:HT TeopeMe 

renbMI'OnbUa, HO BbITeKaeT 113 Hee H pacw114>pOBbiBaeT ee CMbICn (cM., 

HanpHMep{ 11 rn. 13). 
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H no•meHHO HHTerpnpysi, nony'IHM .nnsi BpeMeHHO:ll: KOMnOHeHTbl nnoTHOCTH TOKa 

H .nnsi npocTpaHCTBeHHO:ll: KoMnoHeHTbl 

00 
➔ 

Je(x,t)= I 
L=l 

r.ne CHMMeTpH'IHbI:ll: TeHaop 
L 

· L -oro paHra Au ... le (t), paBUbt:ll: 

(8) 

(9) 

SIBnSieTCSI nnHefiHOH KOM6HHaunefi zL -nonbUOI'O KynonoBCKOI'O MOMeHTa H 

n . zL-n 
cpe.nHHX ana'le~H:ll: 2 -cTeneae:ll: pa.nnycoB pacnpe.neneHHn -~onbnhlx 

KynoHOBCKHX MOMeHTOB nnoTUOCTH, TOKa ( HanoMHHM, 'ITO 2 L -nonbHbI:ll: MO-

MeHT SIBnSieTCSI HenpHBO.!lHMbIM TeH3OpOM _paHra L ) • 

'AaanOI'H'IHO, TeH3Opbl 

L-1 
L (-1) ➔ 3 

B (t)= --Jee ... e 1n U,t)d e 
f,1J ... lc (L-1)! 1 J kt. 

(11) 

SIBnSIIOTCSI nnHefiHbIMH KOM6HHaUHSIMH MynbTHnOnbHbIX MOMeHTOB H HX cpe.nHHX 

2 n -cTeneHHI>IX pa.nnycos pacnpe.neneHHSI npo.nonhHO:ll: cocTaBnnrome:ll: TOKa 

(cH~MeTpH'IHbie no BCeM HH.!leKCaM 'laCTH BL H nonepe'IHO:ll: COCTasnsiro-

me:ll: TOKa (aHTHCHMMeTpH'IHbie no paanH'IHbIM napaM HH.!leKCOB 'laCTH BL ). 

BbI,!leneHHe H3 AL H BL zL -nonbHblX MOMeHTOB npe.ncTaBnSieT. co6ott 

'lpe3BbI'la:ll:Ho 'yTOMHTenbHyIO npoue.nypy H B o6meM BH.ne BblllOnHHTb ee He 
. xi · 
y.naeTCSI 

xi 
Henocpe,!lCTBeHHOe pa36HErHHe TeH3opa ~l eJ ]f no HenpHBO.!lHMbIM npe.ncTaB-

neHHSIM 0(3) noKa3bIBaeT, 'ITO KpoMe o6I>I'IHOI'O MaI'HHTHOI'O KBa.npynomt 

B HeM co.nep>KHTCH eme .nnnonb, He npnHa.nne>KalllHii HH MaI'HHTHOMY, HH Kyno-

HOBCKOMY ceMeficTBy:1 x (2 xO) =3 x 2 x 1 x 1 (cp. c 141/): . 
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IToaTOMY Hy>KHO BM0CTO paano>KeHHSI (7) ucnonb30B8Tb npyroii nonHbiii 

Ha6op <i>YHKUHii, Ka>Knasi: H3 KOTOpb!X npeo6paayeTCSI no HenpHBO}lHMOMY npen-

CTaBneHHIO rpynnbI TpexMepHbIX BpameHHii. 

OnpeneneHH0 MynbTHnOnbHbIX MOM0HTOB KaK HenpHBOllHMbIX T0H30p0B 

H, cnenoBaTenbHO, paano>KeHHe TOKa no HenpHBO}lHMblM T0H30pHbIM <l>YHKUHSIM 

xapaKT0pHO nnsi: M0TO}l0B TeopeTH'l0CKOH <l>H3HKH H Bbipa>KaeT CTpeMneHHe 

MaKCHManbHO ua6aBHTbCSI B onucaHHH <l>H3H'l0CKHX SIBneHHii OT npOH3BOna B 

BbI6ope CHCTeM OTC'l~Ta. ITepeMeHHbie BO BpeMeHH 2 L -nOnbHbl8 MOM8HTbl 

HHllYUHPYIOT zL -nonbH00 aneKTPOMaI'HHTHOe uany'leHHe, KOTOpoe COOTB8TCT-

ByeT HCnycKaHHIO <t>oTOHOB C MOM0HTOM L I Torna KaK AL ( t ) H BL(t) 

HHllYllHPYIOT He TOnbKO 2 L -nonbHOe uany'leHHe, HO H uany11eHH8 HH3WHX 

MY nb TunonbHOCTeii. 

Ilonxonsi:mefi nonHoii CHCT0MOH <l>YHKUHii SIBnsi:eTCSI CHCTeMa perynsi:pHbIX .. 
peweHHii ypaBH0HHSI renbMI'Onbua Fa ( X) 

Lmk 

.. 
(A+k 2 )Fa (x)=O, 

L mk 

.. .. 
. ~m k (x ) = ff (kx) Ye*m ( n ) , 

.. .. .. I l n=x/lxl= 0,cf, 

(12) 

(12a) 

.. . /5/ 
3necb Yem (n) - c<t>epH'l0CKH0 rapMOHHKH (B onpeneneHHH 3nMOH/lC8 ), 

a ff (k X ) - c<t>epH'10CKH8 <l>YHKUHH Beccensi:. 

<l>yHKUHH 
.. 

Fa (n) 
Lmk 

nosi:BnSIIOTCSI eCT0CTB0HHblM o6pa30M B onpelle-

neHHH MynbTHnonbHbIX MOM8HTOB nnoTHOCTH TOKa npH paano>KeHHH Ha Mynb

/6 7/. 
THnOnH aneKTpOMSI'HHTHOI'O uany'l0HHSI naHHOI'O 4-TOKa ( CM., HanpHMep, ' ) • .. 

<l>yHKUHH ~ m k ( X ) opTOHOPMHPOB8HbI: 

8 
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(13) 

Hcnonbayst ycnoaue nomioTbI qiyHKIUl'.ii 

➔ 

F0 (x) F0* 
Lm k Lm k 

00 ( 14) 

H Bb1pa1Ke1me Jlnst nnoTHOCTH TOKa ( 6), HeMe)lneaao nonyqaeM paano1KeHue 

nnoTaocTH aapstJla: 

(15) 

k * ➔) ➔ d3 q0 ( ,t)= f F0 (x p(x,t) x. 
Lm Lmk (16) 

EcnH 3apstJl COCp8JlOTO'I8H B Manoii o6naCTH, TSK 'ITO p ( x,'t) ,/, 0 

TOlihKO npu k x << 1 ; TO MO1KHO BOCilOnb3OBSTbCSI Jlnst Bbl'IHCneHHii 

qfm (k,t) 
➔ 

npu6nH1K8HHb!MH 3Ha'IeHHSIMH F 2mk (x) • Ilonb3YHCb onpe)le-

neHH8M ff (a) : 

£ 0 (a)=ifJ (a)/ra, 
[. f+ ½ (17a) 
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- f 
fe(a) .. v'2lrr (ia) /(2f+l)I!, (176) 

nonyimeM 

Ffmk (;),.,y'2/rr(ikxl Y/m (;)/(2f+l)I! 
(18) 

k x<< l 

CpaBHHsasi: onpeneneHHe 
/8/ 

f 
2 -non&Horo. KYII0H0BCK0ro M9M8HTa ( CM., aanpH-

M8p 1 ) 

✓ 4rr f ➔ ➔ Qf (t)= --fxY0 (n)p(x,t)d3 x, 
m 2f+ 1 L m 

(19) 

H Bbipa}KeHHe qfm(k, t)npu k ➔ 0 (s ST0M cny11ae npu6nH>K8HHoe Bhlpa>K~ 

HH8 ( 18) cnpasellllHB0 llllSI mo6oa cl>YHKUHH p ( X' t ) • ll0CTB T0'IHO 6hICTPO 

y6bIB8IOlU8A C p8CCTOSIHH8M) 1 BHllHM1 'IT0 B81IH'IHHbl 
,) 

Qfm(-k2,t)= (2f+l)!!rr/2 
( -ik )f v' 2 f + 1 qf m (k , t ) (20) 

SIBIISIIOTqSI KYII0H0BCKHMH 2f -nollbHbIMH pacnpel(elleHHSIMH, TaK 'IT0 HC-

ll01lb3YSI onpel(8118ijHe KYIIOHOBCKHX.pacnpellelleHHA (20), nony11aeM MyllbTH-
. . 

Il0llbH0e pa31I0}K8ffH8 llll0TH0CTH 38pSllla: 

p(;,t)= l: (-ik)f 
fm k 

v'(2f + ])/ 2 

rr(2f+l)!! 

➔ 

F
0 

(x)O_ (-k2 ,t). 
c.mk "'tm (15a) 

10 
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,, 
'1 

K Q.(-k2 ,t) xi ynoHOBCKHe MynbTHnOnbHbie pacnpeneneHH5I Lm MO}KHO 

paanO}KHTb B cTeneHilo:ll: p5I/l 

00 

~ (-k2 ,t)=Qfm{t)+ l: 
n=l (21) 

Y11HThIB85I CBO:ll:CTB8 ccJ>epH'leCKHX ci>YHKUH:ll: Beccen5I 

(22) 

MO}KHO H8:ll:TH, 'ITO 

(23) 

rne 

( 2f + 1 )! ! 

I 4" "+2ny (➔) ( ➔ )d s ------ fx- fro n P x,t x (24) 
2f+ 1 

cpenHH:ll: 2" -CTeneHHO:ll: pa/lHYC pacnpeneneHH5I 2f -nonbHOrO Ky-

noHOBCKoro MOMeHTa. Pasno}KeHHe (21) Tenepb npHHHM8eT BHn: 

00 

Qfm (-k2,t)=Qem(t)+ l: (-k2)n re:<t). 
n= l 

(25) 

EcnH noncTaBHTb PSI.Cl (25) B pasno}KeHHe nnoTHOCTH pacnpeneneHH5I 

sapacla ( 15a) H no11neHHo npoHHTerpHpoaaTb no k , TO nony11HM pasno}Ke• 
➔ 

HHe p (x, t ) no npOH3BO/lHhIM 8 -cl>YHKUHH, npeo6paay!OIIIHMC5I no 

x/3 ' k k2 aMeHa nepeMeHHOH Ha - HeCyIIIeCTBeHHa H npOH3BeneHa, K8K 
6yneT BH/lHO B J:tanbHe:ll:meM,· nnR 6onbIIIe:ii: aHanorHH xnaCCH'leCKHX Bbipa
}KeHH:ll: C KB8HTOBhIMHe 
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HenpHBOlll:IMhlM npe]lCTaBneHH.IIM rpymihl O (3) I TO 8CTb paCCMOTpeHHa.H 

npouellypa noason.HeT nonyq1:1Tb B o6meM BHll8 paano*eH1:1e nnoTHOCTH aap.H-

Ila no MYnbTl:lnOnbHhlM MOMeHTaM 1:1 l:IX cpellHl:IM 

caM pacnpe1lenea1:1a. 

2 n -cTeneHHhlM pallHY-

Tip1:1 MynbTHnonbHOM paano*eHl:11:1 B8KTOpHoro non.II ( npocTpaHCTBeHHOfi 
➔ 

qacT1:1 ToKa J /.l (x, t ) ) Bb16epeM 1:1a Tex *e coo6pa*eH1:1ii 1 qTo 1:1 np1:1 
➔ 

paano*eHHl:I p ( x, t ) 1 s KaqecTBe 6aaHCHhIX q>yHKUHfi nonHyIO Cl:ICTeMy pery-

n.HpHhIX pemeH1:1fi seKTOpHoro ypaBHeHH.H renbMronbua: 

(.!\+ k2) ;cfo) (x) = 0, 
fm k 

eo = 0, ± 1 

➔(~) ➔ ~f;) ➔ 
Y0 (x) = fn n (kx ) Y0 (n ) , 

Lmk r.+r. 0 Lm 

(26) 

(26a) 

~ > ➔ IV 
BeKTOpHhie -mapOBhie q>yHKUl:11:1 ye: (n) (cM., HanpHMep, ) onpe]len.H-

IOTC.II COOTHOllieHHeM: 

-• 

➔ (f ) 
[Y 

O 
(rt)] 

fm 

➔ 

= }: <111£-1-f m 'I fm>Y* (n), 
, O o n , 

V m r.+r.0 m 
(27) 

OllHaKO 3Ta Cl:ICTeMa _6aa1:1CHbIX q>yHKUl:lfi He C0BCeM Yll06Ha. 3aKOH co

xpaHeHH.II TOKa (3) CB.5I3hlBaeT nnOTHOCTb sap.Hila 1:1 npo]lonbHYIO COCTaBn.HID

myro nnoTHOCTl:I TOKa. TioSTOMY Yll06Ho HMeTb B xaqecTBe 6a3HCHhIX q>yHKUl:lfi 
➔(f ) ➔ ' 

npollOnbHhie n nonepeqHhie BeKTopHhie q>yHKUnn. CncTeMa I Y0 o ( x ) I 
Lm k 

TaKHM CB0HCTB0M He o6na]laeT, HO nOllX0ll.lilllHe nnHefiHhie KOM6HH8UHl:I 3THX 

-cal ➔ 
q>yHKUHH Ffm k (x) 6yllyT nonepetJHhlMl:I H npOll0nbHhIMH BeK~opaMH: 

12 



.F➔ <-> (x➔ ) BeKTopLI em k 

.. 

➔ -+ ➔ (O) ➔ 
F.e'o > < x > = Ye < x > , . · mk mk 

npO,!lOllbHbie, a F' O) ( x) 
e mk 

div F' 0 > em k 
div Fe'+> = o. 

mk 

(28a) 

(286) 

(28a) 

(29a) 

(296) 

xi 
Ifa COOTHOW8HHfi (296), (306) H (30a) BHAHO, 'ITO HS 10 CKanSipHbIX 
cjiyHKUHfi, onpeAemuomnx 6asnc( KOMnoHeHTbr Tpex aeKTopoa FJ u) 

H OAHH CK8l1Hp Ff ) t HeSaBHCHMbI KaK pas TpH (cp. C (lf:jf. 
mk . 

13 
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rot p-) =0, 
fmk 

rot F' 0) 
fmk 

➔ 

=-kF<+J 
fm k • 

rot F1 + > = - k F < 0 1 
fm k fm k: 

(30a) 

(306) 

(30s) 

IlpOJlOnbHblH BeKTOP 

CKangpa 

Fe-, <; > 
e mk: 

MO)KHO npeJlCTBBHTb KBK rpaJlH0HT 

F(-) =-L ~F 
fmk k fmk' 

(31) 

a nonepe'IHbie seKTOpbI F;01 (~) 
t.mk 

H F}+) cit) , B cornaCHH C q>OPMYnaMH 
Lm k 

(4), (5)_, COOTB0TCTB0HHO KBK 

BeKTOpbI 

➔, ) ➔ ➔ ➔ 
F

0
° (x)=rot{ xFn (x) I, 

Lmk: Lm k 

➔ (+) ➔ 1 ➔ ➔ 
F 

O 
( x) = - - rot rot I x F O ( x ) } • 

➔ ( U) 

Ffmk 

Lmk: k Lmk 

OpTOHOpMHpOB8Hbl 

·~uJ* ➔ ,a'> 3 • 1 ') f(Po F0 ,, ,)d x= Bow 8 • 8 ,- B(k-k , 
Lmk Lmk u mm UU k2 

14 
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06paay10T nonHyIO CHCTeMy 

(336) · 

R o6na.i:taIOT cne.i:tyIOWHMR caoil:cTBBMR 'l~THOCTR: 

➔ (U) ➔ e+u ➔ (u) ➔ 
Fe (-x)=(-1) Fe (x), 

ml: ml: 

(34) 
u= 0, ! 

OTMeTRM, 'ITO Tpe6oaaHRSI npOAOllbHOCTR R nonepe'IHOCTR, a TBK)Ke 

onpe.i:teneHHOil: 'l~THOCTR 6a3RCHbIX BeKTOpOB onpe.i:tellSIIOT CRCTeMy ¢YHKURil: 
➔ . 

F(U) (x) e.i:tRHCTBeHHbIM o6pa30Mo 
em1: ... ➔ 

.llns paano)KeHRSI BeKTopa nnoTHOCTR TOKa J ( x, t ) no CHCTeMe BBe-

.i:teHHbIX BeKTOpHbIX ¢YHKURil: nocTynnM KaK H npR nonyqeHRR pa3llO)KeHRSI 

(15). Hcnom,ayg BbIPB*eHne (6) R ycnoane nonHOTbI cucTeMbI tPYHKunil: 

(336), aanuweM (cp. c ¢opMynoil: (15)): 

➔ 
➔ 

J(x,t)= ~ 
e,m,l:,u 

I'Ae 

➔ (U) 
F 

em I: 

➔ (U) 
( X ) me m ( k, t ) ' (35) 

(36) 

I1cnonb3YSI ypaaHeHRe Henpepb!BHOCTR H paano)KeHRSI ( 15) H ( 35). Hail:-

Ae~, 'ITO aena'IUHbI m~:' ( k, t ) , onpe.i:tens10wue npo.i:tonbay10 qacTb ToKa 

J 11 ' Bbipa)KaIOTCSI, K8K 06b!'IHO, qepea npon3BOAHbie KynoHOBCKRX 
e 2 -nonbHbIX pacnpe.i:tenenuil:: 

15 



,-

<-> (k . e me,,. ,t) = (-1k) 
y{2f + DI 2 

k1T(2f+l)!I 
Qem (-k 2 't ) .. (37) 

CpaBHeHHe m<n (k, t) npH k ➔ 0 
/8/ 

c o6bI'IHbIMH Mal'HHTHbIMH 2e -

-noJibHbIMH MOM8HT8MH Mem(t) 

Mem (t) = Mem (0,t)=ig.f ~ Xe 
2e+1 m ,v 

➔ .. 3 
Y

0 
,(n)<1vfm'lem>J (x,t)d x 

c.m lV 

J = J 
10 z 

J =+_!_(J +iJ ) 
1+1 - - x- y - y2 

(38) 

IlOK83bJB8eT, 'ITO OHH OTJIH'l8IOTCSI OT 
e 

2 -nOJibHbIX Mal'HHTHbIX pacnpene-

JI8HHii Me m (-k
2 

,t ) TOJlbKO HOPMHPOBKOH: 

i(2f+ 1)! ! IT.;:;: 
Mem (-k2. t )= (-ik )f ✓ ( e + 1 )(2e + 1 ) 

( 0) 
mem(k,t). 

§ 3. TopOHllHbie MyJibTHilOJibHbJe MOM8HTbl 

(39) 

HaKOHeU, H838BHCHMbl8 B o6meM cny11ae napaMeTpbl m<+>(k,t ),onpene-

JISIIOlllH8 BMecTe c mt 
O > ( k, t ) nonepe'lflYIO 11acTb TOKa J , npH k ➔ 0 

c.m ~ 

( HJIH npH k X << 1 B Bbipa:lKeHHH ( 36) - ., nmrnHOBOJIHOBOe npH6JIH:lK8HHe,,) 

i-> k ) OK83blB8lOTCSI He H838BHCHMbJMH; a nponOpUHOH8JlbHbIMH mem ( ,t • 

16 



➔ 

B caMOM aene, cpaamrna.11 Bblp8)K8HH.II (286) n (28a) an.11 F (+) (x) H 
emk 

F 1 - > (;; ) , aail:aeM, 'ITO 
fm1c 

(40) 

(41) 

<llopMynh1 ( 40) n ( 41 ) TO'IHbie ( 6es nepexoaa K anHHHOBon.HoBOMY npn6nmke-

HHIO) I OHH TOnbKO saMeHSIIOT O/:tHH He3aBHCHMbI0 napaMeTpbl apy-

rHMH rem • Ho B anHHHoaon.HoBoM npn6nn*e.HHH aa116onee ynoTpe5nTenb-

HOM B KOHKpeTHbIX paC'I0T8X1 OK83bIBaeTC.II, 'ITO mlf~ H mlr~ nponop-

UHO.Hanb.Hbl (kR )e- f I B TO Bp8M.II K8K rem ""(kR) + l R- nnHeil:Hhie 

paSMepbl CHCT8Mbl TOKOB). TaKHM o6pa30M, B annHHOBOnHOBOM npn6nH)K8HHI! 

B m~:) "'BbI)KHBaeT"' TOnbKO 38BHCHM8.II OT Qfm 'I8CTb. 3TO CB.II38HO 

C TeM, 'ITO npn k ➔ 0 ' 6asnc Bb!pO)Ki:{88TCSI: 

Tipn 3TOM HC'IesaeT noHSITHe npoaonbHOCTH H nonepe'IHOCTH B8KTOpOB, TaK 

K8K 

➔ 

rot p<±l (x)=O. 
fm O 

HesaBHCHMbIH napaMeTp T em OK83b!B88TC.II B, 3TOM· np116nH)K8.HHH 6onee 

BbICOKoro nopSii:tKa ManocTH, 11 HM o6hI'IHO npeae6pera10T (cM., aanpn-. 

/6/ /8/ /9/ 
Mep, ' ' n .Harne npnno)Keane), 

BosMO)KHO, HMeHHO 3TO o6CTOSITenbCTBO .IIBHnOCb npH'IHHOil: OTCYTCTBH.II 

ao nocneaaero apeMe.Hn TpeTbero (KpoMe KynoHOBCKoro H Mar.HHT.Horo ce-

17 



•~; t . J 

Meii:CTBa MYnbTHnonbHbIX. pacrrpe/leneHHii:) B ·pasno)KeHHH TOKa (KaK IIPH 

KnacCH'leCKOM, TaK H npH KBaHTOBOM paccMOTpeHHH npo6neMbI). 

0JlH6KO Heo6XO/lHMO IlO/l'lepKHYTb, 'ITO BenH'IHHhl, Tfm Henb3R pac-

CMaTpHB6Tb KaK Te HnH HHhie norrpaBKH K Qfm B Bbipa)KeHHH (40) JlnR 

m~ :,1 
1 IlOCKOnbKY cymecTBOBaHHe T fm He 36BHCHT OT rrpHCyTCTBHR 

(HnH OTCYTCTBHR) Qfm H BenH'IHHa Tfm HHKaK He onpe/lenReTCR 3Ha-

'leHHRMH Qfm (paBHO KaK H 3Ha'leHHRMH Mfm ) , 

T .e. MOI'YT cymeCTBOBaTb CHCTeMbI, HanpHMep, TOpOH/lanbHbiii: TOK 

(cM. HH*e), JlnR KOTOpbIX KaK Q fm (-k2 , t) , TaK H Mfm (-k2 , t) ace TO*

/leCTBeHHO paBHbl eynro. TaKHe CHCTeMbl onHCb!B6lOTCR nHlllb. napaMeTpJ¼MH 

Tfm(k,t) , PaCCMOTpeHHe H3nyqeHHR TaKHX CHCTeM B /lnHHHOBOnH0-

16-91 
BOM npH6nH)KeHHH 06hI'IHbIM MeTO/lOM npeae6peraeT CaMHM aqiqieKTOM 

xi 
H3ny'leHHR • I1HbIMH cnoBaMH, npeae6pe)KeHHe r fm (k' t) I IIO cpaBHeHHlO 

C Q fm (-k2 ,t) 1 aHanOI'H'IHO rrpeae6pe)KeHHlO Bb!CWHMH MYnbTHII.OnbHblMH 

MOMeHTaMH Jl6HHOI'O ceMeiicTBa no cpaBHeHHJQ C HH3WHMH, 'ITO, KOHe'IHO, 

36KOHHO TOnbKO B TOM cny'lae, KOI'/la HH3WHe MOMeHTbl cymeCTByroT. 

Bae/leM Terrepb rro aHanorHH c (20) H (89) qiyHKUHH Tfm(-k 2,t) 

T (-k2,t) = . f+1 ·'(2f+3)/2 fm (-1k) V 

7T(2f+3)!! 
rfm (k, t ) , (42) 

o6pasyromHe HOBoe, oTnH'IHOe OT KynoHOBCKOI'O H MaI'HHTHoro, ceMeii:CTBO 

MYnbTHnonbHb!X TOKO?lb!X pacrrpe/leneHHil: - TOpOH/lHbIX MynbTHIIOnbHblX pac

rrpe/leneHHil:~ BenH'IHHbl 

✓~ V + ..., · ➔ 3 Tf (t)= Tfm (0,t)= --.J :£ ,r 1 Yf ,(n)<lvf+lmlfm>•J {x,t)d x (48) 
m 2f+3 m',v +Jm IV 

xi Bo BTOpott H 'l0TBl3pToii: 'laCTSIX 3TOfi pa60Tbl 6y/lyT paso6paHbl COOTBeTCT

BYlOlllH0 npHM0pbio 
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'smnsnoTcSI 
e xi 2 -nonbHbIMH TOPOH.QHbIMH MOMeHTBMH. 

IToSICHHM llBHHOe HM H83BaHHe. ITpoCTefiIIIHM MOMeHTOM aToro CeMeiicT

Ba - aHanoneM 3enbll0BH'ia H TOllbKO HM xapaKTepHsyeTCSI TOpOH.QanbHbiii TOK 

(pHC. 1). 

Ero TopOH/lHbifi MOM8HT 

(43a) 

HnH B OpToroHanbHOM 6a3HCe 

.. 1 ............ 
T =-=. f I 3x2 J -x (x J )I'd 3 x 

v' 10 
(436) 

HanpaaneH no OCH CHMMeTpHH Topa. CHCTeMa COOTBeTCTBy10mero 'iHCna 

TOpOH/lanbHbIX TOKOB 6yneT onHCbIBaTbCSI BbICIIIH_MH TOPOH.QHblMH MOM8HTaMHo 

TaKHe CHCTeMbI CTpOSITCSI TaK me, KaK H MynbTHnOnbHbJe xynoHOBCKHe H 

MarHHTHbie MOM8HTbI HS COOTB8TCTBYlOIIlHX llHnonett. 

Tax me xa'x cpenHexaanpaTH'iHbitt paaHyc pacnpeaeneHHH sapSl/la 7 
00 

B CTaTH'i8CKOM cnyqae OH He cosnaeT nonSI BHe CHCTeMblo BHeIIIHee CTaTH 

'lecxoe none TaKme He aettcTayeT Ha aHanonb, KaK H Ha t2 • B cTa-
oo 

TH'ieCKOM cnyqae TOpOH/lHbie MOM8HTbI B3aHMOllefiCTBYlOT He C BHeIIIHHM 

xi /3,10/ 
B pa6oTaX OHH 6bmH HaSBaHbI MarHHTHbIMH MOMeHTaMH n poaa. 

Ll10PaH/l H np. / 11 / HaSbIBalOT CBSl3aHHbl8 C HHMH MOMeHTbI mt+ 1 ) aneKTPH

'ieCKHMH, a MHIIIenH1121 H Bane'iKa H np/131 - nonepe'iHbIMHmaneKTpH'ie

CKHMH. ITpocTe·ttwHfi npencTaBHTenb STOro CeMefiCTBa - llHnonb anepBbie 

6bm BB8/l8H 3enb]lOBH'ieM1 14 ( O/lHOBpeMeHHO C rnasepoM H HKIIIH'ieM/15/) 

H HaSBaH HM aHanoneM. 

19 



,noneM, a c BHelIIHHM TOKOM, TaK *e KaK 2-cTeneHHbie pai:mycbI pacnpeJlene

HHSI KYllOHOBCKHX H MaI'HHTHbIX MYllbTHilOllbHb!X MOMeHTOB. TaK, HanpuMep, 
➔ • 

Top C TOKOM, noMeIIIeHHbiil BO BHelIIHHil TOK J ext 
'opueHTHpyeTCSI TaK, 

➔ 

'iTO ero TOPOHJlHbiil l!HilOllbHblfi MOMeHT HanpaBnea Bl!Ollb J ext , 'l:SK 

KaK 9HeprHSI ero B38HMOJ:I8ilCTBHSI C BHelIIHHM TOKOM HMeeT BHll 

W = Tjext 

. Bonpoc uany'ieHHSI TOpOHl!HbIMH MOMeHTaMH. 6yaeT paCCMOTpeH aanee. 

TaK )1(9 KaK B cny'iae KynOHOBCKHX MOM9HTOB (25)' MSI'HHTHble H TO

pOHl!Hbie pacnpeaeneHHSI MO)!(HO paanO)!(HTb B' PSill no cpel!HHM 2 n -cTeneH

HbIM paaHycaM pacnpeaeneHHSI: 

Mem ( - k 
2 

, t } = M em ( t } + 
00 

~ 
n=1 

(-k2)np2n (t} 
em (44) 

p2n (t}= i(2e+1}!! I 417 fx2n+e (Y(O)<;>fci,t}li;' 
em n!2n(2€+2n+l}!! ce+1}(2e+1} em f 

00 

Tem(-k2,t}=Tem(t}\:1 (-k2}nRe:(t}. (46) 

McnonbaySI onpeaeneaue TOKOBbIX pacnpeaeneauil (37), (39), ( 42), 
➔ ➔ 

MyllbTHilOllbHbie paanO)!(eHHSI nnoTHOCTH TOK8 J (x, t} npel!CTaBHM B OKOH'ia-

T8llbHOM BU.Ile: 
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➔ ➔ f-1 v'(f +I )(2f+l/2) 
J(x,t)=:- l: (-ik) 

f,m,k ir(2f+l)!! 

(48) 

v'(f+l)(2f+3) 

ct>opMynbI (15a) H ( 48) aaroT MynbTHllOnbHOe pa3no.lKeHHe nnoTHOCTH 

4 -T0Ka 
➔ 

J (x, t ) 
µ 

• lfa Bb!pa.lKeHHSI ( 48) cneayeT, 'ITO XOTSI coxpaHe-

HHe T0Ka CBSI3bIBaeT nnoTHOCTb 3apsiaa TOnbKO C npoaonbHOfi 'laCTbIO nnoT

HOCTH T0Ka (3), nonepe'IHaSI 'laCTb TaK)l{e OKa3bIBaeTCSI 3aBHCSIIUefi OT nnoT

H0CTH 3apSIJla~ TaK,HanpHMep, B cny'lae CTaUH0HapHoro pacnpeaeneHHSI 3apR

ll0B H TOKOB He TOnbKO Ha npoaonbHYIO 'laCTb TOKa HaKna)lbIBaIOTCSI orpaHH

'19HHSI (J II= 0)' HO H Ha nonepe'IHYIO: Qem = 0 . 3TOT Ka.lKynmficSI na'pa-

/16/ 
JlOKC pa3o6panH ct>peH'I H illHMaMOTO • ' OHH 3aMeTHnH • 'ITO 

)lnSI npocTpaHCTBeHHO orpaHH'leHHbIX HCTO'IHHKOB TOKa npOJlOnbHaSI H none

pe'IHaSI COCTaBnSIIO!llHe nnoTHOCTH TOKa He He3aBHCHMbI, T.K, BHe HCTO'IHHKa 
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➔ ➔ ➔ 

J = 111 +Ji = 0 • (49) 

Kaaanocb 6b1, TyT MO:lKHO B03p83HTb, 'ITO npH nony'leHHH paano:lKeHHil: 

(15a) H (48) He HaKna.ctbIBanocb HHK8KHX .nononHHTenbHbIX ycnOBHil:, orpa-

lIH'IHB8IOlllHX paaMepbl HCTO'IHHKa. O.naaKO Mbl c.nenanH cnellHanbHbJil: BbI6op 

➔ (CT) ➔ 
6a3HCllbIX ¢YHK11Hil: F O ( X ) 

L m I:: 
, paano:lKelIHSI KOTOpbIX (25) • ( 44) H ( 46) 

xi 
npe.ncTaBnSIIOT npOH3BOnbHbiil: TOK B BH.cte cyMMbI "TO'le'IHbIX TOKOB"' , a .nnsi 

Ka:lK.ctoro HS HHX cooTHoweHHe (49) y:lKe cnpaBe.nnHBO. 

B aaKnlO'leHHe aBTOpb1 Bbipa:lKalOT 6naro.napaocTb A.M. Ban.nuHy, 

11.A. Bep.nHeBy, C.B. fepaCHMOBy, A.B. foBopKoBy, B.K. HraaTOBH'IY H 
• 

H.A. CMop 0.tllJHCKOMY aa o6cy}KJleHHe peaynbTaTOB aToil: pa6oTbI. 

ITpHno:lKeHHe 

Bo BCex H3BeCTHb!X aBTOpaM 8TOil: CTaTbH H3nO:lKeHHSIX TeopHH MynbTH

n~neil: npH nepexo.ne K .nnHHHOBOnHOBOMY npH6nH:lKeHHIO .nonycKaeTCSI 0.tlHlI H 

TOT :lKe npOH3Bon, npHBO.tlSilllHil: K noTepe TOpOH.tlHbIX MOMeHTOB. BbISIBHM ero, 
. 161 

paao6paB .nnsi npHMepa COOTBeTCTBYIOlllHil: BbIBO.tl H3 MOHOI"paq>HH p oya a • 

161 
ITepenHWeM COOTHOWeHHe, npHBe.neHHOe Ha CTp. 70 : 

➔ 

f ff Tf*m 
➔ 

rot J d 3 x i JY * { dff 
yf (f + 1) fm X -- + f } dx e 

(A) 

2 ➔ ➔ 
ikp-k fe(xJ)}d 3 x 

xi CM. B CBSI3H C 8THM aaMe'laHHe K Bbipa:lKeHHIO (25). 
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/,3/ . 
TTepexo.n K ·.nmHJHOBOnHOBOMY npn6moKeHHIO B · C0BepwaeTC5I TaK: BTOpoil 

,11neH B n.11. (A) oT6pacbrnaeTcSI, a nepBbiil 6epeTC5I B npe.nene kx << 1 

TToKa>KeM, 'IT0 TaKoil nepexo.n, soo6we rosopSI, HeKoppeKTeH. 

TTpHse.neM cooTHoweHHe (AL K HaWHM o6oaHa'leHH5IM. C noM0IIIhlO ¢op My-

. ➔·-:.. ➔ ➔ ➔ ➔ ➔ 

div ( ax b) = b. mt a - a mt b 

H Bb!pa>KeHH5I (29) M0>KH0 Hail TH, 'IT0 n.'I. C00TH0WeHH5I (A) paBH519TC5I 

k m
1/m1 • Ho Tor.na n.'l. (A) .non>KHa onpe.nenSIThCSI Bbipa:lKeHHeM (40). 

Y6ellHMC5I B 9T0M, Bblll9nHB B 5IBH0M BHJ:le B n.'I. (A) T0p0HJ:lHbIH M0MeHT. 

TTpe_o6paayeM nepBbiil qneH n.11. (A), HCnonh3Y5I COOTHOWeHne • 

TTonyqaeM: 

i 

(B) 
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"k ]f+'i"" <-> •BHllHM, 'ITO nepBbiil tJ:neH B nocnellHeti cTpoxe ~aBeH: -1 y -=r,::.- m fm 

HHTerpHpyH aaTeM no 'ISCTHM BTopott tJ:neH H npHM8HHH COOTHOWeHH8 

d . 
-(xf 0 ) =- (f+l)f 0 . -1kxff, 
dx L+l L+l . 

npeo6paayeM ero x BHllY 

k . I£ ➔ 
yf(f+i) _ f+ 1 (-xVYfm 

➔ 

) . J k 
d 3 x+----f(f+l)fo • r-- L+l Je ce +1 > 

➔ X 

• Y e*m (1i J ) d 3 X , n = --i;r. 

/17/ 
fIOllCTaBnHH B OCTaBWHeCH tJ:neHbI Bblpa)K8HHH 

➔ 

nY 
fm 1¥: 2 f + 1 

➔ (+ I) ✓ f 
y - -

fm 2f + 1 

y {-I) 
fm 

- XV Yem= f j __!;_;;2 
2f+l 

y(+l) + (f+ 1) /_....!:___ y<-1) 
f m 2f + l fm 
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HaXOJlHM, 'ITO cyMMa HX CBOJlHTCSI K 

-✓ 2f+l 
f 

Co6upaSI n. H n. 'laCTH (A), nonyqaeM OKOH'laTelibHO COOTHOllleHHe 

-km1+1 =-ik ✓ f+l m!-1 -k ✓ 2f+l 
. fm f L m f 

COBna1:ta10mee c ( 40). 

HTaK, Mb! HallllIH, 'ITO TOPOHJlHbIH MOMeHT Ob!lI CKpb!T B nepBOM qneHe 
' 

n.'I. (A). TaKHM o6paaoM, nepeXOJl K JlllHHHOBOIIHOBOMY npu6numeHHIO TaK, 

KaK STO 1:tenaeT Poya - npSIMO na n.'I. (A). HenpaBoMepeH •. Ilpe1:tBapHTellb-

Ho cne1:tyeT pas oHTh m(t> 
Lm 

Ha KynOHOBCKYIO H TOpOHllHYIO qaCTH, Heaa-

BHCIIMbJe KaK C TeopeT11Ko-rpynnoao.il:, TaK If C qJU3H'leCKOli TO'IKH apeHHSI • 

., 
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