
OS'bE.QHHEHHbl t:l 
HHCTHTYT 
SI.QEPHblX 

HCCnE.QOBAHH A 

.Qy6aa. 

I 
I .I 
= :r 
! a: 

H.A.CMOpoAHHCKHA, M.Xycap 

P2-5124 

• = fiPE~CTABnEHHH rPYniTY ROPEHUA 

I H OBOBmEHHE CnHPAnbHWX COCTOHHHR 

I 
~ 1970 

\,_ - - -- - --



·"''~,d~L&;..~~ / ;~j~,,~i\-\" ' 

Q___ 
.J--.. 

" 

~ ~ 
......_ 
:::;:,

~ 

P2-5124 

S.A.CMopo,QHHaodt, M.Xycap* 

DPE~CTABnEHHH rPYnnY ROPEHUA 

H OBOBmEHHE CnHPAnbHYX COCTOSHHR 

Harrpasneao B ~ypaan NTeopeTHqecKaR 

~ M8TeM8THqeCK8R $H3HK8 6 

~ !I ;l -~ .\.) ~· 
1 Y'r.··...... ! I 

* UeHTpanhHbill HHCTHTYT $HaHqecKHx HccneAOBSHHll, EyAarrewT .• 



"* 

1. BeeAeHHe 

Paano*eHHe pe~HTHBHCTCKHX aMrrnHTYll npueeno K eonpocy o aaxo*

aeHHH rrpOCTOI"O BHlla MaTpH"'HbiX 9neMeHTOB HerrpHBOllHMbiX rrpellCTaBneHHA 

rpyrrrrbl nopeaua. HaH6onee BbiPO*lleHHOe npellCTaeneHHe 6binO BrrepBbie no-
ll/ 

ny"!eHO A.3. nonrHHOBbiM H M.n. TorrTbii"HifbiM rryTeM aHanHTH"!eCKOI"O 

rrpoaon*eHHH npeacTaeneauA rpyrrrrMQ(4).noaaaee cHcTeMaTH"!ecKoe uccne

aoaaHHe rrpeacTaeneHHA Ha rurrep6onouae 6bmo rrpoeeaeHo B pa6oTe H.A. Bu-
12/ 

neHKHHa H H.A. CMopoauHcKoro , rae 6brnH BBelleHbi paaHbie cHcTeMbi 

Koop;::tHHaT Ha I"Hrrep6onOHlle H HaAaeHbl COOTBeTCTBYIOIUHe 6a3HCHbie ( .,c<fle

pH"!eCKHe*) <flyHKUHH. Ebma peweaa aaAa"!a paano*eHHH <flyHKUHA aa rurrep-

6onouae. B aanbHeAweM 6bm uccneaoBaH H cny"!aA crrHHa, He paeaoro Hy

n!O, 3To 6bmo caenaao llBYMH cnoco6aMH, nepBbiA cnoco6 cocToHn a Bbi-

aeneHHH MaTpHU, OITHCbJB810IUHX CITHH, H peanH3aUHH rrpell.CTaBneHHH Ha 
. /3/ 

rrpHMOM npoHaBelleHHH runep6onouaa H c<flepbi • BTopoA cnoco6 aaKniO"l:an-

CH B peanH3aUHH rrpellCTaBneHHA CITHpanbHbiMH <flyHKUHHMH Ha CBeTOBOM K0-
/4/ 

Hyce H nocneay!OIUHM nepexoaoM Ha runep6onoHll , 

npellCTaBneHHe OCHOBHOA cepHH B 6a3HCe yrnOBOI'O MOMeHTa 6binO 
/5/ 

BbiBelleHO B pa6oTe liJTp~Ma B 1965 r.,,. OllHaKO BCnellCTBHe He!lOllXOllH-

IUero Bbi6opa napaMeTpoa nony"'eHHbie MaTpH"'Hbie 9neMeHTbi oKaaanHcb 

cno*HbiMH, 
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B HBCTOSimeft pa6oTe YHHTapHbie rrpe.llCTSBneHHS! 6yayT IIOCTpOeHbl 

c rroMOlUbiO rrapaMeTpos, COOTB9TCTBYI01liHX reHepaTopaM, KOTOpbi9 Y.llOB

neTBOpS!IOT anre6pe nH .llBYX H938BHCHMbiX yrnOBbiX MOM9HTOBo '4epe3 9TH 

rrapaMeTpbl npeiiCTSBneHHS! Bbip8)1{8IOTCS! B Cp8BHHTenbHO rrpOCTOft lf>opMe. 

3aecb Mbl OCTaHaBnHBSeMCS! TOnbKO Ha OCHOBHbiX MOMeHTSX paCCMSTpHBae-

, /6/ 
Moro sorrpoca, 6onee noapo6ao oH paccMoTpea B nperrpHHTe 

/6/ 
Co apeMeHH nosrsneHHsr npenpHHTa asTopbi nepeaopMHposanu !f>yHK-

UHH, axoasrmHe B npeacTasneHHsr, qTo npHseno K aaaquTenbHOMY ynpome

HHIO lf>opMyn. n10601t aneMeHT rpyrrrrbi nopeaua MO)K9T 6b!Tb paano)KeH 

cneayiOmHM o6paaoM. Bbr6epeM TpH JleKapTOBhiX ocH, x px
2

, x 8 , H onpe

JlenHM HeKoTopoe cno)KHOe npeo6paaoaaaHe, cocTosrmee H3 nosopoTa BOKpyr 

OCH H rrpeo6pa30B8HHH nopeaua BllOnb TOll: )Ke OCHo MO)KHO I10K838Tb
1 

qTO 

n106o1t aneMeHT rpyrrrrbl nopeHUa MO)KHO rrpe/lCTSBHTb KSK peaynbTST Tpex 

TSKHX CnO)KHbiX rrpeo6pa30B8HHA OTHOCHTenbHO oceft X 8 , X1 H CHOBS X a• 

3TH onepaUHH MO)KHO OIIHCbiBSTh H B !f>opMe llBYX nocnellOBSTenhHbiX IIOBO

pOTOB Ha HeKOTOpb!e KOMIIneKCHhie yrnbi 3Anepa H Ha yrnbi, KOMrrneKCHO 

conpsr)KeHHhie K aTHM. nollrpynny npocTpaHCTBeHHhiX spameHHA Mhi nonyqHM, 

ecnH MHHMbie qacTH KOMrrneKCHbiX yrnoB 3ftnepa rrOnO)KHM paBHb!MH Hymo. 

nosopOTb! Ha qHCTO MHHMh!e yrnhi 3Anepa, ecTeCTBeHH0
1 

I10Jll"'pyrrnhi He 

o6paayiOT. 

BemeCTBeHHYIO qaCTh Tpex yrnoB 3Anepa MO)KHO paCCMaTpHBSTh KSK 

x/ KOOpllHHSTbl Ha !IOBepXHOCTH TpexMepHOA Bemec't'BeHHOA clf>epbi , T.K. 

rpynna llBH)KeHHsr aToll: c!f>epbi H3oMop!f>aa rpynne 0 ( 3). B TaKoM cnyqae 

CTSHOBHTCS! ecTeCTBeHHbiM pacCM8TpHB8Th KOMrrneKCHyiO rpynny BpameHHS! 

KSK rpynny llBH)KeHHS! TpexMepHoA KOMrrneKCHOA clf>epbi. 

x/ 
Bo H36e)KaHHe HellopaayMeHHA aaMeTHM, qTo n -Mepaasr c4lepa 

(aemecTBeHaasr HnH KOMrrneKcaasr) onpeJlensreTcsr ypaBHeHHeM 

2 2 2 2 2 
x 1+x 2+.,. +X n+Xn+l=r • 

4 

.... 

TaKHM o6pa30M
1 

MO)KHO rronyqHTb CHCTeMy !f>yHKUHA, peanH3 

rrpeACTBBneHHS! rpyrriibl nopeHUB H 38BHCH1liYIO OT 6 rrapaMeTpOBo 

gTH !f>yHKUHH S!BnS!IOTCS! C06CTB9HHb!MH !f>yHKUHS!MH KB8/lp8T8 4-Mm 

MO~HO paccMaTpHBSTb KSK BOnHOBYIO !f>YHKUHIO pensrTHBHCTCKOI"'O 1 

CocTOSIHHe aToro pensrTHBHCTCKoro aonqKa He HMeeT onpeJleneHHI 

HHS! yrnOBOI"'O MOM9HT8o noaTOMy 91"'0 BOnHOBYIO !f>yHKUHIO cneJlye• 

~HTb B pS!A clf>epHqeCKHX rapMOHHK B !f>HKCHpOBSHHOA CHCTeMe KO 

rrpHBOJlHT K 06biqHb!M pS!Jl8M IIO COCTOHHHS!M C orrpeJleneHHbiMH YI 

MOM9HT8MH
1 

KOTOpbie COJlep)KaTCS! B OllHOM rrpellCT8BneHHH rpyrrn 

ua. 

PacCMOTpHM ceA:qac qaCTHUY H Bbr6epeM TpexMepHbiA KOMII 

eJliiHHqHbill: aeKTOP z 2
1 

+ z : +·z ; = l . Torlla co6cTBeHHbie aHaqeHF. 
~ ~ 

orrepaTopa KOMrrneKCHOI"'O MOM9HT8 j HS eJlHHHqHbill: BeKTOp z 

ecTeCTBeHHO. H83biB8Th KOMrrneKCHOA ( o6o6meHHOA) CIIHpanhHOCTl 

lf>aKT rrpOJleMOHCTpHpOBSH 9KCIIOH9HUH8nhHOA 38BHCHMOCThiO C~epl 

!f>yHKUHll: OT 9THX 

PaccMoTpHM 

KOMrrneKCHb!X 3HaqeaHll:o 

6 reaepaTopoB rpyrrrrhl nopeaua. TpH reaepa1 

rrep6onHqecKHX nosopoToB N1 H TpH reaepaTopa npocTpaHCTBeJ 

poToB N
1 

yJloBneTaopsriOT nepecTaaoaoqHbiM cooTaomeaHsrM: 

[ M 1 • M k J = i t 
1 
k e Me • [ N 1 , N k J = -it 1 k eM e • L M , , N k J = t t lk 1 

BBollHM nHHeAHbie KoM6HHaUHH 

Jk =-i-<Mk+iNk), Kk=+(Mk-iNk). 

3TO llSeT cneJlyiOUIHe KOMMyTaTOpbi: 

lJI,Jk]=itlkfJf ,[KI ,K k]=it lkfKe,lJI ,K k]=O. 

BHil COOTHOllieHHi!: ( } ) ecTeCTBeHHbiM o6pa30M I103BOnsreT HSIIliC 

MeHT rpyrrrrhl nopeHUS B !f>opMe 

() 
-u

1
J

8 
-lt 2 J 1 -u 8J 8 - IE"j_K 8 -H"2K 1 -u"S 

Tg=e e e e e e 
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pa6oTe YHHTapHbie npeJlcTasneHHH 6yJlyT nocTpoeHbi 

"n~~ COOTBeTCTBYIOII!HX reHepaTopaM, KOTOpbJe YJlOB

JlH JlBYX He3aBHCHMb!X yrnOBb!X MOMeHTOB. T.Jepea 9TH 

TOllbKO H8 OCHOBHb!X MOMeHT8X paCCMaTpHBae

/6/ e ITOJlp06Ho OH paCCMOTpeH B npenpHHTe • 

16/ 
ITOHBneHHH npenpHHT8 8BT0phl nepeHopMHpOB8nH ~yHK-

ITpHseno K aHaqHTenbHoMy ynpome-

lt aneMeHT rpynnbi Jlopeaua MO)I{eT 6b!Tb paano)l{eH 

M. Bbi6epeM TpH JleK8pTOBb!X OCH, X I, x
2

, X 
8 1 

H onpe-

CliO)I{HOe npeo6p830B8HHe, COCTOHII!ee H3 ITOBOpOT8 BOKpyr 

B8HHH JlopeHua BJlOllb TOlt )l{e OCHo Mo)I{HO ITOK838Tb
1 

qTO 

pynnb! JlopeHua MO)I{HO npeJlCT8BHTb K8K peaynbT8T Tpex 

eo6p830B8HHlt OTHOCHTellbHO ocelt 
X 8 , X 1 H CHOB8 X a• 

)I{HO OITHCbiB8Tb H B ~OpMe JlBYX nocne.QOB8TellbHbJX ITOBO-

e KoMnneKCHbie yrnbi 8ltnepa H aa yrnbi, KoMnneKcao 

• DoJlrpynny npocTp8HCTBeHHbiX BpameaHlt 
Mb! nonyqHM1 

KOMnneKCHb!X yrnoa 8ltnepa ITOIIO)I{HM paBHblMH HYIIIOo 

TO 
MHHMbie yrnbi 8ttnepa, ecTecTseaao, noJlrpynnbi ae 

yiO qacTb Tpex yrnoa 8ttnepa MO)I{HO paccMaTpHBaTb 
KBK 

x/ 
c~epbi , T.K. 

TpexMepaott semecTseaaott 

c~ephi H30Mop~aa rpynne 0(3). B TaKoM cnyqae 

TBeHHb!M p8CCM8TpHB8Tb KOMnneKCHYIO rpynny BpameHH.H 

TpexMepaott KoMnneKcaott c~ephi. 
tt-----

aeaopaayMeaHtt aaMeTHM, qTo n -Mepaag 

KoMnneKcaag) onpeaenseTcs ypasaeaHeM 

2 2 
X 1+ X 

2
+ 2 2 2 +x +x =r • 

n n+l 

4 

~epa 

TaKHM o6pa30M1 MO)I{HO nonyqHTb CHCTeMy ~YHKUHlt, peanH3YIOII!YIO 

rrpeJlCTBBlleHHH rpynnbi JlopeHU8 H 38BHCHII!YIO OT 6 napaMeTpOB. DoCKOllbKy 

gTH ~yHKUHH HBIIHIOTCH C06CTBeHHbiMH ~YHKUHHMH KB8Jlp8Ta 4-MOMeHT8, HX 

MO)I{HO paCCM8TpHB8Tb K8K BOIIHOBYIO ~YHKUHIO penHTHBHCTCKOrO BonqKa. 

CocTOHHHe aToro penHTHBHCTCKoro sonqKa ae HMeeT onpeaeneaaoro aaaqe

HH51 yrnosoro MoMeHTa. DoaToMy ero sonaoayiO ~YHKUHIO cneayeT paano

)I{HTh B p5I.Q C~epHqecKHX rapMOHHK B ~HKCHpOB8HHOlt CHCTeMe KOOp.QHH8T.8To 

rrpHBO.QHT K 06bJqHb!M pH.Q8M ITO COCTOHHHHM C onpe.QeneHHbiMH yrnOBbJMH 

MOMeHT8MH 1 KOTOpbJe CO.Qep)I{STCH B O.QHOM npe.QCTaBneHHH rpynnbi JlopeH-

ua. 

PacCMOTpHM ceftqac qaCTHUY H Bbi6epeM TpexMepHb!lt KOMnneKCHb!fi 

eJlHHHqHhifi aeKTop z 2
1 + z : +·z ; = I . Toraa co6cTBeHHbie aaaqeaHH npoeKUHH 

~ ~ ~ 

orrepaTopa KOMnneKCHOrO MD MeHTa j Ha e.QHHHqHhifi BeKTOp z 
1 
T.e. j z~ 1 

ecTeCTBeHHQ H83hlB8Tb KOMnneKCHOfi (o6o611!eHHOlt) CnHpanbHOCTbiO. 8TOT 

~aKT npo.QeMOHCTpHpOB8H 9KCITOHeHUH8llbHOfi 38BHCHMOCTbiO C~epuqeCKHX 

~YHKUHlt OT 9THX KOMnneKCHbiX 3HaqeHHlt. 

PaccMoTpHM 6 reaepaTopoa rpynnbi Jlopeaua. TpH reaepaTopa rH

nep6onuqecKHX noaopoToa N1 H TpH reaepaTopa npocTpaHCTBeHHhlX noso

poToB N 1 yaoaneTaopHIOT nepecTaHoaoqHhiM cooTHoUieHHHM: 

[ M I , M k 1 = i f , k e Me , [ N 1 , N k 1 = -if 1 k e M e , L M 1 • N k 1 = if lk e N e . 
Bso.QHM nHaetiHbie KoM6HHaUHH 

Jk =-t(Mk+iNk), Kk=+(Mk-:-iNk). 

8To .Q8eT cne.QyiOII!He KOMMyTaTOpbi: 

LJ 1 ,Jk)=if 1keJe ,[K 1 ,K k]=if lkfKe,LJ
1 

,K k]=O. (1) 

BH.Q COOTHOUieHHfi ( 1) ecTeCTBeHHb!M o6pa30M IT03BOIIHeT H8ni!C8Tb ane

MeHT rpynnbi Jlopeaua a ~opMe 

( ) 
- If I J 8 -If 2 J I - If 8 J 8 - I Eli K 8 -If~ K I -ll1 K 8 ( 2) 

Tg=e e e e e e 
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rae 

fk=¢k+i)(k' f *k = ¢ k - i )( k ( 3) 

. xl 
C 05J18CTS1MH . H3MeHeHHli BeJIH"'HH cp k H )( k 

0<¢ <277 0<¢ <77, 0<¢ <277, 
- 2 - 8 

(4) 

-
00 < )( I < "" ' - "" < )( 2 < "" ' - "" < )( 8 < ·00 • 

YpaBHeHHe (3) OIIHCbiBaeT ABa rroBopoTa c yrnaMH t*1 1 t*
2 1 f: H f 

1 1 

f 2 1 f 3 COOTBeTCTBeHHO, nepeCT8BJ1S1Sl SKCIIOHeHTbl B ypaBHeHHH ( 2) 1 

H8XOllHM HerrocpellCTBeHHOe <jJH3H"'eCKOe 3H8"1eHHe napaMeTpOB cp k H )( k 

J1MeHHO SJieMeHT rpyiillbl ( 2) OIIHCbiBaeT CJiellyiO!IlHe liOCJ19AOB8TeJibHble 

orrepauHH: 

rHIIep50JIH"'eCKHfi liOBOpOT BAOJlb OCH X H8 
8 

IIpOCT"J8HCTBeHHbiii liOBOpOT BOKpyr OCH X 
• 8 

yron -)( 
8 

1 

Ha yron ¢
3 

rHIIep50JIH"'eCKHII liOBOpOT BllOJlb OCH X I H8 yrOJI -)( 
2 1 

IIpOCTp8HCTBeHHbltl IIOBO;JOT BOKpyr OCH X I H8 yroJI cp
2 1 

rHrrep50JIH"'eCKHtl IIOBOpOT BAOJlb OCH X 
8 

IIpOCTp8HCTBeHHbiii liOBOpOT BOKpyr OCH x
8 

H~ yron -)( 
1 

Ha yron ¢ 
t /6/ 

B pa5oTe ll8H CIIHCOK M8TpH"'HbiX SJleMeHTOB 4-Mepaoro IIpellCT8B-

JieHHS11 Bbip8)KeHHbiX C IIOMO !Ub!O STHX rrapaMeTpoB, 

x/ 
3Ta o5naCTb H3MeHeHHS1 II8p8MeTpOB OTHOCHTCH K rpyrrrre flopeHua, 

ilnH yHHBepcanbHOII HaKpbiBaiOmea rpyiiiibi S L ( 2, C) Mbi aon:>I<Hhi 5biJIH 5bi 

liOJlO)KF!Tb -2 77 ~ cp t < 2 77 , 

6 

,;a 

J1a ypaBHeHHSl (2) IIOJly"'aeTCSl yCJIOBHe yHHT8pHOCTH IIpellC' 

J + = K k 
k 

(+ - spMHTOBO COllpH)KeHHe), 

2. KnaccHd?HK8UHH 5aaHCHbiX d?yHKUHII 

AByxrrapaMeTpH"'ecKyiO rroArpyrrrry H =SO ( 2) x Sl 

IIOBOpOT BOKpyr OCH x 3 H 1 
PaccMoTpHM 

paS! collep)KHT llpOCTp8HCTBeHHbiii 

nH"'eCKHfi IIOBOpOT BllOJlb OCH x
3

, 3TH rrpeo5pa~OB8HHS1 xapal 

napaMeTp8MH cp I H )( I C o5JI8CTSIMH H3MeHeHHSI 0 < cp 1 < 277, 

CooTBeTCTBYIOIIlHe reHepaTOpbl HMeiOT BHA 

a 
M =- i 

8 

a -· a¢ 1 

N = i 
8 ax t 

Co5cTBeHHbie <jJyHKUHH, yaoBneTBopHIOlllHe ypaBHeHHSIM 

M f =llf , s p.11 p.11 
N

8
f =II£, p.11 p.11 

paBHbi: 

1 
£ ' (¢ ,)( )=- e p.ll 1 1 277 

I <p.cp 1 -II)( 1) 

ilnSI 

ll 

yHHTapHbiX npeAcTaBneHHII onepaTOpbi M 8 H 

H II -AefiCTBHTeJibHblo q T05bi rrpeACT8BJieHHe 

N 
8 

spMHTO 

5biJ10 OllHO· 

HeM CJiy"'ae
1 

ABY3H8"1HbiM 1 Mbl IIOJIY"'HM 

1 3 
II = 0' + 1 • + 2 • . . . HJIH + -- ' + --' ••• 
r - - -2 -2 

H -oo<ll< oo 
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(k=¢k+ixk' E*k= ¢ k -i X k 
(3) 

.xl -~. 
H3MeHeHHH BenH'IHH 'I' k H X k 

0<¢ <217 0<¢ <17 '0<¢ <217, 
- 2 8 

( 4) 

oo < X I< oo ' - oo <X 2 < oo ' -oo < X 8 < oo • 

OIIHChiB8eT JlB8 IIOBOpOTa C yrnaMH £~ , £*
2 

, E: H E I 
1 

TCTBeaao. ITepecTaBngg 9KCIIOHeHThi B ypaBHeHHH ( 2), 

cTBeaaoe <)JH3H'IecKoe aHa'leHHe rrapaMeTpoa ¢ k H X k 

rpyiiiihi ( 2) OIIHChiBaeT cneay10u.me rrocneaoaaTenhHhie 

yron -x 
8 

, 

Ha yron ¢
8 

IIOBOpOT BJlOnb OCH X 
8 

Ha 

bdl IIOBOpOT BOKpyr OCH X 
8 

IIOBOpOT BJlOnb OCH X I 
Ha yron -x 

2 
, 

a IIOBopoT BOKpyr OCH 
x 1 Ha yron ¢

2 
, 

IIOBOpOT BilOnh OCH X 
8 

H8 yron -X I 

IIOBOpOT BOKpyr OCH X Ha yron ¢ 
8 I 

Jl8H CIIHCOK M.:!TjJH'IHh!X aneMeHTOB 4-Mepaoro IIp9JlCT8B-

C IIOMO IllhiO 9TH X napaMeTpoB. 

CTh H3M9H9HH.Si napaMeTpOB OTHOCHTC.SI K rpynne nopeaua. 

a HaKpbiB8IOIII:ea rpynnbi s L ( 2, c) Mbl JlOn.li<Hbl 5bmH 5b! 
¢1<217. 

6 

Ha ypaaaeHHSI (2) nonyqaeTcH ycnoBHe yHHTapaocTH npeacTaBneHHSI 

( + - apMHTOBO COIIpSI)K9HH9) • 

J + = K k 
k 

2. KnaccHQ?HKaUH.SI 5a3HCHhiX dJYHKUHft 

( 5) 

P accMoTpHM JlByxnapaMeTpH'IeCKYIO noarpynny H =SO ( 2) xSO (l, l) , KOTO

paH COJl9p)KHT npOCTp8HCTB9HHbla IIOBOpOT BOKpyr OCH X a H rHDep6o

nH'19CKHM IIOBOpOT BJlOnh OCH x
8 

• 3TH npeo6pa~OB8HHH xapaKT9pY.3yiOTCH 

napaMeTp8MH ~ I H X I C o6naCTHMH H3M9H9HHH 0 < ¢ 1 < 217, -oo <X I< oo • 

CooTBeTCTBYIOIII:He reaepaTophi HMeiOT BH.Il 

M =- i 
8 

a 
a¢ 1 

N 
8 

= i 
a 

ax 1 

Co6cTBeHHbie liJyHKUHH, yaoaneTBopHIOUIHe ypaaaeHH.SIM 

paBHbi: 

M f =p.f 
3 p.11 p.11 

N r = 11 
8 Jl II r p.11' 

l f (¢ •X ).., - e 
l(p.¢1-IIX 1) 

Jlll 1 1 217 

( 6) 

llnH yHHTapHhiX npeacTaBneaHa onepaTophi M 8 H N 8 apMHTOBhi, a noToMy 

p. H II -aeacTBHTenhHhlo qT06bi npeJlCTaBneHHe 6btn0 OJlHO- HnH 1 B Kpaa-

HeM cnyqae, llBY3H8'1HhiM 1 Mbl nony'IHM 

p. =0, ± l, t_2, .. , HnH 
l 3 +--,+--, ... 

- 2 - 2 
( 7) 

H -oo<11< oo 
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Co6cTaeHHhte <j>yHKUHH ( 6) SJBm:noTcH, KoHe'lHO, co6cTBeHHhiMH <j>yaK

UHHMH H reaepaTopoa J 8 =~(M 8+iNJ,K 8 =-t(M
8
-iN

8
) 

HliH 

rJle 

ll +ill !l-ill 
Jaf/lll f 

!lll' Ka f/lll 
2 2 

J 8 f * = m f *, K f *= m * f * , mm mm 8 mm mm 

/l+ill 
m=---

2 
m* = !l-i 11 

-2-- f =f 
mm * /lll 

f !lll 

,llng KllaCCH<j>HKaUHH C06CTBeHHhiX <j>yHKUHtl: Mbl MO>KeM ynoTpe6liHTb 

H m*BM8CTO P,HliHliHHao6opoT. 

.llaa aeaaBHCHMhtX ·onepaTopa KaaHMHpa HMeiOT BHJl 

f2 =J2 +J2+J2=_I_<M·2-N2 +2iMN >. 
I 2 3 4 

... -+ -t -+-+ 
K

2
=K 2 +K 2 +K 2 

=-I-(M 2 -N 2 -2iMN). 
I 2 8 4 

J1x C06CTBeHHb!e 3Ha'leHHSI Mbl 0603Ha'IJHM 'lepe3 j (j+I) H k (k+l)co

OTBeTCTBeHHO: 

( 8) 

m 

( 9) 

2 j k j k 
J f *=j(j+I)f * mm mm 

2 j k j k 
K f *=k(k+IH *' (to) 

mm mm. 

TaKHM o6paaoM 1 aenpHBOJlHMoe npeJlcTaBneaHe xapaKTepuayeTCH c no-

MOJIIbiO BeliH'lHH i H k • YpaBHeHHSI (8), ( JO) HHBapHaHTHbl ITO OTHO-

IDeHHIO K rrepeCTaHOBKe: 

8 

_. 
1- _______ .. __________ . --

----j-1, k-+-k-I. 

Y!TaK
1

ITp8JlCTaBli8HHSI 1 xapaKT8pHayeMbi8 (j,k) H (-j-I, -k-

BaneHTHht. 

Heo6xoJlHMhiM ycnoBHeM yaHTapaocTH HBnHeTcH 

J2=(K2)+ 

HliH 
( j 2- k 2 ) ( i2 + k 2)- ( j 1- k 1 ) ( j 1 + k 1 + I ) = 0 • 

(j2+k2)+ 2 (kl k2+jlj2)= O, 

rJle j=j 
1 

+ i j
2

, k=k
1 

+ik
2

• Mbt HMeeM pemeHH51 

a) j I = k I' j 2 = k2 ' 
B) jl=-ki-I, j2= 

5) j2=k2=0, j I= k I ' 
r) j2=k2=0, j I = 

B CUllY HHB8pH8HTHOCTH ( 11) pemeHH51 B) H I') MO>KHO onycn 

5) Mhi nMeeM orpaaHqE;)HHe: O>j 1 >-I, 0> k(>-I • Cny'laH 1 

TaBliSIIOT OCHOBHYIO H Jl0ITOliHHT8llhHYIO cepHIO COOTB8TCTBeHHO, 

H k B <j>opMe 

J. _ ~ (f -I+ i p) • 
- 0 

2 ' 
k=-I-<e -l+ip)*, 

2 0 

BHJlHM, qTO B CHliY ( 11) Mbl BC8I'Jla MO>KeM Bbt5paTb p He< 

HbiM. ,llanee 5yJleT ITOKa3aH01 'lTO f O rrpHHHMaeT TOllbKO Uel 

uenbie aaaqeHHH. TaKHM o5paaoM, Mht rrpHXOJlHM K o5ht'lHhiM 

a) BeliHqHHa p - Jleti:CTBHTellhHa, H80TpHUaTellbHa 1 f o -uena 

nag (oCHOBHaSI cepHH); 5) f 0=0, p- 'lHCTO MH.HMaH BenHq 

rrpHqeM -I 'S,p ':::;I ( uorronHHTenhHaH cepHH). M hi 5yueM aaHHI 

9 



hie <f>yHKUHH ( 6) HBmi!OTCH 1 KOH9'IH0 1 C05CTB9HHbiMH <f>yHK

TOpOB J 3 = -t (M 3 +iN J. K 8 = -t ( M 8 - i N 8 ) : 

!l +iv !l- i v 
f 
/lV' K3 f/lV f 

2 2 

f * = m f *, K f *= m * f * , mm mm 8 mm mm 

/l+iv 

2 
m*= !l-iv 

2 - f * :; f IIV • mm r 

ll v • 

co5CTB9HHbiX <f>yHKUHH Mbl MO)K9M YIIOTpe5nHTb 

HMbiX ·orrepaTopa KaaHMHpa HM910T BHJl 

2 2 2 I -+ 2 -+2 -+-+ 
= J + J + J =- (M ·- N + 2 i MN ), 

I 2 3 4 

-+ -+-+ 2
=K

2
+K

2 
+K

2 
=-I-(M 2 -N 2-2iMN). 

1 2 3 4 

( 8) 

m 

( 9) 

3Ha'!9HHSJ Mbl 0503Ha'!HM 'Iepe3 j (j+I) H k (k+l)co-

2 f j k 
mm* =j(j+I)fjk 

mm*' 
2 j k j k 

K f *=k(k+IH *. 
mm mm. 

( to) 

HeiipHBOJlHMoe rrpeacTaBneHHe xapaKTepnayeTcH c rro-

j H k • YpaBH9HHH ( 8) 1 ( J0) HHBapHaHTHbl IIO OTHO-

OBKe: 

8 

.,-: 

.... - j -1 • k-o-k-I . ( 11) 

V!TaK
1

IIp9JlCTaBneHHH 1 xapaKT9pHayeMbl9 (j,k) H (-j-I, -k-I), 9KBH-

BaneHTHhi. 

Heo5xoJlHMbiM ycnoBHeM yHHTapHoCTH HBrrHeTCH 

J2=(K2)+ 

HIT II 

( j 2- k 2 ) ( h + k 2)- ( j 1- k 1 )( j 1 + k 1 + I ) = 0 , 

(j2+k2)+2(kl k2+jlj2)= 0, 

rae j=j 
1 

+ i j 
2
., k=k

1 
+ik

2 
• Mbt HMeeM peweHHI'I 

a) j
1

=k 1 , j 2 =k 2 B) j I =-k 1-1, j 2 =k 2 , 

5) j2=k2=0, jl=k r) j
2
=k 2 =0, j

1
=-k

1
-l. 

B cnny HHBapHaHTHOCTH ( 11) peweHHH B) H r) MO)KHO orrycTHTb. B cnyqae 

5) Mbi uMeeM orpaHH'!eHHe: O>j 1 > -1, 0> kf>-1 • Cny'IaH a) H 5) coc-

TaBnHIOT OCHOBHYIO H JlOIIOnHHTenbHYIO cepHIO COOTB9TCTB9HHOo HaiiHCaB j 

H k B <f>opMe 

j=_.l.. (f -1+ip), 
2 0 

k=-
1-<e -1+ip)*, 
2 0 

( 12) 

BHJlHM, 'ITO B CHny ( 11) Mbl Bceraa MO)K9M Bbt5paTb p H90TpHUaT9IIb

HbiMo llanee 5yJleT IIOKa3aH0 1 'ITO f O IIpHHHMaeT TOnbKO U9Ilbl9 HnH rrony

uenbi9 aHa'!eHHH. TaKHM o5paaoM, Mbi rrpHXOJlHM K o5bt'IHbiM ycnoBHHM: 

a) BenH'IHHa p -Jl9HCTBHT9IIbHa 1 H90TpHUaTenbHa, f 0 -uenaH HnH rronyue-

naH ( OCHOBHaH cepHH); 5) f 0 = 0, p - 'IHCTO MHHMaH BenH'IHHa 1 p = i p ', 

rrpH'IeM -1 'S_p ':S 1 ( aorronHHTenbHaH cepHH). M hi 5yaeM aaHHMaTbCH TOnbKO 

~ 
9 



OCHOBHOfi CepHefi, TBK KBK aOITOnHHTenbHBR CepHR He aaeT BKnaaa ITpH rap-

MOHH~eCKOM 8H8nH3e, 

3, MaTpH'IHhte aneMeHThi rrpeacTaaneHHlt 

PaCCMOTpHM ~JYHKUHIO f (g) Ha rpyrrrre nopeHua H orrpeaemrM aeltCTBHe 

rrpeacTaaneHHR c rroMOIUbiO neaoro caaHra T(g Jf(g)=f(g
0
- 1g). Bbr5HpaR 

anR gO IlieCTb oaHorrapaMeTpH~eCKHX rroarpyrrrr, COOTBeTCTBYIOiliHX IlieCTH 

aelkTBHTenbHb!M rrapaMeTp8M 1 Mbl rrony~HM HH¢HHHTe3HManbHbte reHepaTo

pbi B BHae amfl<jlepeHuHanhHhiX orrepaTopoB 

l a a sin E I 
J = -. (-sin E ctg E -- + cos E 1 -.-- + -

I I I 2 a( I a E 2 sin ( 2 

a 
a( 3 

) ' 

J2 

K 

K 

1 a 
-- ( cos E ctg E -- + sin E 

1 I 2 aE I 

a COSE I a 
-----). a( 2 sin ( 2 a( 3 

1 a J -. 3 =- a( 
I ( 12) 

} a a sinE* 
= --(-sinE* ctg E* ---+cos£* -- +-..!. a 

--), 
I i I 

2 a E * I a E * sinE* 
I 2 2 a(: 

=--
1

(cos£* ctg£* _a_+ sinE* 
2 , I 2 aE* I 

I I I 

a COSE* a 
------1---), 
a(* sinE* aE* 

2 2 3 

K ,., ...L a 
3 --, 

i aE* 
I 

rae E k = ¢ k + i X k (\=¢k-ixk 

H 

a I a a 
--<--i---) 

2 a¢ k ax k 

a 1 a . a 
---=-<--+1---) 
a(t 2 a¢ k ax k 

a( k 

10 

,;a 

feHepaTOpbl ( 12) BbtrrOnHRIOT COOTHOilieHHR KOMMyTaUHlt ( 1), 

KaaHMHpa ( 9) rrony~aiOTCR c rroMOilibiO ( 12): 

... 
- J 2 

1 a 2 a 2 a a, a 2 

--- ( -- + -- - 2 COS E -- --- I+ -- + ctg E 
a 2 a2 2a a a2 (I (3 (I (3 (2 sin 2 E 2 

-+2 

-K 1 a a * a a a 2 

---,-- (-- + ---- 2cos£, -- ---)+ -- +ctg, 
sin 

2 
( * a ( * 

2 a ( * 
2 a ( * a ( * a ( * 2 

2 I 3 I 3 2 

MaTpH~Hbte aneMeHThi YHHTapHhiX HerrpHBOaHMhiX rrpeacTaane, 

C05CTBeHHbiMH cPYHKUHRMH orrepaTOpOB ( 13) ,. 
... JJ* 

[J 2
-j(j+l)JT(g) 

mm*;nn* 
= 0' 

l K 2 - j* ( j * + l ) ] T ( g ) j j * = 0 . 
mm *; n n * 

DpeacTaBneHHe cP8KTOpHayeTCR B BHae 

JJ* -1(£ 1m+£~ m*+E3n+q n"') JJ* 
T * *-e R mm ; nn - mm.*; nn * (cos ( 2 ' cos(: 

rae 

=e 
-1(¢ K-X3A+¢11L-Xtv>Ru* (cos£ ,cos£*)' 3 

mni~nn* 2 2 

m = _!_ 
2 

( JL + v ) ' n 
l 

2 
(K+iA), 

DoaCT8BnRR ypaBHeHHe ( 15) B ( 14) H BBOaR rrepeMeHHbie Z= 

rrony~aeM (.14) B qJOpMe 

11 



fi, TaK KaK aorronauTenbHaR cepuR ae aaeT BKnaaa rrpu rap-

nu3e, 

3, M aTpHqHhre sneMeHTbi rrpeacTaaneHHfi 

M qJyHKUHIO f (g) Ha rpyrrrre nopeaua H OITpeaemrM aefiCTBHe 

c rroMO!UhiO ne aoro caaura T ( g J f( g)= f( g 
0
- 1 g ) • Bbr6Hpag 

HorrapaMeTpuqecKHX rroarpyrrrr, COOTBeTCTBYIO!UHX mecTH 

rrapaMeTpaM, Mbi rronyquM HHcf,HHHTe3HManhHhre reaepaTo

peauuanhHbiX orrepaTopoB 

a I a a sin (I 
- (-sin E ctg E -- + cos E 1 -.--+-

i I 2 a E I a E 2 sin E 2 
) . a( 8 

I a a cos£ I a 
= -- (cos E ctg E -- + sin E -- - --- ) , 

I 2 a E I I a£ 2 sin E 2 a£ 8 

1 a 
J8 = -i a;-• 

( 12) 

I a a sinE* a 
= -- ( - sin £ * ctg £ * --- + cos E * -- + 1 -- ) , 

I j 
1 2 a E * I a E * sinE* a£* 

I 2 2 8 

=_I_ (cos£* ctg£* 
2 . 1 2 

I 
__E_ + sin£* 
a * 1 E I 

K =-L a 
8 -. 

xk £* =,/,. -ix • k 'I' k k 

i a£* 
I 

a COS£~ a ---------), 
a(* sin£* a£* 

2 2 8 

1 a a a 1 a a 
--<--i--), --=-<-+i--) 
2 a¢ k ax k a(~ 2 a¢ k ax k 

10 

.,.-:. 

feaepaTOpb! ( 12) BbiiTOnHRIOT COOTHOIIIeHHSI KOMMyTBUHfi ( 1), OrrepaTOpb! 

Ka3HMHpa ( 9) rronyqaJOTCSI c rroMOIUhiO ( 12): 

-+ 
I a 2 a 2 a a , a 2 a 

. ( -- + -- - 2 cos E -- --- J+ -- + ctg £ --
2 a2 a2 2a a a2 2a sin E 2 E 1 £8 E 1 E 8 E 2 E 2 

- J 2 

( 13) 

a 
ac\ 

-+2 

-K 1 a a a a a2 

--..,...-(-- + ---- 2cos£~ -- ---)+ -- +ctg £* 
sin

2
£* a£*

2 ac* 2 a£* a£* a£*
2 

2 "2 I 3 18 2 

MaTpHqHbre sneMeHTbi yauTapHbiX aerrpHaoaHMbiX rrpeacTaBneaHfi HBnHIOTCR 

C06CTBeHHb!Mll ~yHKUHRMH orre~opOB (13) 

-+ • j * 
[J 2

-j(j+I)JT(g)
1 

:oO, 
mm*:nn* 

l K 2 - j* (j * + 1 ) ] T (g) j j * = 0. 
mm *; n n * 

DpeacTaaneaHe qJaKTopH3yeTcH B BHJle 

U* -1(£ 1m+£~ m*+Ean+£! n., ll* 
T * * = e R * * ( cos E 2 , cos £

2
* mm ; nn mm. ; nn 

rae 

"' e 
-1(¢ K-Xi+¢1JL-Xtv> RH* (cos£ 'cos£* ) ' 8 

mm,nn* 2 2 

m=-1-(JL+ 
2 

v ) , n = - 1- (K + i A ) • 
2 

( 14) 

( 15) 

( 16) 

DotlCT8BnRR ypaBHeHHe ( 15) B ( 14) ll BBOJlR rrepeMeHHb!e Z=oCOs£ 2 ,z*:oCOS~ 1 

rronyqaeM (14) B qJopMe 

11 



2 

( 2) d d l 1-z -- -2z---
dz 2 dz 

2 2 2 u* 
m ~~z +J'(j'+1)J R * *(z,z* )=0, ( 17) 

mm ;nn 

2 
2 d d m* 2+n*2-2m*n*z* u* 

lO-z* )---2z*--- -+j*(j*+1)]R * ~z,z*):O. 
dz*2 dz*· 1-z·*2 mm;nn 

( 18) 

OrpaHH~HMCH BpeMeHHO cny~aeM 

Re ( m + n ) :::_ 0 , Re ( m - n ) :::_ 0 • 
( 19) 

x/ 
B Ka~ecTBe nByx He3aBHCHMbiX perneHHti: Mbi Bbi6HpaeM cnenyrornHe : 

m..;..n m+n 
l l 1-z -2- 1+z -2- 1-z 

P=P (z)=n (--) (--) F(-j+m,j+m+1; m-n+1; --), 
mn mn 2 2 2 

( 20) 

Q=Qj l 
=n 

mn nm 

rne 

sin7T(j -m) 

sin 11 ( j- n ) 

m-n ~ 

1-z--2-(1+z )2 ( .. 1 1 1-z) 
( -- ) -- F -J +n,J+n+ ,-m+n+ ;- , 

2 2 2 

( 21) 

I 
n 

__ I_. v r<i+r+Or<j-n+O 
mn r(m-n+l) r(j+n+l)r{j-m+1) 

x/ PerneHHH rrepBoro H BToporo ponoB ypaBHeHHH ( 17) 6hinH H3y~eHhi 
3HiliOCOM H faHCOHOM/7/, HalliH perneHHH OTHOCHTCH K ~yHKUHHM 1 HCITOnb-

/1 / 7T "''j7T(j-m) l l 
30BBH.IlbiMB cnenyroiUHM o6paaoM: e1mn=2 . (· )le P (z)-Pm ....,(z)], 

mn l SJB7T J-m mn • 
d s = p m n .±,nnHimzzO (~TO KacaeTCH ~yHKUHti: P~,...,(-z)- CM. ~opMyny(30) ). 

3aMeTHM, ~TO, ecnH m-n =1,2,3 ... o rHrrepreoMeTpH~eCKBH <jlyHKUHH 

B ( 21) rrpeBparuaeTCH B 6eCKOHe~HOCTb1 OllHBKO HOpMHpOBO~Hbiti: MHO)I{HTenb 
B aTHX )l{e TO~Kax 6yneT HyneM Toro )l{e rropstnKa. TaKHM o6pa3oM, Q -<jJyHK

UHH OCTaeTCH KOHe~HOti:o 

12 

;a 

06rnee perneHHe ypaBHeHHti: (17) H (18) HMeeT BHil 

R il* = c 
1
P *Q + c 2 P Q * + c 3 P P* + c 4 Q Q * , 

mm*; nn* • 

rne. C I' C 
2

, C 
3 

, C 
4 

- HeKOTOpbie KOHCTBHTbl ( He38BHCHMb!e 

YpaBHeHHH (17) H (18) HMeiOT TpH oco6wx To~KH (To~KH B 

z=l,-1,~ • Pa3peaw Mhl HarrpaBnsteM oT 1 ao 6ecKoHe~Ho 

QqeBH/lH0
1 

'iTO C = 0, TBK KBK 9TOT ~rreH CHHrynstpeH 
4 

Ylccnenyst rroBeaeHHe perneHHH rrpH z -+-1, z ... ~ , Mhi rrony~ 

HHH /liTH TpeX KOHCTBHTo C t' C 2, C 3 
, K enHHH~HoMy ane 

OTHOCHTCH ellHHH~HaH MaT:mua, T,e, Mbl llOIT)I{Hbl HMeTb 

lim 
z-+1 

R II* = o 
mm*;nn* p.K 

o(v-..\) 

flerKO llOK838Tb
1 
~TO 9TOMY Tpe60B8HHIO Mbl MO)I{eM YllOBn' 

B TOM cny~ae, ecnH Mbi rrono)I{HM c 3 =0 • 

0oTpe60B8B KOHe~HOCTb perneHHH B TO'iKBX Z=-1 1 

~HM ypaBHeHHH 

11T(n-m) sin1T(j -m) 
c

1
+c

2
=0, e -----

sin 11( j-n ) 

-17T(n*-m~sin1T(j*- m' 
c +e ---

1 siniT(j*-1 

YpaBHeHHe ( 23) HMeeT HeT:;>HBHBrrbHOe perneHHe, ecnH ne1 

3aeT, T,e, 

t1T(p.- K) sin1T(j-n)sin 1T (j *- m*) 
e =1, 

sin 1T ( j *- n *) sin 1T ( j-m) 

rne p. H K orrpenenstiOT·::SI ypaBHeHneM ( 16). 

13 
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jj* 
2 d m2 +n2-2mnz ·( ·+l)J R *(z,z* )=0, ( 17) - 2 Z -- - 2 + J J mm*; nn dz I- z 

2 * * * ll* 
d 

2 
d m*\n* -2m ~-+j*(j*+l)]R * ~z,z*)=<l. __ 2 z * -- - -----;;;-;- mm ;nn 

z*2 dz* I-z 

Bp8M8HHO cnyqaeM 

Re ( m + n ) 2:. 0 , Re ( m - n ) 2:. 0 • 

x/ 
ByX H838BHCHMbiX p81II8HHH Mbl Bbi6Hp88M Cn8llYIOIIIH8 

m-n m+n 

1-z - 2 - I+z -2- ( I-z ) 
--) (--) F -j+m,j+m+I; m-n+1; -- , 

2 2 2 

( 18) 

( 19) 

( 20) 

sin 77( j- m ) 

sin 77 ( j- n ) 

m-n '!!.±.!!. 
1-z --2- 1+z 2 1-z 

( -- ) (--) F(-j +n,j+n+1,-m+n+I;-}, 
2 2 2 

( 21) 

n l =--~--v r<j+m+Or<j-n+l) 

mn i(m-n+l) 1(j+n+01(j-m+0 

HHSI rrepBoro H BTOporo POllOB ypaBH8HHSI ( 17) 6binlf H3yq8Hbl 

HCOHOM/7/, HalliH p81II8HHSI OTHOCSITCSI K ~yHKUHSIM 0 HCITOnh-
/ "'lj1T(j-m) j 

cnenyJOIUHM o6pa3oM: emn=
2 

. 
17

( )le pl (z)-Pm ....,(z)], 
l SIR17 J-m mn • 

ImzzO ( qTo KacaeTcSI ~YHKUHti P~,_,{-z)... eM, ~opMyny( 30)). 

, qTo, ecnH m-n =1,2,3 ... , rHrrepreoMeTpHqecKaSI QJYHKUHSI 

8TCSI B 6ecKoHeqHOCTh 0 OllH8KO HOpMMpOBoqHbiH MH0:1KHT8nh 

6yneT ayneM Toro )1{8 rropSinKa. TaKHM o6pa3oM, Q -¢yHK
KoHeqaoM:, 

12 

.... ~ 

061II88 p81II8HH8 ypaBH8HHH (17) H ( 18) HM88T BHll 

.. * 
R l l = c l *Q + c 2 p Q * + c 8 p P* + c 4 Q Q * , 

mm*; nn* -
( 22) 

rne. C I, C 
2

, C 8 , C 4 - H8KOTOpbl8 KOHCT8HTbl ( H838BHCHMbl8 OT Z H Z * ) , 
YpaBH8HHSI ( 17) H ( 18) HM810T TpH oco6hiX ToqKH (ToqKH B8TBneHHSI): 

z= I, -I, oo , Pa3p83hi Mbi aarrpaBnSieM oT 1 no 6ecKoHeqaocTH, 

QqeBHllH0 0 qTO c = 0, TaK KaK 8TOT qneH CHHrynSip8H B TOqKe z = 1 . 
4 

V!ccnenySI ITOB8ll8HH8 pe1II8HHSI II pH Z -+-1, Z -+ oo , Mbl rronyqHM llB8 ypaBH8-

HHSI llnSI Tp8X KOHCT8HT, C t' C 
2
, C 3 

, K enHHHqaoMy sneMeHTY rpyrrrrbi 

OTHOCHTCSI ~llHHJfqHaSI MaT::mua, T,e, Mbl llOn:1KHbl HM8Th 

lim 
z-+1 

.. * 
R lJ =8 

mm*; n n * fi.K 
8(v-A) 

nerKO llOK838Tb 0 qTo 8TOMY Tpe60B8HHIO Mbl M0:1K8M YllDBneTBOpSITb TOnbKO 

B TOM cnyqae, ecnH Mbi rrono:1KHM c 3 =0 • 

DoTpe6oBaB KOHeqHOCTb p81II8HHSI B TOqKaX Z=-1 , Z= oo 0 Mbl ITO.TIY-

qHM ypaBH8HHSI 

177(n-m) sin77(j-m) 
c 1 + c 2 =0, e -----

sin 77(j -n) 

* "' . (·*- m*) 0 ) -177(n -mJsJR 17 J c 
2

= • ( 23 
c 1 + e sin 77 ( j *- n * ) 

YpaBH8HHe (23) HMeeT HeT~HBHanbHOe pellleHHe, ecnH neTepMHHaHT Hcqe-

388T 0 T,e, 

177(/L-K) sin77(j-n)sin77(j*-m*) 
e =1, ( 24) 

sin 77 ( j*- n *) sin 77 ( j - m ) 

rne IL H K orrpenenSIJOTGSI ypaBHeHHeM ( 16). 
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M hi HMeeM cne.oyJOIUHe B03MO)!(HOCTH: 

a) p.-K - rronyuenoe 'IHC.no. Tor.oa ( 24) soo6we He HMeeT peweHHst, 

OCTaH9TCst TOJlbKO TpHBHaJibH09 peiU9HH9 1 T.e. MaTpH'1Hbl9 9.119M9HTbl IIpe

BpaiUaJOTCst B HYJih. 3To COOTB9TCTByeT !j>aKTy1 'ITO reHepaTOpb! yBeJIH'IH-

Ba!OT H yMeHbiUaJOT 3Ha'I9HH9 Jl Ha 0, + 1, T.e. B .oaHHOe H9ITpHBO.!lHMOe 

IIp9.!lCTaBJI9HH9 BXO.!lstT 3Ha'leHHst HJIH TOJlbKO U9.11b!9 1 HJIH TOJibKO IIOJiyue-
/6/ 

.11hl9 ( .oeTaJibHO CM. ) • 

6) p.- K - 'leTHoe 'IHcno. B aToM cny'lae ( 24) rrp~1BO:lHT K ycnoBHJO 

HJIH 

T aKHM o6paaoM, 

sin 
Jl-K v-A 

7T ( e - -- ) sh 7T -- "' 0 
. 0 2 2 

Jl+ K 
f 0- --- = UO::·JIO!=;. 

2 

f
0 

- uenoe ( rronyuenoe) , ecnH 

s) p.- K- He'leTHoe 'IHC.no. Tor.oa ( 24) .oaeT 

Jl+K v-A 
cos TT ( f0 - -,---) ch TT-,--- = 0, 

HTaK1 

n Jl+K 
[. 0- -2- IIOIIJU9!L·:'• 

K - uenoe ( rronyuenoe) , 

HJIH f 0 -uenoe (rronyuenoe), ecnH K- uenoe (rronyuenoe). TaKI:IM o6-

paaoM, f 0-uenoe(rronyuenoe) 'IHcno, ecnH co6pTBeHHoe aHa'leHRe orrepa

Topa M 3- uenoe ( rronyuenoe) 'II:Icno. Llnst rronyuenhiX f 0 rrpe.ocTaBneHRe .osy-

3Ha'IHOe. 

PeiUHB ( 23) H Bbi6Hpast IlO.!lXO.!lstiUHft HOpMI:IpOBO'IHblft MHO)!(HT9Jlb
1 

Mbl 

rrony'iHM R- !j>yHKUHH B cne.oyJO.IUeM BI:I.oe: 

* N i * j j mn l j j J* 

Rmm*;nn; LPm*n*(z*)Qmn(z)-Pmn (z)Qm*h*(z*)], ( 25 ) 
4 i ysin TT(m -n) sin TT(m *-n*) 

( Re ( m + n ) > 0 ) 

14 

_. 

nre 

j 

N mn 
sin TT (j- n) sin TT( j*-n *) 

= v- -. 
sin TT ( j-m) sin TT ( j*- m *) 

06paiU9HH9 ypaBH9HI:Ist ( 25) .!lJist .11106biX 3Ha'I9HHft m H 

orpaHI:I'I9HHst Re (~±n);:: 0 ) HB.nsteTCst O'i9Hh rrpocTbiM. BMe 

'ii:ICJieHHSI cBoticTB CI:IMMeTpHA H R -¢YHKUHlt .onst paaJIH'IHhiX ~ 
/7/ 

sign Re ( m ± n ) ( KaK aTo .oenaeTcH B pa6oTe .onst .oeftcTBI:ITe 

H n 1 Mhi rreperrRweM R -¢yHKUHI:I .onst nJ06biX m H n B 

<jlopMe. Llnst aToA uenH BBO.!li:IM CI:IMBOJI II u II (r.oe .u- .1110e 

H09 'IHCJIO) 1 KOTOpb!ft OIIpe.oe.nsteTCst C.119.!lYIO!UHM o6paaoM: 

II u II = ·I ~u 
Re u > 0, , ecnH 

, ecn1:1 Re u < 0, 

8BO.!lHM B9.11H'II:!Hbl 

M=-
1 

<llm+J.lll+llm-nll), N=-
1 <llm+nll-llm-nll). 

2 2 

H eTpy.oHo rroKaaaTh, 'ITO Bhipa)!(eHHst ( 20), ( 21) .onst P-H Q- ~ 

a TaK)!(e ypaBHeHHe ( 25) .o.nst R -<jJyHKUHI:I ocTaJOTCst B Cline H 1 

c.ny'lae, ecnH c.oenaTb aaMeHy m ... M , n ... N • TaKHM o6peao~ 

qaTeJibHast qJOpMa IIp9.!lCTaB.119HHst 6y.oeT I:IM9Tb BI:I.!l 

jj * -I (E 1m +E*t m*+E gn +E*gn"' jj * 
T = e R * * (cos ( 

2 
, cos (*2 ) • 

mm*;nn* mm;nn 

B .oanbHeftweM Mhi 6y.oeM IIHcaTb m 1:1 n , Ho Bcer.oa rro.opa~ 

'ITO oHH aaMeHeHhi M H N cooTBeTCTBeHHO so scex !j>opMyn 

'19HI:Ie COCT8B.11st9T 9KCIIOH9HUHaJihHb!lt !j>aKTOp B ( 28) • 

15 

~-----------------------------



cneJJyJO!l.lHe B03MO)f{HOCTH: 

e qncno, Toraa ( 24) Boo5me He HMeeT pemeHHsr, 

o TpHBH8nhHOe pemeHHe, T,e, MaTpHqHble aneMGHTbl npe-

3TO COOTBeTCTByeT <jlaKTy1 qTO reHepaTOpbi yBenHqH-

3HaqeHHe p. Ha 0, + 1, T,e, B Jl8HHOe HenpHBOJJHMOe 

HnH TOnbKO uenbie, HnH TonbKo nonyue-

B aToM cnyqae (24) npRBonHT K ycnoBHJO 

sin 
fL-K v-A 

17 ( e - -- ) sh 17 -- = 0 ' 0 2 2 

fL+ K e 0- --- = u(:·nos. 
2 

E0 - uenoe (nonyuenoe), ecnH K - uenoe (nonyuenoe), 

e qHcno, Toraa (24) aaeT 

fL+K v-A 
17 (eo- ---r--) ch 17,- = 0' 

e P.+K 
0- -2- non;u9ri>''• 

nonyuenoe), ecnH K - uenoe (nonyuenoe). TaKHM o5-

(nonyuenoe) qncno, ecnH co5cTBeHHoe 3HaqeHHe onepa

(nonyuenoe) qHcno. nnsr nonyuenbiX Eo npeacTaBneHHe JlBy-

H Bbi5Hpasr nO£lXO£lSllllH~ HOpMHpDBOqHbl~ MHO)f{HTenb, Mbl 

B cneJJyJOmeM BH!le: 

N i 
mn l* · j 1* 

--------LP * }z*)Q
1 

(z)-P (z)Q "'*(z*)], (25) 
m n mn mn m·n 

(m -n) sin 77(m *-n*) 

( Re ( m + n ) > 0 ) 

14 

~· 

rae 

j 

N mn 
sin 17 (j-n)sin17(j*-n*) 

= v- -. 
sin 17 ( j-m) sin 17 ( j*- m *) 

( 26) 

05pameHHe ypaBHeHHH ( 25) ansr nJ05biX 3HaqeHH~ m H n ( T.e. 6e3 

orpaHnqeHHH Re ( ~ ± n) ;:: 0 ) HBnsreTcsr oqeHh npocTbiM, BMecTo nepe-

qncneHHSI CBD~CTB CHMMeTpH~ H R -<jlyHKUH~ ansr pa3nHqHbiX 3HaqeHH~ 

/7/ 
sign Re ( m ± n ) ( KBK aTo aenaeTcsr B pa5oTe ansr ae~CTBHTenbHbiX m 

H n J Mbi nepennrueM R -<jlyHKUHH ansr nJ05biX 

<jlopMe. nnsr 8TO~ uenH BBOJlHM CHMBon II u II 
m H n B eaHHO~ 

(rae .u - n106oe KOMnneKc-

Hoe qHcno), KDTOpbi~ onpeaensreTcsr cneayJOlliHM o5pa3oM: 

II u II = ·I -"u 

, ecnH Re u > 0, 

, ecnn Re u < 0, 

BBDJJHM BennqHHbi 

M=-
1 

<llm+nll+llm-n!!), N=-
1 <!lm+n!l-llm-n!l). 

2 2 ( 27) 

HeTpyaHo noKa3aTh, qTo Bbipa*eHHH (20), (21) ansr P-n Q- <jlyHKUH~, 

a T8K)f{e ypaBHeHne ( 25) ansr R -<PYHKUHH ocTaJOTCH B cnne H B o5rueM 

cnyqae, ecnn caenaTb 3aMeHy m ... M , n ... N • TaKHM o5pe3oM, DKOH-

qaTenbH8Sl qJOpMa npeJJCTaBneHHSl 5yaeT HMeTb BH)l 

JJ* -I(E 1m+E*1 m*+Ean+E*an"' Jl* 
T = e R * * (cos ( 2 , cos l*2 ) • 

mm*; nn* mm ;nn ( 28) 

B aanbHeftrueM Mbi 5yaeM nHcaTb m H n , Ho Bceraa noapa3yMeBaeTcsr, 

qTo OHH 3aMeHeHbi M H N cooTBeTCTBeHHo Bo Bcex <jlopMynax. 11cKnJO

qeHHe COCT8BnHeT 8KCnOHeHUH8nhHbl~ <jlaKTOp B (28), 

15 



4, noB9A9HH9 B OC05biX TO'IKBX 

8b!p8)!{9HHSI AnSI <jlyHKUHH p H Q, 38ABHHbi9 ypaBH9HHSIMH ( 20) 

H ( 21), rrpHB9AYT IlpS!MO K aCHMITTOTH'IeCKOMY pasno)!{eHHJO B TO'IKe Z =I . 

BeAylliHll qneH B 9TOH TO'IKe HMeeT BRA 

j 

j ·* N m*-n* R J _ mn 1* 1 sin77(j-m) -r-
mm*;nn*- _ln m'\.*D -- r* T 

rAe 

4iysin77(m-n)sin77(m*-n*) nm sin77(j-n) 

T = 
I-z 

2 

- KOMII IIE!KCHO CO i!pSI)!{eHHOe ) , 

m-n 
----r 

- ( 29) 

J.-lcxoASI H3 acHMITTOTHKH ( 29), rronh3YSICb neMMOfi PHMaHa -Jle6era, 

a T8K)!{9 HHTerpanhHOH <jlopMynoil: 

"" sina x a77 
dx = -

17
- th 

{3 
( Re {3 ·> 0) , I 

2{3 sh {3 x -<Xi 

nerKO ITOK838Th, 'ITO rrpeACTaBneHHSI Ilp8BHnhHO HOpMHpOB8Hhl, 

j j * 
T * * ( E , E * ) n = 8 8 ( v -A ) mm ;nn E ·= p.K 

/9/ 
( neTanhHO CM, ) , 

T.e. 

npHM9HHB aHanHTH'IeCKOe IlpOAOn)!{eHH9 rHrrepreoMeTpH'IeCKOH ~YHK

UHH, Mbl IlpHXOAHM K q10pMynaM 

_. 

l 
p 

mn 
( z ) = 

sin 77 ( j + n ) 
-----
sin 77 ( m+ n ) 

sin17(j-m) 

sin 77 ( m + n ) 

l p l 
m,- n 

t 
(-z)-Q (-z)l= 

m,-n 

(30) 

l sin17(j+n)sin17(j-n)Q l ( ) 
P ( z)+ - -z , 

-m,n -m,n 

sin 77 ( j + m) sin 77 (m+n) 

16 

l sin 77 (j + m) sin 77 ( j - nt ) l sin 17 (j + n ) 
Q (z)= -P (-z)-----mn m,- n 

sin 17 ( j- n ) sin 77 ( m + n ) sin 17 ( m + n) 

sin 17 (j - m ) l 

sin17(m+n) l-P-m,n(-z)+Q~m.J-z)]. 

noACTBBnSIH Bb!pB)!{eHHSI AnSI p H Q 

R -<jlyHKUHH B TO'IK9 z =-I . 

B ( 25), Mbl rrony'IHI 

u* l · ('* *) R (z,z*)=_i_N SID 17 J + n _1 sin17(m-n) J* 
mm*;nn * 4 mn V l P * sin77(j-n)sin 17(m*+n*) sin77(m*-n*) m ' 

- KOMITneKCHO COilpS1)!{9HH09 ) • 

B 6ecKoHe'IHOCTH P- H Q -<PYHKUHH HMeJOT cneAyrom 

qecKoe pasno*eHHe: 

m-n m+n· 
l -- ---

pmn(z)=n1 r 2 
0-r) 

2 
laua+f3u4J. mn 

j m-n m+n 

Q ( ) 
1 ,-(I )-r- +177(n-m) sin17(j-m ) . 

mn Z = n T - T e- l SID mn au +-
sin 77 ( j- n ) 

8 
sin 

I-z 
(r= --' 

2 
rAe 

j-m I -j-m-1 

u
8 

=(-r) F(-j+m,-j+n;-2j;-r-),u 4 =(-r) F(j+m 

a= 
r<m - n + I ) r ( 2 j + I ) r<m-n+O I 

'{3=---·-· 

r (j-n+Or<j +m+l) r{-j-n )r( 

17 

~-------------------------



4. f1DB9,[!9HH9 B OC06biX TO'IKBX 

51 JJ.JISI <jlyHKUHti: p H Q , 38,[!8HHbl9 ypaBH9HHSIMH ( 20) 

rrp51MO K 8CifMITTOTH'I9CKOMy pa3JIOJK9HHIO B TO'IK9 Z = l . 

B 9TOti: TO'IK9 lfM99T Blf,[! 

m*-n* 
i* i sin11(j-m) --r-

1: _Ln m'b.olflnm -- r* r 
sin 17(m-n) sin11 (m*-n*) sin 11 (j- n) 

N m n 
m-n --,-

- ( 29) 

- KOMII IJE>KCHO COITpSIJK9HH09 ) , 

acRMITTOTRKH ( 29), rronh3YSICb neMMoi1 PHMaHa·-Jle6era, 

BJihHOH <jlopMyJIDH 

sina x 
dx = -

11
- th 

(:3 

&IT 
( Re (:3 •> 0), 

sh (:3 x 2(:3 

0 'ITO rrpe,gCT8BJI9HHH ITp8BifJihHO HOpMRpOB8Hb1 0 

i j * 
T * * ( £ , £ * ) n = 8 8 ( v -A ) 

mm ;nn ( --=v fLK 

/9/). 

T.e. 

8H8JIIfTH'-19CKOe ITpO,[!OJIJK9HH9 rHrrepreoMeTpH'-ISCKOti: ~yHK

IfM K q1DpMyJI8M 

sin 11 ( j + n ) 
l p j 

m,- n 

t 
(-z)-Q (-z)]= 

m,- n 
= --------------

sin 11 ( m + n ) 

(30) 

sin11(j-m) p J ( z)+ sin11(j+n)sin1T(j-n} Q J ( -z) 
-m,n -m,n ' 

sin 11 ( j + m) sin 11 (m+n) sin 11 ( m + n ) 

16 

.... ~ 

J sin 11 (j + m) sin 11 ( j - m ) J sin 11 (j + n ) J 
Q (z)= -P (-z)- Q (-z)= mn m,-n m -n 

sln11 (j-n )sin 11 ( m+ n) sin11 ( m+n) ' 

(30) 

sin 11 (j - m ) J 
sin1T(m+n) l-P-m,n(-z)+Q~m,J.-z)]. 

flo,gCT8BJISIH Bbip8JK9HHH ,f!JISI p H Q B ( 25) 0 Mbl ITOJIY'-IHM ITOB9,[!9HH9 

R -cflyHKuHH B 'l'D'-!Ke z =- l • 

jj * j • ( • * *) . ( ) * 
R (z,z*)=...LN sm1T J + n ysm1T m-n lPJ* J-z*)QJ (-z)-

mm*·nn * 4 mn . ( * *) m ,-n m,-n 
' sin1T(j-n)sin 11(m*+n*) sm11 m -n 

- KOMITJISKCHO COIIpSIJK9HHOe ) • 

B 6ecKOH9'-IHOCTH P- H Q -cflyHKUHH HM9JOT cneayJOIIlee aCHMITTOTR-

l.J9CK09 p83JIOJK9HHe: 

m-n m+n 
j -- ----

pmn(z)=n1 r 
2 

0-r) 
2 

laua+f:3u4L mn 

m-n m+n 
l J ,-- -'ir +11T(n-m) sin1T(j-m) sin1T(i+m) 

Q mn ( z) = n r 0- r) e- l au 
3 

+ ---· --

r,ge 

mn sin 11 ( j- n ) sin 11 ( j + n ) 

1-z 
( r = - , Im r ·~ 0 ) 

2 

(:3 u4 ] ' 

J-m l -J-m-1 1 
u8 =(-r) F(-j+m,-j+n;-2j;--),u =(-r) F(j+rn+l,j+n+l;2j+2;-), 

T 4 T 

r (m - n + l ) r ( 2 j + l ) r<m - n + l ) r (2 j - l ) 
(:3 = ---·------a= 

r (j-n+l)r(j +m+l) r<-j-n )r{-j +m) 

~ 17 



Llnst R .:.cpyHKUHH nony"'HM: 

jj * R 
mm *; nn * 

N J 
( z, z *) = mn ±i17(n -m ) ---e I n J I 2 V sin 11 (m-n) • -~~2__- • 

mn sin77(m*-n*) sinmj+n)sin77(j -n) · 4i 

( 31) 

m-n m+n m*-n* m*+n* 

.r-2 - O-r)-2 -r*-2 -(l-r*)-2- (a*{3u*
3 

u 
4

-a{3*u
3

u*
4 

), (lmr.< 0). 

5. fapMOHH"!eCKH~ aHanH3 WyHKUH~ Ha rpynne 

OpuMeHSTH ypaBHeHHe ( 12), Mhi npHXO.OHM K cne.oy10meMy BhtpallmHH!O 

.onst Mepbi Xaapa (neBofi HnH npaBo~) B TepMHHax napaMeTpoB (3): 

jf(g)dg=Jd¢
1

d¢
2 

d¢ 8 dx
1

dx
2

dx
3

sinl
2

sinf; f(cp,)(), ( 32) 

r.oe npe.oenhi HHTerpHpoBaHHST 3a.Oa!OTCH ypaBHeHUeM ( 4). CKanstpHoe rrpo

H3Be.oeHHe .OnST OCHOBHOH cepHH onpe.oeneHO cpopMyno~ 

(<P, 'l')=Jdg<P*(g)'l'(g). ( 33) 

C ITOMOillb!O 8CHMITTOTH"!eCKOrO Bb!p8)1{eHHSl ( 31) MQ)I{HQ nony"'HTb COOTHO-

weHHSl opOTOrOHanbHOCTH H ITOnHOThl: 

, '* Jdg(TJ J )*T JJ* 
m 'm '*;n 'n '* mm*; nn * 

~ ~ 

32 114 

= (2 j +l )(2 j*'+l ~!l /L 8K.K. 8 (v'-v)8(,\ ~)8~, ~o(p~p), 
0 0 

( p , 2' 0' p ::: 0 .) 

18 

r.oe 
I P,+iv K+iA 

j=2(~o-l+ip), m=-2-, n=--2-

( Mepa nnaHwepenST ( 2 j +I )(2 j *+I) H8 npaBoll: CTopoHe Hrpae 

peHHST" rrpe.ocTaBneHHST). 

I oo oo oo oo oo JJ '* J 
-- 4 ~ ~ j dpfdv j dA(2j+l)(2j*+l)(T(g~mm*;nnotJT(g)m 

3217 ~o• _ 00 p.,K:-,oe>O -oo - oo 

r.oe 8(g ~g) STBnSTeTCH 8 -<fJyHKUHell: H8 rpynrre. B STBHOM BH.Oe 

8 ( g '- g ) ,; 8 ( ¢ '
1 

- ¢ 
1

) 8 ( X ; - )( 
1 

) 8 ( cos cp; ch )( ; - cos cp 
2 

ch )( 
2 

) 8 (, 

- sin¢2 shx 2) 8(¢' 8-¢8)8()('8-)(8) . 

YpaBHeHHH (34) H (35) npHBOilHT K cne.oyiOlllHM Bbtpa)JI 

pa3nO)I{eHHSl ¢ypbe KBa.opaTH"'HO HHTerpHpyeMbiX cpyHKUHH H8 

00 .., 00 00 ,00 I , 
f(g)=-- ~ ~ 

3217 4 ~0 =-"" p., K=-oo 

fdp J dp J dA(2j+0(2j*+l)F(j,j*;m,m* 
0 -oo -oo 

06paTHaH <fJopMyna H¥eeT BH.O 

jj * 
F(j,j*; m,m*; n,n*)= Jdgf(g)(T(g) * *)*. 

mm ;nn 

/9 
0THOCHTenbHO CXO.OHMOCTH H .OpyrHX TOHKHX BOITpOCOB CM. 

6. C¢epH"'eCKHe pyHKUHH 

C<fJepH"!eCKHe QJyHKUHH OTHOCHTenbHO no.nrpynnhi H rpy 

.oeneHhl H8 O.OHOpO.OHOM IlpOCTpaHCTBe1 HMe!OUleM HeKOTOpy!O 

TO"'KY c Manoll: rpynnoll: H • 

19 



H rronyqHM: 

------Nl 
z *) _ mn ±i17(n -m) 

- ---e 
1 nl l2 y sin17(m-n) • -~n 217j 

mn sin 17(m*-n*) sinmj+n) sin17(j -n) 4 i 

(31) 

m*-n* m*+n* 

r*-2 -{l-r*)--2 - (a*flu*8 u
4
-afl*u

3
u*

4 
), (lmr,? 0). 

5. fapMOHHqeCKHH BHBnH3 ffiyHKUHH HB rpyrrrre 

ypaBHeHHe ( 12) 1 Mbl llpHXOAHM K cneAyiOTIIeMy Bb!pa)f{eHHIO 

(neBOll HnH rrpaBoH) B TepMHHBX rrapaMeTpOB (3): 

jd¢1 d¢2 d¢8 dxl dx2 dxa sinE2 sinE~ H¢.x). ( 32) 

TerpHpoBaHHSI 3aAaiOTCSI ypasaeaneM ( 4). CKanSipHoe rrpo

ocHOBHOil cepHH orrpeAeneHo ~opMynolt 

(cp, 'P)=JdgcD*(g)'P(g). (33) 

MJITOTHqeCKOro BbipB)f{eHHS!: ( 31) MO)f{HO rronyqHTh COOTHO-

nhHOCTH H ITOnHOThl: 

32 17 4 

mm*; nn * 
=----- 8 , 8KK8(v'-v)8(,\~)8f' fo(p-:..p), 

(2 j +I )(2 j* '+ l) llll o o 

( p '.? 0' p ::: 0 ,) 

18 

---~ 

rAe 

l 
j=-(f 0 -l+ip), 

2 

/l+iv K+iA 
m=----, n= ----

2 2 

(Mepa OnaHmepenSI (2j+l)(2j*+l) H8 rrpaBOlt CTOpOHe HrpaeT ponh "H3Me

peHHSI" rrpeACTBBneHHSI). 

l "" "" "" "" "" ll '* ll "" ' 
--4 I I fdpfdv j dA(2j+l)(2j*+l)(T(g)mm*;nnJT(g)mm*;nn*=8·(g -g), 

3217 f •-oc "•K=-""0 --oo -oc 0 r. 

(35) 

rAe 8(g'-g) SIBnSieTcSI 8 -QJYHKUHelt Ha rpyrrrre. B SIBHOM BHAe 

8(g'-g),;8(¢'~-¢ 1 )8( X~ -)( 1
)8(cos¢; chx; -cos¢2 chx2 )8(sin¢; shx;-

-sin¢ shx ) 8\¢' -¢ )B(x' -X ) . 
2 2 8 3 8 3 

YpaBHeHHSI ( 34) H ( 35) rrpHBOJlSIT K cneAyiOlliHM Bbipa*eHHSIM AnSI 

pa3nO)f{eHHS!: cf>yphe KB8Jlp8THqHo HHTerpHpyeMbiX ~YHKUHfi Ha rpyrrrre : 

"" ... 
00 00 ,00 * 
J dp J d p f d,\ (2j +0(2j*+l) F(j,j*; m,m*;nn*)T(g) U .., * . 

l ' 
f(g)=-- I I 

3217 
4 

fo =--oo ll• K=-."" 0 _ 00 -oo mm inn 

05paTHaSI cjlopMyna HMeeT BHA 

ll* 
F(j.j*; m, m *; n, n *)= Jdg f(g)(T( g) * *) *. 

mm ;nn 

/9/ 
0THOCHTenhHO CXOAHMOCTH H ApyrHX TOHKHX BOilpOCOB CM. 

6. CpepHqecKHe WyHKUHH 

CcjJepHqecKHe ~yHKUHH DTHOCHTenhHO rroArpyrrrrbi H rpyrrrrbi G 

( 36) 

orrpe-

AeneHbl Ha OAHOpOAHOM llpOCTpaHCTBe, HMeiOIUeM HeKoTopyiO <flHKCHpOBBHHYIO 

ToqKy c Manolt rpyrrrrofi H • 

~ 19 
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H Oobi"'HO nnH rpynnbi flopeHua B KaqeeTBe nonrpynnbi 

rpynny spameHHH S0(3) , 'ITO AnH OAHOpOAHOro npoeTpaHeTBa 

Bb!OHp810T 

npHBOAHT 

K rHnep6onoHAY 1 Ha KOTopoM e~epH"'eeKHe ~YHKUHH onpeneneHhl. BBHAY 

rrapaMeTpH38UHH
1 

HeiiOnhayeMOi!: B H8eTOHIUei!: paooTe, Mbl HMeeM IIOAI'pyrrny 

H :S0(2) x SO(l, l),eooTBeTeTBYJOIIIee OAHOpoAHoe rrpoeTpaHeTBO KoTopot!: Mbi 

AOmKHbl Hai!:THo 1lm1 STOi!: uenH paeeMOTpHM 8HTHeHMMeTpH"'eeKHi!: TeH30p 1 

... 
o6pa30B8HHbiii TpexMepHbiMH BeKTOpaMH X' y • 

,. 
0 y 1 y2 y8 

-y1 0 X -x 
8 2 

I s = I 
(37) 

p.v 
0 -y 2 -x X 

3 

-y X -x1 0 
8 2 

B peaynhTaTe rrpeo5paaosaHHH flopeHua S p.v npHoopeTaeT BHA 

s~v 
a {:3 

Lp. LV s u.f3 ( 38) 

TioeTpOHM AByMepHyiO KOMnneKeHyJO e~epy H3 senH"'HH Z k = X k + i y k , 

z* =X -iy 
k k k 

... 2. 2 2 2 ... 2 ... 2 • ... ... 2 
z =z

1
+z +z =x -y +2txy=r (39) 

2 8 

->2 ... 2 ...... 
Xopowo H3BeeTHO, 'ITO senH"'HHbi x -y , x y 

weHHJO K npeo6pa3oBaHHHM flopeHua ( 38), TaK 

ooe HHB8pH8HTHbl no OTHO

"'TO nosepxHoeTh e¢epbi 

(39) HHB8pH8HTH8o 3aMeTHM 1 'ITO nerKO nOK838Tb 1 'ITO ypaBHeHHe (38) 

20 

OIIHebJBaeT npeo6pa30B8HHe, eoBn8)l8JOIUee e TpexMepHbiM I 

( B )leKapTOBbiX KOOpAHHaTaX) rpynnbi BpameHH51 1 e TeM OTJl 

meeTBeHHbie YI'Jlbl 3t!:nepa enenyeT 38MeHHTb KOMnneKeHb!Ml 

0AHOpOAHOeTb npoeTpaHeTBa oyAeT npoBepeHa 1 eenH n 

K8)KJl851 TO"'K8 Ha ecpepe MO)KeT Ob!Tb npeo6pa30BaHa B TO"'Ii 

Mbl HeKJJJO"'aeM eny.qat:i, KOI'Aa ;: H Y paBHbl no BeJJH"'Hf 

nHpHhl. TorAa OnHeBHHOe eBoi!:eTBO 
... ... 

X H y HMeeT MeeT 

TeMe OTeqeTa, B TO )Ke BpeMH 008 HHB8pH8HT8 oopamaJOTel 

KOMnneKeHaH e¢epa npespamaeTeH B ecpepy Hynesoro panHy 

aene HBnHeTel! ee"'eHHeM ABYX peanbHblX KOHyeoB, "CeBepH! 

IIOFepXHOeTH eeTb H8"18J101 KOTOpoe H8AO HeKJJIO"'HTb) • 

I1a HHBapHaHTHoeTH -;cy BHAH0 1 'ITO ecnH Rer H Imr 

Bbie ( npOTHBOnOJJO)KHbie) 3H8KH 1 TO K8)KJlblft H3 
... ... 

X H y 

(Tynoi!:) yron Ha Ccpepe, I1HbiMH CJ10B8MH 1 npH npoBeAeHHH 
... 

flopeHua x H y He MoryT rrpoi!:TH qepea nepneHD.HKyns 

3TOT cpaKT XOpOliiO H3BeCTeH H3 sneKTpOD.HHBMHKH, 

PaCCMOTpHM nonrpynny1 COCTOHIIIYIO H3 npOCTpaHCTB9H 

BOKpyr TpeTbei!: OCH H npeo6pa30B8HHi!: flopeHua· BIJ.OJlb Hee, 

ch )( 1 0 0 sh)( 
1 

h .. I 0 cos¢ 
1 

sin¢ 
1 

0 1·(0: ¢1 <277 ,. 
0 -sin¢ 1 cos¢ 1 0 

ch )( • 0 0 ch )( 1 

TIOD.CT8BJ15151 STO B ypaBH9HH9 ( 38) 1· BHIJ.HM 1 'ITO nOJlrpynna 

ManyJO rpynny TO"'KH z 
0
=( 0,0, r) ( H1 Hao6opoT, KB)KIJ.biA ane 

flopeHU8 1 oeT8BJ151JOIUHi!: TO"'KY Z 0 H9H3MeHHOi!: 1 o6nanae 

Bbllli9 cpOpMOi!:) • I1T8K 1 KOMnnei!ICH851 ecpepa HM99T Bee HeOOXI 

H MO)KeT 6biTh paccMoTpena KaK o6naeTh ccjlepH"'ecKHX cpyHKI 
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rpyrmhi flopeaua B Ka'leCTBe nonrpynnbr H Bbr6npa!OT 

S0(3) , 'ITO nnH onaoponaoro npocTpaaCTBa npHBOAHT 

aa KoTopoM c~epn-qecKHe ~yHKUHH onpeneneHhl. BBHAY 

ncnonb3yeMofi B aacToHmefi pa6oTe, Mbi HMeeM nonrpynny 

~~n-rt>.<>TCTByJOll!ee OAHOPOAHOe npOCTpaHCTBO KOTOpOfi .Mbl 

DnH 9TOH uenn paccMoTpHM aHTHCHMMeTpH'IeCKHfi TeH30p, 

-+ 
TpexMepHb!MH B8KTOp8MH X , y o 

0 y I y2 Ys 

0 X -x 
-y, 8 

= I v 0 X 
-y 2 -x 

3 

-x, 0 -y X 
3 2 

2 

I (37) 

npeo6pa3oBaHHH flopeaua S p.v npno6peTaeT BHA 

s ' 
p.v 

a {:3 S 
Lp. LV u.{3 

KOMnneKCHY!O cljlepy H3 BenH'IHH 

2 2 2 -+2 -+2 .-+-+ 2 
=z

1
+z

2
+z 

3
=x -y +2txy: r 

( 38) 

z =Xk+iyk' 
k 

(39) 

....,.2 -+2 ......... 
X -y , X y o6e HHB8pH8HTHhl no OTHO-

o6p830B8HHHM flopeHU8 ( 38) 1 T8K 'ITO noBepXHOCTb c<j:Jepbl 

3aMeTHM
1 

'ITO nerKO nOK838Tb 1 'ITO ypaBHeHne (38) 
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onHCbiBaeT npeo6pa3oBaane, coBnanaJOmee c TpexMepHbiM npencTaBneaneM 

( B neKapTOBbiX KOOpAHH8T8X) rpynnbJ Bp8ll!eHHH 1 C TeM OTnll'llleM, 'ITO Be

li!8CTB8HHbJe yrnbi 3ll:nepa cnenyeT 38M8HHTb KOMnneKCHbiMH, 

OnaoponaocTb npocTpaHCTBa 6yneT npoBepeaa, ecnn noKa3aTb, 'ITO 

K8)KA8H TO'iK8 H8 cljlepe M0)1{8T 6b!Tb npeo6pa30B8H8 B TO'iKY (0,0, r ) ( 3AeCb 

Mbi ncKnJOqaeM cny:r.rafi, Korna ;: n y paBHbi no Benn'iHHe n nepneannKy-
-+ -+ 

nHpHbi. Torna onncaaaoe cBoficTBO x n y nMeeT MecTo B n106oll: cnc-

TeMe OTC'I~Ta. B TO )Ke BpeMH o6a llHB8pll8HT8 o6pali!8!0TCH B Hynh ll 

KoMnneKcHaH c~epa npeBpamaeTcH B c¢epy ayneBoro pannyca, 'ITO aa caMoM 

nene HBnHeTCH Ce'leHHeM ABYX peanbHb!X KOHYCOBo "CeBepHbJfi non10c" 9TOfi 

noFepxaocTH ecTb aa-qano, KoTopoe aano MCKnJO'IHTb). 
-+-+ 

113 MHBapnaHTHOCTH xy BHAHO, 'iTO ecnH Rer H Imr HMeJOT OAHHaKo-

BbJe ( npOTHBOnOnO)KHbJe) 3HBKH 1 TO K8)1{Ahlfi H3 -+ 
X H 

-+ 
y o6pa3yeT OCTpblll 

(Tynoll:) yron aa c¢epe. MHhiMH cnoBaMH, npn npoBeneHHH npeo6paaoBaHHfi 
-+ 

flopeaua x H y ae MoryT npoll:TH qepea nepneannKynHpaoe nor.o)KeHMe. 

3TOT ljlaKT XOpOli!O H3B8CTeH H3 aneKTpOAHH8MHKH. 

PaCCMOTpHM nonrpynny, COCTOHIIIY!O H3 npOCTpaHCTBeHHb!X nOBOpOTOB 

BoKpyr TpeTbefi ocR H npeo6paaoBaHHll: flopeaua· Bnonh aee. .. 
ch X I 0 0 shx 

I 

h= I 0 cos¢ 1 sin¢ 1 0 
,,(02_ ¢ 1 <2" ,-oo <x 1 <0o ). 

0 -sin¢ 1 cos¢ t 0 

ch X • 0 0 ch XI 

floncTaBnHSJ aTo B ypaBHeHHe (38) , BHLlHM, 'ITO noarpynna H o6paayeT 

ManyJO rpynny TO'IKH z 0==( O,Q, r) ( H, aao6opoT, K8)1{Llhrfi aneMeHT rpynnhr 

flopeaua, ocTaBnRJOIUHfi TO'IKY z 0 aeMaMeHHofi, o6naaaeT npnBeaeaaoll: 

Bbill!e ljlopMOfi) • J1TaK 1 KOMnnei!ICH8Si cljlepa HMeeT BCe Heo6XOLlHMbie CBOfiCTBa 

H MO)KeT 6b!Tb paCCMOTpeHa K8K o6naCTb cljlepH'IeCKHX ljlyHKUHfi. 
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r 
i 

• 

BBOJlst nonstpHbte KoopJlHH8Tbi o6bi'IHbiM o6pa3oM: 

z = r sin e cos ell ' z*1 = r*sin ®*cos ell* , 

z 2 = r sin ® sin ell , z~ = r*·sin ®*sin ell*, 

z 3 =rcos8, z * 
3 

= r * cos ® * , 

C KOMrrneKCHbiMH yrnaMH (3 = (3 + i (3 2 1 ell =ell I+ i ell 2 1 Mbl OX8p8KTepH30BanH 

KoMnneKCHYIO c!flepy c noMoliibiO qeTbipex BeruecTBeHHbiX napaMeTpoB. Oc

TaBmHecst nBa yrna conepmaTcst B no.'lrpynne H=S0(2) x SO(l,l). EcnH Ha

nHcaTb HH!fJHHHTe3HM8nbHbie reHepaTOpbl B BHJle JlH<jl!flepeHUHanbHbiX one-
x/ 

paTOpOB H8 KOMnneKCHOfi c¢epe 1 Mbl npHXOJlHM K onepaTopaM KH3HMHpa : 

.... 2 1 a 2 a 2 a .... 2 1 a 2 a a 
- J = --- + --- + ctgB -- 1 · K = --- -- + -- + ctg ®*-- 1 

sin 2 ® aell 2 ae 2 ae sin
2

®* aell~ a®*
2 a®* 

..... 
2 

C¢epH'IeCKHe !flyHKUHH stBnstiOTCH co6cTBeHHbiMH !flyHKUHstMH onepaTopos J 
.... 2 

H K 
-+2 u* .... 2 u* 

LJ - j < j + u Jr *< e , ell>= o , L K - j *< j * + 1 > lf * < e , ell>= o . mm. mm 

xl OnepaTop Ka3HMHpa scefi rpynnbi MomHo paccMaTpHBaTb B aHano-

rH'IHOM reoMeTpH'IeCKOM CMbtcne. Ecm1 HanHcaTb sneMeHT rpynnbt SL ( 2, C ) 
B ¢opMe 

[ 
z o+ i z 3 z 1 + i z 2 ] , 

-z1+iz 2 zo-iz 3 

2 22 2 2 2 2 2 
nony'IHM z 

0 
+ z 

1 
+ z 

2 
+ z 

8
= l, z~ + z"i + z*2 + z*8 = l. TaKHM o6pa3oM 1 npocTpaH-

CTBO napaMeTpOB TOnonOI'H'I9CKH I'OM90Mop¢ap TpexMepHOfi KOMnneKCHOfi 
f f +f I . f • f ..-f. 

c!flepe. C noMO'IlbiO napaMeTpH38UHH z 0=cosTcos~, z 1= sm-t-sm -2'• 
E2 Ea-EI f2 Ea+EI l -

Z 
2
=sin-

2 
COs-

2
- 1 Z a= COS-- sin--- onepaTOpb! J'1annaca- a yg g J.LV a , 

2 2 .,;-J.L v 

l - fl.* g --a* '1/ g* g v a* Ha 9TOfi c¢epe npHBOJlSlT K onepaTopaM Ka3HMHpa ( 13). 
_,- J.L v 
v g* 
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ll* 
PerynstpHbiM peweHHeM STHX ypasHeHHfi stBnstiOTCSl ( T 

mm*; 00 

8bt6Hp8S1 I10JlXOJlS1IUHfi HOpMHpOBO'IHbifi MHO)KHT9nb1 Mbl rronyqJl 

ll* -----
ll* fmm* (®'ell)= V (2j +0(2j*+ l) 

877
2 • (T * (Ill,® ,0))*. 

mm ,00 

C 110MOlUbiO peKyppeHTHbiX COOTHOIIIeHHfi Jlnst c<jlepH'IeCKHX !flyi 

110K838HO B HH!fJHHHT93HManbHOfi !flopMe 1 'ITO OHH nefiCTBHTenb. 

3YIOTCst no HenpHBOJlHMbiM npencTasneHHstM rpynnhi llopeHua: 

* l l u* "" "" * * 
T(g)f * ('z)=f * (g- 1 ; )=I I dvTll (g)fll 

nn nn p.=-oo -oo mm*,nn* mm* 

CKanstpHoe npoH3BeneHHe !flyHKUHfi ell H 'I' 1 onpenenE 

neKCHOfi c!flepe 1 38Jl89TCS1 K8K 

JdOell*(O )'1'(0 )=Jdell 1 dell
2 

d@ 1d8
2 

sin8sin8*ell*(n)'l'({] 

C npenenaMH HHTerpHpOB8HHS1 

O<ell <277, 
- I 

0<9 <77, 
- I 

- "".:5 ell 2 < OCI, 

-""<® <"". 
I 

CooTHoiiieHHe opoToroHanbHOCTH H HOpMHpOBKH c!flepH'IecKHX q 

eT BHJl 

J do < r l 'l '* < 9 , ell ) ) * r u* 
m'm'* mm• 

(®,ell)= BJ.L 'p. B(v '- v )8, 8(p '
fofo 

! f {dpj dvuii** <e',ell')}*rll** <e.ell >=8·<n'-o 
U 0 mm mm 
'-() =-00 J.L=-"" -()() 

rne 8(0 '-0) S1BnsteTCS1 8 -<jlyHKUHefi H8 KOMnneKCHOfi c<jlepe 1 

8{0'-Q )=8(ell'- ell )8(ell' -tl> )8(cos8 'ch®' -cos® chA )8(sinf 
I I 22 I 2 I 2 

- sin8
1 

sh9 
2 

). 
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pHbie KOOpJlHH8Tbl 06bi"!HbiM o6pa30M: 

= r sine cos <I> 

= r sin 8 sin <I> 

= r cos 8 , 

z \ = r *sin ® * cos <I> * 

z * = r * sin 8* sin <I> * , 
2 

z * 
3 

= r * cos 8 * , 

yrnaMH 8 = 8 + i 8 
2 

, <I> =<I> I+ i <Jl 2 , Mbl OX8p8KTepH30B8llH 

c noMOllihiO l.JeThipex sewecTseHHhiX napaMeTpos. Oc

coaep>KaTCH s no.nrpynne H=S0(2) xSO(l,l). Ecmr Ha-

MallhHhie reHepaTOpbl B BH)le )lH!jJ<jlepeHUH8llhHbiX one

HOii c(jlepe, Mhi npHXOJlHM K onepaTopaM KH3HMHpax/ 

a 2 a .... 2 1 a 2 a a 
+ --- + ctg8 --, · K = --- --- + -- + ctg El*-- , 

a8 2 ae sin2 8* a <I>~ a®* 2 a®* 
..... 

HBllHIOTCSI co6CTBeHHb!MH !jlyHKUHSIMH onepaTOpOB J 
2 

2 u* .... 2 u* 
- j ( j + l ) Jf *( 8 , <I>)= o , L K - j *( j * + l ) ]f * ( 8 , <I>)= o . 

mm mm 

KaaHMHpa sceft rpynnbi MO>KHO paccMaTpHsaTh s aaano

Ecnn HanncaTh aneMeHT rpynnhi SL(2, C) 

[ z()+~z 3 z 1+.iz 2 ], 
-z 1+tz 2 z 0 -tz 8 

2 2 2 2 2 2 z 2+ z 
3
=1, z~ +z*1 +z*2 +z*3 =l. TaKHM o6paaoM, npocT~aH-

TononorH"!ecKH roMeoMop¢ao TpexMepHoft KoMnneKCHoA 
(~ ~ • f., • (.,-fl 

napaMeTpli38UHH Z o= COS Z COS -----z-r- , Z 1= SID 2 SID -2 • 
£2 fs+£1 l r 

, z 
3
=cos-

2
- sin--- orrepaTopbi Jlannaca-a vggll11

a , 2 -p. II yg 
Ha 9TOi1 c<jlepe npHBOJlHT K onepaTopaM KaaHMHpa ( 13). 
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JJ* 
PerymrpHhiM peweHHeM 9TH X ypasHeHHA HBliSIIOTCSI ( T * ( <I>, El , 0)) *. 

mm ; 00 

8bi6Hpasr ITO)lXOJlHWHA HOpMHpOBOl.JHbiA MHO)KHTenh, Mbl ITOllyl.JHM 

JJ* 
f mm * ( 8 , <I> ) = Y ( 2 j + l )( 2 j * + 1) 

877
2 

JJ* 
• (T * (<1>,8 ,0))*. 

mm ,00 ( 40) 

/9/ 
C ITOMOWh!O peKyppeHTHbiX COOTHOWeHHH )lllH c<jlepH"!eCKHX ~yHKUHft B 

ITOK838HO B HH!jJHHHTe3HM8llhHOft ~OpMe, "'TO OHH )leftCTBHTellbHO npeo6pa-

3YIOTCH ITO 

* 
T( )fu 

g nn* 

HenpHBOJlHMbiM npe)lCT8BlleHHHM rpyiTITbl nopeHua: 

JJ* "" "" * * (i)=f *(g- 1
; )=I jd11Tu (g)fll 

nn p.=--oo -oo mm*,nn* mm* 
Ci >. 

CKa,nsrpHoe npOH3Be)leHHe ~YHKUHft <I> H IJI , onpeaeneHHhiX Ha KOMIT-

neKCHOft c~epe, 38)laeTCH K8K 

f d 0 <Jl * (0 ) IJI (n ) = f d <Jl I d <Jl 2 d@ I d 8 
2 

sin 8 sin 8 * <Jl * (n ) IJI ({). 

c npeaenaMH HHTerpHposaHHH 

0<<1> <217, 
- I 

0< 8 <17, 
- I 

-oo_;$<1> 2 <oo, 

-oo<® <oo o 
I 

CooTHomeHHe opoToroHanhHOCTH H HOpMHpOBKH c!jlepH"!eCKHX ~YHKUHA HMe-

eT BH)l 

f do < r j , j '* < e , <1> )) * r u * 
m'm'* mm~ 

(@ ,<Jl ) = (5 /L '/L 8 (II '- II ) 8 f, f 8 ( p '- p ), (p ':::_ 0, p:::. 0), 
0 0 

"" "" I I 
~ =-<><> p.=-oo 

"" "" J* * 
JdpJ d11(fJ * (®',<l>'))*fJJ *(®,<1> )=8·{0'-0), 
0 mm mm _.,., 

rne 8 (0 '-0) HBll.IIeTCH 8 -<fJyHKUHeft Ha KOMillleKCHOft C~lepe, HMeHHO: 

8(0'-Q )=8(<1>'- <I> )8(<ll' -<1> )8(cos8 'ch®' -cos® chfil )8(sin8' sh8'-
I I 22 I 2 I 2 I 2 

- sin8 1 sh8 
2 

). 
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I 

7, Ca.s~ab c 6aaHcoM 0( 3) 

ITony'leHHbie MaTpH'IHbie aneMeHThi HMeiOT 6onee npocroa aHa no 

cpaBH9HHIO C MaTpH'IHbiMH 9119M9HTaMH1 Bbi'IHC119HHbiMH B 6a3HCe 0(3) 
-+2 

( T,e, a 6aaHce, rae BMacTo N 8 H M 8 aaaaHbi M =f<f+l) H M a= p. ) • 

.ll11HHHbl9 ljlopMyllbl B 6a3HCe 0 (3) B03HHKaiOT nocne YMHQ)f{9HH.II Ha K091jJ

IjJHUH9HTbl nepexoaa Me)f{ay llBYM.II CHCTeMaMH KBaHTOBbiX 'IHCen <m*m I e p. '>= 

=<p.v lfp.> H nocneay!Olllero HHTerpHpoBaHH.II, 3TH Koa<jJ!jJHuHeHTbi npeacTaB

Il.IIIOT C060i!: B onpeaeneHHOM CMbiCI19 aHaJ1HTH'I9CKQ9 IIPOll011)1{9HHe Koa<jJ<jJH

UH9HTOB "BeKTOpHoro CJ10)!'9HH.II" 1 T,K, <jJopMallbHO Mbl HMeeM BHa'lalle CDC-

TO.IIHH.II1 .IIBI1.1110IllH9C.II C06C.TB9HHbiMH 3Ha'I9HH.IIMH onepaTOpOB KOMI1119KCHbiX 

yrllOBbiX MOM9HTOB 12 ~ K2 H HX npoeKUHi!: Ha OCb "3"
1 

J
8 

H K 
8 1 

H XOTHM IIepei!:TH K COCTO.IIHH.IIM 1 KOTOpbi9 HBJ1HIOTCH C06CTB9HHbiMH tPYHKUH.II-
-+2 ... ... 2 

MH reaepaTopoa M =0 +K) H M =J + K • HBHhii!: BHll Koa<jJ<fJHuHeHTOB 
I 101 8 8 8 

nony'leH B pa6oTe • 

KaK aTo BHllHO H3 ¢opMyl1hi ( 2.), B HallleM 6aaHce MaTpH'IHhiA aneMeHT 

6ycTa Bll011b OCH "3" HMeeT TpHBHallbHbilt BHll 9KCIIOH9HTbi. f1o9TOMY B 6a-

3HCe 0(3) OH npHo6peTaeT BHll 

taN a f 0 p 

I e I fp. .E 0 p > = d • 
E 'e 11-

(a) = <f',p.,f 0 P 

+<><> 1 a v 
=fdve <E'p.lp.v><p.vlfp.>. 

-oo 

I 
ABTOpbi Bbipa)f{aiOT 6naroaapaoCTb aoKTopaM M, flH6epMaHy H M. We¢-

T91110 3a ilOJ193Hbl9 llHCKyCCHH. 
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7. CBSI3b c 6a3HCOM 0( 3) 

MaTpHqHbie aneMeHTbi HMeJOT 6onee npocrotl: BH.ll no 

TpHqHbiMH aneMeHTaMH, BbJqHcneHHbiMH B 6a3HCe 0(3) 
.... 2 

BMacTo N 3 H M 3 3aaaHbi M =f<f+l) H M a= p. ) • 

B 6a3HCe 0 (3) B03HHKaJOT nocne YMH0*9HHSI Ha K08~

.llBYMSI CHCTeMaMH KBaHTOBbiX qncen <m*m I e p. '>= 

llHTerpHpOBaHHSI, 3TH K08~~HUll9HTbl npe.llCTaB

OilpeaeneHHOM CMbicne aHanHTnqecKoe npoaon*eHne Koa¢~n-

oro cnoweHHSI", T.K. ~opManbHO Mbi HMeeM BHaqane coc-

co6C.TB9HHbiMH 3HaqeHHSIMll OllepaTOpOB KOMilneKCHbiX 

12 
n K 2 

n nx npoeKuntl: Ha ocb "3" J H K 
3 

, 
I 3 

K COCTOSIHHSIM 1 KOTOpbi9 SIBnSIIOTCSI C06CTB9HHbiMH ~YHKUHSI-
~2 ..... -+ 2 

M =U +K) H M =J + K • .HBHbitl: BH.ll KO~tPHUH9HTOB 
I 101 3 3 3 

QlOpMynhi ( 2) 1 B HaiUeM 6a3HCe MaTpHqHblft aneMeHT 

"3" HMeeT TpllBHanbHbiH BH,ll 8KCilOH9HTb!, 0o8TOMy B 6a-

6peTaeT BH.ll 

3 foP 
I e p. • Eo p > = d . (a ) e 'e p. 

E' P.l p.v >< p.v I Ep.>. 

*BlOT 6naroaapHOCTb .llOKTopaM M. nH6epMaHy H M. ille¢-

.llllCKYCCHH, 
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