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Summary 

The covariant expression of the polarization density matrix, 
or the projection operator, for the arbitrary integer (19) or halfin
teger (36) spin is derived in an explicit form. 

The covariant formalisms of Pauli-Firz/7 I and Rarita-Schwin
ger/2/ are used for describing higher fields. 

The following notations and abbreviations are used: 1) in
stead of the density matrix averaged over polarization A j 1 ... fLP''I-·· ~-'J 
we shall write simply A : y • The same is taken for the pola-
rization density matrix PILi ; 2) the symbol 'J- p means summation 
over all permutations in the totality of indeces IL ; 3) in those 
cases, when the index labels have no meaning (for instance, when 
we have symrn.etry over these indeces) they are dropped; 4) when 
some tensors of the same type are contained under the symbol 
I the following abbreviation is introduced: 
ILP 

I t ... t, = I (t, )" 
fLP IL7 rn !LP r 

At first, we consider the density matrix A J 
fLY 

over polarization, for the integer spin. 
, averaged 

From relations (2) and (3) we obtain A~y in the form of 
eq.(10) or in the rest frame of the particle A~ in the form (11) 
( a, f3 = 1,2,3). J 

The operator of spin J s;,a1 ••• aJ (3 1 ••• {3J (it is noted 
by s /a f3 ) in the rest frame is defined by expression ( 12). 
There' are also introduced by (13) the irreducible spin-tensors 
s~·.~.; n• a 1 ••• aJ 13 1 ••• f3 J of higher ranks (they are noted by s I;; 13). 

The density matrix P~f3 for the mixing state in the rest 
frame of a particle has form ( 16) where the ab-
breviation w ~·.:Jp is given in the text; the coefficients b J are 

1, /J n 
given by formUlas (A.2) and (B.2) of appendices. 

VVhen we come back to the laboratory system, three-dimen
sional tensors ;p- turn under the Lorentz transformation to the 
four-dimensional tensors Sf •" , symmetrical and traceless above A 
and also orthogonal to the particle momentum. 

The components of SX·" are related with 57·" by (18). 
The tensors w (:;{3 are transformed into four-dimensional 

n { :;.8 defined in the text. 
' So, the polarization density matrix ~t 

form (19). It satisfies relation (21) but in the 
is of covariant 

relative meaning. 
formula (32) which From (27) and {24) we obtain a simple 

relate Ah112 with AJ+) . 

Ttl::; half-integ~~ spin J + l/2 operator is of the form (34). 

The covariant polarization density matrix P J + 112 satisfies. 
th.e. co?~ftions, ana.l?gous to. (22)-{30) and (37). If~-'is connected 
With p IL Y by relation ( 36) m which all the tensors S i + 1 • " 
are substituted by~J+ 7/2 ,n • It is clear that S}_+1, 2I+ 2 does 
not make any contribution to P J + 1/2 

IL v • 



I 
l 

Bae.aeHHe 

/1/ /3/ 
C Tex rrop, KBK MHwenb H BaATMaH (rro.apo6Hee eM. ) B 1955 

ro.ay rronyqHnH KOB8pH8HTHY~ M8TpHUy IInOTHOCTH HnH IIpOeKUHOHHhlA orre

p8TOp .ansi q8CTHU CO CIIHHOM J/2 , OH8 WHpOKO IIpHM9HS19TCSI .llnSI BhlqHC

neHHSI rronSipHaauHoHHhiX a¢¢eKTOB a rrpoueccax c yqacTHeM aneKTpoMar

HHTHhiX HnH cna6hiX B38HMO.ll9ftCTBHA/
2

•
3

•41 • 

npaBHna 06paweHHSI C M8TpHU9A IInOTHOCTH IIpOCTbl H IIIHpOKO H3B9CT

Hhlo 0HH IlO.llp06HO H3nO:>K9Hhl B UHTHpOB8HHOft nHTepaType. MeTO.ll M8TpH-

Ubi IInOTHOCTH MO:>KHO C O.llHH8KOBhlM ycrrexoM IIpHM9HSITb K8K B .llByxqac

THqHhiX1 T8K H B MHoroqacTHqHbiX IIpoueccax. npH Bh!COKHX 9HeprHSIX 9TO 

OC069HHO B8:>KHOo Vfcrronb30B8HH9 MaTpHUhl IInOTHOCTH II03BOnsteT Bb!qHc-

nSITb CIIHHOBbie KOppenstUHH • 

/5/ 
8 pa6oTe p8CCM8TpHB8nCSI BOIIpoc 0 KOB8pH8HTHOA M8TpHU9 rrnoT-

HOCTH .anSI IIpOH3BOnbHbiX CIIHHOB. ,llnSI OIIHC8HHSI qaCTHUhl CO CIIHHOM J 

HCIIOnb30B8nCSI T8K Ha3b!B89Mhlft 2J + J -KOMIIOH9HTHhiA cPOPM8nH3M 1 Bae-

/6/ 
.ll9HHbiA 8aAH6eproM • 6bin8 OIIHC8Ha o6wast CTpyKTypa M8TpHUhl IInOT-

HOCTH H H3nO:>K9H CIIOC06, ITO KOTOpOMy MO:>KHO H8XO.llHTb SIBH09 Bblp8:>Ke

HH9 M8TpHUbl IInOTHOCTH .anSI K8:>K.llOro KOHKpeTHOrO CIIHHa. Cno:>KHOCTb 

rrpHMeHeHHSI SToro MeTo.aa pacT~T c yaenHqeHHeM crrHHa. B pa6ore rrony-

qeHo stBHoe Bbrpa:>KeHHe MBTpHUhi rrnoTHOCTH .anSI crrHHOB 112 , 1 H J/2 • 

3 



+ 
/5/ 

KOMITOHeHTHhlit cpopM~H3M, HCITOnb3yeMbiit B ITpe.nc-

TaBnSieTCSI MeHee y .006HbiM .OnSI Bbi'IHCneHHit H o6na.oaeT pSI.OOM He.OOCT8T

/6/ 
KOB, OTMe'leHHb!X B 0 ITO cpaaHeHHIO C KOB8pH8HTHb!MH cpopManH3M8MH 

/7/ . /8/ 
0aynH-¢>Hpua H PapHTbi-lliBHHrepa o KOTOpbie HCITOnb3yiOTCSI B H8CTO-

SI!lleit pa6oTe. 

B .08HHOit pa6oTe ITOny'leHO SIBHOe Bbipa)KeHHe M8TpHUbl ITnOTHOCTH B 

KOB8pH8HTHOM BH.Oe .OnSI '18CTHU C ITpOH3BOnbHb!M CITHHOM. JlnSI ITOCTpOeHHSI 

M8TpHUbl ITiiOTHOCTH HCITOnb3yiOTCSI CBOitCTBa, BbiTeK810WHe H3 ee OITpe.oene

HHSI H H3 CBOitCTB BOnHOBOit cpyHKUHH. 

PesynbT8Tbi aToit pa6oThi .anSI cny'laSI MaTpHUhl ITnoTHOCTH, ycpe.oHeH-

HoA ITO ITOnSipH38UHH, .OnSI CITHHa 3/2 co.oep)K8TCSI, HaiTpHMep, B/g/ • He-

penSITHBHCTCKaSI ITOnSipH38UHOHH8SI M8TpHU8 ITnOTHOCTH .OnSI CITHHa 3/2 6bl

/10/ 
na ITOny'leHa B H HCITOnb30B8H8 .OnSI pac'I~Ta yrnOBbiX KOppenSIUHit B 

paciTa.oax -rHITepoHa. 

B ITepaoM ITaparpacpe .oaHHoit pa6oTbi ITony'leHo KoaapHaHTHOe Bbipa-

)i(eHHe ,anSI MaTpHUh! ITnOTHOCTH '18CTHU C uenbiM CITHHOMo 

Bo BTopoM ITaparpacpe rrony'leHa MaTpHua ITnOTHOCTH .anSI ITonyuenoro 

CITHHa. 0Ha Bb!p8)K8eTCSI ITpOCTOJ!: cpopMynol!: 'lepea M8TpHUy ITnOTHOCTH .OnSI 

uenoro CITHHa. H aiTHcaHa TaK*e MaTpHua ITnoTHOCTH .anSI aHTH'l8CTHU. YKa-

38HO, K8K H8XO.OHTb Cpe,aHHe 3H8'1eHHSI CITHH-TeHsopOB '18CTHUbi B KOHeq

HOM COCTOSIHHH ITO Bblpa)KeHJiiiO .OnSI aepOSITHOCTH ITpouecca. OepeqHcneHbl 

CBOl!:CTB8 MaTpHUbl ITnOTHOCTH 1 ITonesHb!e .OnSI Bhi'IHCneHHSI pasnH'IHblX upo-

ueccos. 

§1. UEnbifi Cfll1H 

1. MaTpHua ITnoTHOCTH, ycpe.oHeHHaSI ITO ITonSipHsauHSIM 

BonHOB8SI cpyHKUHSI '18CTHUbl C uenbiM CITHHOM J B HMITynbCHOM npa.o-

CT8BneHHH MO)KeT 6b!Tb 38ITHC8Ha B BH.Oe TeHsopa V ( p, A } 
/4/ IL(··ILJ 

paHra J • 3.oecb p - seKTop aHeprHH-HMnynbCa qacTHUhl; A 

ee CITHpanbHOCTb; 1L = 0,1,2,3. 

4 



3TOT TeH30p ClfMMeTpHqeH H lfMeeT Hynesoft cne.a IIO mo6oA rrape HH
( 

.aeKCOB, a T8K*e y.aosneTBOpHeT ycnOBifHM '4-rrorrepeqHOCTH H OpTOrOH8nb-

HOCTif: 

8 A.\' . 

3.aecb H /lll8nee IIO IIOBTOpHIOillHMCH HH.UeKC8M IIpOH3BO.UHTCH CyMMH-

posaHHe. 

8 CHCTeMe IIOKOH '18CTHUhl OTnlf'IH8 OT HynH TOnbKO IIpOCTpaHCTBeH-

HaH '18CTb BOnHOBOft ¢yHKUHH , r.ae .. 1,2,3. v 
a r'" aJ 

~aTpHU8 IInOTHOCTH .anH IIOnHOCTbiO IIOnHpH30B8HHOrO HnH 'llfCTOrO 

COCTOHHHH OIIpe.aenHeTCH cne.ayiOillHM o6pa30M: 

(p,>.. ). 

~aTplfU8 IInOTHOCTH .UnH IIOnHOCTbiO HeiiOnHpH30B8HHOro COCTOSIHifH eCTb 

pe3ynbT8T ycpe.aHeHHH IIO A p J' A 
f.L , ... f.L J yl ... v J 

_l_ i p J,>.. 
2J + J f.L • .. f.L II ... V 

>..=-J 1 J 1 J 

AJ 
f.L "'f.L v ... v 

I J 1 J 
J 

0TCIO.U8 H H3 CBOftCTB BOnHOBbiX ¢yHKUHft BbiTeK810T CBOftCTBa fl. • 
f.L1"'f.Lfr'" vJ 

~aTpHua IInOTHOCTH CHMMeTplf'IH8 IIO COBOKYIIHOCTSIM HH.UeKCOB f.L H v i 

( 1 ) 

0 , (2) 

5 



(3) 

(4) 

(5) 

KaK 6y L[eT rroKaaaHo, ycnoBHSI ( 1) - ( 3) OLlHOaHaqHo orrpeL!ensuoT BHLl 

A J 
liJ'''IiJ VI ... v J 

HHe: 

0 II08TOMY LlOn:lKHO T8K:lKe BbUIOnHSITbCSI COOTHowe-

AJ-1 (6) 
/ll•"/l.JVJ ... vJ 

n pe:lKL[e qeM . rrepeii:TH K IIOCTpOeHHIO ycpeL[HeHHOA IIO IIOnS1pH38UHH 

MaTpHUbi rrnoTHOCTH, cneLlyeT L!OrosopHTbCSI o6 o6oaHa qeHHHX. BMecTo 

AJ 
J 

6y L[eM KpaTKo rrHcaTb All v • AHanorH'IHO 6y-
ILJ "' llJVI'" VJ 

L[eT 38IIHCb!B8TbCSI IIOnS1pH38UHOHH8SI MaTpHua. 3H8K ~ p 03HaqaeT CyM-

MHpOB8HHe IIO BCeM rrepeCT8HOBK8M HHL[eKCOB H3 cosdiynHOCTH /l (BKniO-

'1851 H Te nepeCT8HOBKH 0 OTHOCHTen.bHO KOTOpb!X Bb!pa:lKeHHe CHMMeTpH'IHO). 

8 Tex cny'I8SIX, KOrL[a HOMepa HHL[eKCOB He HrpaiDT HHK8KOII: ponH (HaiipH

Mep, KOrL[a IIO 8THM HHL[eKC8M HMeeTCSI CHMMeTpHSI) 0 HHL[eKCbi '18CTO Hy

MepOB8TbCSI He 6yLlyT. EcnH K8KOii:-HH6yLlb TeH30p IIOBTOpSieTCSI IIOLl 3Ha-

KOM ~ , TO 6yneT HCIIOnb30B8HO COKpaweHHe THII8! 
p 

11. 

~ t ... t 
11. P f.L I lin 

PacCMOTpHM Teiiepb HeiiOnS1pH30B8HHOe COCTOSIHHe '18CTHUbl B e~ CHc-

TeMe IIOKOSI. CornacHO ( 1), B 8TOM Cnyqae OTnH'IHa OT HynSI TOnbKO IIpOCT-

paHCTBeHHaSI qacTb A J 
/l.V 

, KOTopyiO o6oaHa'IHM ( -1) J A J 
af3 
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)KHTenb ( -1) J BBeLleH LlnSl y Ll06cTaa. A a}/3 yLloBneTBOpSleT ycno-

BHSIM (2) H (3): 

(7) 

J ' 
(8) 

A J 
a.f3 

'ITO 

HHBapHBHTHB OTHOCHTenbHO npOCTpBHCTBeHHbiX ilOBOpOTOB 0 TBK 

A J MO)KeM cTpOHTb TOnbKO H3 8 f3 8 
af3 a aa 

H 

EcnH aepHyTbCSl B na6opaTOpHyiO CHCTeMy OTC'I~Ta, TO 8a f3 nepeALl9T B 

-p = - ( g - p p I m2.) 
' 

rLle 

llll llll 
AJ ll II 

TaKHM o6paaoM, cneLlyeT CTpOHTb H3 
llll 

CBMbiM ( 1 ) BblilOnHSieTCSl BBTOM8TH'IeCKH. 

B o6weM BHLle MO)KeM HanHCBTb: 

AJ 
llll 

J . 
.:!_+(-J} -J 
2 4 

~ 
lc=O 

m 

p 
llll 

VIa ( 2) BbiTeKaeT peKyppeHTHoe cooTHoweHHe LlnR 

( J- 2k + 2)( J - 2k + l ) J 

- Macca 

I p 

J a 
lc 

llll 

J a 
lc 

----------~-------- a 2k ( 2J -2k + J ) lc- J 

0TCIOLl8 nonyqaeM, 'ITO 

J!(2J-2k-J)!! aJ 

lc ! ( J - 2k ) ! ( 2} - l) !! 
0 

a ~ MO:lKJIO HaiTH K3 ( 3) KnK ( 5) 

aJ 

0 ( 2} + J) ( J ! ) 2 

7 
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TaKHM o6pa3oM, 

J (-l/-1 -+--
2 4 (-Jf(2J-2k-J)!! 

----- ~ ~ 
J !(2J+ J)!J k=O 2k /c !( J -2k)! f.L•V p 

( p ) ( p ) ( p ) • ( 10) 
f.Lf.L k vv k f.L v J- 2k 

B cHcTeMe noKOSI qacTHUbi HMeeM: 

>..J 
a/3 

J 
.:!_+(.::lL..=.I 

___ 2 ~4 (-lJ,.(2J-21c-l)!!!, (8 ) (8 ) 

J!(2J+l)!! k=O lk!(J-2/c)!a,fjP aa k {3{3 k 

2. n 0 n S1 pH 3 aU H 0 H H a Sl MaT pH U a ll n 0 T H 0 C T H 

( 11) 

Caaqana paccMoTpHM cucTeMy noKOSI qacTHUhi. OnepaTop cnuaa 

(HnH KOpOTKO S J ) onpe,LlenHM TaK: s J 
i, a ... a {3 · ·· {3 

I J I J 
i, a {3 

~ -i e (8 ) • 
J! ( J -lJ ! a. {3P i a {3 a {3 J - J 

(12) 

CMeWaHHOe COCTOSIHHe xapaKTepH3yeTCSI cpe.LlHHMH 3HB'IeHHSIMH 2) 
/11/ 

HellpHBO.LlHMbiX CllHH~TeH30pOB 1 KOTOpbie Mbl nocTpOHM H3 onepaTopa 

cnuaa (12). CnuH-TeH3op paHra n onpe.LlenHM cne.LlyJOWHM o6pa3oM: 

= (21-n)!~ J J J 
sJ,n (2J)!n! ;P s,taysi2,yp···s;rlaf3 

i ... 1 , a ... a {3 ... (3J 
J n l J I 

+ (13) 

+ qneHbi, co.Llep:>Kawue 8 11 

He BblllHCBHHble 3,LleCb SIBHO qneHbl TBKOBbl, 'ITO cne,Ll S J, n no 
i, a/3 

n10601t nape HH,LleKCOB paaeH HynJO. KpoMe TOro, ace OHH CHMMeTpH'I-

Hbi no 

S J ,n 

,1 ... 'n ,al ... a Jf31 ... {3 J 

S J • n 

I, a {3 

8 



noKa:>KeM, 'ITO cnHH-TeH30pbi S J,n 
i,a {3 J ynoaneTaopRIOT cneny10-

ll.{eMy COOTHOWeHHIO: 

s J, n 
i,ay 

$ J, k 
;, y{3 

0 

npH ycnOBHH, 'ITO n f, fc • 3To cnenyeT H3 TOf'O, 'ITO n106oll TeH30p 

t. . . . 
I J'" 'n I l ... I k 

, noCTpOeHHbiJl H3 0 i i , 0 i i 0 i i , CHMMeTpH'l:-

Hbill no ; H no H HMeiOwHA HyneaoA cnen no n106oA nape i 

HnH , TO:>KnecTaeHHo paaeH HyniO, ecnH n f, lc 

.[leACTBHTenbHO, ecnH (- J) n -k = - ) TO cnpaaennHBOCTb y~ 

aep:>K neHHH O'l:eaHnHa. EcnH :>Ke ( _ 1 ) "-k = J , TO 3armcaa TeH3op a BH-

ne k 
lL + !=..IL=l 
2 4 

t I ... i i ... i 
~ 

m=O 
d ~ (o .. J ,_(o .. J (o .. J (o .. Jk 

m if P II !!,: 11 m 11 m 1J -2m 
l n l k 2 

(nycTb n > lc ) , yMHO:>KHM ero Ha 

na nonyqHM d 
m 0 nnH acex m 

J 
pa{3 

'l:aCTHUbl llOn:>KHa yllOBneTBOpSITb ycnOB!{SIM (7), (8) H, 

HOWeHHIO: 

s J' n 
i, {3a 

s J, n 

i l "' 1 n 

-

B CHCTeMe noKOSI 

KpoMe Toro, coo~ 

(15) 

3necb s J,n 
; ... ; 

-cpenHee 3Ha'l:eHHe cnHH-TeH3opa paHra n a naH-

HOM COCTdSIHH':r, S J' n 

i l'" in 
HMeeT 2n +· J He38BHCHMYIO KOMnoHeHTy, Bee 

2J CnHH-TeH30pOB HMeiOT B CyMMe 4J ( J + J 

H non:>KHO 6biTb nnH nonHpH38UHOHHOJl M8TpHUbl nnOTHOCTHo 

B HaH6onee o6meM BHne, ynoaneTBOpHIOmeM (7l 

3anHcaTb cnenyiOmHM o6pa3oM: 

9 
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p J 
af3 

2J 
( ~ 

n=O 

SJ,n W J,n ] 
I, yp 

3.uecb aae.ueHbi o6osaaqeHHH: 5 
J, n. = 5 J, n 

I r·· In ; 

J,2k 
w 

l,yp 
=~ 
i,y,p 

WJ,2fc+l=~ 
l,yp p 

e (8.) (8. ) (8 ) • 
I y p I y It I p It y p J -It - 1 

( 16) 

Koa¢¢HuHeHTbl b J aaxo.UHTCH HS paaeHcTsa ( 15) H .uaJOTCH ¢op-
n 

MynaMH (A.2) H (B.2) npHno:>KeHHA A H B. 

Vfcnonb3yH pesynbTaTbi, nonyqaeMbre s npHno:>KeHHH C, MO:lKHO TaK:>Ke 

sanHcaTb s cne.uyroweM BH.ue: 

l 2J 
=AJ +--(~ 

af3 2J + J n=l 
s J' n 

I 
S J, n 

i,ay ( 17) 

Koa¢¢HuHeHTbi onpe.ueneHbl ¢opMynaMH ( C.2) H ( C.3). Bbipa-

:>KeHHe (17) 6onee, CHMMeTpHqH0 1 HO MeHee y.uo6HO B npaKTHqeCKOM OTHO

u.reHHH1 qeM ( 16). 

nepeA.ueM Tenepb B na6opaTOpHyiO CHCTeMy OTCql!Ta. 3.uecb Cpe.UHHM 

SHaqeHHSIM cnHH-TeHSOpOB COOTBeTCTBYIOT 4-MepHbie TeHSOpbl 

S J, n , CHMMeTpHqHbre no HHLleKcaM A H HMerowHe aynesoA cne.u 
A 

no nro6oA HX nape. B CHCTeMe nOKOSI npOCTpaHCTBeHHbie KOMnoHeHTbl S J, n 
A 

.uon:>KHbi 6biTb pasHbl 1 a BpeMeHHaSI H CMewaHHble KOMnoHeHTbl 

- aynro. 0Tcro.ua cne.uyeT, qTo 

10 



s:·" o • 

(-1)"( s.J.n )2 
I 

KoMnoHeHThl 
S J, n 

A CBSI38Hhl C 
J, n 

s; cne.ayJOWHM COOTHOWeHH-

eM 

lc 
SJ,n =l: 
'r·' ,p ... o f=o 

(18) ------- p ••• p p ···P • 
1 1c f i1 in ° if+ J ; 1c m" (c+mJ - ....(. 

TeH30phl w Jl 'n B na6opaTOpHOA CHCTeMe OTC'I~Ta nepeA.UyT B .py 
4-MepHhle TeH30phl 0 J, n , HMe!OWHe BH.ll A,a8 

0 J, 2/c 

A,u8 

Tenepb Mo:>KeM aanHcaTb nonHpHaauHoHHyJO MaTpHuy nnoTHOCTH B Ko-

B8pHaHTHOM BH.Ue: 

2J 
[ l: 

n=O 
(19) 

nocMOTpHM Tenepb, He cymeCTByeT nH .llml p J COOTHOWeHHS1 0 aHano-
j.LV 

I'H'IHoro ycnoBHIO ( 6) .anSI A tv • .llnH SToro Heo6xoaHMO, 'IT06hl B 

<.:HCTeMe fiOKOSI: '18CTHUbi 

"' 

5
J-J.n J-l 
i,f3a paf3 

x/ (20) 

3To paBeHCTBO 'IHCTO ycnOBHOe. 0HO MO:>KeT BhlfiOnHSI:TbCSI: nHWb npH 

;T.ft = ;-r=-r;-n j B npOTHBHOM cnyqae OHO OTpa:>KaeT nHWb paBeHCTBO 
r ; 
KO~HUHeHTOB npH CfiHH-TeHaopax. 

11 



Cor nacHo ( C.2) H ( C.3) , HMeeM: 

S J, n J 
t::. p a{3 l,,_,a 

c J w J," p J 
n i, {3a a{3 

CJ 
$ J-l, "( p J 0 

I, {3a af3 "J 
J-1, n ( J ., ) 

--'L- S, {3 p u 
c J-1 '• i.l af3 aJ f3 J 

) . 
f3J 

3THM (20) 
n 

.n:oKaaaHo, H pJ 
p.v y JJ:OBneTBOpHeT COOTHOWeHHIO 

=P J -l 
p.v 

B TOM CMbiCne, 0 KOTOpOM I'OBOpHnOCb BbiWeo 

(21) 

3aMeTHM 1 'ITO 3TO paBeHCTBO eCTb cneJJ:CTBHe TOA HOpMHpOBKH, KOTO

pag 6brna Bbi6paHa .n:nH crraH-TeHaopoB ( 13). 

MaTpHU8 IInOTHOCTH JJ:nH peweHHA, COOTBeTCTByiOIUHX OTpHU8TenbHOA 

'IBCTOTe, HMeeT BHJJ: 

( p J ) * 
p.v 

§2. nOJ1YUEJ1biH cnHH 

1. MaTpHua rrnoTHOCTH, ycpe.n:HeHHaH rro rronHpHaauHH 

PacCMOTpHM 'IBCTHIIY C IIonyuenbiM CIIHHOM J + J/2 • .[lng eA OIIH-

/6/ 
CBHHH 6y .n:eM IIOnb30B8TbCH QJOpManH3MOM PapHTbi-lliBHHI'epa 1 B KOTOpOM 

BOnHOBBH QJYHKIIHH 'IBCTHilbi B HMIIynbCHOM rrpeJJ:CT8BneHRH HBnHeTCH TeHao-

poM paHra J U ( p, A ) 
ll(''ll J 

eCTb 1 KB)K.lJ:BH KOMIIOHeHTa KOTOpOI'O 

6HCIIHHOp 1 IIOJJ:'IHHHIOLUHACH ypaBHeHHIO .[lHpaKa: 

-m } U (p , A } = 0 
ll(''llJ 

3.n:ecb H .n:anee CIIHHOpHbie HHJJ:eKCbl OIIyCK8IOTCHo TeH30p CHMMeTpH'IeH. H 

HMeeT HyneBoA cne.n: IIO ni06oA rrape HHJJ:eKCOB p. • 

12 



KpoMe Toro oH .uon:>KeH y.uoaneTaopSITb ycnoaHIO: 

.f 
u (p,>..) = 0 . 

IL1 · • • IL J 

Ha aToro paaeHcTaa H ypaaHeHHSI JlHpaKa cne.uyeT ycnoaHe 4-none-

peqHOCTH: 

p u (p,>..) = o. 
llr ~LJ···ILJ 

HMeeTcH T8K:>Ke ycnoaHe opToroHanbHOCTH: 

UIL ···IL (p,>..) u IL ... ILJ (p,>.. ') 
l J 1 

(npH T8KOA aanHCH KB8.Llp8T HOpMbl BOnHOBOA cpyHKUHH paaeH He 2f 1 K8K 

npHHHTO, a E I m • MaTpHua nnoTHOCTH noaToMy 6y.ueT HopMHpoaaHa Ha 

1 ) • 

MaTpHU8 nnOTHOCTH .UnSI 'IHCTOI'O COCTOSIHHSI no onpe.ueneHHIO 9CTb: 

p J+t,>.. 
llz .. ·ILJ v r vJ 

(p,>..)U (p,>.. 
v( .. v J 

Tor.ua MaTpHua nnoTHOCTH, ycpe.UH9HH8SI 

J+-l 
~ 2 

2(J + J) >._,-J-.1 
2 

no nonS1pH38UHH 1 HM99T BH.Ll: 

0Ha CHMM9TpH'IH8 no HH.L19KC8M jL H V 

HHSIM: 

" J+...l.. J+_]_ 
( fl-m) A 2 =A 2 (p -m 

jl.V jl.V 

J+_.l 
A 2 

jLV 

A J+-t = 0 
jl.V 

13 

H y .LlOBneTBOpS19T COOTHOllle-

0 , ( :.!2) 

(23) 

(24) 



J+ 1 
g A T 

J+ l 
g A 2 = 0 , . 

111112 Jl j/ "'1"'2 Ill/ 

Sp 
J+~ 

A 2 = J , 
llJl 

J+J. 
Sp A 2 = 

Jlll 

J+.l. 
g A 2 

llJ"' J llll 

J+~2 J+_l 
A A 2 

ll >.. .>w 

I 
J+-z- + 

Y (A ) Yo 
0 /lll 

AJ 
Jlll , 

J- ...1 
= A 2 

ll" 

J +.L 
A 2 

2(J+J) ll" 

J+__l 
A 2 

ll ll 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

3H8KH B3SITHH cne.oa B ( 26) H ( 27) H 3pMHTOB8 COllpSI)K9H.HH .ll9ftCTByiOT 

TOnbKO Ha CllHHOpH.ble HH.ll9KCbio 3To OTHOCHTCH H K .llBnbHeAweMy • 

~ Ha ( 22) cne.oyeT, 'ITO HMeeT MecTo paseHcTao: 

J+_l 
A 2 

Jll" 

= l .. J+~ ~( 2 
4m2 p +m) A 

J+~ Ill/ 

" ( p +m ) (31) 

CnuHopHyiO 'IBCTb A 2 
Ill/ 

a npaaott 'IBCTH (31) paano*HM no nonHoMy 

Ha6opy HeaaaHcHMbiX sneMeHTOB anre6p&I .llupaKa, a KB'IeCTBe KOToporo 

B&I6epeM cne.oyiOI..I.mA: 

I , Y>.. ' y s Ys YA aAa 

.HcHo, 'ITO ua acero Ha6opa MO)KeM socnon&aoBBTbCH TonbKO I 

CooTHoweHHe (31) Tor.oa aanuweTcH a au.oe: 

J+..l.. 

H a • 
A a 

A 2 = (j;+m)(L +M a )(p"+m ). 
4m2 Jll··· Jl.J "1· .. vJ ll j"" Jl J "1 ... "J+J ll J+ I"' .1+ 1 

i 
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, 

' 

I 

r 

Ha (27) cpaay nonyqaeM: 

L =-1 AJ 
Jll•••/ljlf''VJ 2 JlV 

HaXO.LlHTCSI H3 (24): 

COCTOSIHHA 

qaCTHU C uenbiMH H nonyuenbiMH CllHHaMH CBSI3aHbi O'I9Hb llpOCTbiM COOT-

HoweHHeM: 

A 

J+_L 
2 

JlV 

J+l 
A y y 

J1 v !lJ+I VJ+l 

B cHcTeMe noKOSI qacTHUbi HMeeM: 

J+..L 
,\ 2 

Q./3 
_j_ J+l 

2 Aa/3 

a - 3.Ll9Cb MaTpHUbi naynH. 
a 

,, 
p +m 

4m 

2. n 0 n H p H 3 a U H 0 H H a Sl M a T pH U a n n 0 T H 0 C T H 

B CHCTeMe noKOSI qacTHUbi onepaTop nonyue·noro cnHHa J + 

.Ll9nHM TaK: 

J+..L 
$ 2 
I, af3 

J+.l.. • n 

(32) 

J 
2 

onpe-

(34) 

CnHH-TeHaopbi s 2 
I, a/3 

onpe.LlenHM aHanorH'IHO uenoMy cnHHy: 

J+-t,n (2.l+J-n)! J+ I J+-t $ J+~ 
$ l: $ 2 $ ••• + (35) 

l,af3 (2./+])!n! I P il,ay 1rYP ln,a f3 

+ qneHbi, CO.Ll9p)KaWH9 8 .. 
I I 
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·~ ~ 

J+ l n 
Cpe.aHee aHa'leHHe cnHH-TeHaopa s . 2 ' B na6opaTopHol cHc-

' J+..l.. n 
TeMe OTC'I~Ta nepexO.llHT B 4-MepHhll TeHaOp S 2 ' 1 KOMllOHeHThl 

-~,n A SJ,n 
KOToporo Bhlpa:>KaiOTCSI qepea s 

1 
2 TaK :>Ke,KaK A qepea 

s--r;n-
1 

B !j:JopMy ne ( 18 ). 

noKa:>KeM 1 'ITO llOJistpH38UHOHH8SI M8TpHU8 fiJIOTHOCTH 

C p J+l COOTHOWeHHeM, aHaJIOI'H'IHbiM ( 32): 
j.LV 

J+..L J+ I " x/ p + m p 2 = p y y 
j.LI/ 

jll/ llJ+ I v J+ I 4m 

PJ+-f 
CBSI3aH8 

j.LV 

(36) 

J+_L 
B TSKOM BH.lle p 2 y .llOBJieTBOpHeT YCJIOBHSIM (22) - (30), HO Hy:lKHO 

tLV 
llOK838TI:t1 'ITO BbiiiOJIHsteTCSI T8K:>Ke cne.ayiOwee Tpe60B8HHe: 

r.ae 

J+-},n 
Sp 5 ;, {3a 

J+ _L 

p a {3 2 

1 
J+T 

Pa{J 
I J+l 

= 2 p"{3 

J+..L 
<= S I 2 • n 

a 
"J+ I a {3 J+ J 

(37) 

npHHHM8SI BO BHHM8HHe1 'ITO nocne ynpoweHHSI CllHH-TeHaopa M8TpHUhl nay-

JIH ' a; He .llOJl:lKHbl OCT8TI:tCSI B CTeneHH 1 60JI&Wel e.aHHHUhl ( HHaqe 9TO 

.a acT 5 
11 

) , nerKo nony'IHT&: 

J+...L, n 
2 Sp [ 5 1,{3a 

J J+ I 
-p a 
2 afj ".J+ I 

a ) 
{3 J+ I 

J, n J 
5 1,(3a p a{3 

TaKHM o6paaoM, cnpaae.anHBOCT& (36) .aoKaaaHa. 

--r;;;-
5 I 

npHBe.aeM T8K:>Ke .apyrol BH.ll M8TpHUhl fiJIOTHOCTH 1 ·aa:aJIOI'H'IHbdl Bhl

pa:>KeHHIO (17): 

x/ 
3To paseHCTBO HMeeT yCJIOBHhll CMbiCJI. no.apaayMeBaeTCSl 1 'ITO B p J+J 
BMeCTO S {+1, n fiO.llCT8BJieHbl S t+-t, n HJIH OHH npOCTO paBHbr.v 

Koa!jJ!j:JHnHeHT npH s~+l. 2)+2 paaeH HYJIIOo 

i 
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1'-)' 
; 

.. 

J+..l. 
p 2 
G{j 

>..J+t 
G{j 

3nec& b J+-} H 
n 

Ha 2J + I 

I [2J~+2 
+-- ~ 

2(J+ J) ""' J 

CJ+-} 
n nony"'aiOTCSI H3 H 

J 
c n 

aaMeHol 

11a (17) H (38) cnenyeT, 'ITO cpen&ee aHa"'eHHe KsanpaTa crrHH-TeH-

aopa paara n pasHo 

3nec& s 

( s s,n ) 2 '=(Dl+ l)(2s+l) 
j' G {3 

- uenoe HnH rronyuenoe. 

s c 
--"-

npHseneM 8hlp8:>K9HHe nnSI M8TpHUhl rrnOTHOCTH 1 COOTB9TCTBYIOW91 

peweHHSIM C 0TpHU8T91i&HOI "18CTOTOI: 

p -m 

4m 

B aaKniO"'eHHe aaMeTHM, 'ITO ecnH Bbipa:>KeHHe nnSI sepoSITHOCTH npo-

U9CC81 B KOTOpOM po:>KnaeTCH "18CTHU8 C rrpOH3BOn&HblM uenbiM HnH rronyue-

nblM CITHHOM s 1 HM99T BHn: 

.. 1 
2s 

+ l: 
n= J 

s, n 
s; 

T n 
; 

(39) 

rne T " "'T " K8KHe-To TeHaopbi c paBHbiM Hymo cnenoM, TO H3 
I ll ... In 

~opMyn (17) H (38) cnenyeT, qTo cpenHHe aHaqeHHSI crrHH-TeHaopos qac-

THllbl B KOH9"1HOM COCTOSIHHH p88Hbl: 

--s,n 
s I (2s + l) 

s 
c 

n 
n 

rl (40) 

AsTOP rny6oKO 6naronapeH n.l1.narrHnycy, oopaTHBWeMy ero BHH

M8HHe Ha paccMoTpeHHyiO aanaqy, B.E.KorrenHoBH"'y H M.l1.illHpoKosy aa 

noneaHble o6cy:>Kn&HHSI. 
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npHnO:>K9HHe A 

113 ycnosHsr (15) HBA.lleM xosQ:>Q:>HuHeHTW 

'ITO p8B9HCTBO ( 15) MO:>KHO nepenHCBTb TBK: 

b J 
2lc 

• 113 (14) cne.llyeT, 

bJ SJ, 21cli.J wJ· 2"AJ 
21c J,f3a ay l,yp pf3 (2/cJf2;~P (o,; J21c 

J 
(A.1) 

3.llecb H B .llMbHeAwHx npeo6pa3oaaHHsrx (A. I ) qneHbi, CO.llep:>KawHe 

8 II HnH 8 j j , OITyCKBIOTCR, TBK KBK OHH .llBIOT HynesoA BKnB.ll B ( }5) • 

no STOA npHqHHe H B CHny ycnOBHSl ( 2) s f ,f3n B (A.}) MO:>KHO 38-
/, a 

MeHHTb Ha c J w J, 21c • Kos!l>!l>HuHeHT c J 
~ ;,f3a 21c 

.ll89TCSl Q:>opMynoA 

( c.2) npHno:>KeHHSl c. Bbipa:>KeHHe w /· 2" B nesoA '18CTH ( A.l) MO:>KHO 
J+" ,yp 

38MeHHTb Ha J/ I f1c ~ P 
I 

HO l; AJ+Ic ). 
1 P yl,pi 

l: A J+lc 
; p yl,pl 

:>KHTCSl B 

A 1 • • • ( HnH coxparueH-Yl· .. YJ , ... 'lc•Pl···PJ'Ic-t-l"" '21c 

I i1c -xos!l>!l>HuHeHT, c KOTOpbiM J,n 
w. 

'•YP 
CO.llep-

8 pe3ynbT8Te STHX 38MeH nesasr '18CTb (A.1) npHo6peT89T BH.ll: 

J J 
b21c c 2lc 

IJ 
~ 

b~lcc :lc 

I J 
]/< 

bJ J 

D" 
I J 

2lc 

bJ J 
~ c 2lc 

J J 
b 2!< c~ 

WJ, 2lc A J 
i.f3a ay 

l: A J+lc 
; p yl, pi 

A J 
pf3 

J, 2lc J + " 
w. f3 }; A 1 . 

1. aT P Y•P' (2J+J)2 

( J!) 2 

(2J+J)2(k!)2 

lc,21c ~ 
w 1, f3a r P 

2lc 
Aai' f3i 

I" 
2ls. 

IJ 
2lc 

J! 
(---

k !( 2J + l) 

I" .....3!: ( k!J! 

I~ 2J + l 
/ 

i 18 

2 "· 2lc 
) w. f3a 

I· 

lc,21c 
w l,af3 

l: ( 0 ;; J 2lc 
lj p 



0THoweHHe 12~ 
J 

I I 2lc 

BoaBpawaSlc b K ( A.1 ) , nonyqaeM 

J lc 2J+Ic 
b21c =(-l} 2 (A.2) 

( 2J + 2/c + 1) ! ( 2J- 2/c) ! [(2/c)! ) 3 • 

npHnO}!{eHHe B 

B cnyqae cnHH-TeHaopa He'll!THoro· palira 2lc + l MO}!{HO nepenHcaTb 

( 15) cne.nyiOIUHM o6paaoM : 

b J 5 ~· 21c + 1 , J J, 2lc + I .\PJ ~ = I ~ ( j) ) ( ) 
21c+1 1.{3a "ay wl,yp ,.. (2/c+Jf! l,j p IJ 2lc+l. 8.1 

neByiO 'lSCTb 9TOrO paBeHCTBS npeoopaayeM aHanorH'lHO TOMy, KSK 

:aTo oblno c.nenaHo B npHnO}!{eHHH A, onSlTb onycKa.H qneHbi c:: 8 
11 H 8

1 
. 

. I 

b J J J, 2lc+ 1 .\ J (U J, 2lc+ 1 .\ J = 
2k+Jc:Jl<+lwj,(3a ay l,yp p{3 

J J 
b21c+ 1 c 21c+ 1 1. 

I J+ 1 (21+1)2 

11< + 1 

(U J, 2lc+l 
;, {3a 

~ 
j p 

e .\ J+lc+ I 
1 a lil

1
,{3

1 "J+I'"' J +I 

= b~lc+zciL+l 2(1c+l)tlct(JtJ212~:_2,fl~+l' t,TP (8;; J21c+J 

J+l . J+l+lc f - K09cpcpHUHeHT, C KOTOpbiM ~ I e .\ I I 
2lc+1 ; P 1 YJ+lPJ+I Y •P 

co.nep}!{HT w:• 11<+1. OH .naeTc.H cpopMynol (.Ll.6). OKOH'laTenbHo H3 
'•YP 

nony'laeM: (B.1) 

(4c+3)![(2J+l)!! 12 

( 2J+ 1c+2)![(21c+ 1)! J.lV-2/c-l)! 

19 



npHnO}KeHHe C 

8bl'IHCnHM Koa4J<PHUHeHT C lJ k 1 C KOTOpbiM <U !• l{3k co,nep-/, a 

}KHTCSI B S J, 2k • Y1e TOf"01 KBK 6&InH BBe.neHbl CnHH-TeHaOpbi s J, 2k 1 
f,af3 J i.afj 

cne,nyeT1 'ITO ,nnSI HBXO}K,neHHSI C lk ,nOCTBTO'IHO orpaHH'IHTbCSI TeU 

'lneHOM J,2k 
s /,a {3 

(2J -21c )! l: 
( 2J) !( 2lc) ! ; 

1 KOTOpbii BblnHCBH SIBHO B ( 13): 

-ie · ; "Y _, e . 
l ( fj ) j ( I 2kCT {3 

J!(J-J)! ay J-l ••• J!(J-J)! (8u{3)J_ 1 ]. (C.l) 

3TO Bblpa}KeHHe o6na,naeT TeM O'leBH.QHbiM CBOICTBOM 1 'ITO rrpH YMHO}Ke-

HHH Ha 8 aa nony'laeTCSI TeH30p1 co,nep}KaiUHI 8 {3{3 • 21c COMHO}KHTe-

nel a ( C.l) paao6&eM nocne.noaaTenbHO Ha k nap. Ka}K.nyiO napy npe

o6paayeM, Hcnonb3yH 4JopMyny: 

e e 
a{Jy ijk I 

8 . 
a• 

det 8{3
1 

8 . 
Y' 

8 
a/ 

8{3; 

8 . 
Yl 

: ak I 
{3k 

8 
yk 

H npoae,neM B Hell CyMMHpoaaHHe no noBTOpSIIOIUHMCSI HH.QeKcaM. Y'IHTbiBaSI 

ynoliHHyToe 

(J)J. 2k 

CBOICTBO (C.l) H OCTSBnSISI TOn&KO 'lneHbi 1 ,naiOIUHe BKna.n B 

, nepeMHO}KHM Tenep& napbl nocne.noaaTenbHo cneaa Harrpaao 

f, a {3 
H Hal,neM KOS4>4JHuHeHT 

J 
elk 

K oa4>4JHuHeHT 

CJ 
2k 

c J 
2k+ I 

(-J)k 2 2J 
(C.2) 

2k (21c)! [(2})!!]2 

1 C KOTOphiM s J • 11<+ J co.nep}KHT w/.2/tt-l, 
l,a{3 l,af3 

HBXO.QHTCSI aHanOf"H'IHbiM n)i'l'eM. nepabie 21c coMHO*HTeneA npeo6paayiOT-

CH TO'IHO TaK }Ke, KaK STO 6binO TOn&KO 'ITO c.nenaHo, a aaTeM peayn&TaT 

yMHO}KaeTCSI Ha nocne,nHHI MHO}KHTen&. 
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'f 

B peaynbTSTe rronyqaeM: 

c 

npe.LlCT8BHM 

~ A J+k 
I P al, fJi 

J 

2k+ J 

(-l)k+l 22J 

2k+l (2k+J)![(2J)!!]2 

A J+ k 
ai, {3i 

+ g J ~ ( 8 ) (8 J (8 J 0 0 + 
2kt,a.fjP Ia k if!k Q.j3J-k-2aa {3{3 

+ It~ ;,:.B p ( 0 ia ) k -l ( 8 I f3 ) k+ 1 ( 8 af3 ) J-" -l 8 aa 

(C.3) 

Cu.t > 

+ 

+ h:k1,~f3P ( 8 ta)k+1 1 ~1f3 )k+l (l)af3JJ-k-1 8 {l{3 + 

rrmoc OCT8nbHbie 1 He HHTepecyiOWHe H8C qneHbio CooTHOWeHHSI Me:>K.ay KO-
J J J 

9qxpHuHeHT8MH f2 k , g. 2 k , h 2 I( rronyqaiOTCSI H3 ycnQBHSI ( 7)! 

J k(J-k) J 
h2k = - flk 

2J -1 
(Jl.2) 

J (J-Ic)(J-Ic- J) 2k(k +0 J 
g2k 2(2J - J } [ J - 21 -1 flk (Jl.3) 

YMHO:>KHM Terrepb ( .ll.l ) cneea H crrpaea Ha 8 f3 • Vfcrronb3yH (Jl.2) aJ J 

H ( Jl.3) 1 rronyqHM peKyppeHTHOe COOTHOWeHHe 

J 4(2J-l).
2 

Ilk= (2J-2k)(2J-2k- J )( 2J +2k +l )(2J+ 2k ) 

21 

J-1 
flk ( .ll.4) 



_____________ ... _. __ _ 

0TCIO.lla cpaay nonyqaeM 

lc 

f 2lc "' ----J-

f21c 

[(2/c-1)!!]
2 

[(2J-1)!!]
2 

(2J-21c)!(2J+2lc+1) 

22J-21c (4/c +1 ) ! 
( .Ll.5) 

H at.lleM Tenep& KOScppHUH9HT0 C KOTOp.&IM TeHaop 

• .\ J+ J + lc 

J,21c+l 
cu 1, a {3 CO.llep:lKH TCSI 

B 1P 1 eiaJ+lf3J+l a1,{3i 

Onycxas HeHy:lKH.&Ie qneH.&I, Mo:lKeM HanHcaT&: 

r p 
• J+l+lc 
1 e Ia A A 1 IJ "' l: J+r J+J a .~t 1 P 

J+J 
ieraJ+f3J+J[ l21c!;f3P (8,a)lc (8,{3) lc (8af31J+l-lc+ 

+ g J+J 4.. (8 ) (8 IJ)Ic (8 ll)J lc ,s 8{:).{:). "' 
21c afJp Ia lc 1 ~ a~ - - aa ~~ 

lJ+1-Ic)( J-lc) (2J-t21c-t3)(2)+1 -lc) 

(2J + 1 ) 2 

f 
22 

I J+l J,21c+l 
21c cu l,af3 

(.Ll.6) 
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