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1. BBenemre 

Xopolllo H3BeCTHbie Tpy.OH0CTH Teoprrrr cHnhHbIX B38HMO)lellCTBHii 38CTaB

nmoT oopamaTbC.H K rrprr6nrr)KeHHhrM cxeMaM rrpn orrrrcaHrrrr aneMeHTapHbIX 

qaCTHU. Ecnrr .On.SI )lByxqacTHqHbIX B381IMO)lellCTBHll T8K0ll II0)lXO)l HaXO)lHT 

CBOe orrpaB.oaHrre B paMKax Teoprrrr B03MymeHHll (TB) H IIO)lTBep)K.oaeTC.H 

9KCIIepnMeHTanhH01 To .on.SI Tpex Ten rrono)KeHrre coBceM 1,rnoe: .oooaBneHrre 

TpeTbeii qaCTHUbl CTBBIIT KaqecTBeHHO HOBYIO sa.oaqy - orrrrcaHrre B38HMO

.oe11CTB!Ill Me)K)ly CTaonnhHb!MH II HecTaoimbHb!MH qacTHU8MH. 

OcooeHHOCTH MHoroqacTHqHb!X B38HMO)leHCTBHll HBXO)l.HT CBoe OTpa)Ke

HIIe B II0CTpoeHHII Teoprrrr Tpex Ten. B Hepen.HTHBHCTCKOll MexaHHKe TBKa.H 

11/ 
sa.oaqa rronyqrrna perneH1re nHIUb He.oaBHo B paooTax n.il. ¢a.o.oeeBa .YpaB-

HeHH.H B 9TOM cnyqae HMeIOT BH)l CHCTeMb! Tpex sauerrn.HIOlUHXC.H HHTerpanb

HbIX ypaBHeHrrii. 

f10flb!TK8M O0ODllleHH.H MeTO)la fl,il. ¢a.o.oeeBa .On.SI pen.HTHBHCTCKOll 38-

/ 2-6/ 
.oaqrr Tpex Ten nocB.HllleHo 6onhIUoe q1rcno paooT • Mcxo.oHhIM .on.SI 6onb~ 

IUHHCTBa 1rs HHX .HBn.HIOTC.H ypaBHeHH.H EeTe-ConrrrrTepa ( YEC) B HMnynhc

HOM npe.ocTaBneHHH, qTo npHBO)lHT K 6onhIUHM TPY.OHOCT.HM, MMeHHO, qTO0bl 

y.ooBneTB0pHTb B8)KHb!M cjmsnqeCKHM Tpe6oBaHH.HM K Teoprrn - ycnOBHIO yHn

TapH0CTH H nprrnunny CO0TBeTCTBH.H H HCKnIOqllTb HHTerpnpoBaHne no Heipn-
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3nqeCKllM OTHOCllTenbHblM 9HeprllHM, rrpnxonnTCH llCXOllllTb ll3 Monn¢nun
xl 

pOBBHHoro YBC ll B pesynbTaTe ITOCTpoeHne Teopnn OK83b!BaeTCH He-

rrocnenoBaTenbHblM. 

KaK ll3BeCTHO, 9TH TpynHOCTll BO3HllK8IOT y)Ke rrpn ¢opMynnpoBKe Ha 

ocHoBe YBC pen.HTllBllCTcKoii sanaqn nByx Ten. 

KBasnrroTeHunanbHh1ii rronxon, pasBnTblii A.A. noryHoBblM n A.H. TaB-
/71 

xennnse t ITO3BOnnn a¢¢eKTllBHO ycTpaHllTb 9TH TpynHOCTll ll ycrrernHo 

rrpnMeHHnCH B KTrl 
81

• Ba)lrneiirnaH oco6eHHoCTb aToro rronxona saKn10qaeT

cH B TOM, qTo B OTnnqne OT ¢opMannsMa BC B HeM OTCyTCTByeT nnrneHHOe 

¢nsnqecKoro CMbICna OTHOCUTenbHOe BpeM.H ll ypaBHeHllH 38ITllCblB810TCH 

B TpexMepHoit ¢opMe. 

PacrrpocTpaHeHn10 9Toro MeTona Ha cnyqaii Tpex qacTnu rrocBHllieHa 

6 
191 ,l, u 

pa OTa , rne nsyqanllCb ypaBHeHllH nn.H BOnHOBb!X 4'YHKUlllI, a TaK,Ke 
I 101 I 101 

pa6oTa • B rronyqeHbI TpexMepHbJe ypaBHeHnH nnH aMrrnnTyn Tpex-

qacTnqHoro pacceHHll~ rrpnqeM B KaqecTBe ¢yHKUnn fpnHa (~rJ snecb Bos-
. 191 

HnKaeT rrporraraTop KBasnrroTeHunanbHoro rronxona • 

3 
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u /3-51 
KOTOpb!II BBonnncH B ua OCHOBe npHHUnrra COOTBeTCTBllH. 

( 1. 1) 

xi TpannuII~HHblll Me Ton COCTOHT B 38MeHe ¢eiiHM8HOBCKOH ¢yHKUIIll 
fp11Ha YBC Ha IIOCTpoeHHblll T8KllM cnoco6oM nporraraTop C penHTIIBllCTCKOH 
KllHeMaTllKOH, qTo6bI rronyqnBllill0CH B pesynbTaTe ypaBHeHIIH ynosneTBOpHnII 
rrepequcneHHbIM Tpe60B8HIIHMI 3-61. 

4 

i 
I 

·l 

CnenyeT OTMeTnTb T8K)Ke, qTo norronHHTenbHbJe TpynHOCTll B pa6o

Tax, OCHOBBHHblX Ha YBC, BO3HllK810T B CBH3ll C TeM, qTO BHelliHlle HM
xi 

rrynbCbl He MoryT 6bITb Bee rrono)KeHbl Ha MaccoByIO noBepxHOCTb • 

HacTO.Hlli8H CT8TbH IIOCBHmeHa ¢opMy;npOBK0 TpexqacTnqHoii sanaqn 

pacceHHllH Ha OCHOBe TpexMepHOH ¢opMynnpoBKll KTIT, B KOTopoii Bee qac-
111/ 

TllUbl HBXOllHTCH ua MaCCOBOH IIOBepxHOCTll 

II. ~OpMynnpoBKa sanaqn Ha OCHOBe nnarpaMMHOll TeXHllKll 

I l 1/ 
B pa6oTax B paMKax TB naHa TpexMepHaH nopeHu-KoBapnaHTHa.H 

¢opMynnpoBKa MaTpllUbI -pacceHHllH B nMnynbcHoM npencTaBneHnn, ynosneT

BOp.HIOlliBH ycnoBllHM rrpnqnHHOCTll H YHHTapHOCTH. Bnaronap.H npncyTCTBlllO 

B Teopnn ¢nKTllBHbIX qacTllU (KB83II'l.8C.THU) t Bee rrpoMe)KyToqHbJe qacTHUbl 

HBXOllHTCH Ha MBCCOBOH ITOBepXHOCTll. KpoMe Toro, 9TO o6cTOHTenbCTBO 

rrosBonHeT · ecTecTBeHHhIM o6pasoM onpenennTb crroco6 Bh1xona sa 9Hepre

TnqecKy10 nosepxHoCTb n c¢opMynnpoBaTb nnH nByxqacTnqHoii aMrrnnTyllhI 
/71 

pacce.HHll.H ypaBHeHll.H KB83llITOTeHunanbHOro Tnrra , B CllCTeMe ueHTpa 
I 12-141 

Mace ( c.u.M.) OHO IIpllHllMaeT Bllll : 

M(p:q)=V(i:q) 
l ➔➔, dk 

+-- f V(p,k 
(4rr) a V m2+k2 

M(k. q) 
Ek(E -E -id k q 

( 2.1) 

Ek=vm
2 +k 2 

ll sIBnHeTCSI penHTllBIICTCKllM o6o6meuIIeM ypaBH0JIIISI n11rrnMaHa-llIBIIHrepa. 

xi 131 
BcnenCTBlle 9Toro ( CM,, HarrpnMep , ) rrp11xonIITCH CTPOIITb cnc-

TeMy ~HTerpanbHbIX ypaBueu11ii nnH 6 IIHB8pll8HTHbIX aMnnIITyn. 
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B 1:tanbHeii:JlleM Ha OCHOBO ( 2.1) 6bmo BB0/l0HO pen.lITHBHCTCKOe KOH
/ 15/ 

¢nrypaUHOHHOe npocTpaHCTBO • B cepnn pa6oT, IlOCB.IIIIl0HHhlX nccne-

/lOBaHHIO pen.lITHBHCTCKoro KOHeqHo-pa3HOCTHoro aHanora ypaBH0HH.II llipe-
/16-22/ 

nnHrepa • 6b1na IlOCTpoeHa Teopn.11 pacceSIHH.II B KOH¢nrypaUHOHHOM 

npocTpaHCTBe n aaHo pellleHne npocTeii:lllHX saaaq 06 onpeaeneHnn cneKTpa 

CB.II3aHHblX COCTO.IIHHii:. 

HMe.11 uenbIO pacnpocTpaHHTb STOOT IlO/lXO/l Ha cnyqafi Tpex qacTHU • 
. /11-14/ 

cxeMaTnqecKH nsno*nM, cneay.11 , ¢opMynnpoBKy saaaqn Ha ocHoBe 

anarpaMMHOll _TexHHKH. 

IlycTb S = I + i R 6yaeT MaTpnua pacce.11Hn.11 1 rae onepaTop R 

onpeaen.11eTc.11 ns ypaBHeHn.11: 
"' . "";,, d 

R(,\i,;,A K' )=-II(,\ K-AK')- - 1-jH(,\,,:-,\ K) -K, R(,\K , AK' I 
277 -oo 1 K - i £ 1 

11(,\K-AK'J= Je 

2 
,\=l,-,\o>O, 

-IAKx 

II (x)e 

1 

IAK'x 

d X ' 

npnqeM Ha IlOBepXHOCTH aneprnH-HMnynbca K= K '= 0 

R = R (,\K,AK ') I • 
K= K, = 0 

H 

( 2.2) 

B cnyqae Tpex pasnnqHblX rronefi 1/' 1 X 1 ~ 1 B3aHMO/l0llCTBYIOIIlHX 

nocpeacTBOM cKan.11pHoro non.11 ¢ (ypaaaenn.11 an.11 qacTnu co crrnHoM nsy-
/ 14/ · 

qanncb B ) • raMHnbTOHHaH HMeeT BH/l: 

ii ( ,\ K - ,\ K , ) = _g_ J () (- ,\ K + AK , + p+K+q ) I : 1/' * ( p ) 1/' ( q) ¢ ( k) : + 
277 . • 

+ :x*( p)x (q)cf,(k) :+: t *(p)t (q) ¢ (k): l d pd q d k •. 

6 

fpa¢nqecKH OH MO)K0T 6bITb. npe/lcTaBneH cneayIOIIlHM o6pasoM: 

4' (_'\,) J 'i(,-) ' r-(1) 
~ i ~,,_, )l,c._ .,_,._ 

l.!C "ll-t' ......... ,,,,,. ..... ' / ........ , / 

' .,, ,, ' ' ~ ' ,,, ...... .,,.,. ...... ,,,. .... ,,,. ,,,. ...... / 

.. ~ ~~ ~ 41:;) ~) 4'(.p) ':S1<._1<,) -( f) ~(_K) 

Puc. 1 

Ha OCHOBe ( 2.2) MO,K0T 6b!Tb pa3BHTa cneun¢nqecKa.11 )lHarpaMMHa.lI 
/11/ 

TeXHHKa • BMecTe C ¢nsnqeCKHMH qacTHUaMH 1/' • X ' ' • BHyT-

peHHHM nHHH.IIM KOTOpblX conocTaBn.lIIOTC.II HOpManbHbJe cnapnBaHH.II 

+ 
t/J ( q) t/J * ( p) = o ( q + p) D 1/' l p) , 

l, ____ I 

+ 
X ( q ) x * lp) = c5 ( q + P ) D X ( P) , 

----1 
+ 

'(q)~*(p)=o(q+p)D t(p) 

------1 
+ 0 2 2 

(saech, HarrpnMep, 01/' = 0 (p )8 (p - mt/I) ) , B Teopmr npncyTCTByeT 

KBasnqacTnua, npnqeM ee BHpTyanbHOii: nnHHH cooTBeTcTByeT rrporraraTop 

l l 
G (d=- --. 

0 277 K - i £ 

n 4-nMrrynbc ,\ K • HarrpnMep, ynpyroe pacce.11nne t/1 n X noneii: 

II
. . ~ 

Bo nop.11/lKe MO,KeT 6bJTb npeacTaBneno anarpaMMaMH pnc. 2 

xi 
HaITOMHHM npaBnna IlOCTpoeHH.II )lHarpaMM. IlycTb npOH3B0/l0H8 Hy-

Mepaun.11 acex B0plllHH. Toraa HerrpepbIBHa.lI nnHH.II KBasHqacTHUbl /lOn)KHa 
CO0/llIH.IITb BCe aeplllHHbl H 6b!Tb opneHTHpOBaHa B narrpaBneHHH BO3pacTaHH.II 
nx HoMepoa. BHyTpenHne mrnnn ¢nsnqecKHX qacTnu opneHTIIpoaaHbI nao6o

poT - B Harrpaanemm yMeHblll0HII.II HOMepoB. 
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Prrc. 2 

TTycTb HaM ll3BeCTHO peIIIeHHe ( 2.2). rrpe/lCTaBneHHOe B BH/le pH/la 

TB: 

') ~ . F (' ', , , . , , R(,\K,AK = k J "K,"K ;p1·••Pn;pl ••. pn ;qi ••• qm,q1·••qm 
m=n=/l=V=O m,n,/l,V 

kl ... k/l ; k'1··· k ~ ; rl ••• rv ): tj,*(p 1>··· if,* (p )x*(ql ), •• x*(q m) ~(kl ) ... ~*(k/l) 

ef,(rl ) ••• ef,(rv )tf,(p; ) ••• tj,(p~ )x(q;) ••• x (q'm) f(k;) ••. f (k ~ )': 
( 2,3) 

: dp ••• dp d p ' •.. dp ' dq ••. dq dq ' ••• dq' dk ••. dk dk' ••• dk' dr ••• dr 
In In I ml m I /l I /l IV 

H rryCTb H3 9TOI'O pa3no:m:eHHH HCKmoqeHbl BaKyyMHbie /lHarpaMMbI. llnsr 

rrocnellOBaTenbHOI'O Bb!BO/la B paMKax TB ypaBHeHHM 3a/laqn Tpex Ten He-
121 

OOXCnHMO orpaHHqHTbCH /lHarpaMMaMH neCTHllqHOI'O THITa (~H3HqeCKHe 

o6ocHOBaHHH TaKOI'O rrpn6nrr:m:eHHH xopoIIIO H3BeCTHbI). 3To orpaHnqeHHe 

IT03BOnHeT o6o6IIIHTb ITOHHTHe HerrpHBO/lHMOCTH /lnH /lHarpaMM, OITHCb!BalO

lllllX yrrpyroe paccesrHrre Tpex qacTHU, 

TTycTb Bb16paHo HarrpaBneHrre BpeMeHH, HarrpnMep, cneaa HarrpaBo H cao-

60/lHbie KOHUbl /lll8I'paMM opneHTHpOB8Hbl aHanornqHO FIX HarrpaaneHHIO Ha 

pHC, 2,3. llByxqacTHqHasr /lHarpaMMa H83bIB8eTCH HeITpHBO/lHMOll, ecnn ee 

I 
. \ 
' 
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I 
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I, 
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/ ' I 
,.,,. ~ .. , 

~ .. "', ,.,,. "':I;. )\~• ..... ,. a.) 

!l 

b) 
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;,,.x... 

>,-x.',,..... ..,, 
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c.) 
.3 

,-

Pnc, 3 

xi 

-~---

cl) 

~ 
,.,.;J-,-. 

Henb3H pa3/lenHTb Ha /lBe CBH3Hble /lHarpaMMbI, KOTOpbie coe/lHHeHbl 

..... 

~n3nqecKHMH nHHHHMH, HarrpaaneHHbIMH crrpaaa HaneBo, H nnHrreii KBa3rrqac

THUbI, HarrpaaneHHOil: cneaa Harrpaao, Ha pnc, 3 c , 3d H3o6pa:m:eHbI Herrprr

BO/lHMbie irnarpaMMbI, Ha pHC, 3a n 3a - rrpHBO.llllMbie 

xi . 
nuarpaMMa Ha3b!BaeTCH HeCBH3HOil:, ecmI OHa Mo:m:eT 6bITb pa3nene-

Ha Ha nae qacTH, He coenrrHeHHbie ~H3HqeCKHMH nHHHHMH, B rrpoTHBHOM 

cnyqae nrrarpaMMa HBnHeTCH CBH3HOil:, B paccMaTpHBaeMOM necTHHqHoM 

rrprr6nmKeHHH ace t1ByxqacTHqHb1e nrrarpaMMbI sii:msr!DTCH CBH3HbIMH. 
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PHc. 4 

llm1 orrpe]leneHH.11 HeIIpHBO/llIMOCTII CB.113HbIX Tpex"laCTII'IHbIX ]lHarpaMM 

BBO/llITC.11 IIOH.IITHe KplITH"leCKoro paspesa. no orrpe]leneHHIO 9TO C8Mblil: 

Kpail:HHil: BepTHKanbHbiil: paspes, cneBa OT KOTOporo JlHarpaMMa CB.113Ha, rrpH

qeM o6pa30B8BIIIHeC.II /lHarpaMMbl coe/lHHeHbl nHHII.IIMII !plI3H'leCKHX "18CTIIU, 

HarrpaBneHHblMII crrpaBa HaneBo, II nHHHeil: KB831I'IJ:8CTHU, opHeHTHpoBaHHOil: 

B IIpOTIIBOIIOnO:lKHOM HarrpaBneHHII. ilHarpaMMa H83bIBaeTC.II HeIIplIBO/llIMOil:, 

ecnH KpHTH"leCKHil: paspes .11Bn.11eTc.11 ee caMbIM rrpaBhlM paspesoM. HarrpH

Mep, Ha pHC. 5B, 5 d II306pameHbl HeIIplIBO/llIMbie /lHarpaMMbI, Ha pHc. 5a, 

5c - I!plIBO/llIMbie. 

B paMKax TB Ha OCHOBe ( 2.3) Terrepb MO:lKHO ccpopMynHpOBaTb IIHTer

panbHOe ypaBHeHHe Jln.11 TpeX'IJ:8CTII"IHOil: aMIInHTY/lbl pacce.11Hm1. H/lpOM 

9Toro ypaBHeHH.11 oy/leT cyMMa MaTplI"IHbIX aneMeHTOB OIIIIC8HHOil: BbIWe COBO

KYIIHOCTII HeIIpHBO/llIMbIX JlHarpaMM. fpacp11'1eCKII ero MO:lKHO rrpe/lcTaBIITb 

cne/lyromnM oopasoM: 
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~(0===(<u}=+F~£: +{KJ(R~) +I~ 
Puc. 6 

3,neCb, K J f ; j , f = 1,2,3 ; j ,P _f ll305p8)K8eT COBOKynHOCTb 

JlBYX'I8CTlltIHbIX HenpIIBO.llllMb!X .nnarpaMM, K 123 - COOTBeTCTBYJOillYJO co
x/ 

BOKynHOCTb TpextJ:aCTlltIHbIX .nnarpaMM 

YpaBHeHne (2.4) IIMeeT KBa.npaTII'IHO HeIIHTerpnpyeMoe g,npo. ITos

TOMY, KBK II B Hepen'RTIIBIICTCKOM cnyqae, .llllB npnMeHeHIIB K paccMaTpll

BaeMofi 38,naqe Tpex Ten TeopIIII IIHTerpanbHhlX ypaBHeHIIfi Heo5xo.nIIMO 

npOII3BeCTII ero nepeCTpOfiKy. 

III. YpaBHeHIIB .nnB aMnnIITYllbI pacceBHIIB B paMKax 

TpexMepHofi cpopMynnpoBKII KTIT 

Ey.neM IICilOllb3OB8Tb onepaTOpHYIO 38IlllCb OCHOBHoro ypaBHeHIIB 

( 2. 2) B BIIJle /t3/ 

R=K+KG 0 R 

~u , . 
n3-38 npncyTCTBIIR B Teopnn Henpepb!BHOfi llllHllll KB83lltI8CTIIUbl 

9Tll .nnarpa,MMbI, Boo5me roBOpB, He MoryT 6b!Tb nonytieHbl nocpe.nCTBOM 
HTepauntt JlBYX'I8CTII'IHbIX HenpHBOJlllMbIX .nnarpaMM. 

j 
'( ,, 

\f 
,i\ 
I 
i 
I 

,1:,_ 

i 
,/ 
,/ 

r 

} 
•cl 

II paCCMOTpIIM M8TplltIHbie sneMeHTbl nepexo.na Me)l{Jly TpexqacTII'IHb!Mll 

COCTOBHIIBMII .lll!B SToro ypaBHeHng: 

➔ ➔ ➔ 

,<-p1 •P2 •Pa I R I ➔ ➔ ➔ ➔ ➔ ➔ I I ➔ ➔ ➔ f ➔ ➔ ➔ 'I I .. ➔ ➔ 
q1,q'2 ,q3>=<P1•P2•1\.i K, q1,q2,q3> + <p1·•P2 ,p3KK1,k2;k3> 

... ➔ ➔ 

dK 1dk2 dk~ 
(211) 9 

➔ ➔ ➔ ➔ ➔ 

G0 x<k 1 ,k 1k31Rlq 1,q➔2 ,q/+ I ,<p1,p2 ,p3 !Kin'> 
In '>,p lk➔1,i;'2,°i:3> 

➔ ➔ ➔ 

Go<n 'IR/ q1,q2,qa>, 

r.ne, no onpe.neneHn10, MaTpIItIHbie sneMeHTbI onepaTopa R Bb1pa)KaJOTCB 

qepe3 IIHBapnaHTHYJO aMnnnTy.ny T 

➔➔➔ ➔➔➔ 9 ➔ ➔ ➔ 
< p , p , p I R I q , q , q > = (211) < 0 I a (p ) b ( p ) c(p ) x 

123 12 I! I 2 3 
, + ➔ + ➔ +,➔ 

x R(AK,AK )a- (q )b (q )c(q )!O > = 
, 1 2 3 

( 3.1) 

4 3 
= (211) 8 ( I 

1=1 

3 

p -AK - I q + AK,) 
I 1=1 I 

T(plq) 

3 · 3 

v\~1 2p1\!1 2q10 

3.necb a + , b + 

nonett if, , X · , f 

c+ - IlOl!O)KIITel!bHO-tJ:aCTOTHbie 'I8CTII COOTBeTCTBeJIHO 

fl paMK8X TB OTCJOJl8 cpopMal!bHO cne.nyeT HHTerpanbHOe ypaBHeHIIe 

( 2.4)x/ 

dt dk dk 
<3 !Rl3>=<3II{J3> +f <3IKJ3 > 1 2 3 G <3IRl3>• (3.2) 

(211) 9 0 

xi B (3.2) II (3.5) Mb! HCilOllb3yeM COKpameHHYIO 38IlllCb Jll!R JlByx-
ll TpeXtI8CTll'IHbIX -BeKTOpOB COCTOBHIIfi: 

13 I 
➔ ➔ ➔ 'I I ➔ ➔ > = p , p , p >, j f >= P , Po > • 

1 2 3 J t. 

13 



Cornacao ·( 2.4), B aan5onee o5rneM BHJle smpo ypaaaeansi B necT- · 
xi 

HlltJHOM rrpn5nmKeHHH MO)1{0T 5b!Tb rrpeJlCTaBneao 

Ka= K12a + K12 +K2a + K a1 ( 3.3) 

ll 4 3 3 

< ➔ ➔ ➔ ➔ (211) 8· ( I A 
p1,P2•P3IKJq1,q2,q3>= r=l pt-- K-,;1qj;AK') V(p I.qi-

3 0 3 0 
VT.I 2p II 2q 

r=l r r=l r 

(3.4) 

3 3 ➔ ➔ 
v t P I q > = 2 (2 " > I o < P 1 <-> q 1 > vie < P I q > + v 123 < P :1 q >. 

1=1 

rJle 
➔ ➔ o, ➔ ➔) 

fj ( p /-) q I ) = p I ij ( p I -q I • 

BBe]leM B COOTBeTCTBHH C (3.3) orrepaTOpbl r-je I r 123 I YJlOBneTBO

pmornne ypaBaeansiM 
0 

re=Ke+KeG r 
i i i i e 

0 
r =K +K G r 
123 123 123 123 

nnn B M8Tpll'lHOM BHJle dtj d t e 
<jelrelie>=<je IKelib +f<jel.Kelie>---<jelrje lie>, 

j j . j (211) 6 ( 3.5) 

I . . ·1 . I K ·1 "J . ·1 I dk dk dk I I <3. r 3. 3>=<3 3 3>+ <3. K 3> 1 ? a <3 r 123 3 >-, 
12 12 123 (211 )9 -

x/3 . . . e Jl0Cb ll HH)Ke He cyMMHpyeMb!e HHJl0KCb! I, J' ,... rrpo5eraJOT 3Ha-
tJeHHSI 1, 2,3 ll i ,p j ,p f ,p ••• • • 

14 

r]le aaanorntJHO ( 3.1) ll ( 3_4) MaTplltJHb!e aneMeHTbl BB0Jl0HHblX orrepaTopoB 

t ll t COOTHOIII0HHSI-Bb!p8)1{8IOTCSI qepe3 HHBapnaHTHb!e aMllnHTYJlbl 

Mil 

ie ··!23 

➔ ➔ ➔ I ➔ q ·>= 
< t , ➔P , P I rie q 1, q 2, a - , 2 Pa 2 q o 

1 2 3 V I I 

3 ., ➔ 
2(211) fi(p'

1
(..;,)q

1
) 

➔ ➔ 

pl 'pf I
➔ ➔ ➔ 

r I q , q •>= 
if J - e 

4 8 
(211) 8 (I 

r=l 

3 

p -AK- Iq +AK' 
r r=l r 

3 3 
V'TI'2 on 2 o 

P, 1 q r 
r=l r= 

2(211 )
3 

o(p
1

(-)q
1
)t

1
e<Jilq) 

( 3.6) 

( 3 3 
(211) 8 ( I p - AK - I q + AK , ) 

➔ ➔ ➔ I I ➔ ➔ ➔ r.d r r=l r ( I ) < p ; p , p r q , q , q > "' ____ ...,,_=_"-_-_-_-__ -.,,-_-_-_...,,~_"---+-...--- t p q • 
t 2 3 128 1 2 3 3 128 -

y"fl 2po II 2qo 
r=l !' r=t r 

TorAa AnSI TpexqacTHtJHoro orrepaTopa R ( 3) = R ( 3 ➔ 3 ) 

R (3 ) = R + R + R + R ; 
123 1 2 3 

R =K +K G R(3); R =K +K G R(3); 
123 123 123 0 2 13 13 0 

( 3. 7) 

R = K + K G R (3); 
1 32 32 0 

R = K + K G R (3); 
3 21 21 0 

B paMKax TB rronyqaeTcsi KoppeKTHaSI (rrpn nocTaTotJHO o5rnnx rrpenrrono-

)1{0HHSIX OTHOCHTenbHO SIJlep K o H _K ) CHCTeMa ypaaiieann, SIBnSIJOIIla-
. fL 123 

sicsi o6o5rneHneM ypaaaeanfi ct>aAAeeaa 

15 



:1231 

r 

r 0 r r r R12a 123 123 123 123 

r r 0 r r R 
23 23 23 23 1 

R 2 I = I r + r r 0 r Go R 
I 13 13 13 13 2 

R 3 I I r 12 r r r 0 Ra j 12 12 12 

)KenaH ns6e:a<aTb rpoMosnKnx o6osHa'IeHnii:, MbI orpaHII'IIIMCH rrpencTaB-

neHneM ( 3.3) rrpn K _ o 
123 -

( XOTH BCe HH)Kecneny10mee MO)KeT 6b!Tb 

BOCIIpOIISBeneHO II C y'IeTOM T_pexqaCTll'IHbIX cnn, T.e. rrpn K 1.1;!3;,t O ) • 

B 8TOM cny'Iae CIICTeMa IIpIIHHMaeT Bnn: 

R J l I r 2a l 10 r2a r2a I I R i 

R = r + r O· r 1al Go I R2 I ( 3.8) 
2 13 13 

Ra r r r 0 I I R 
12 12 12 3 

n, B COOTBeTCTBIIII c (3.7), 

R (3) =R +R +U . 
1 .i 3 ( 3.9) 

Ilepexon K nHBapnaHTHbIM aMrrnnTynaM B (3.8) ocymecTBnHeTcSI 

Ha OCHOBe orrpeneneHIIH (3.1); (3.4), (3.6). fpa~II'IeCKII rrony'IIIBlllaSICSI 

cncTeMa sauerrnn10mnxcH ypaBHeHnii: MO)KeT 6bITb rrpencTaBneHa cneny10- · 
xi 

lllIIM o6pasoM: 
x/ ) . 

lfa ( 3.8 cnenyeT llHTeprrpeTaUIISI ( 3.9): R 
I 

eCTb COBOKyIIHOCTb 
nnarpaMM necTHll'IHOI'O rrpn6nn)KeHnH, B KOTOpb!X rrepBbIMII B38IIMoneii:CTBYIOT 

j-ll f -TaSI 'IBCTllUblo 

I 

I 

r, - r l y. ,. ,. ' l 'I: .. ,~ r I 'I:'.'~ 

_.!4-+, ... ~ = ~ + ~j 'J ~ 4-~ 'l'. ..l,....'iJ 

Pnc. 7 

rrpn'IeM Bb1xon sa rroBepxHoCTb aHeprnn-nMrrynbca orrpenenHeTcSI rrpncyT

CTBy10meii: B Teopnn KBa3U'IaCTHUeii:: 
3 3 3 

Ip -,\K=Ik -,\K =Iq -AK' 
i .=1 i i=l· I i. I =1 i . 

/12-14/ 
Bb16op ,\ KonnnHeapHbIM 4-IIMIIynbCY cncTeMbl Tpex 'IBCTHU B Bnne 

,\=jql ea,\ s =(¾q )2 
_ q q i=l I 

V&q 
IIpllBOnIIT K saKOHY coxpaHeHHSI nnH 4-CKOpOCTII 

3 3 

;=1 pl I k 
,\ =,\ 

1=1 I 
=,\ ( 3. 10) - - ' p ,,;;: k 

ysk 
q 

p 

KOTOpblH norronHHeTCSI ,, saKOHOM coxpaHeHHSI,, nnH IIHBapnaHTHbIX aHepruii: 

y-;; - K= y;;;- - K =Vs_ - K'. 
p . k 1 q 

BBonH penSITIIBIICTCKIIe o6osHa'IeHnSI 

0 
K = (,\,kl I. 

II llHTerpnpyH B 

o o ➔➔ dk: 
) = ,\ k - ,\ k , d O ➔ =--

1 i kl k 0 
I 

(3.8) rrocpenCTBOM nenbTa4yHKUllH ITO k➔ I 
➔ 

' k f Kl ' 



• 6 xi nonyqnM cncTeMy ypaBHemrn, KOTopyro rrpencTaBnM cnenyromnM o paaoM : 
3 ➔ ➔ . 

T ( p I q ) = 2(2 TT) 8 ( p Hq ) l O ( p I q ) + 
I JL 

➔ 

1 dfl kj 

+ :-::-73) f 1 jl'. < P I k > -------1 T 1 < k I q ) +Te < k I q ) 1. 
4~2TT Ko (Vs -vs 

f k q 
-if/ 

( 3.11) 

rrpnqeM Ha IlOB0pXHOCTII 3HeprIIII IIMrrynbca K= K , = 0' V ;- =v ;-
p q 

da (3 ➔ 3) = I T 12 T = ~ T 
1=1 I d w 

llByxqacTnqHaH aMrrnnTyna t 1e eCTb pellleHIIe ypaBH0HIIH flnrrrrMaHa-lilBIIH-

repa nnH llBYX B3aIIMonefiCTBYIOmIIX qacTIIU B rrpncyTCTBIIll Tp0Tb9H" CB0-

6onHofi" qaCTllllbI: 

d O it 1 
t n(pjq)=V.n (pjq)+-

iL JL 4(2TT )3 
r v e < P I k > 1 

1 ie<" 1 <J > 
1 

K~ <vs -vs -id 
L k q 

CncTeMa ( 3. 11) HBnHeTCH penHTHBllCTCKllM o6o6meHH9M COOTB9TCTByIO-

u ,.., /1/ u 

mux ypaBH9HllH ..... aneeBa nnH CHCT0Mbl Tpex Ten, B3aHMOll9llCTBYIOmnx 

rrocpencTBOM llBYX'IaCTllqHbIX IlOTeHmranoB. 

PenHTIIBllCTCKllH xapaKTep ypaBH9Hllll IlpOHBnHeTCH, Bo-rrepBbIX, B TOM, 

qTO llHTerpnpOBaHHe IlpOH3BOllllTCH B Tp9XM9pHOM IlpOCTpaHCTB9 flooaqeB-

cKoro, peannaoBaHHOM Ha BepxHeII rronocTn rnrrepoononna. k~ =m
2 

, BO-
, I 

BTOpbIX, B TOM, qTo ananoroM CBOOOllHOH <Pr nnH TpexqacTnqaofi CHCT9Mbl HBnH-

9TCH C TOqHOCTbIO no llHBapnaHTHoro MHO)KllTemI cpyHKUHH: 

Go(pjq)=_l_T - 1_ 
4(2TT) ys -ys -i E 

p q 

xi 
3necb Mb! rrono:amnn K' o. 
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<PopManbHO Ha OCHOBe (5.2),aarrncaHHOro B TepMHHax llHBapnaHTHblX 

aMrrnnTyn, MO)KHO BB9CTH BOnHOBYIO cpyHKUllIO TpexqacTnqaofi CllCT9Mbl 

B Herrpepb!BHOM Cil9KTpe: 
➔ ➔ ➔ ➔ 1 T(p I q) 'Pv-; (p)=B(pi(-)qr)o·<re (-Jqe)-~· -

q 4(2TT > vs -vs· + i ( 
q p 

➔ ➔ ➔ ➔ 

n, yqHTbIBaH, _ qTo onaronapH COXpaHeHHIO 4-cKOpOCTll ll3 k f = q f , k i = qi 
➔ ➔ 

cnenyeT k I = q I , rrp"nnTn K penHTllBHCTCKOMY aaanory' ypaBH9HllH llipennHre-
x/ 

pa nnH Tpex qacTnu : 

- - 1 = (ys -vs JIJ!_,- (p)=--JV(plk)IJ! _ (k)dO dfl 
q p v "q c2 TT) e v" k i k e 

q 

(3.13) 

ITpnBeneaaoe rrocTpoenne MO)KeT paccMaTpHBaTbCH nnlllb KaK HaBo

i:tHmee, TaK KaK KoppeKTHbIMH rrpn nocTaToqHo oomnx rrpenrrono)KeHnHx oTHo

cnTenbHO V ( p I q) HBnHIOTCH Ma TpnqHb1e ypaBHeHnH n~H nonaoBbIX cpyHKUnfi. 

OnaaKo llM9H uenbIO BB9CTH penHTllBHCTCKDe KOHcpnrypaunoHHOe rrpo

CTpaHCTBO nnH CllCT9MbI Tpex Ten, 6yneM Ha3bIBaTb ( 3.13) ypaBH9Hll9M lllpe

nm1repa. KaK Blli:tHo, ponb raMHnbTOHHaHa nrpaeT llHBapnaHTHaH 3HeprHH_ 

CllCT9Mbl Tpex qacTnu. 
➔ 

B CllCTeMe U9HTpa Mace ( >. = 0) 

.,- 0 0 0 
vsP =p 1 +P2 +Pa • 

x/3necb 

V ( p I k ) = -l V (p I k ) . 
4K 0 

i 
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4. 3aKnJO".J~HH_g_ 

I1cnonbsyeMa.H cpopMynnpOBKa KTTT ecTeCTBeHHb!M o6pa30M npHBOJlHT 

K TpexMepHbIM ypaBHeHH.HM n, cneJIOBaTenhHO, npn TaKOM noXOlle OTCYT

CTByeT TpaJIHUHOHHa.H Jln.H cpopMannsMa YEC npo6neMa HCKnJO".JeHH.H OTHO

cnTenhHbIX aHeprnil:. 

,Un.SI CHCTeMbl ( 3. 12) npn JlOCTaTO".JHO o6nmx npellnOnO)KeHlrnx OTHOCII-

TenhHO V 1£ MO)KHO BocnpOH3BeCTII JlOKasaTenhCTBO TpexqacTII".JHOii ymr-
/3/ 

TapHOCTII • B npellene 6onhlliHX Mace (3.12) n (3.13) HeTpyJIHO npe/lCTa-

BHTh B BUile Hepen.HTIIBHCTCKHX ypaBHeHnii, B KOTOpb!X HCKnJO".JeHO llBH)Ke-

une c.u.M. 

8 CB.H3H C 9THM npeJICTaBn.HeT IIHTepec noKa3aTh, 'ITO ananorII".JHO 

cpopMynnpOBKe llBYX".JaCTII".JHOil: 3ajla".JII B npOH3B_OnhHOii CHCTeMe OTC".Ji'.!Ta 

llBH*eHIIe c.u.M. oTJien.HeTc.H B TepMnnax coxpaH.H10meroc.H ,\ -BeKTopa 

H B JlaHHOM cnyqae. 

3TOT Bonpoc nepeKnHKaeTC.H c npo6neMoii BBe~eHH.H OTHOCHTenhHb!X 

nepeMeHHhlX B pen.HTHBHCTCKOii sa1la".Je Tpex Ten, paccMaTpHBaeMoil: Ha OCHO

Be KTTT • .Ueil:CTBHTenhHo, npII TpallIIUHOHHOM nollXOlle Ha ocnoBe YEC, B cpop

MannsMe KOTOporo ".JaCTIIUbl HaxoJIHTCH BHe MaCCOBOii noBepXHOCTH, nenh3.H 

B COOTBeTCTBIIH C npHpOllOH IIMnynhCHoro npocTpBHCTBa CTpOHTh OTHOCII

TenhHbie nepeMeHHbie nocpellCTBOM pen.HTIIBIICTCKHX npeo6pasoBaHIIii. 

f109TOMY o6b!".JHO TpexqacTH".JHB.H 38/lB".Ja paccMaTpHBaeTC.H B c.u.M. 

H OTHOCHTenhHbie nepeMeHHbie He BBOll.HTC.H, a ecnn BBOll.HTCH, TO nx nocT

poeHHe ocymeCTBnHeTCH Hepen.HTHBHCTCKHM cnoco6oM. 

flpe/lCTaBn.HeTCH noaToMy HHTepeCHb!M BBeCTH OTHOCHTenhH">Ie nepeMeH

HbJe B ( 3.12) C ncnonh30BBHHeM Toro cpaKTa, 'ITO B npnMeH.HeMoil: cpopMynnpoB

Ke KTrr Bee 'laCTiillbl HBXOllHTC.H Ha M8CCOBOii noBepxHOCTH. 

ABTop ncKpeHHe 6narollapnT npocpeccopa .U.I1. Enox1rnueBa, B.r. KaJibI

meBCKoro n P.M. M np-KacnMoBa sa o6cy*lleHIIe BonpocoB, saTpoHyTbIX 

B CTaTbe. 
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