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B HeKOTOpb!X cnytrnSIX np1I paccMoTpeHIIII Jl1IarpaMM cl>efi:HMaHa BIIp

TyanbHhle '18CTIIUbl paanenSIJOT Ha "MeCTKIIe" II "MSII'KIIe" (ocHOBHOH 

_BKnan B IIHTerpan no 9TIIM IIMnynhCaM k i B03HIIKa~T cobTBeTCTBeHHO - . 
OT 6onbll!IIX IInlI ManhIX 3H8'IeHIIH k i ) • Ecn1I npennonoM II Tb, 'ITO B . 

pace Ma TplIBaeMofi n1IarpaMMe HeKoTophie BIIpTyanbHbie qac TIIUhI .,, MSII'Ktte", 

T_O ecTeCTBeHHO npeHe6peqb B nponaraTopax KBanpaTII'IHblMII no IIMnynb

caM k I qneHaMII 

I 1 ______ .....;;;._ ______ ➔--------

(p + !k )2 
-m

2 
+if 2plk +if 

I I 1 I 

-TaKaSI annpOKCIIMaUIISI OK83bJBaeTCSI npaB1InbHOH nplI II3ytJeHIIII IIH¢pa

/1 2 3/ 
KpacHhlX aCIIMnTOTIIK B KBaHTOBOH aneKTpO/l1IHaM1IKe ' ' • 

/4 5/ 
TaK Me nocTynaJOT, aanp1IMep, B pa6oTax ' nplI 1IccnenoBaH1III Bbl• 

COKO9HepreT1I'1eCKOH aMnn1ITy/lhl pacceSIHIISI, B 9TOM cnyqae ynaeTCSI npo-

cyMMIIPOBaTb Bee neCTHII'IHhle II KpoccneCTHII'IHhie /lliarpaMMbl, 

Eonee KOppeKTHbIM B CMbICne CXO/llIMOCTII IIHTe.'panoB no k . SIB-
I 

nsieTCSI OT6pacb1B8H1Ie TOnbKO nepeKpeCTHb!X no BIIpTyanbHb!M IIMnynbcaM 

qneHoB k i k J ·, I 1' k 2_ r , II ynepMaH1Ie qneHOB I 

1 
----------- ➔ 

(p+::Ek
1 

)
2

-m
2
+if 

3 



B HeKOTOpb!X pa6oTaX STY annpOKCllM8lllllO nnsr nponaraTopoB npn Bb!CO-

KllX 9Heprnsrx Po ➔ 00 Ha3b!B8IOT "sil:KOHanhHOil:"' Mb! 6yneM H83b!B8Th 

.. npn6mrmeHneM_ 2.k .k. = 0 " •F;_ 1 l 

B pa6oTaxl 1,2,6,7/ nptt nccnenoBaHnn ¢YHKUnil: fpnHa n aMnnnTyn 

pacceSIHllSI MeTonoM ¢YHKUllOHanhHOro llHTerpnpoBaHllSI npOll3BOnHTCSI npn-

6nn,1<eHHOe Bbl'lllCneHne COOTBeTCTBYIOlllllX ¢yHKUllOHanhHblX llHTerpanoB; 

B Teopnn B03MyIIIeHnfi 9TO npn6nnllieHne KaK pa3 COOTBeTCTByeT TOMy,qTO 

Lk 1 k. =o 
i;.f j l 

no cnx nop B nnTepaType HeT noKaaaTenhCTB cnpaBennnBocTn sToro 

npn6nnllieHllSI (oHn cyIIIeCTByIOT TOnbKO nnsr o6naCTll nH¢paKpaCHOll acnMn

TOTllKll), 

B HaCTOSIIIIeil: aaMeTKe nayqaeTCSI rrpn6nnllienne ::£ k. k. =0 nnsr no-
1/c i 1 J 

nyqeHHSI Bb!COK09HepreTnqecKOll acnMlITOTllKll paannqHbIX nnarpaMM <Peil:HMa-

na B npocTOll Monenn CKansrpHblX qaCTllll f. = g: tft 2 (x) ,,t. ( x): int ~ 

EonhIIIHHCTBO na paccMOTpeHHblX B npn6nnlliennn L k. k. = 0 ¢eil:H-
. i;6i. ·1s 9/ 

MaHOBCKHX nnTerpanoB nccnenyeTcsr MeTonoM TnKTononyca ' • MayqaeMoe 

rrpn6nnllieHne BnnsreT Ha aCHMilTOTllKY nnarpaMMbl nyTeM ll3MeHeHHSI Kos¢¢n

uneHTHOll ¢YHKUllll f ( a ) • CTOSIIIIeil: MHOlliHTeneM npn 6onbIIIOll SHepreTnqec

KOH nepeMeHHOll s 
L 10/ 

D (a,s, tJ • B neTepMnHaHTe 1..JncxonhMa 

B npn6nnllieHnn . L_k
1 

k i =0 nirnrpaMMa <Peil:HMaHa n -ro nopsrnKa 
2 1/c J 

B Teopm1 g: tft ¢: nm1 npouecca paccesrHnsr p +p ➔ q +q naeT cneny10-
/S/ I 2 I 2 

IIInfi BKnan B aMnllnTyny F C ToqHOCTblO no IlOCTOSIHHOPO MHOllillTe-
n 

nSI: 

"' I l N 
F (s,t)=f •.. fllda. 

n O O I . 1 

N "' C-1 
o·(l- ::£ a.)[ C(a)] 

i=l 1 

[D (a• s, t)] C + I 

( 1) 

4 

'· I 

rne C = ~ n-1 - qncno He3aBHCllMb!X BHyTpeHHllX BllpTyanhHbIX llMnynh

COB, N = f n -2 - o6IIIe~ qncno BHyTpeHnnx nnHnil: B naHnoil: .nnarpaMMe 

2 2 "' 
s=(p

1
+p

2
) ; t =(p

1 
-q

1
) • C(a) - sTo C(a) , B KOTopoM Henna:ronanh-

Hbie sneMeHTbl nonollieHbl paBHb!Mll uyn10, TaK KaK k
1 

k i =0, if j , D(a ,s,t) 

nonyqaeTcsr na neTepMnHaHTa 1..JncxonhMa D (a ,s, t) Bb16pacb1BaHneM Henna

roHanbHbIX sneMeHTOB, KpoMe rrocnenHeil: cTpoKn n nocnenHero cTon6ua. 

D(a ,s,t)=s f(a )+tg(a )+uh(a). (2) 

a Beane 6yneT o6o3HaqaTb COBOKYIJHOCTb BCeX napaMeTpOB <Peil:HMaHa. 

AcnMnToTnKa- F (s, t)cyIIIeCTBeHHO aaBncnT OT Bnna ¢yHKunn f(a ). 
n 

Hnllie npnBonsrTcsr Te nnarpaMMb1, nnSI KoTopbIX npn6nnllieHne,)'. k k = O 
i,= i I j 

coxpaHSieT acnMilTOTllKY BepHOM. non coxpaHeHneM aCl!MilTOTllKll Mb! 6y-

neM IlOHllM8Tb cneny10IIIee. TTycTb f ( s,t) - TOqHblll BKnan B aMnnnTyny 
n 

OT nnarpaMMbI 

Torna npn s ➔ 

n -ro nopsrnKa, a F (s, t) B npn6nnllieHnn 2 k. k. = 0. 
n i-f:j 1 l 

00 J 8 t ¢nKC!!pOB8HHOM 

Fn (s,t) ➔ r, (t) X (s), F\ (s ,t) ➔ ;(t)x (s). 

Ecnn X (s) = )((s) , TO aCHMilTOTHKa COXpaHSieTcsr, XOTSI ';', (t) 

6ynyT nHorna paannqHbI, 

ll T/ (t) 

PaccMCiTpnM nonpo6Ho cneny10mne nBe nnarpaMMbI. lleTepMnHaHTbI 

4" ncxonbMa B npn6nnllieHnn 
1
)\ k I k i = 0 nnSI Hnx npnBeneHbI B npnnollieHnsrx 

A ll B 

CKanSipHaSI necTHllUa pnc. 1. llMeeT ToqHyIO aCHMilTOTllKY l!!...§.. 
. /11/ s0

-
1 

(cornacHo pa6oTe ), 

p I 

s ....... a 
l 

f3 I 

k l 

+t 
a I k , .•.. a 

2 2 n 
k 

p 2 .. I YI I j 
Pnc. l,. 

5 

q I 

n-1 

n P1 -ql-L k 
I I 

9P 
q2 



(Bb16op He3aBIICIIMhIX IIMIIynbCOB IIHTerpnpoBaH!IH o6ycnoBneH COOTBeTCTBII-

eM c pa6oTofi
171 ). l1crronb3YH rrp11nm1rna11e A , aafineM f(a ): . 

- n- I n- I n-1 n- 1 n- 1 

f( a ) =. I I ( ~ f3 e )( '£ y ) TI . [a I + a + I ( f3 + y ) I . 
J=l e;=j m=j m l=l n r=i r r 

QqeBIIAHO, qTo f(a)=0, ecnn rronm1rnTb paBHhIMII Hymo {31. , {3'.! .. '' f3n-1 

OAHOBpeMeHHO, nnn y l ' y 2 ' ••• , ' Y n-1 

paBHa 

T.e. aCIIMIITOTIIKa 9TOH ' . . 

nnarpaMMhI B rrp116nll)1<eH1I1I. 1 k k = 0 
. i/, i I i 

. ;s; e 
cornacHo ____!!_§_ n coBrrana

n-t 
s 

e~c ee ToqHhlM 3HaqeHIIeM, 

nanee paccMoTpnM TaK Ha3hrnaeMyro "KBaannnocKyro" nnarpaMMY 

1121 e 
B TepMIIHOnOI'Hli pa60Thl (pnc. 2). ToqHaH ee acnMilTOTHKa -1:U! 

sn-1 J, T 

JJ 1 >>i 5= 2 ;, ➔ q 1 

n-1 
s~ -q -I k. 

I I 1 

P2 ~ q2 

Pn:c. 2. 

Ha rrpnBeneHHoro B rrpn:no)KeHn:n: B J:teTepM!IHaHTa OIIpenenn:M f (a ) H rJ f( a): 
aa

1 

~ n-1 n-1 

f(a)=-y (I.{3 )TI [a. 
1 1 i j=2 l 

+a 
n 

n-1 

+I (f3. +y_ )] + 
i= j 1 I 

n-1 n-1 n-1 · n-1 n-1 n-1 
+(a +a +y 

1 n I 
+If3.) I l(I.{3 X Iy )TI [a +a +I ({3 

I 1 £= 2 1d I k=f k i=2 i n i=i I 

ii r 
n- 1 n- 1 n- 1 n- 1 n-1 

+ y )] I 
I 

area) 
aa I I ( I {3 )( I y )' TI [a 

£= 2 I =f I kd k i=2 
+a 

n 
+_!._ ({3 i + y I ) ] I. 

1 i,U 
t=J 

6 

\ ~ 
4 
:,i 

l 
! 

j 
I. 

·,l, 
· I .. 

, .. s.i 

J, 
I l 

( 
i: 
j 

/12/ 
l1crronb3YH paccy:iKnemrn pa6oThI ITO HaXO:lKAeHnro aCHMIITOTHKH KBaan-

rmocKHX rpacfioB, a TaK)Ke HBHblll BHA 
~ af 
f(a) H 3HaKOOIIpeneneHHOCTb-a--• 

MO:lKHO aaKmoqnTb, qTo nnarpaMMa Ha pnc. 
al 

2 B rrpn6nn:iKeHnn ~ k; ki= 0 
i/4,i 

rrpn S ➔ 00 

Cn s 
BeneT ce6H KaK ---

sn-1 
'T.e. n y TaKHX rpacboB Bb16pac_1,1-

BaHne Ik1 k 
---i,{j j H3 rrporraraTOPOB "HVKnoHoB• He MeHSieT BhlCOKO9Hepre-

TnqecKofi acnMIITOTHKH. 

B.KaqecTBe rrpnMepa cymecTBeHHo HerrnocKoro rpacba, nnH KoTopo-
• J 

ro rrpn:6nn:)KeHne I k k =0 
I f, j i i 

~oxpaHSieT Bh!COK08HepreTnqecKyro acnMIITO-

Tn:Ky, MO:lKHO rrpnBecTn: cnenyromyro nnarpaMMY, 

J-t 
p 

1 
q I 

s ... 

Pz 

Pn:c~ 3 

{ Cn s _\a 
3Ta nn:arpaMMa rrpn s ... oo Be.QeT ce6H, KaK ,--

8
--l , He3aBncnMo OT 

Toro, Bh16pacb1BaroTCH nn qneHhI k
1 
k i , i ,/ j n:nn: HeT. 

PacCMOTpn:M HeKOTOpbie nn:arpaMMhl <PefiHMaHa, J:lnH KOTOph!X npn:6nu-

cymecTBeHHO IICKa:iKaeT acnMITTOTHKV. HaqHeM c pa-:iKeHn:e :£ k k =0 
i ;f i I i 

nn:auuoHHhIX rrorrpaBOK K neCTHmre rnecTOI'O rropHAKa ( CM. pn:c. 4) 
.J, t 

p 
I 

q 1 

s-> 

P2 q2 

Puc. 4 

7 



To'!HaH acnMIITOTHKa 8TOH nnarpaMMbl _1_ 
s 

• Y'IAT TaKnx pannaunoHHhlX 

:rrorrpaBOK rrpn s ➔ oo 6onee cymecTBeHeH rro cpaBHeHmo, HarrpnMep, c nnar-

paMMoii pnc. 5, KOTopaH aeneT ce6H1 KaK ~ • nnn c necTHll'IHoii . nnar-
s 

paMMOH Toro )Ke IIOpHriKa, acnMilTOTllKa KOTOpoii fo s 
s3 

pl q 1 

S ➔ 

p2 q2 

Pnc. 5 

ITocTyrraH coaepweHHO TaK )Ke, KaK n B cnyqae rrepBhIX nayx nnar-

paMM, MO)KHO HaHTll, 'ITO B npnonn)KeHnn 

arpaMMbI, IIOKa.saHHOH Ha pnc. 4, paBHa 

flb!M SHaqeJ!HeM _L 
s 

. L k I k . = 0 acnMIIToTnKa nn-
1~ J' 

_fu_~ n He coarranaeT c ee T~q
s 2' 

8Ta arrnpoKcnMaunH rrporraraTopoB HapywaeT TaK)Ke acnMrrToTniy n 

CKanHpHOH neCTHllllbl ( pnc. 1), ecnn paccMaTpnBaTb ee a npyroM KaHane. 

s = const , t ➔ oo • ITepeo6osHaqna BHeWHne nMrrynbChI Ha aToii nnar-
2 

paMMe, MO)KHO noonTbCH Toro, '!To s=( p 1+p2) 6yneT rro-rrpe)KHeMy 6onb-

woii rrepeMeHHOH, a t = ( p - q )
2 

. 6yneT <pllKCHpOBaHo: 
l 1 

ql q 
2 

t ➔ k2 k 
n-1 kn 

pl ts p2 

Pnc. 6 

8 

. r· -. . ' 

\.:' 

ActtMIITOTHKY aToii JI«arpaMMhI B rrpnonn)KeHnn _ ~ k I k. = 0 
. /}3/ . •'Fi I 

YilOOHO HaHTll 

MeTOilOM CynaKoBa • ITocne saMeHhl rrepeMeHHhlX 

k1=x1p1+Y1P2 +k,. ,( k,.P )=(k-1-.P ):10; d
4

k_ =_!_sdx_dy_ _.l -+t 1 l 2 1 2 l 1 
d

2 
k -1-

n c y'IAToM Toro, 'ITO 'E k k . = 0 
iii i I 

, HHTerpan <PeiiHMaHa MO)KHO sarrncaTb 

B anne 

00 

l n-1 n-1 2 
( - s) TI dx . dy. d kl 1 2 i=l l l i\ < s • 1 ) = J. .. r --------'---------,-------------x 

( sx. y. + k21. -µ z 
n-1 ,·, 

,· 2 2 
+ fr ) { s + l [ s y· ( x . -1 )- s x . + k , J - µ +id 

l. 1 l i=l i I 1 -+1 

I 
X 

n- 1 r 2 r 

'IJ!(~[sy_(x -l)-2q k 1 _+k,_l+ic)(l: [sy_(x_-l)+k~_] +ic) I 
r=l 1=1 1 i 1 1 .._ 1 i=l I I _,_ I 

n-1 

BHaqane Bb!IlOnHnM nHTerpnpoBaHne no TI d y. 
i=l I 

• Ecnn -oo <xi < 0 

nnn 1 < x_ <+ oo , TO nomoca rro y . ne)KaT Bee rro onHy cTopoHy OT 
I I 

neiicTBnTenbHOH ocn y . • Ecnn O < x .· < 1 , TO Tpn ,rromoca ne)KaT 
I I 

rro OilHY CTOpOHY OT 9TOH ocn, a onnH nomoc, COOTBeTCTBYIOIIIllH MHO)KllTen10 

2 2 
(sx_y_ +k,.-µ +id, 

I I .._I 
- rro npyry10 CTOpoHy. EepH BhI'!eTbl no BCeM y i. 

rronyqnM ( j = 1 , 2 , .. , n -I ) : 

~ n-1 

F ( s. t) = ( .l . .ir.i.) J ... f 
n s 

n-ln-1 ( 1 s) ;] d X i d
2 

k J. I 

. n-1 µ2 _ k :i, ) 2] I ' 
,\('x, k,, )Is+ '£ --..-.li---(x_ -1-sx. +k-l.· -µ 

i .._ i . i-1 Xj I I I 

rne ,\ (xi ,k1i) - <pyHKUHH, He saBHCHIIIaH OT s , ITpenenbI llHTerpnpoBaHllH 

rro x OTO no 1. AcnMnToTnKa ocTaawerocH HHTerpana, oqeannHo,' paBHa 

!.. 'B TO BpeMH KaK TO'!HaH acnMilTOTHKa naHHOH nttarpaMMhl cornaCHO s . 
/111 Ens n-1 

paooTaM , (--) • TaKnM o6pasoM, B aToM KaHane npnonn)KeHne 
,;:-. k k -0 s xi 

Jit'.i i i - aoconIOTHO HenpnMeHHMQ 
xi 

nerKo noKasaTb, 'ITO aTo npnonn)KeHne 6yneT TaK)Ke Hecrrpaaennn-
BhIM nnH necTHllllhI B cnyqae s n t ➔ oo ( BbICOKOaHepreTnqecKoe pacce-

HHne Ha <pnKcnpoBaHHhIH yron) 

9 



/ 12/ 
11crronb3)'SI pe3ynbT8Tbl pa6oTbl ITO nccnenoBaIUIIO acnMIITOTllKll 

qiet1HM8HOBCKllX nnarpaMM C y'IaCTlleM BeKTOPHb!X 'IaCTllU, MO)KHO IIOKa3aTb, 

'ITO Bee Bb!BOJlbI, cnenaHHb!0 BbIIIIe, OCTaHyTCSI cnpaBennnBb!Mll, ecnn CKa

nsipHbie Me30Hbl 3aMeHllTb Ha BeKTOpHb!e 'I8CTllUbI. 

B 3aKnIO'IeHne OTMeTnM cneny10mee. TaK KaK He SICHo; KaK CBSI3aHO 

c Tononornet1 rpaipoB paccMaTpnBaeMoe npn6nn)KeHne, To HeT o6mnx npa

Bnn, orrpenensi10mn:x cnpaBennnBOCTb ero nnsi npon3BOnbHot1 tmarpaMMbI, 

Ha OCHOBe npoBe)leHHb!X BbIUJe paC'IeTOB MQ)KHO YTBep)KJl8Tb cnpa:Be)l-

nnBOCTb npn6nn)KeHnsi I k. k. = 0 
l;,f j .1 l 

npn S -> oo JlnSI neCTHllUbl ll KB83ll-

rrnoCKot1 necTHllUbI, cyMMllp0B8Hlle KOTOpb!X npn 8TllX ycnomrnx npllBO)lllT, 
· /5 7/ 

K8K IIOK838HO B pa6oTax ' 'K rnay6epOBCKOMY npencTaBneHll!O JlnSI aM-

rrnnTYJlbl pacceSIHll.H, CymecTBeHHb!M BOIIpocoM npn 8TOM OCTaeTCSI y'IeT 

nnarpaMM Tnna IIOKa3aHHOi1 Ha pnc, 4, llMe10mnx 6onee Bb!COKYIO aCllMIITO-

TnKy,'IeM 

npn s ... oo 

COOTBeTCTBYIOIUaSI necTHnua. Ho )lnSI HllX rrpn6nn)KeHne 11-j k I k j 

,· 1 qinKcnpoBaHHOM HecrrpaBennnBo. JJ.nsi HerrnocKoro rpa-

qia ( pnc, 4) 8Ta annpoKCllM8UllSI He llCK8)KaeT acnMIITOTllKll npn s ->OO ' 

Ho n3-3a TeXHll'IeCKllX TpynHocTet1 6onee cno)KHbre IierrnocKne rpaipbr nc

c_nenoBaTb C 8TOt1 TO'IKll 3peHnSI He ynaeTCSI, 

ABTopbI 6naronapHbI JJ.,11.BnoxnHueBy, A.H.TaBxennn3e, A,B,Eqipe

MoBy, B,A.MaTBeeBy, C,IT,KyneUJoBy, B,H.ITepByUJnHy, A,H,CncaKsiHy 3a 

rrnO)lOTBOpHb!e n CTlIMynnpy10mne o6cy)K)leHnSI, 

ITJ2.l!lJQ)KeHne A 

n-1 . n-1 
a +a +'i.({3 +y) 0 . 0 I.(-p /3 +p y )-a (p -qt I n J I I . l I I 2 I n l 

n-1 . n-1 

0 
a +a +'i.([3 +y) • 0 I.(-p /3 +p y )-a (p -q ) 2 lil 2 i i 2 I I 2 i n I l • . ............................... ~ ........................... . 

0 
n-1 
I.(-p /3 +p y )-
1 J i II. I 

-an(plql 

: a +a +f3. tY ; -p f3. +p y -a (p -q ) ,n-1 n n- n-1 l n-1 2. n-l n ,1 l 

n-1 t 

~(-pt/31 +P2Y;)-:-p1/3n_1P2Yn-t 

-an(p ,-ql) :-an(pl-ql) 

10 

• , 

n-J 
I a (-µ 2 )+a t 
J i n 

.I 

IT12.nno)KeHne___B 

n-1 

a +a +2 (/3 +y ) 
1 n I I I 

0 . 

0 

n-1 
a +a + 2 ({3 . +Y.) 

2 n 2 I l 

0 

0 

\. n-1 

-p 2/3 -y q -
I I I · l 2 

-a (p -q ) 
n I I 

n-1· n-1 
-p "f./3 +p'i. y -

I 2 I 2 I· 

-a(p-q) 
n l I 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . •••••••••••••••••••• ! ••••••• 

0 

n-1 
-p 2 /3. -ylq2-

l l I 

-a (p J-ql) n 

0 
n-1 n-1 

-p 2 P. + p I.y -
l 2 ,._,i 2 2 i 

-a (p - q ) 
n l I 

a + a +/3 · +y 
n-1 n· n-1 n-1 

- P1 {Jn_ t q 1 y ti- t 
I -a (p -q ) 

n I I 

n ll T e p a T Y p a 
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