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6 
11- 101 

HacTOllIUall pa6oTa ITOCBllIUeHa pacnpocTpaHeHHID MeTO/lOB pa OT 

npu ¢opMynupOBKe penllTHBHCTCKOll Sa)laqu llBYX Ten B KoH¢urypaUHOHHOM 

npocTpaHCTBe Ha cnyqafi CHCTeMbl HS Tpex ~sauMO/leficTBYIDIUHX tJaCTHU, 
11-101 

B OCHOBe ne)KRT TpexMepHag ¢opMynnpOBKa KBaHTOBOll Teopnn nong 
Ill 

(KTIT) ' B KOTopofi BCe qaCTHUbl HaXO/lllTCll Ha MaCCOBOll ITOBepXHOCTH. 

Llng CHCTeMbl llBYX BSaHMO/leHCTByIDIUHX qacTHU TaKag qiopMynnpoBKa )laeT 
Ill 

TpeXMepHble ypaBHel-lHll .nng aMITnHTY/lbl paccellHHll KBasunoTeHunanbHoro 
112/ 

Tuna • B cnyqae Tpex qacTnu 9TOT ITO/lXO/l nosBongeT nonyquTb /lnll 
111-131 

aMnnHTY/lbI ynpyroro pacceg1-1u g c11cTeMy ypaB1-1e1-1nfi , g5ngromyrocg pe-

nHTHBHCTCKHM 0606me1-1neM ypaBHeHHll ~a}l)leeBa, 

1. PenllTHBHCTCKHe a1-1anorH yPaBHeHufi Wge.guHrega 

B TePMHHaX OTHOCHTenbHblX HMITVnbCOB 

1131 
CornaCHO ' B paMKaX ucnonbsyeMOll TpexMepHOll qiopMynupOBKll 

KTIT npHHUHIT COOTBeTCTBHll IT03BOnHeT o6oCHOBaTb penHTHBIICTCKHll aHanor 
xi 

ypaBHeHHH Wpe/luHrepa (YW) 

( 1 ) 

..;-; = v < q + q + q ~ 
q I 2 3 

xi · ·. 
3/leCb ucnonbSOBaHbl 06os1-1aqeHHH: k = I k I I 'p =Ip I I ' i ' j ,e =1;2; j ~ e 
u d {l = 4 , p 

O = y m 2 + p 2 • B /lanbHefiweM Jlng HecyMMnpyeMbIX 
Pi p I I I I 

HH/leKCOB 6y/lyT cnpaBe/lnHBbl orpaHHqeHug: i,j,f =1,2,3; i ~j ~e ; r=l,2,3. 
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rae V(k Ip) CTpOHTCR C noMOWbIO TeOpHH BO3MymeHHfi. 

BbmO noKa3aHO, 'ITO nocne BB9J.i::!HHR OTHOCHTenbHbIX nepeMeHHblX ABH

)K9HH9 CHCTeMbl ueHTpa Mace (c.u,M.) OTAenReTcg B TepMHHaX coxpaHmowe-

!'OCR B9KTOpa 4 - CKOpOCTH CHCT9Mbl 

3 3 a 
I. k 

I-~ qi 
I. 

A=l-1 I = = 
1-1 p I 

-.;;- rs Vs (2) 
~ q p 

n OSTOMy qJHrypHpy10mag B ( 1) BOnHOBag q>YHKUHR (B<t>) OTHOCHTenbHOI'O ABH

)K9HHR onpeaengeT nonHyIO B<t> COOTHOWeHHeM: 

➔ ➔ 

'I' (.\,k)=o(Ak(-),\ ).$.. (k), _r:- q 'f'y;; 
veq q. 

B (i: (-)t )=>. 0 o(.\ .; ). 
k q k k q 

(3) 

TTepeXOA K OTHOCHTenbHblM nepeMeHHb!M ocywecTBnReTCR nocpeACTBOM 

➔ ➔ ➔ xi 
BCnOMOI'aTenbHblX HMnynbCOB KI' p I 'Q I • 

➔ ➔ -➔ 

K = k (-) m1>i. , 
I I 

0 
KI = (k 1' A), 

3 
I. 

r= 1 
it =o r (4) 

a o 
Fs"k= I. K 

r=l r 
(5) 

H HCnonbsyeT ABa o6CTORTenbCTBa: 1) flopeHU-KOBapHaHTHOCTb cpbpMynH

pOBKH H 2) cywecTBOBaHHe coxpaHRIOmerocg A -BeKTOpa BHAa . (2). 

KaK H a ( 4), npH nocTpoeHHH penRTHBHCTCKHX OTHOCHTenbHb!X HMnynb-

coa .HKo6H K<l P1 Ken ••••• ucnonbsyeTCR. onepaUHSl cnO)KeHHR B npocTpaH-

CTBe flo6a'leBCKOI'O. B STHX nepeMeHHbIX ( 1 ) npHMeT BHA! 

xi 
3aecb H HH)K0 nocTpoeHHe OAHOTHnHbIX no HanHCaHHIO HMnynbCOB 

npOH3BOAJITCR no OAHOMY npa
0

BHny. 
➔ ➔ '➔ 

I Kl' p I .,QI;···. 

4 

\ 
\: 
\ 
\' 
\ 

l 

- 0 0 

(ysq -K{iel -K{i} )'P..;;: (>., KCle>'Ko> ) = 

1 ..... ➔ ➔ ➔ ➔ ➔ ➔ 

=~JV(K ,K ;P ,P ) 1P (P ,P )dn d!1 
(277 > Cie> o > oe> o> ,.;;-:,, (je) co p o, p 

q (j LJ (I) (6) 

rae ponb penRTHBHCTCKHX npuBeAeHHbIX !\1aCC HrpaIOT cpeAHHe reoMeTpH'le-

--- -- m- (m +mp ) 
CKHe BHAa V ml me • V m i µ I ( µ i = I i l ) ' 

=1 
m, 

Ko = m.+me Ko _ mi+mp 
Ii e1 ----- (je > - ymlmf + K 2 . 

<i e > ' 
ym i me ym j me 

o ml o m. ~2 
K ---- K - 1 

-
1m µ +K ti} - --- rn - ___ v 1 1 o> ' 

ym µ. y-m µ 
I I I i 

a COOTHOWeHHe (5) 3aMeHReTCR paBeHCTBOM 

0 0 rsk =Kile I+ K{i} ' 
_ xi 

npH'leM no nocTpoeHHIO 

0 2 
K Ii ei = v c k j + k e > . 

B npeaene 6onbwnx Mace 

➔ ➔ me kl -m j k~ 
K e ➔ ke =--'~---""' , 

(l ) i m + m 
e j 

➔ ➔ ➔ 

➔ ➔ 

K ➔ K 
!i) 

➔ t = (mi + mp ) k 1 - m 1 ( k i + kp) 
iCiP> Im 

r=l r 

( 7) 

(8) 

(7') 

(9) 

H (6) rrepeXOAHT B HepenRTHBHCTCKOe ypaBHeH!rn illpe,D.Hf!I'epa, B KO1'OPOM 

HCKnIO'leHO .UBH*0HHe c.u.M, 

xi 1131 ➔ 
Cornacao , rrpu H3MeHeHHH K 1 , 4 -BeKTop~I K <i P> H Ken 
rrpo5era10T l:le_cb rmrnp6onoHA c MaccaMH . ym 1 me 11 ym _

1 
µ 

1 
COOTBeTcT

BeHHo. TTocKonbKY IKCi 61 n I Keo I AOCTHra10T IIpH sTOM npeAenbHbIX 3Ha-

'leHHfi O ' 00 He3aBHCUMO, IIPH <t>ypbe-rrpeo6pa3OB8HUU B (6) (rr.2) 

MO,XHO HCnonb3OB8Tb nonHOTY H OpTOI'OHanbHOCTb OCUOBHb!X qiyHKUHH. 
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,, 

B CIIMMeTplPIHOil: cpopMe ( 6) MQ)!(HO 38IIIIC8Tb C IIOMOlllbIO ( 5) 

3 

(ysq-I K: )~,--(,\,K)=~JV(KIP)'lf _j,\,P)dO dO , 
= 1 vs q c211 > v" q p I p e (10) 

/13/ . 
rrpI1qeM, cornacHo , cymecTBYIOT aHanI1TI1qecK11e rrpencTaBneHIIH 

➔ ➔ ➔ ➔ 

K =K r r (K,1 f>; Km) ( 11) 

II 
➔ ➔ ➔ ➔ ➔ ➔ ➔ ➔ 

Km = Km ( K Ci , f'>; K0 , >); K,1e > = K O f ,( K Ci , f'>; K O '> ), 

KOTOpbie COOTBeTCTBYIOT HepenSITIIBII-CTCKIIM COOTHOIIIeHIISIM rrepexoµa Memny 

pa3n11qHbIMII cxeMaMII CBH311 ( pIIC. 1) ( i.., j , f ,/,. . i : j ', e, 

mJ 

"", 

flt• 
4, 

PIie. 1 

B cny-qae paBHbIX Mace m i =m 

tn.e., 

--
~l') 

~ .. 

TO)!()leCTBeHHOCTb qacTIIU Y'!TeM 

cnenyIOIIIIIM o6pa30M. CIIMMeTpH3yeM IIOTeHunan IIO OTHOCIITenbHbIM IIMIIynb

caM llnH pa3nilqHbIX cxeM CBSI311 H BBeneM, yq11TbIB8SI He38BIICIIMOCTb 
➔ ➔ ➔ 

K
0 

e >, K
1 

; ••• rrpII Il3MeHeH11I1 K , ... , 8 - MepHoe IIMrrynbcHoe rrpocT-

paHcTBO IIO rrpaB11ny: 

6 

·1 

f, 
I 

l 
ll 

- 2 ➔ 2 0 ysk = 3\!m + K 6 =3K 6 

➔ ➔ ➔ 

➔ K6 
n6=il;f=lii'12'ira l;n'12= 

Koe'; 

IK,id 

Keo 
➔ - --- • 

n a.= IK(i)I 

CornacHO ( 8) I rrepecTaHOBKaM qaCTIIU 6ynyT COOTBeTCTBOBBTb BpameHIISI 

K , II rrp11 113MeHeH1111 K ; K aToT BeKTop 6yneT npo6eraTb Beeb 
6 - ov i 

rI1rrep6ono11n B 7-MepHOM IIpOCTpaHCTBe 

Ko2_i{2 =m2. ( 12) 
6 6 

B TaKoil: rrapaMeTpil3aµIIII ypaBHeHHe (6) IIpl!MeT Bllll: 

- 0 ➔ 1 "" ➔ ➔ ➔ 
(vs -3K )<1>_ 1- (,\,K )=--JV(K ,R )1J_ 1_(,\,P )dO 

q 6 y ''q 6 (
217

) 6 6 6 y sq 6 _ P 6 
( 13) 

HaKoHeu, aHanoroM cBo6onHoil: cpyHKUIIII fpIIHa ( <Pr) nnH ( 6) 6yneT, 

oqeBHllHO, cpyHKUHSI 

1 Go (K)=--o 
~ (211) 

1 
0 0 

K + K -vs 
!1 el l i l <i 

-if 

2. PemITIIBHCTCKOe rrnHeqHo-pa3HOCTHoe ypaBHe_H_llil 

illpemrnrepa nnsr CIICTeMbI Tpex qaCTIII.{ 

( 14) 

/4/ 
B HaCTOSIIIIeM IIyHKTe, cnenyH , BBe.ileM Ha OCHOBe ( 8) KOH!pilry-

paUIIOHHOe rrpocTp8HCTBO nnH penHTIIBIICTCKOil: 3anaq11 Tpex Ten. 

/4/ 
HarroMHIIM, qTo OCHOBHBSI nneSI COCTOHT B TOM, 'ITO rrepexon 

B KOHcpnrypaUIIOHHOe rrpocTpaHCTBO ocymecTBnSieTCSI KaK <Pypbe-rrpeo6pa-

3OB8HHe rrocpencTBOM cpy!IKUHil:, pean113y!OII{HX rrpencTaBneJine rpyIIIIbI llBH-
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)KeHllli HMnynbcHoro npocTpaHCTBa, B K0T0pOM cpopMynnpyeTCll aana'la, T,e. 

rpynnbI itBn)KeHn!l: rrpocTpaHCTBa no5a'!eBcKoro. 

CornacHo (6), penstTHBHCTCKast aana'la Tpex Ten cpopMynnpyeTCll 

B TepMHHax 0TH0CHTenbHb!X 4-nMnynbCOB ABYX acpcpeKTlIBHbIX 'IBCTIIU 

C penllTIIBllCTCKIIMll IlpHBeneHHb!Mll MaccaMll ymjme • ym l 1 • n·oaTOMY 

~ypbe-nepexon 6yneM ocymecTBnstTb nocpencTB0M nonHoro Ha6opa cpyHK

un!l:x/: 

l~(A,X) 

e 
➔ ➔ 

g ( K c1C >; ;l C ) g ( KU> : r 1 ) ' ( 15) 

~ ➔ ➔ . /14/ 
3necb ~(K,r) - stnpo npeo6paaoBaH11st ll1an11po 

➔ 0 ➔ 

( ( K ,-;) = ( K m-Kn' )-HI rm 
2 

➔ ➔ 2 0 ➔ 2 2 
, r = rn, n = 1 K -K = m ; 

npll'IeM napaMeTpb! r if= Ii\ e I ' r i = I ;I I ~BOAHTCH nocpencTBOM one-

paTopoB Ka3HMllpa nnsi rpynnbl ABII)l{eHHli CO0TBeTCTBeHHO Ha rHnep6ono-

nnax 2 ➔ 

m m = K 0 -K 2 

i e <i6 <iC> ' 
o2 ➔ 2 

m JL = K -K 
I I (I) ( i) 

n cpHKcnpoBaHHe o6nacTn 11x 3Ha'leHn!l: B HHTepBane I U, oo I BbmemieT 

rnaBHYIO cepnIO yHHTapHbIX npencTaBneHn!l: rpynnbI nopeHua. TTnocKaH aK

cnoHeHTa B ( 15) OillICbIBaeT ABll)KeHHe CHCTeMbl K8K uenoro nocpencTBOM 

~c ~ -. OOTHOIIleHHll opoToroHanbHOCTll lI nonHOTbl g ""'t'YHKUHH HMe!OT 
BlIA 

I I ➔ ➔) ➔ ➔ ➔ ➔ 
·--3 ~(k,r c;*(k,r')dn =<'>(r-r')/m, 
(2rr) 

1 ➔➔ ➔ ➔ · ➔➔ 
- ft .!,k,, r) ,;* (k: rJdr =o (k(-) k ') /m 
(2rr)3 · 

8 

., 

• 
" 

.~ 

I 

➔ 

4 -BeKTopa I X0 , X I , conpst)KeHHoro 4 

- co6cTBeHHoe aHa'!eHne (6), 

-11MrrynhCYAy-;; 
q , rne .,;-;; -. q 

OnpenenHM B~ 0TH0CHTenbHoro ABH)KeHHll H Il0TeHunan B38HM0Ae!l:cT-

' BHll B KOHcpHrypaUlIOHHOM npocTpaHCTBe C0OTHOIIleHHHMH: 

¢..;,.q 
1 ➔ ➔ ➔ ➔ ➔ ➔ 

<~e.11 )=(2 )6 ff(K(lf)'rie)f(K(l)'r i)¢ _JK(i6'K(l))dnK _dn K 
rr ys q <iE> rn 

v<K i ·.r r)=ff*<K -; >t*<K 
og> • co • CiC> • 1 <iE> • ie ~o 

➔ ➔ 
V( ➔ ➔ ➔, ➔,) ( ➔) ➔) ➔ ➔ 

X re,r ;re.r f Pe,r ((P ,r dre dr 
i I j i {j) I (i) I i 

➔ 

' r I 

dr' 
if 

) ·X 

dr' 
I 

TTpoH3BOAH B (8) rrocpencTBOM cpyHKUIIH (15) ~ypbe-npeo6pa3oBaHHe no 

nepeMeHHbIM K .n , K . , A , IIPHAeM K penHTHBHCTCKOMy KoHe'!Hopa3HOCTHO-
• (JL) (1) 

My ypaBHeHHIO: 

- 0 0 ➔➔ ➔➔➔➔ ➔➔ ➔ 
(ys -H !'el -Hl·I )'P_r::- (X,r·e•r.)=fV(re,r ;r'.e9r')'PV¾(X,r.'p,r: )dr:e 

q J I V sq J l j I J I ,. q J~ l J 

rne 'P.r;- (X ';_e 
V" q J 

➔ 

• r 
i 

- ecTb nonHast B~ 

IP (X ➔ ➔ 1-r.:- , F_ ' r if • r ) = e v " /"• x > 
q I• 

➔ 

rp (~e- 'r I 

lI 

9 

'., 
dr , 

i 



0 

Hlul 

m + me O ➔ 
i H (r e ), 

. j 
2 ....;;;-r;- ym j m e 

j e 

m 

yml µI 

H 0 (r\), 
~ 

lu l = I j£ I 

I uJ I i l 

fl. 
o ➔ 1 a 2i . 1 a 0,¢ 1 a 

H (r) =2mch(i- --i-)+-sh(i- -)- --exp(i - -r-) 
m m a r r m a r mr 2 m a r 

fl. 
0

• ¢ - yrnoBas:r ti:acTh onepaTopa nannaca. 

( 16') 

YpaBHeHne (16) eCTb pens:rTHBHCTCKHll aHanor ypaBHeHHSI llipe.onHrepa 

.onsi Tpex '18CTHU: 1) .llBH)KeHHe c.u.M. OT.llemi:eTCSI B TepMHH8X coxpaHSIIOIUett-

CSI 4 -CK0p0CTH CHCTeMbl ;, 2) B Kati:eCTBe co6cTBeHH0I'0 3H8ti:eHHSI cjmry-

pnpyeT HHB8pH8HTH8SI M8CC8; 3) KBa.opaTbl OTH0CHTenhHhIX pa.onycoB BBO

.(lSITCSI .nocpe.OCTB0M onepaT0p0B Ka3HMHpa rpynnbI flopeHua. 

OTMeTHM, 'IT0 nMelOIU8SI MeCT0 B HepenSITHBHCTCKHH Teopn:n nn:HeHH8SI 

CBSl3b Me)K.(ly 0TH0CHTenhHblMH pa.onycaMH 

➔ 
meM ➔ m I ➔ 

pl = rlf - pi. 
(mi+meHme +m 1 ) me+m1 

➔ mi ➔ 
3 ( 17) 

➔ 

rfi =-mj+mfrif -pl 
M =Im 

r=l 

aaeTCSI Tenepb pa3n0)KeHHSIMH, OCH0B8HHb!MH iia 

TenbHhIX nMnynhCOB: 

~aBHCHMOCTH {}}) 0TH0CH-

t"<K0 e, •~e >~<Keo ,·:1>= I B(-;if'-;1 

x( (K
0

,,, 11, )d;j'f'd~, 

➔ ➔ 

;rJ'f''ri, 

10 

➔ ➔ 

)~ (Kc(f~•r(£' )x 
( 18) 

... 
':'1 

") 

' 

r.oe 
➔ ➔ ➔ ➔ 

B ( r e , r , r '£' , r , 
j I i I 

) = 

➔ ➔ ➔ ➔ ➔ ➔ 

= f ( (Kc. 0 , , r ·£) f ( K c > , r ) f * ( K c., £" 1 . '£, ) f * ( Kc. '>' r1 , ) d O d !l 
~L J i I J ) J , 1 Kcif> Keo 

B npe.oenax 6onb lllHX M'lCc, B cnny ( 9), 9T0 pa3n0)KeHne nepexo.onT 

➔ ➔ ➔ 

exp(ike ;e)exp(ik et )=exp(ik r➔,e, )exp(ik ,1, ), 
j j i(j ) I l~j'f') j ·: I i 

➔ ➔ 

a CBSl3b Me)K.(ly r Jf , rl n -;( e' '. r:, .oaeTCSI C00TH0llleHHSIMH Tnna ( 17) • 

TTpn Il0CTpoeHHH pellleHHH (16) .ll0CTaT0'IH0 orpaHH'IHTbCSI H3yti:eHHeM 

pellleHHH 0.1lH0P0.1lH0I'0 ypaBHeHHSI 

(y;: 
q 

0 0 
-H Ii El -Hid 

0 

)IP~ 
➔ ➔ r 

( X • r if • I )=O ( 19) 

n ypaBHemrn ansi cpf 

(., Ho o ) o ( ➔ ➔ ➔, ➔, ) 1 " ( ➔ ➔, ) . ( ➔ ➔, 
vs - l•n}-Hl·l G.,- r 0 ,r ,r 0 ,r =•--u r 0 -r 0 /5 r. -r ... 

q J L 1 ys jL I lL I M iL iL 1 1 
q ~ 

Go ( ➔ ➔ .,-r.o,r .;, ➔,) 
V sq JL I ' Jf • r i = 

1 ➔ 

(277)6 I e <Kje ·~e >t CK. 1 

d!l d ➔ K Q 
, r.) Clf) K(I) 

1 -:;;----:=~~!.!.__- ➔ 
K 

ill O J:* (Jl ➔ ➔ +K _ ._, "(jf:,,r:.lt*(K ➔, 
lifl Iii V8q -iE 11'. ·"Co ,r) 

M - m1mi mf 
IJf- y--/L ___ · 

I 
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8To HeTpy/lHO c11enaTb 1 ecmr ncrronb30B8Tb rrapunanbHb!0 pa3no»<eHHS1 

9KCIIOH0HT lliarrnpo B perneHHH 0/lHOPOllHOro ypaBHeHHSI (19) 

0 1v-;;q<A,x> 
➔ ➔ 

'I' _ ( X , tie , ; ) =e vs f (Qcif> ,r~e) f (Q,o 'r;) 
q 

O 0 

Vs q = Q 11 e I + Q Ii I 

u • /4 7/ 
Tor/la IIOCTpoeHHSI CBe/lyTCSI K HecnO»<HOH nepecpopMynnpoBKe I • 

B HepenSITHBHCTCKOM npe11ene 
➔ ➔ £ ➔ ➔ 

0 -l(YOE-YQ)-i(Yo ,v -r. o q o) -i (Y ( 
➔ ➔ i<- jL IL 0 

'l'v-;(X,r 0 ,r ) ➔ e e e 
s jL I 

q 

r11e 
➔ a ➔ 

Q = I. q 
r=l 

➔ q2 
E -~; ( =-ie_; 

- 2M 1f 2µ
1
e 

c;; 
IClf> 

➔ 2 

q l(Jf) 

2µ' 
µ ie 

➔ ➔ 

IY O , Y I =I- X 
0

, -X I. 

3. Cnriau paBHblX Mace 

➔ 

-r ➔ ) 
q I( jf} 

ml me 
ml +mf 

( 20) 

( 21) 

YqeT TO»</l0CTB0HHOCTH qaCTHU rrpnBO/lHT K cpopMynnpoBKe 38/laqn B 

BH/l0 ypaBHeHHSI (13), KOTpoe MO»<eT paccMaTpHB8TbCSI KaK ypaBHeHne /lnSI 

0/lHOll qaCTHUbl, nepeMeHHhie KOTOpOH peanH30B8Hbl Ha rnnep5onon11e ( 12). 

<l>yHKUHH, ocymeCTBnmonme npe/lCTaBneHHSI rpyIIIIbl llBH»<0HHSI TaKoro rrpocT- · 

/15/ 
paHCTBa, HM0IOT BH/l : 

12 

I 

f 
I 
I 

11 
I 

ii 
' !: 
/ 
1'/ 

l 
i/_ 

11 
~ 

I 
\'1_i1 
14' 

;'1 
( 
I 

11 

{ 
I 
I 

0 ➔ ➔ 

➔ 

~ (Ka , 
Ka -Kan 

p)= (-----
m 

-">/2 +ipm 
➔ ➔ 

P'=P n , 
➔ 2 
n =l 

n, no aHanornn c npe»<HHMH nocTpoeHHSIMH, KOHcpnrypaunom1oe npocTpaHCTBo 

BB0/l0M rrocpellCTBOM TaKHX cpyHKUHH. 

.UnSI Bb!BO/l8 ypaBHeHHSI paCCMOTpHM rrapu_nanbHOe pa3nO»<eHHe 

➔ ~ e 
f (Ka, p) =e~o (2e +4)i 

➔ 

p e ( ch X , p J C ; ( ~it ) 

Pe ( ch X, p ) = (- i / _2_ r ( irm + e + 5/2) -2 - e 
~x P C r(irm + 5/2 ) --¼-+ipm chx) 

➔ 
( 21) 

I Ka I= m sh X· 

B HepenSITHBHCTCKOM npe11ene (21) nepeXO/lHT B pa3no»<eHne /lnSI nnocKOll 

9KCIIOH0HTbl B 6-MepHOM IIpOCTpaHCTBe H /lnSI pf (chx,p)HM00M 

J f+2 (Kap) 
Pe ( chx , P ) ➔ 

2 
(Kap ) 

OcymecTBnSISI nocpe/lCTBOM nonaoro Ha5opa cpyHKunu 

1F,,cA ,x > ➔ 
q ➔ 

e f (Ka,p) 

<I>ypbe-npeo5pa30B8HHe B ( 13) H yqnTbIBaSI peKKypeHTHb!0 COOTHOlli0HHSI /lnSI 

-2 - e 
p ( ch Xlp) 1 IIpH/leM K ypaBH0HHIO: 
-t/2+1pm 
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"' 
(ys -11 )<I> -

➔ ➔➔ ➔ 6 ➔ 
(X,p) =f V (p,p')<I> (X,p')d p' 

q o ..;,. 
q 

3 i a s i a 
11 = - [ 2 ch (- -) + i - sh ( - dp) 

0 2 m ap p m 

~Ct.I 

m p ( p - i 3 /2 rn ) 
i _a_)], 

exp( m ap 

ye 
q 

( 22) 

r.ne ~w - yrnoBa.lI 'laCTb onepaTopa nannaca B 6-MepHoM npocTpaHCTBe, 

a B<P 

<I>._;;- .( X, ; ) = e; Vsq<A ,x > 
¢ ..;;:- (p) 

q q 

H "noTeHUHan" V (p,;, onpe.nen.lIIOTC.II COOTHOllieHH.IIMH: 

➔ 1 ➔ ➔ ➔ 
¢ (p) = -:---:-r f ¢.

1
- (K 6 ) c; (K 6 , p ) d n 

.r:- (2ir) ys K 6 V"q q 

~ ·1 ➔ ➔ ➔ ➔ ➔ 

V ( ;, p' ) = -- f f ( K 
6 

, p) V ( K , p 
6 

) <; * ( p 
6 

, p ') d O dO 
( 217 )12 6 K 6 _P 6 

YpaBHeHHe (22) .IIBn.lleTC.II pen.lITHBHCTCKHM aHanoroM ypaBHeHH.II 

illpe.nHH!'epa .nmi: Tpex o.nmrnKOBb!X '18CTHU. B Hepen.lITHBHCTCKOM npe.nene: 

-;, 

(ysq -H
0

) ➔ E 1 a , 5 a 1 +---(p --)+--~ 
p'5 ap ap p'2 Ct.l 

E = f + ,;; je ! o e> 

14 

,] 

r.ne f n , ,;; n onpe.neneHo B ( 21) H ; ' = fim 
jL l(jL) m➔00 

(~➔). 

B paccMaTpHBaeMoM cpopMannaMe, o.nHaKo, npo6neMaTH'IHbIM .1IBn.1IeTC.1I 

➔ 

npe.ncTaBneHHe OTHOCHTenhHbIX pa.nHycoB 'lepea p t KOTOpoe .naeTC.II 

a.necb HHTerpanbHb!M COOTHOllieHHeM TH[l8 ( 18). 

4. AcHMITTOTH'leCKHe BOnHOBbie cpyHKUHH .!L.l!.!IB..IITHBHC_'T_CKOJf 

aana'le Tgex Ten 

KaK HnnrocTpaun10 pacCMOTpHM '18CTHblll cny'laii: 38/:lB'lll ( 16)' KOI'll8 

B CHCTeMe Tpex '18CTHU MoryT B38HMo.neii:CTBOB8Tb nnrnb .nBe: 

- of> Clf) 
(ys -H

1
° 

1
-u

1
° l)'l'.r:--(X,r e•r )=f V 0 (r\,r'n)'l' (X,r' 0 ,; )d;'0 . 

q j f I y ." q j i . jL iL iL ..;-;:q jL I iL • 
( 23) 

CKHX 

K TaKoMy ypaBHeHHIO npHBO.OHT aa.na'la 06 onpe.neneHHH aCHMilTOTH'le

B<P/161 • 

l-JacTHblll cny<mii: ( 23) npH Vif =0 COOTBeTCTByeT CB060l!HOMY .OBH:lKe

HIUO Tpex '18CTJIU ( 20) H xapaKTepHayeTC.II: 

a) 4 -HMnynbCOM CHCTeMbl -

B) OTHOCJITenbHb!M HMnynhCOM 

Ays 
q 

Q 
O 

B .OBYX'18CTH'IHOll no.ncHcTeMe, 
(jL) 

llHBapHaHTHa.lI Macca KOTOpoii: onpe.nen.lleTC.II COOTHOllieHHeM (7); 
➔ 

c) HMnynhCOM Q0 > , OIIIICb!BBIOIIIHM B38HMHOe .OBH:lKeHHe no.ncncTe-

Mb! ( j f ) ll TpeTbeii: '18CTIIUblt npH'leM HX OTHOCJITenbHbill HM-
➔ 

nynhC QI 
. xi 

onpe.nengeTC.II H3 COOTHOllieHHll : 

xi · CooTHOIII9HH.II ( 20) ll ( 24) .IIBn.lIIOTC.II aHanoroM aamrcH Hepen.lITHBHCTCK0-

!'0 HHBapHaHTHOI'O I'BMHnbTOHHaHa B HMnynbcax .f1Ko6H: nepBblll 'lneH B 

( 24) COOTB9TCTByeT OTHOCHTenhHOMY .OBH:lKeHHIO IlO.OCHCT9MbI ( j f ) 
·KaK uenoro, r.ne ponb mi + m f nr-paeT HHBapHaHT Q

1
° = y ( q _+q O )

2
= 

.C 1Jl I L 

= V "'if " 
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o . ➔ X ·e o 
Qll =IQ.lth-

1
-+Q., 

I I 2 I 

➔ ➔ 

Q I 
--,,,--= 

IQ1 I 
Qrn 

IQ,1>1 

X. n = Arsh ( I Q I I 
JL -~ Qo 

I 1 e 
) ' 

( 24) 

TTepexon K IIMIIynhC8M '18CTIIU qr ocymecTBnReTcR rryTeM o6pameHHR 

cpopMyn, rrocpencTBOM KOTOpb!X CTpoHnHCh penRTHBIICTCKJie llMIIynhCb! HKo-
- ➔ ➔ 113/ 

5II ,\ vs q • Q O e >, Q o> B 

TTycTh Terrepb B TpeX'IBCTII'IHOH CIICTeMe C 4 -IIMIIynhCOM ,\ysq 
nBe '18CTIIUbl B38IIMoneiiCTBYIOT rrocpe:OcTBOM KOpOTKoneiicTBYIOlllero IIOTeH

UIIana, a TpeThR '18CTIIUa nBIIllieTCR CBo6onHo C OTHOCHTenhHbIM IIMIIynhCOM 

Qi 
OrrpenennB IQ cif>I II3 ( 20) II ( 24). B<P 6yneM HCK8Th B Bline 

CiE) 1y;, q(,\ ,X) 
'-[I -(X,; 0 ,; )=e f(Q➔ ,t 

V" iL i {i) i 
q 

➔ 

)¢_,_ (r_nJ. 
Vs if J. L ( 25) 

llnR <p _ <;_o ) rrony'IIIM ypaBHeHne '1/15 IL 
if 

('l/s
0 

-.H
1
° I)¢ - (r\ )= f V.n (r➔.o ,1:n )¢ (r:o )di!:0 

iL if • / 3 IL IL IL JL • r- IL IL 
V if V" if 

( 28) 

PemeHIIR ( 28) MOI'YT 6b!Th HaiineHbl MeTonaMII, KOTOpb!e pa3Bll'.I'bl nmr 

• /8 8/ 
penRTHBHCTCKOH sana'IH nByX Ten ' • 

18 

0 
B HerrpepbIBHOM crreKTpe Q {J f} ~ml + m f !pII3II'IeCKHM pemeHIIRM co-

OTBeTCTBYIOT cpyHKUIIH, HMe!OllIIIe rrpn 6onhllIIIX i\e BIIn cyMMbl rrnocKoii 

BOnHbl II pacxonmueiicR ccpepII'IeCKOll BOnHhI. 

EcnII IIOTeHuIIan o6nanaeT nIICKpeTHblM crreKTpOM 

... o 
m ie= Qlif l = 

tB 
mi+ me - I w i£ I , ( 27) 

TO pemeHIIR ( 28) nnR T8KIIX co6CTBeHHblX 3Ha'IeHIIH cymecTBYIOT nIIlllh rrpII 
➔ 

cpIIKCIIp0B8HHbIX IQ ; I 1 KOTOpbie orrpenenRIOTCR II3 

- ➔• x~ o' 
Vs I( j et mie + I ~I I th-2- + Q I 

• ➔ 

, . IQ' I 
X if '7 Arsh (-·-' __ ) . 

m if 

( 28) 

¢II3II'IeCKHM pemeHHRM B 9TOM cny'Iae COOTBeTCTBy!OT B<P, y6bIB8!0llIIIe 

9KCIIOHeHuIIanhHO rrpn. 6onhllllIX ; if 

OrrncaHHbie pemeHIIR nncKpeTHOI'O crreKTpa B nByX'IBCTII'IHOH rroncIIc

TeMe B~ecTe C pemeHIIRMII ( 20) COCTaBnRIOT 4 Knacca B<P, B03HIIK8!0llllIX 

rrpII cpopMynIIpOBKe IIHTerpanhHblX ypaBHeHJiii <PanneeBa nirn B<P. 

5. PenRTIIBHCTCKIIH'aHanor ypaBHeHIIll <PanneeBa nnR 

BOnHOBb!X cpyHKUIIll 

B Ka'IeCTBe rrpIInO)KeHIIR paccMpTpIIM BbIBOn IIHTerpanhHbIX ypaBHeHIIH 
/18/ 

nmI Bet>, aHanorII'IHbIX HepenRTIIBIICTCKIIM ypaBHeHHRM <t>anneeBa • Hnpa 

TaKIIX ypaBHeHIIii Bb!p8)1{810I'CR 'lepe3 nBYX'I8CTII'IHbie aMIInIITynhl pacceRHIIR, 
• /17/ 

BcnenCTBIIe 'Jero OHII rrpencTaBnRIOT 6onhlll0ll npaKTII'IeCKIIll IIHTepec 

17 



/13/ 
ITpn: BbIBOJle 5yJleM n:crronb30B8Tb nony-<IeHHYIO B. CllCTeMy JlmI 

ct>r: 
3 

G = G0 + 
r=l 
I G 

(i) 

G 
CJf) 0 

G -G 

(r) 

0 (j) 

+ G t ifC 
0 

+G t G cf) 
i e 

rJle, Harrpn:Mep, 

<6 d) 
1 . o G _ < P I Q ) = J 1 e (PI K ) d n J .o < K) G _ ,_ < K I Q 

l L V"' j K O J(. V "' 
Q (j{) Q 

( 29) 

( 3JleCb J iE (K) - SIK05naH nepexoJla K OTHOCn:TenbHbIM rrepeMeHHb!M n: 

t ·if - eCTb peIII0Hll0 JlBYX"I8CTll"IHOtt 38Jl8"Ill BllJl8 

0 
t ie= vie + vie G tie 

C KBa3n:noTeHunanoM V if , KOTOpbltt CTpOHTCSj: Ha OCHOBe JlllarpaMMHOtt 

of> 
T0XHllKll), a G orrpeJlemrnTCSI paBeHCTBOM 

(if> 
G 

1 

o -1 V 
[G ] - if 

H COOTHOU!0HllSI JlnSJ. Bet> cneJlYIOill0I'O Tnrra 

fim 
f➔ 0 

0 (23) 
(- if G __ 'I' _ 

v"ic2a> vs 1c23> 

) = 0, 

fim (- if G <23 > 'l' (13) ) = o. 
f ➔ 0 ...;;; 

2(13) vs 2oa> 
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(30) 

(31) 

·c 
HepensrTHBllCTCKlle nocTpO0HllSI npn: JlOK838TenbCTBe COOTHOlli0Hlltt (30), 

(31) oco5eHHO rrpoCTO BOCIIpOll3BO/lSITCSI JlnSJ. (30) C IIOMOIIIbIO ¢opMynn:poB

Kll B KOH¢nrypaunoHHOM npocTpaHCTBe •. llefiCTBn:TenhHO, n:cnonh3YSI ( 25) •. 

n:MeeM: 

0 (23) 
Gz'l',Ji (KIQ )= 

1(23) 

dQ K dO K ➔ ➔ . iy;- (A,X) ➔ ➔ ➔ ➔ (23) (1) t*(K r' )x 
1(23) f c;(K r )f(K . ,r ) .. c2i) .23 

e (233 23 (I) 1 Ko +K lJ -z-if 

{23J l ti 

➔ ➔ 

x f * ( K(l), r; 
➔ 

➔ ➔ ➔ ➔ I 

~ dr; ~r'23 c; ( Q(l)' r•;) ¢ m (r 23 ). 
23 

ITocne HHTerpn:poBaHn:sr no ➔r; , K Cl> Jlnsr z = ..;-;: 1(23 > C yqeTOM 

( 20) n: ( 28) rronyqn:M Bb1pa)KeHn:e, He conep)Kamee oco5eHHOCTefi, oTKyJla 

n: cneJlyeT Tpe5yeMoe yTBep)KJleHne. 

Bet> B38llMOJl0HCTByIOillllX qacTHU B cnyqae H0CBSI3HOI'O JlBll)K0HllSI 

onpeJlenn:M C noMOillbIO nonHofi cpf COOTHOllieHneM 

'#: I"::- = Eim (- i!G_ ,- 'l' o )= 'l' o 
V:!q l➔O i, VBq 

3 (r) ( i} (I) • O 

+ I 'P , 'P = Eim (- i t: G v:.. 'P ). 
r=l £....0 "q 

3Jl0Cb 'l' O onpeJlensreTCSI B ( 20)' a YMHO)K0Hll0 eCTb llHTerpn:poBaHlle 

no OTHOCHTenhHbIM nepeM0HHbIM. 

TorJla ll3. (29) nony"IHM CHCTeMy ypaBH0Hlltt 

co of> 0 0 (j) o .cf> 
'P ='P -'P + G t if 'P + G t if 'P ·,· 
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I'Jl0 

oC> 
'I1 

CiCl 
0 

= eim (-if G_ 1_ 'I1 ) 
f ➔ O Y"q 

of'J 
[ 'G vs q 

-1 

] 'I1 
oe> 

0 

ecTb pemeHne JlByxqacTHqHofi aa11aqn, KOTopaSI orrncaHa B rryHKTe 4. HeTpyJl-

mCie> lTI O u 

HO y6eJlHTbCSI, qTo pa3HOCTb T - T rrpe11cTaBnS1eT COOOH paCXOJlSIIIIY-

lOCSI BOnHy Ha OOnhlliHX paCCTOSIHHSIX ITO OTHOCHTenbHOfi KOOpJlIIHaTe ;le • 
B cnyqae pacceSIHHSI OJlHOll qacTHUbl Ha JlBYX Jlpyrnx, HaXO)lSIJlllIXCSI B 

CBSI3aHHOM COCTOSIHHII, )lnSI Bet> 

'1123 
= eim (-if G 'JI o) = IJICO + 1J1 <2> + 1J1 C3) .1,, 23 23 23 t 
f ➔ 0 V 1(23) 

yqHTbIBaB ( 30) ' ( 31)' rronyqHM CHCTeMy ypaBH0HHfi 

(1) (23) 0 (2) 0 .(3) 

'1123 ='11 + G 1 23'1123 + G 1 23 'I123• 

ef-2' = G
O 

1 'Prn +'G O 
1 '11(3), 

23 13 23 l3 23 

(3) 0 
1 'l'c o + G 

0 (2) 
'JI 23 = G l 'I1 • 

12 23 12 23 

HaKOHeu, B cnyqae CBSl3aHHOI'O COCTOSIHIISI Tpex qaCTHU COOTBeTCTBYIO

IIIaSI CHCTeMa IIMeeT BH)l: 

ys." "" m + m + m - I W oB I, 
123 1 2 ii 123 

3 

'JI 123 =,~1 
(I) 0 

Cr) 

'11123 

'11123= G 1ie 
(j) 

'11123 + 
0 ce) 

G 1 'I1 je 123 
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6. 3aKn10qeHne 

PaccMOTpeHHaSI TpexMepHaSI $9pMynnpoBKa penSITIIBIICTCKOfi aaaaqn 

Tpex Ten B KOH$HrypaUIIOHHOM rrpocTpaHCTBe MO)KeT paccMaTpIIBaTbCSI KaK 

o6o6meHHe HepenSITHBHCTCKOll TeOpHH: i;IBH)K0Hlle c.u.M. OT)lenSieTCSI II aa)laqa 

¢opMynnpyeTCSI B OTHOCHTenhHblX rrepeMeHHblXo 

TT 
u /8/ 

0 3THM rrepeMeHHbIM, KaK H B JlByxqacTHqHQH 3a)laqe I Ha OCHOBe 

( 16) MO)KHO rronyqHTh B cnyqae B01ll0CTB0HHb!X noKanhHb!X IIOTeHunanoB yc

noBHe Herrpepb!BHOCTH TOKa, a aaTeM HCITOnb30B8Th ero JlnSI 3a)laHHSI rpa

HHqHblX ycnOBHfi H orrpeaeneHml crreKTpa CBH3aHHblX COCTOSIHHfi. 

TTocKonhKY OTHOCHTenhHbJe rrepeMeHHbie BBO)lSITCSI rrocpeacTBOM orrepa-' 

TopoB KaaHMHpa, TO pa3BHTaSI cxeMa MO)KeT Ob!Th OCHOBOfi )lnSI IIOCTpoeHHSI 

penSITHBHCTCKOll Teqp1rn IIOTeHuHanhHOI'O pacceSIHHSI. Ha 3TOM rryTH, 0)lH8KO, 

B03HHK8IOT ocno)KH0HHSI B CBS13H C HHTerpanhHhlM xapaKTepoM COOTHOlli0HHfi 

M0)KJlY OTHOCHTenhHbIMH rrepeMeHHb!MH. TToaTOMY IIpHBe)leHHbie 3)l0Ch rro

CTpoeHHSI MoryT IIMeTh auaqeHHSI anSI npoueccoB pacceSIHHSI 6ea nepepacnpe 

aeneHnfi. 

TTonyqeHo penSITIIBIICT.CKoe o6o6meHHe HHTerpanhHbIX ypaBHeHHii ct>aaae

eBa )lnSI Bet>. Bxo)lSIIIIHe B HIIX aCHMIITOTHqecKue Bet> SIBnSIIOTCSI pemeHHSIMH 

pa3HOCTHblX ypaBHeHHfi, KOTOpbie aHanornqHo HepenSITHBlICTCKOfi TeopIIH aa

ITHCblB8IOTCSI B OJlHoqaCTHqHofi ¢opMe. 

A.aTop 6naroaapnT npo$eccopa n.11. ·BnoxnnueBa, B.r. KaabIIUeBcKo-. 

ro, P.M. MHp-KacnMoBa H H.B. CKaqKoBa aa HHTepec K pa6oTe H noneanbie 
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