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CRCTeMbl . 

flpenpKHT 06bewmeHBOro KHCTIIT)'Ta ~pBl!IX KCCJie.Q088HJ( • . 

Jb'&la, 1970 

Golovin B.M., Nikanorov V.I . P2-5272 

Relativistic S e 1./2 Spin Rotation in Collisions of 
Particles Moving Arbitrary Relative to the Observer 

A relativistic rotation o f S • 1/2 Spin of particles, taking part 
in a binary reaction a t an arbitrary motion of colliding particles, are 
considered usin'! the Lobachevsky geometry. 

It is shown that in the general case the relativistic spin rota­
tion is necessary to be taken into account not only in a final, but 
also in an initial stl\te of a system. 
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Summary 

The relativis tic spin rotation must be taken into account 
when using the nonrelativistic formalism to describe the pola ri­
zation of 1/2 s pin particles/1/. The relativistic spin rotation of 
particles participating in the A + B .. C + D binary reaction has 
been calculated by the Lobachevsky geometry. The kinematical 
diagram method which describes particle kinematics in relativis­
tic velocity space terms is applied in our calculations. It is 
known that the particle relativistic spin is defined by means o f 
the vector rotation by parallel transfer of the vector along the 
per imeter of a triangle which has vertices at the points that 
cha.racterize the velocities of the laboratory system, the center­
of- mass frame and the rest frame of a particle under study. The 
spin relativistic rotation is qualitatively equal to the area of 
this triangle. 

The foll owing results have been obtained: 
l)The formula of pa rticle s pin rotation which are binary 

reaction products in one of the initial particle rest frame in the 
case of unequal masses is obtained. 

2) The case when both colliding particles move in the ini­
tial state is considered. 

It is shown that in this case one must take into account 
the particle spin r elativis tic rotation in the initial state. The s pin 
relativistic rotation i s expressed by formula (4), Under identical 
conditions spin rotation in the final state can be determined by 
formula (12). 

3) The quantitative estimates of particle spin relativistic 
rotation for 600 MeV proton energy and several values of the 
proton-target energy are made (table 1). 

4) The form of a matrix element for elastic scattering is 
shown when spin r elativistic rotation takes place in the initial 
state (formula (15)). 
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Ill 
B paooTe CTanna noKa3aHo, 'ITO npH HCn01lb30B8HHH nepenstTH-

BHCTCKoro ~OpM81lH3M8 AJIR OfiHC8HHR fi011RpH38UHH '18CTHU CO CfiHHOM 

1/2 s penstTHBHCTCKoii o5naCTH Heo5xoaaMo y'IHTbiB8Tb aononHHTen&HbiA 

fiOBOpOT CfiHH8 ( T8K H83biB89MbiR penRTHBHCTCKHA, HJlH KHH9M8TH'I9CKHA 

nosopoT) . 

H8r1lstAH0e OfiHC8HH9 penRTHBHCTCKOrO fiOBOpOT8 A8HO B CT8TbRX 

C /2 ,3,4 / 
MOpOAHHCKOro , npKM9HHBWer o npeACT8BJ19HHR reoMeTpKH nooa-

/ 5 / 
'19BCKOrO H npeAJIO~HBWero YA06H~R M9TOA peweHHR 38!18'1 peJistTHBHCT-

CKOH KHH9M8THKH C flOMOlUbiO KHH9M8TH'l9CKHX !lHarpaMM, 3TH llH8rpaMMbl 

OflHCbiB810T KHH9M8T.H'I9CKH9 COCTORHHR '18CTHU B TepMHHaX, npOCTpaHCTB8 

4 - CKOpOCTeA, pR!l KHTepeCH biX CBOACTB KOTOporo OblJl YCT8HOBJ19H l.JepHH­

, / 6/ 
KOBbiM , 

npa HCfiOJlb30B8HHH KHH9M8TH'I9C KHX !lHarpaMM 4 - CKOpOCTb K8~AOH 

'18CTHUbl 0flHCbiB89TCR TO'IKOA, a KHH9M8TH'i9CKH9 X8p8KT9pKCTHKH OTHo-

CHT91lbHOrO !1BH~9HKR '18CTHU K JIH X8p8KT9pKCTKKH !1BH~9HHR '18CTKU B 

pa3HhlX CHCT9M8X OTC'19T8 'IHCJ19HHO onpeAeJIRIOTCR C fiOMOIUbiO p83JlH'iHhlX 

rHnepoOJIH'i9CKHX ~YHKUHH OT paCCTORHHR M9~!1Y COOTB9TCTBYIOWHMH TO'l-

K8MH, 

EaHapHa s:r peaKUH s:r A + B .. C + '0 OfiHCbiB89TCSI KHH9M8TH'I9CKOA 

AKarp8MMOH, a3o5p8~9HHOA Ha pac. 1. To'IKH :\ • B • c . n 
~SlOT 4 - CKOpOCTR Y'l8CTBYIOWHX B pe8KUHH '18CTHU, 8 TO'IKa U 

H3o6pa-

, ne~awast 

Ha nepece'leHHH JIHHHli AB H CD , coorseTcTsyeT 4 - cKopocTH ueHTpa 
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A D 

P11c. 1. 

:-.~ace (u. M. ) CTanKHBSJOUIHXCR 'laCTHU. PaccTOS!HHS! -\U , Bll , Cl, Ol 

onpeAellS!lOT ('!epc3 COOTB9TCTOY10111He PHnep60ilH'l9CKHe $yHKUHH) ABH~9HH9 

'!8CTHU B CHCTeMe U9HTp8 M8CC, HllH ABH~eHHe U9HTpa M8CC CHCT9M~ B 

CHCTeMe nOKOR COOTB9TCTBYJOilleA \laCTHUhl . 

0CHOBHbl9 $OpMyllbt , He06XOAHMble AllR paC\l9TOB C KHH9M8TH'leCKHMH 

AH8Pp8MM8MH , npHBCACHbl B npuno~eHHH 1, a BbiBOLl H9KOTOpblX KHHeMOTH­

qeCKHX COOTH0ill9UHA B npHilO~eHHH 2. 

PenRTHBHCTCKHA noaopoT cnHHa 'l8CTHU~ onpenenS!eTCS! nosopoToM 

seKTopa npH napannenbHOM nepenoce ePo snonb nepHMeTpa Tpeyf'OilbHHK8 

C RepillHH8MH B TO'lKSX, X8p8KT9pH3yJOillHX 4-CKOpOCTH CHCT9Mbl H861l JOAO­

Tell51, UeUTpa M8CC CT81lKHB810illH XCS! 'laCTHU H paCCMaTpHB8eMOii 'l8CTHUbl , 

lf HCileHIIO yf'Oil pellS!THBHCTCKOPO TIOBOpOTa paBeH Dll0ill8AH 3TOPO 

TpeyPOilbHI!Ka (eM , npHilO~CHHC 1, $op:-.tyllbl (1 .6) - ( 1.8)). 

0TMeTHM , 'lTO n cnyqae , KOPOa CHCTCM8 H861llOA8TellR COBTI<lA3CT 

C CHCTeMol! OOKOR OAHOA H3 qaeTHU, OpHeHT8UI!I! CflHHOB B H8'l81lbHOM 

COCTOS!HHH HC I!CDWTWA810T pellRTI!BHCTCKOPO DOBOpOTa, T8K K8K OllOillaAH 

TpeyPOilbHHKOB , onpeAellRIOUIHX T8KHe TIOBOpOTbi , paBHbl HylllO, 

PellRTHBI!CTCKHH DOBOPOT OTCYTCTByeT H npH HCDOilb30B8HHH BCTpeq-

HWX ny'lKOB \l8eTI!U paBH~X MaCC, TaK KBK B 3TOM Clly'!ae eOCTOS!HI!9 IW-

61lJOil8TellSl OnHC htn8eTC Sl TO\lKOH l H see TpeyPOilbHHKH , onpenenRJOUIHe 

pell»THBHCTCKH9 flOBOPOThl , BhlPO*ll810TeR B COOTBeTCTBYlOillHe 0Tp93KH , 

4 

-
J • 
I 

l 

. ... , 
' 

nycTb \l8CTHU8 B e Maecol! m R naneTaeT Ha noKORWYJOCR q ae-

THUy A e M8CCOl! m A H B pe3yllb T8T9 peaKUHH o6pa3yJOTCH 'l8CTH-

Ubi c e Maccol! m e H u C MReeol! m o (eM . pHC. 1 ) . B 3TOM 

Clly'lae pellHTHBHCTCKHA nosopOT CflHH8 'l8C THU~ c B CHCTeMe OOKOSI 

'laCTHUbl A onpenellHeTCH flll0ill 8Abl0 TpeyPOilbHHKa AU C H MO~eT 

6b!Tb H8HA9H no $opMylle ( 111.4 ) , BbiBCACHHOH B npHilO~eH.HI! 3: 

no I 
sin

2
( - ) =-sin

2 8 [<·h( AlJ ) -1 )[vf J- p 2 +p 2 • ch 2 (AU ) -1 ] x 
2 2 L 

I 
X I I + - COS K + 

p 

\ ' 1- p 
2 22 - 222 

+P ch ( -\U ) • ( ch( AU )-vfl-p +p c~h (.-\U}l 

p2 
[ ch 2 ( -\l) - I ] 

3 necb 

p m A / m c• 

ch( AL) = 
m A + m 8 c·h( \B ) 

V m 
2 ~ m 

2 ~2 m m • 1"11 ( AR ) 
A 8 A n 

(1) 

I . 

e 
L 

K - yrllbl Bblll9T8 'l8CTHUhl ( COOTBeTCTBeHHO B CHC TeMe OOKOH 

'18CTHUbl A H B CHCTeMe U. M. CT81lKHB810illHXCSI '18CTHU, 

DnR Bhl'lHCilCHHR yPn a pellS!THBHCTCKOPO nosopoTa CflHH8 \l8CTHUhl n 
rn A 

B 9TOM B btpa~eHH H cnenyeT flOilO~HTb p = -;-;;- H npHHSITb, 'lTO 8 I. 

COOTBeTCTByeT yPily BbtlleTS ( B CHCTCMe OOKOSI ;\ ) \l8CTHUbl U H 

H3M9HHTb 3HaK nepel.l j_ I "U " K 
p 

fleP KO BHll9Tb, 'ITO npH ynpyPOM p8CC9RHH H \l8CTHU p8BHhlX M8CC 

( m =m "' '" =m ) A B C U 
$opMylla ( 1 ) npHHHMaeT BHJl 
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nc K 
si n(-) = Si n(?- ~L) 

2 - (2) 

/ 1/ 
H coenaaaer c H3eecrHoA ~opMynoA Cranna • 

PaCCMOTpKM CJTy'iaA (pKC, 2) 1 KOr,na CKCTeMa H86nJOD81'9JlH ( TO'i-

Ka L )He coe nanaeT KH c o.aHoil H3 TO'ieK A , U , C , n , U KHHe-

M81'H'i9CKOii AK8I'p8MMbl peaKUHH H 1 B006Uie I'OBOpH, He Jl9>KKT B fiJTOCKOC­
C 

TH ABCU 

___.,;:;'\'/ B 

A 

1.. 
PHc, 2 . 

0TM9THM 1 'iTO B 31'HX YCJTOBHHX B Ol'JlH'iHe OT npeDhlDyUiero CJTy'i8H
1 

KOI'£18 CHCTeMa K86JT~A81'~JTH COananana C CHCT9MOH noKOH ODHOH H3 'i8C­

l'HU, He06XOllHMO Y'iHTWB8Tb TSK>Ke peJTHTH B HC T C KHe fiOB OpOT hl CfiHKOB 

'i8CTHU B H8'i8JlbHOM COCTOHHH H 1 onpe.aenHeMble fiJT OU18AHMH TpeyrOJTbHHKOB 

1\ LlJA H 1\ LUB • 

PenHTHBHCTCKHe nosopoTbr cnHHos npoayK Tos peaKUHH ( C , JJ ) 6y-

nyT onpeaenHT bCH nnomaaHMK TpeyronbHHKoa ~ LUC » ~ Lun 

8 K8'i9Cl'B9 HCXOAHOH ~OpMyJTbl npH Bbl'iHCJTeHHH peJTHTHBHCTCKOI'O no­

BOpOT 8 CfiHH8 HCfi0Jlb3yeM ( 1, 7), 

PewaH COOTBeTCTBY~UIHe TpeyrOJTbKRKH, onpeaeJTHM napaMeTphl KRH9M8 -

l'H'l9CKOR l lHarpaMMbl , H906X0.!1HMbl9 DJTSI D8JlbK9fiWH X paC'i9TOa; 

6 

-

ch ( AR ) = <'h ( L:\ ) • ch ( LB) - sh ( L <\) • Mh ( LR ) • cos ( L ) , 

cos ( A ) 
ch ( AB ) • ch ( LA) - ch ( LB ) 
~( AU ) • sh (l :.\>--- ' 

ch ( AB ) · ch (LA ) - ch ( LU ) 
cos( Rh--

sh( AB ).sh( LA ) 

ch ( L t.:) = c h ( -\U) • ('h ( L\ ) - sh ( AU) • sh ( LA ) • cos ( A ) ,. 

= ch ( Ull ) • ch ( L R) - sh ( Bt; ) • sh ( L B ) cos ( B), 

COIS( Ll )= 
ch ( I.U) • ch ( L U ) - ch ( BU ) 

sh ( LlJ) • s h ( L B ) 

cos ( L 2 ) = ch ( LlJ) . :h (LA )_:_c~_( AU ) _ ' 

s h ( I.U ) • sh ( LA ) 

('h ( AU ) • ch ( L U) - ch ( AL ) 
cos ( L U :\ ) = - --------­

s h( AU) . sh ( LU) 

(3) 

3Ha'leHHH rHnep6onH'ieCKHX CKHycos K KOCHHycos o T oTpe3KQB A U 

BU • cu I ou H8Hll9Hhl B npKJTO>K9HK H 2. 

PeJTHTHBHC TCKHe nOBOpOTbl CnK H8 B H8"18JlbHOM COC T OHHRH, K8K y>Ke 

rosopHnocb, onpeaenH~TCH nnowaab~ T peyroJlbHHKa ~ ALU D{IH 'l8CTHUbl 

7 



A H nnowaabiO rpeyronbKHKa ~ BL U anSI qacTHUbi B • <PopMyna ( 1.7) 

AllSI 3 THX cnyqaea npHMeT aHa : 

. n A ) I 1 ... 2 ch ( LU ) • (' h ( .-\{.; ) • (' h ( \ L )- ch 2(LU)- ch 2
( -\U)- (' h 2-(.-\L} . 

sm(- =\-- -
2 2 [ ch ( LU) + l H ch ( AU) +1][ch(AL)+l) 

(4) 
fln 

sin( 2 ) \ ' 

~ 2 :z 
l + 2 ch ( LU) ch ( Ul! ) ch ( BL )- ch- (LU)- ch (BU) - ch (81.) 

2 [ ch ( LU ) + l ][ ch ( BU) + I J[ ch ( Bl. ) + l ] 

nonO>KHB AL =0 (cHCTeMa aa6n10aa enSI coananaer c CHCTeMoli no­

KOSI '{8Cl'HUbl .-\ ) 1 nony'{HM 

nA 
si n ( -- ) ==0, 

2 

'{TO IIO.QTaep>Kaael' CK838HHOe paHee 00 Ol'CyTCTaHH pellSITHaHCl'CKHX noao­

pOTOB H8'{8llbHbl X CllHKOablX COCTOSIHHR npH 3 T .HX yCllOBHSIX, 

A H8llH3Hpy Sl KOHe'{Hble COCTOllHHSI1 paCCMOTpHM pellSITHaHCl'CKH.A noao­

pOl' cnHHa qaCl'HUbi C , q"J'o norpe6yer peweHRll rpeyrOllbiiHKa .l Ll!C 

¢lopMyllbl (3) 38C\810l' r'Hnep50llH'{eCKHe QlYHKUHH llHWb aayx C TOpOH S'TOr'O 

rpeyronbHHKa • .QnH onpeaeneHH SI a eaocra1owero napaMeTpa - t·h ( LC) He­

o6xoanMO H8tfl'H OC\IIH H3 Yr'llOB H 38TeM BOCnOllb30a8l'bC51 l'eOpeMOit KOCH-

HYCOB ( I. 1 ) . 

Yron L:i MO>KHO onpeaenHl'b no ljlopMyne ( I. 9 ) , paccMarpa-

aa51 ero KaK o6pa3oaaHHbiA Ol'pe3KaMH LC (co c¢epHqeCKIIMH yr'll8MH 

9c ¢ ~ ) II LU (co c<j)epHqec KH MII yrnaMH (J" , 0 ) : 

t•os ( L'l ) "'sin ( () ) s in ( L 1) cos ( ¢ ) + cos ( (} ) cos ( L J). 
c c c (8) 

B T OM cnyqae, ecnH aanpaanea11e abinera qacl'HUbl C 1!36eCl'HO 

JlHWb a CIICTeMe Ha6lliOC\8l'ellSI1 l'eOpeMy KOCHHYCOB ( I. 1 ) MO>KHO npea-

Cl'8BI!Tb a al!.[le 

8 

ch ( Cl ) = t·h ( LC) • l'h ( Lll )- sh ( LC hh ( Ll ) t·os ( L :~ ) . (7) 

8bipa3Ha a aroA ¢opMYlle sh(l .() qepe3 l"h ( I.C) , npHAeM K Kaall-

pa l'HOMY ypaaHeHII IO Ol'HOCHl'ellbHO c·h ( LC ) c peweaHeM 

( I C) 
('h ( I .U) ch (CU) I l , 

1 
ch 

4 
(Lt.:) -sh 

4 
(LU)n•s \ L3) I 

ch • - L \ - --....---~-- - · (8) 
ch 2 

( l .U )-sh 2 (I.U) cos(L3) l'h • (Ll.! ) 1"11 (ClJ ) 

.naa 3H8'ieHHSI 1 Koropble MO>Kel' npHHHMal'b t•h ( LC) , COOl'BCl'Cl'BYIOl' 

lli\Yl-1 pa3Hb1M yr'll8M Bblllel'a 31'01% '18CTHUhl B C , U , M ., npHBOC\HlllHM K OAHO­

MY R l'OMY >Ke HanpaaneHRIO ee .QBH>KeHHSI OTHOCI!l'ellbHO H80lliOll8l'ellSI, 

QqeaHA HO, KB>KllOMY H3 ar11x 3Ha'lOHHR c:h ( LC) COOl'Be l'Cl'ayer CBOH ae-

llH'{HH8 pellHl'IIBHCl'CKOr'O noaop01'8 CnHHB , 

EcnH aanpaaneaae a~nera 'l8Cl'HU~ C ft3aecrao raK>Ke H a c . u . M . 

(K ~ I Ct;B , ro, onpeaenHa 113 ( I. 10 

Cl'SIMII LUC H L \R 

NOS 0 
K 

t·os 0 - cos (L2) cos ( L:l) 

"in (L2) sin ( L_:l) 

li8H.[leM C nOMOlllbiO (1.10) KOCHHYC yr'll8 

) , yron ¢ 
K 

1 LUC ,____ 

cos( LUC ),,_cos ( LU.\ )cos (K) tsin ( u · \ )si n ( K) t"O'> 0 
K 

II OllH03H8'{H0 onpeAellHM ch ( f.() 

c·h ( LC ) = ch ( Lll )" ch ( CU) - sh ( I.U) :-;h ( CU) """' ( LlJC). 

MelKllY nnocKo-

(9) 

( 10) 

( 11 ) 

<PopMyny anSI pacqel'a penHTHBHCl'CKoro noaopora cnHHa '18Cl'HUbi C 

3811HWeM B BH.[le 
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I 

o .. 
si n(-)..,\ 

2 
l +2ch ( LU) ch ( CU h·h ( LC)- ch 

2
(L l!) - ch 2 

( CU) -<'h 2(LC) 
2 [ ch ( LU) + I H rh ( CU) + l ][ ch ( LC ) + l l 

( 12) 

AKanorH'IHO Mo•er 5wrb KaAaeK 11 penRTHB HC TCKH A nosopor cnHKa 

'18CTHUhl 0 

Her pyaKo noK838Tb , 'ITO npH cosnaaeKHH T O'IK H L c TO'IKOA A 

(CHCT 9MOll nOKOR '18CTHUbl .\ ) ciJOpMyna ( 12) npHBOaHTCR K nonyqeHKOMY 

paHee sHay ( I ) • 

.£lnR HnniOCTpaUHH B T85nHU9 1 npHBeaeKbl 'IHCneKHbJe 3H8'1eKHSI yrnos 

penSITHBHCTCKOro nOSOpOT 8 CnHKOB npH ynpyrOM p p - p8CC9SIKHH K8 yron 

0 
K =90 s cnyqae, Koraa T O'IKB L ne•HT s nnocKOCTH ARCO H yron 

~ 0 Me•ay H8'18nbKbiMH C K OpOCT HMH npOTOKOB =90 , 

0epB8R CTpOK8 a T OA T 85nHQbl COOTBeTC TsyeT pacCeRKH~ npOTOK8 C 

aHeprHeif T 8 .. 600 Mas Ka noKORIJleMCR npoToHe 11 , cneaoearenbHO, npH­

eeaeKHbiH e aroll c r poKe yron noeopor a cnHHa 'laCTHUbi coenaaaer co 

CT BnnOBCKHM noeopOT OM, 

T a6n 11 ua 

T a T A 
U A <l a ll c 

Mas M a s rpaa. r paa. rpa a . 

600 0 0 0 7 ,9 
600 1 0,7 0 ,6 7,9 
600 10 1,1 1,9 7,9 
600 100 6 ,7 5,9 6,7 

10 

KaK H3secTHO, e HepenRTHBHCTCKO.M npH6nH•eHIUI MarpH'IHbJH aneMeHT 

ynpyroro paCCeRHHH '18CTHU CO CnHHOM S = l / 2 I!MeeT BRa 

... ~ + 
M =< S S A p A >. 

C A in 
(13) 

3aecb 
171 

A - aMnmiTYAB pacceRHHR P1n - MaTpHU8 nnoTHOCTH H8'18nJ:. -
... 

HhlX cnHHOBhlX COCTOHHHll , SC,D - CnHHOBbte onepaT Opbi , aeifCTBY~IJlHe 

H8 BOnHOBY~ ¢yHKUH~ KOHe'IHOrO COCTORHHSI, 

06o61JleHHe aTOll 38nHCH , COOTBeTCTBy~IJlee paCCeSIHH~ penRTHBHCT­

CKH X '18CT HU H8 nOKOSIIJleHCR MHWeHH H BKn~'i8~1Jlee onepaTOpbl R C ,D pe-

nRTHBHCTCKOrO nOBOpOT 8 CnHHOB 'i8CTHU C 
/8/ 

a pa6ore 

~· • + 
M = < R c ft 0 S C S 0 A pIn A > . 

D , 6b1no npHseaeHo 

( 14) 

B o5meM cnyqae, npH pacceRHHH penRTHBHCTCKoll q acTHUbi Ha aBH*Y ­

IJleliCR MHWeHH 1 K8K y•e roeOpHnOCb , penRTHBHCTCKHH flOBOpOT CflHHOB 

Heo5XOllK MO Y'IHTbiB8Tb H B H8'18nbHOM COCTORHHH , C r pyKTypa M8TpH'IHOrO 

aneMeHT 8 npHMeT BHa 

M 
... ... + 

• < R O R DSS SD ARA R Bpln A ), 

ornH'Ia~IJlKRCR o r ( 14) noRsneHHeM oneparopos 

( 15 ) 

R A 11 R 8 , aeRcrsyJO-

IJlHX H8 M8TpHUY nnOTHOCTH H8'18nbHOrO COCTORHHH, 

1 1 



n p Hn O>Ke HH e 

n p HaeaeM 119KOT0pbl91 non e 3Hble a nSI p e weHHSI p8CCM8Tp H88eMbl X 38-

aaq 1 <jJ OpMynbl reOMeTp HH n o6aq eBCKOrO H rJ,Iflep60n.HqeCKOH Tp HrOHOMeT­

pHH , 

n p H peweH.HH r Hnep6onHqeCKOr O TpeyronbHHK8 (pHC, 3) HCflOnb3Y~T­

CSI <jlopMyn bt : 

8 

A 
6 

C 

PHC, 3, 

a) T eopeMa KOCHHYCOB an SI CTOp OH 

C'h u = ~·h b • c h I ' - sh h • sh <' I.' OS -\ , 

c h h = dt <' • ch a - s h 1.' • sh a c·u s B , 

d1 c = c h a • ('h h - ,; h u · s h b .. os C . 

6) T eopeMa KOCHHyCOB anSI yrn oa 

cos <\ - - <'OS A • <·us C 1 sin IJ • sin C • eh a , 

cos B = - l.'osC • •·os ·\ +S in C · sin A · l'h b, 

c·o,; C =-co,.,A • l'OS IJ +sin \ · sin l:l · •·h c 

a) T eopeMa CHHycoa 

&h a 

si n .\ 

-.h b 

"'i n R 

sh c· 

"'inC 

12 

(I . 1) 

( I. 2) 

( I. :3 ) 

r) EcnH B nnOCKOCTH no6aqesCKOro qepe3 To qKy -\ (pHC, 4 ) 

sHe npSIMOH t•A ( v , ,\ - 6eCKOHeqHO yaaneHHhle T Oq KH) npoaeaeHbi n 

A v H A ,\ , napannenbHbte FA , TO c nepneHa HKynS!pOM <\ B K aa 

HO~ npSIMOH OHH o6p83Y,~T yron ~ (x) 1 
rae X - p8CC TOSIHHe OT TO' 

:\ £10 npS!MO~ FA , npH 3 TOM BbJnOnHSI~TCSI COOTHOWeHHSI: 

1 
ll (x)= () s in · ~h x 

I.' OS !I ( X ) = I h ( ' ) , ( I. 4 ) 

( x)- - -. 
tg !l sh (x) 

14 

i l 

PHC , 4 . 

a) nnowartb TpeyrOnbHHK8 MO>KeT 6h!Tb Bhlp8>KeH8 qepe3 yrnbl nf 

nenbHOCTH anSI ero CTOpOH
1 

HnK qepe3 rHnep6onHqeCKHC <jlyHKUHH ero C 

pOH, npHHHM8SI B K8qeCTBC 9LIHHHUhl anHHhl CKOpOCTb CBeTa , KOTOpy~ 

nonaraeM TO>KACCT89HHO p8BHOfi eaHHHUe , <jlopMynf AnSI BhlqHCneHHSI nn 
/51 

Llli s TpeyronbHKK8 MO>KHO 38n.HC8Tb B BKAe 

13 



npH.Il.O>KeH He 

n p HaeneM neKoTopble, none3Hhie nnst peweHHSJ paccMaTpKeaeMbiX 3a­

~ OPMY.Ilbl reoMeTpHR no6aqeeCKOrO H rRnep60.Il.HqecKOA TpH rOHOMeT-

npH peweHHH rHnep6onRqeCKOrO TpeyrO.IlbHKKa (pHC , 3) HCflO.Ilb3yJOT­

~Mynw ; 

c 

A • C 

PHc. 3. 

i) TeopeM8 KOCHHYCOB ll.ll.SI CTOpOH 

:h u = ch b • c· h c - sh h • sh c t·os \ , 

ch b = ch (' • ch a - sh c • sh a c·o8 U , 

·h c "' ch o • ch b - sh a • sh b ' '"8 C . 

) T eopeMa KOCHHycoo nnSJ yrnoe 

:os.'\ = - co-.[J • cos C + sin U • s inC. chu. 

~os D = - co-. C • c·os \ +sin C · sin \ • c·h b, 

cosC =-cos \· cos B +sin\ • sin B q·h c 

) T eopeMa CHHycoe 

s h a 

sin A 
sh b 

s in B 
sh e 

sin C 

12 

(1 . I ) 

{I. 2) 

( I. 3 ) 

• 

r) EcnH B nnOCKOCTH no6aqeeCKOro qepe3 TOqKy A (pHC, 4) 

BHe npSJMOH vA ( •' . A - 6ecKoHeqHo yaaneHHble TOqKH) npoaeneHbl n yqK 

\ • H .\ A , napannenbllhie I' A , TO c nepnenllRKY.Il.HJ>OM -\ B K naH-

HOA npS!MOH OHH o6p83l~T yron ~(x) , rne X - paCC TOSIHJ{e OT TQqKH 

.\ no npSJMoA vA 

l 
. II ( " ) = s •n • 

COS fl ( X) = th ( X) , 

•g n h > ~ _1 _ _ 

shh.) 

, npH 3 TOM BblflO.Il.HSIIOTCSI COOTHOWeHHSI: 

J4 

~ A 

PHC. 4 . 

( I. .t ) 

n) nnowanb TpeyrollbHRKa MO>Ke T 6b1Tb BhipaAieHa qepe3 yrnbl napan­

nenbHOCTH ll.ll.SI ere CTOpOH , H.ll.H q epe3 rHnep60miqeCKHO tPYIIKUBH ere CTD­

pOH , npHHHM8SI B KaqeCTBe ellHHHUbl ll.ll.HIIbl CKOpOCTb CBeTa, KOTOpyJO Mbl 

nonaraeM TO>KnecTaeHHO pae11ofi enHHRue , 4JopMyny anSI ewqHcneHRSI nnowa-

s- /5/ 
nH . Tpeyro nbHHK8 MO>KIIO 38flHC8Tb U DHJle 

13 



s 1 
~< in ( - ) =-= tg !1 (a) • tg !l (b) • tg fl (C) X 

2 , 12 

I l I 
x P ( a , h, c ) • v ( --- -1 )( - I )( --- -1) 

s in fl (a) s inll (b) s in n (c) 

rae 

2 
P (a, b, c) :: -/ 1 + si nll (a) · s in!l (b) . sin!l (c) 

1 

s in 
2 n (a) s i-;;;1 (b) 

(1..3) 

s in 2!l (c)- (I.G. 

11cnonb3Y Sl COOTHOW9HH S! ( J. 4 ) , Bblp83HM nnOW81lb Tpey!"'OnbHIIK8 'lepe3 

rHnepoonH'IeCKHe <PYHKUHII ero cropoH: 

. (S) v' l +2cha·chb·chc-ch 2a -ch b-~· v' (ch a-1)(ch b-O(chc-1) 
SID - ., 

2 v 2 • sh a • s h b • s h c 

1 1 + 2ch a· ch b • ch (' -ch 2 a -ch 2 b -ch 2c • v 
2 ( ch a + I ){ ch b + 1 ) ch c + 1 ) 

(1. ~) 

B ocnonbaoeaewiiCb reopeMol! KOCHHycoe (1. 1 ) anSI r oro, 'IT05bl 

Bblp8311Tb !"'Hnep6onH'I9CKHl! KOCHHYC OT OllHOl! H3 CTOpOH TpeyronbHHKB qe­

pe3 npOTHBOne*8WIIH ell yron II I"'llnepoOnll'leCKHe <l!YHKUHII llBYX llPYI"'HX 

cropoH rpeyronbHHKa, Bblpa*eHHe ( I. 7) MO*HO npMB9Cl'H K BHily 

14 

~ 

t' 

.r 

( S s inA ( 
sin- ) = -/ (c·ha-l} ('h b-J)(,:hc-1)= 2 -

\ / 2 sh a 

sin B 
v ( ch a -1) ( ch b -1 )( ch c -1 ) = ( I. 8) 

\ 2 s h b 

si nC 
--::o::--- J ( cha - 1 )( t"h b -1 )( c h c - 1 ). 
J2 s h e 

e) Y<iHTbrSaS!, 'ITO <PopMynbJ npocTpaHCTSeHHol! TpHI"'OHOMerpKH llo5a­

qescKoro, SKnJO'Ia!OwHe TOnbKO yrnbi, coenaaa10r c <PopMynaMH EaKmrJlosoA 

reoMeTpHH , Mbl onpeJleniiM yron 'P M9*JlY 0Tpe3K8MH, OpHeHT8UHS! KO-

TOpbrX B npoc Tp8HCTBe 38Jl8H8 fl8p8MH cq,epH'IeCKHX yrnoe ( () r • ¢ t ) 

H (()2 ,¢2) c noMOWb!O o6bJ'IHol! <PopMynbi 

cos 'JI ., s in 0 1 · s in (J 2 . cos¢ 1 · cos¢ 2+!:i in0
1 

•si n 0
2 

· s in ¢
1 

• sin¢
2

+cos0
1
• cos 0

2
(1 

*) Yron 0 ( 
NLK 

MLK Me*JlY IWOCKOCTSIMII !\ILK II MLK 

( CM. p Hc . 5) c yrnaMH npH aepwHHe K 

c-os (/ MKN) =cos (/MJS_h_) . cos(~KL ) + 

191 
onpeJlenS!eTCS! BbJpa*eHHeM 

(1.1 0) 
+ s in (/ MKL ) . s in ( I NKL ) . cos¢ ( NLK ) • 

MLK 

15 



s 1 
I ( - ) "' -= tg n ( a ) • tg !I (b ) • tg fl ( C) X 

2 \ 12 

(1.5) 

p ( 8 • b. c ) • \ (sin n ( 8 ) -1 )( • - 1 >< __ r_ -I > 
sin n ( b ) s in n (c) 

2 1 1 v i + 
sin!I (a) .sinll (b) · sin!l (c) ---:---2 n (a ) S ID ~~I (h) s in 2!1 (c)- (l. t'Y. 

/51 COOTHOWeHHST ( (. ·1 ) 1 Bb!pa3HM nnoW8Jlb TpeyrOnbHHK8 ~epe3 

H~eCKHe ¢YHKUHH ero CTOpOH: 

/ 1+2ch a · ch b·ch c -ch 2
a -ch b-~. v'(ch a - l)(chb-1)(ch e-1 ) 

v' 2 • s h a • sh b • s h c 

!h a • ch b • ch c - ch 2 
a - ch 2 b - ch 2c 

( ch a + I )( c·h b + l ) ch c + 1 ) 

nonb3osaellJHCb reopeMolt KOCHHycos ( I . 1) 

(1. 7) 

nnsr Toro, ~To6bi 

rHnep60nHqeCKHit KOCHHYC OT OllHO~ H3 CTOpOH TpeyrDnbHHK8 ~e­

BOnelKSWHit e~ yron H rHnep6onHqecKHe ¢YHKUHH nsyx npyrHx 

•eyronbKHKa, BbtpalKeKHe ( I. 7) MOlKKO npHB9C TH K BHJly 

• 
14 

{ 

i 

sin A . ( s ) !<In------ \
1 

( ch a - 1 )( ch b -1 ) ( ch c -1 ) , 2 
\ ' 2 sh a 

sin 8 
\ ( cha -1)( ch b -I )( <·h c -1) = 

\ 2 sh b 

sinC 
--==---\' (cha - l )(ch b-1 )(ch c-1). 
v' 2 sh e 

( I. 8) 

e ) Y~HT~Basr , ~TO topMyn~ npocrpaHCTBeHHO~ TpHrOHOMe TpHH no6a­

~eBCKoro, eKn~~a~wHe TOnbKO yrn~ , coenana~T c topMynaMH EeKnunoeoA 

reoMeTpHH , Mbt onpenenHM yron 'P MelKJlY 0Tpe3K8MH 1 Op.HeHT8UH5! KO-

TOpbtx e npocrpaHc r ae 3anaHa napaMM c¢epH~eCKHx yrnoe ( 0 
1 

, ¢ 
1 

) 

H (02,¢2) c noMOWb~ o6bt~Holt ¢opMynbt 

COs If' = s in 0 1 · l< in 0 2 - cos ¢ 1 · cos¢ 2+sin0
1 

· sin0
2 

• sin ¢
1 

•sin ¢
2

+cos0
1
• cos 0

2
(1. 9) 

lK ) Yron ¢ ( 
NLK 

\f L K MelKJlY nnOCKOCTS!MH ~LK H MLK 
( CM , PHC, 5) c yrnaMH npH aeplllHHe K / 9 / onpenensrercsr a~palKeHHeM 

cos(/ MK~ ) "'cos (/MKL ) . cos( /~KL ) + 

+sin (/ MKL ) . ,. in(~. cos¢ ( NLK ) • 
MLK 

15 
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K ' L 

PHC. 5, 

npHflO>KeHHe 2 

npH89ll9M Bb!p8>K9HHH H9KOTOpl>lX KHH9M8TH'i9CKHX napaMeTpOB OTHQ­

CHTCflbHOPO ABH>K9HHR 'i8CTHU 'iepe3 PHnep60flH'i9CKH9 ~YHKUHH OT paCCTOR­

HH51 M9>KllY COOTB9TCTByJOWHMH TO'iK8MH 8 npOCTp8HCTB9 4 - CKOpOCT9H, 

0603H8'iHM qepe3 u rHnep60flH'i9CK09 paCCT051HH9 MC>Kay TO'iK8-

MH 4 - CKOpOCTeii 'i8CTHU 1 ,2 , T orna OCHOBHbl9 KHH9M8TH'i9CKH9 X8p8KT~-

pHCTHKH OTHOCHT9flbHO llBH>K9H H51 8THX 'i8CTHU MO>KHO onpenenHTb Cfl9AyW-

WHMH DWp8>K9HH51M~, 

Pen51THBHCTCKHii ¢aKTOP -

CKopocTb -

3 - HMnynbCI Macca 

HMnynbc 'lSCTHUbl 1 B CHCT9M9 flOK051 'l8CTHUW 2 -

Y" ch (a ) 

~=lh(u) 

p/ m=-f3y=sh (a) 

m
1
f3y"'m sh (a) 

)II MflYflbC 'l8CTHUhl 2 B CHC TeMe flOKOH 'i8CTHUhl 1 - m f3y=m sh (a) 
2 2 

3HepPH51 'i8CTHUbl 1 8 CHCTCMe fl0K051 'i8CTHUhl 2 - m f3y=m ch(a) 
I I 

3HeprH51 'i8CTHUW 2 8 CHCTeMe nOK051 'i8CTHUhl 1 - mty = mz •·h (a) 

KHHeTM'ieCK851 3HeprH H 'laCTHUbl 1 s cHCTeMe 2 a 
flOK051 'i8CTHUbl 2 - m1(y-1)=2mr<>h (T) 

KnHeTH'ieCKa51 3HeprH51 qacTHUW 2 s cHCTeMe 
nOK051 '!8CTHUbl 1 m 2(y-1) ~2m 1 sh

2 (~) 

16 

8wseneM H9KOT0phle COOTHOW9HH511 fl0fl93Hhl9 Afl51 pa60Thl C KHH9M8TH­

'i9CKHMH llH8Pp8MM8MH 6HH8PHWX pe8KUHA, 

1, Pacnan 'iSCTHUbl Ha nse 

nycTb 'i8CTHU8 c MaccoA M , 4 - CKOpOCTb KOTopoii COOT89TCTByeT 

TO'IKe tJ , pacnanaercn Ha noe 'iSCTHUbl c MaccaMH m A , m13 H 4-CKO-

p0CT51MH .\ H B 

B CHCTeMe noK051 -qacTHUW \I nponyKTW ee pacnana paaneTaJOTC51 

s npoTHsononO>KHbJX HanpasneHH 51 X ( I .\UB =" ) , no3TOMY :\ , U 

6yll':fT fl9>K8Tb H8 npSIMOii , 

D 

3aKOHhl COXp8H9HH51 llfl51 3TOrO Cny'i851 MO>KHO 38flHC8Tb B BHAe 

\1 "" m ch ( .-\U ) + m ch ( BU ) • 
A R ( IJ. 2) 

m sh (.-\ li )= m sh ( BU ) . 
A 1:! (11.3) 

Pen51THBHCTCKHii ~KTOp OTHOCHTenbHoro ABH>K9HH51 qacTHU A H B 
Bhlp83HM 'iepe3 XapaKT9pHCTHKH llBH>K9H H51 3THX 'i8CTHU 8 CHCTeMe flOK051 

pacnanaJOmeAc51 'iSCTHUhl : 

ch( .\R )=eh (·\U + t:!:l ) =ch( :\lJ) . ,.h ( l..llJ ) 1 sh(AU) • .sh (BU). (11.4) 

803B9JlSI (11.2) B KB8llp8T, HCKfliO'!HM 38BHCHMOCTb OT( .\ lJ) H ( UB) 

C flOMOWbiO COOTHOW9HHA (IJ.3) 
1 

(II. ~) 

flH'!9CKHX ~YHKUHA 

, HCfl0flb30B8B C80HCTBO rHnep6o-

ch 2 
( X ) = sh 2 

( X ) I } • 

nocne 3TOPO CBSI3b M9>Klly M8CCOA p8Cfl811810We!k51 '18CTHUbl, M8CC8MH npo-

17 



~yKTOB pacna~a H pen~TH BHCTCKH~ ~8KTOpOM HX OTHOCHTenbHOrO ABH~e-

HH~ MO~HO 3anHC8Tb B BH~e 

M2 :m 2 +m
2

t2m m • ch ( -\B ). ( 11.5) 
A B A R 

2, 0CHOBH~e X 8p8KTepHCTHKH ABH~eHH~ B C , U, M , 

COYA8p~IOWHXCSI '! ll CTHU 

nycTb (eM. p HC . 1 .) '18C THU8 c M8CCOH m A H 4 - cKopoCTbiO A 

C T anK HB8 10TCB C '18C THUeA , HMeiOWell Macey ml:l H 4-CKOpOCT b H , H B 

peaynbTaTe pe8KUHH o6pa3yiOTCSI '18CTHUbl C M8CC8MH m 1 m K 4 - C KQ-
C 0 

pocT~MK C H 0 • U eHTp Mace TaKoA CHCTeMbl HMeeT 4 - cKopoCTb , onH-

CbiB8eMyiO TO'IKOA lJ 

KaK H3BecTHO, a c . u . M . 6HHapHoA peaKUHH HMnynbCbi acex 'IBCTHU 

p8BHbl Me~y co6oA , nosTOMY MOli<HO 38llHC8Tb ! 

m sh ( AlJ ) = m sh ( R lJ ) ~ m • ~h ( Cll) ~ m sh ( OU) • 
A 8 C 0 

(11 .6) 

P e n HTKB HCTCKHA ~KTOp OTHOCHTenbHOrO ABHll<eHHSI CTanKHB8 10lUKXCSI 

'18C THU CBSI)I(eM C X8p8KTepHCTHK8MH H X llBHll<eHH SI B C, U . M . 

ch (A H ) = ch ( AlJ) • ch ( B lJ ) + s h (AU) • sh (BU ) = 

(II. i) 

m 2 2 m 2 
ch (AU) . y( -A ) sh ( AU) + l + ~ . sb ( AU). 

m B m e 

18 

J.1368BKBWHCb 8 STOM Bblpa~eHHH OT P8Jl.HK8na , nocne HeCnO~HblX npeo6-

pa30B8HHA llO~Y'IHM 

2 
2 2 

sh ( AU )= ch ( :\ U)-1 = 
Kh ( AB ) 

(ll.8) 
m 2 m 

1 + ( ~) + 2 ( --..!!) • (:h ( A B ) 
m 

8 
m

8 

OT KyAa HeTpyAHO H8HTH ~OpMynbl AMI onpe~eneHHSI OCHOBHblX x apaKTepH-

CTHK Jl.BH~eHH ~ '18CTHU~ A a c . u . M , XapaKTepacTHKH ns a~eHHH 'IBCTH-

Ubi B B TOJi ~e CHCTeMe H8X0Jl~T 8HanorH'IHblM nyTeM, 

th ( At;)= rna · sh ( A B ) 

m + m ch ( A B ) 
A B 

sh ( AU ) = --------
V m / + m ; + 2 m A m 

8
ch ( .\ B ) 

ch ( AU)= 
m -t m (:h (A D ) 
2.._._1:1_ 

y m 
2 
+ m 

2 ~2 m m ch ( AB ) 
A B A 1J 

th ( B lJ ) = ~ sh ( A B ) 

m B + m A ch ( A 8 ) 

sh ( B lJ ) = 
m Ash ( A 8 ) 

\ 1 m 2 ·~ m 2 +2m m ch ( -\D ) 
A B A B 

19 
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1·h ( B ll) 
rn B + rnA l'h (:\H ) 

\ m 2 ~ rn 2 ~:.! rn m ch ( -\ B ) 
• 8 A B 

!13 paseHCTB ( 11.6) H (11. 8) llHAHO , 'ITO 

rn sh (Ct.: ) = rn sh ( nL ) e c 0 

m • rn 8 sh ( -\ B ) 
( 11 .10) 

\ m 2 + m 2 ~ 2 rn rn ch ( -\ B ) 
A T1 f\ B 

!1cnOnb3YSI 3TH COOTHOIU9HHSI1 
nePKO nony'IHTb AnSI '18CTHU ( 11 n 

see Bb!p8)!{9HH 511 8HanOPH'!Hbl9 Bb!p8)KeHH SIM (I(. 9) AnSI '18CTHU -\ H 0 

0TMeTHM
1 

'ITO BXOASilllHe 13 (IJ. 9) p8AHK8nbl COBfl8A8!0T C MaCCOfi 

'18CTHUbl 1 K OT0p8S1 8 TO'IK9 lJ 

c 4-CKOPOCTSIM H :\ ' R ( 11.5) 

p8Cfl8A8eTCSI H8 '18CTHUbl m A It 

3 . CeSJ3b yrnos BbrneTa '18C THUbl e c . u . M . 11 s CHCTeMe 

noKOSI OAHOfi H3 Y'I8CTBY!OlllHX B pe8KUHH '18CTHU 

rn a 

npHM9M 1 'ITO CHCTeM8 na6nJOA8TenSJ cosnanaeT c CHCTeMoA nOKOSI 

'18C THUhl A • T orAa ~ UAC ,(JL - yron ebrnera '18CI'HUbl s na6opaTopnoA 

CHC T eMe, 1 At:C "'"- K , rne K - yron shlnera '18CTHUhl <: e 

c .u . ~• . 

,iln51 yCI'8HOSneHHSI HHTepecyJOlllell H8C CBSI3H Me)KAY yrn8MH0 L lol K 

paCCMOTpHM TpeyrOnbHHK 11 ·\ UC • Ha OCHOB8HHH reopeMbl CIIHYCOB AnSI 

s r oro TpeyronbHKKa 38nHilieM 

sh ( Cl! ) sh ( \C ) 

s in e 
L 

sin K 

20 

KnH 

si n20 ~sh ( Cli ) 2 
L., \ 

sh ( \ C ) ) 

OrKyAa cnenyeT 

tg 
2 

(0 I.) = ( sh ( CU ) 

I ~ tg2 (0 ) 
I, 

sh ( :\C ) 

HnH, HH8'1e 

• 2 
S in K 

) 2 

2 2 
2 sh ( CU) • s in K 

• 2 
~• n K, 

tg (OL)= -------
ch2( ·\C ) - sh 2(CU) . s in

2
K -1 

( JI . ll ) 

Bocno n b3yeMCSI reope MoA KOCHHycos ( I. I ) II HCKn!O'IltM ch ( ~( ) 

H3 (IJ.ll ) • nocne He CnO)t{HblX npeo6pa30B8HII A H8AAeM 

tg(CIL) = s in K 

ch ( A U)[( th (AtD 
th (CU) 

) +<'OSK) 

( 11.1 2) 

/ 10 / 
8 nony'I9HHY!O H8MH !jlopMyny, KBK II 8 pS!Ll .o.pyrlfx !jlopMyn 

1 
CBS!-

3WsaJOlllHX K HHeMBTH'I&CKHe napaMeTphl yqacreyJOWHX e peaKUHH 'IBCTHU , 

BXOAHT eenH'!HH8 th ( AU ) / th ((U) - OTHOWeHHe CKOpOCI'H UeHTpa M8CC 

CT 8 nKHB8!0WHX CSl '18CI'HU B n .c . K. K C KOpOCTII '18CI'HUbl 8 C. U. M . 8 blp83H M 

31'0 OTHOWeHHe 'lepe3 M8CCbl '18CI'KU1 3HeprHJO H HMnynbC HaneT8!0WeA 

'l8CI'HUbl B n. c . ( CHCTeMa nOKOSl '18CT HUbl .-\ ) • 

J-13 paeeHCTll8 HMnynb COB 'ISCTHU 8 C .U. M . HMeeM 

rnA 
sh ( ClJ ) .. -. sh( AU). 

rn · 
c 

B b1p83HB sh ( CU) H sh ( AU ) q epe3 rHnep6onH'IeCKHe TaHreHCbi 

COOT neTCTSY!OWHX 0Tpe3K OB, nony'IHM 
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( th (AU) 

th (Cll) 

rnA 
2 I +l(-)-1] . th 2 (, \U) 

1 = m·· 

(~)2 
me 

Bocnonb3yeMCSI Tenepb ( II. 9) H_, Bbtpa3HB th ( :\C) 

ABH:1KeHHSI HaneT810UleA 'i8CTHU I>l B n.c ., nony"iHM 

'iepe3 napaMeTpbi 

m 2 m 2 2 
(-A+c·h ( :\ ll)J +[(2...) -1 ] . sh (:\B) 

th (AU) 2 
--- 1 
th( cu) 

me mB 
( 11 .13) 

rn A 2 rnA 2 
( - ) (- + ch (.\B )] 

me m 11 

fler'KO BH!leTb, 'iTO npH ynpyPOM pacCeSIHHH '18CTHU paBHbiX M8CC 

( m = m = m = m ) th ( AU ) / th ( CU ) = I H (II. l 2) 
A 8 C 0 . 

nepeX0£1HT B XOpOWO H3BeCTHYIO ~OpMyny 

K) _l_ 
tg (8L) • c tg(2 = ch(AU) 

n p H n 0 * e H H e 3 

(11.14) 

8biBe£leM ~OpMyny penSITHBHCTCKOr'O fiOBOpOT8 CfiHH8 !InS! cny'ISSI, 

KOI'£18 OpHeHT 8UH SI CfiHH8 onpeaenReTCSI B CHCTeMe fiOKOSI O!IHOH H3 '18CTHU. 

nycTb paCCM8TPHB8eM8SI pe8KUHSI A + B ~ c + D OfiHCbiB8eTC Sl 

KHHeM8TH'IeCKOA £1H8r'p8MMOA , H3o6pa*eHIIOH H8 pHC. 6, H HaC RHTepecyeT 

penSITHBHCTCKHA fiOBOpOT CfiHH8 '18CTHUbl C • S yaeM C'IHT8Tb 3a£18HHbtMH: 

22 

• 

A.G...E" ·l! · r "-.lr \ ::< •B 

D 

P11c. 6. 

M8CCbl '18CTHU ( m , m , m , rn ), 3 Hepr'HIO (penSII'HBHCTCKRH ~KTOp) 
A B C 0 

.QBH*eHHR 'laCTRUbl B B CHCTeMe noKOR -\ , yr-n&I Bbinera qacrRUbi C 

B CHcTeMe noKOSI 'laCTRUhl A (8L) H B c .u.M . ( K ) • CHcTeMy Ha6n10aa-

Teng C'IHTaeM COBfi8.Q810IUeA C CHC T eMOH nOKOR '18CTHUbl .-\ 

nnowaab rpeyr-onbHHKa s o6weM ·cny'lae onpe.aengercg ~opMynoA 

(1, 8) , KOT0p8SJ .QnSI Hawero cny'I8SI MO*eT 6bll'b 38fiHC8H8 .B BR.Qe 

sin (~)= sin (K) 

2 
· y [ ch (AU)- I ] • [ ch ( CU)- l ][ ch ( AC ) -1 ] . (111.1 ) 

fi sh( AC ) 

no £10K838HHOMY paHee (0,9) 

eh ( AU ) 
rn + rn ch( :\0 ) 

A B 

y m 2 + rn2 + 2 rn rn ch ( AB ) 
A 11 A B 

sh ( AU ) 1 
• sh ( CU) = L sh ( CU ) . 

( rn / rn ) P 
A C 
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nonbaysrcb nocneaHell <f><>pMYnoA, Bbtpa3HM ch( CU) '!epea 1·h ( \ U) 

- pellSITHBHCTCKHll <jlaKTOp llBHJKeHHSI U, M, CHCTeMbl OTHOCHTellbHO Ha6moaa-

Tensr: 

ch ( CU )zysh2 (CU) + 1 = v 1 -p 2 +p 2 ch 2 ( AU ) (I ll. 2) 

B xoasrwyto a (11 1.1) aenH'IHHY ( AC ) -1 np e o6pa3yeM: 

ch ( AC ) - l = <' h ( CU ) . ch ( All) + sh ( C U) • sh ( AU) cos ( K ) - 1 = 

= ch ( CU ) • ch ( AU ) + sh ( CU) • sh ( AU ) cos (K ) - ch 
2
( AU) + sh 

2 
( \ U) (nUl) 

2 .y1 2 2 2 
=sh (Cl:)l I ' ~ cos(K) ~ -p +P ch ( AU)[chC\ U)-\' l -p 2!p2ch (A L) 

p 2 - -1 
P [ ch ( AU ) - I ] . 

n OJlCTaBH M (JII.3) B (111. 1) H BOCIT01lb30BaBlUHCb TeOpeMOH CHHYCOB 

( 1.3) , nony'IHM HHTepecyJOwee Hac BbipaJKeHae a BHlle 

n sin2(0 ) 
s in~~),. 

2 
L -[ch( AU ) -1 ][y l -p 2 + p 2 · ch 2 ( AU ) -1 lx 

(IIU) 

• I 2 2 ( )( 2 2 2 1 v l- p +P ch AU ch ( AU ) - y l-p+p (:h ( \U) 
X I 1 + - ('0 !'1 ( K ) + ------- I . 

P p 2 
• [ ch 

2 
( AU )- 1 ) 

npH yrrpyrOM paCCeSIHHH 'iaCTHU C paBHblMH M8CC8MH ( m A= m 8= m c= m D 

p = 1 ) 9T8 <jJOpMylla rrpHHHMSeT BHil: 

si n2 (~) .. j_ sin 2 ( 0 ) r l + cos ( K ) ) • [ ch ( -\U) - 1 ) 
2 
= 

2 2 L 
(IIU) 

= si n2 
( 8 ) • <'0'> 

2 
( ~) • [ <·h ( \L )- 1 ] 2 

• 
!. 2 
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BocnonbaoaaewHCb CBSI3bJO MeJKny yrnaMH pacceSIHHSI 'laCTHUhl s 

pa3Hh1X CHCTeMaX OTC"'eTa ( Jl . U) rrpHneM K cnenyJOLUeMy BbtpalKeHHJO: 

n 
si n (-c) = l'os(() )sin (~)- s in (() )I'US ( 1:>...) =sin (~ - 8 ), ( 111.6) 

2 L 2 I. 2 2 L 

/ 1/ 
'ITO, O'ieBKAHO, cosnanaer c H3BOC THOA <jlopMynoA Crarrrra , 

ABTOphl Bhlp8lK8iOT 6naronapHOCTb n . H . flarrHnycy aa o6cyJKAeHHe 

pHna aaTpOHYTI>IX s pa6ore sonpocoe H H . A . CJ1,10POAHHCKoMy, naeweMy 

pS!ll ueHHhJX coeeToa I'! oanaKOMHBWeMycsr c pyKorrHCbJO AD ee rry6nHKSUHH , 
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