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B pa6oTax /I-9/ duxa paaBHTa TpexMepHaH peJIHTHBHCTCKaH 

WOPMYJIHpOBKa npodJieMli B8aHMo;z,;elfoTBHH ;z,;ByX llaCTllll, B OCHOBe KOTO

poll JielltaT peJIHTHBHCTCKHe ypaBHeHHH KBa8HilOTeHUHaJibHOrO THna*> 

;D;XH aMmntTY;D;li pacceHHHH H BOJilIOBOll WYHKUHH ;z,;ByxllaCTHlllIOll CHCTe

MH. B llaCTHOCTH, o;z,;HOMepHoe ypaBHeHHe mpe;z,;HHrepa ;z,;JIH pa;z,;HMbHOll 

BOJIHOBOll WYHKUHll 1 fl, ("l) ' OilJ4CliBalOlJlei! 0TftOCJ4TeJibHOe ;z,;BHeHne 

;z,;Byx CKaXHpHI,IX 1i:aCTI4ll C HMilYJibCOM lj, , MOMeHTOM /!, 14 paBHbWH 

uaccaun m, HMeeT BH;z,;: 

H~= 2mC-2.dv(-ili .!{_) + tz/·t(l+f)_ exn(ili _d_) 
me d)(, . l1V'(, (t- + di ) r me, dJt, , 

me · 
V { t) - KBaaHnoTeHUHaJI, C - cKopocn cBeTa. 

ECJIJ4 B (I) BeJIHlll4HY C.. WOPUMbHO ycTpe1mn K 6eCKOHellHO

CTH, TOSTO ypaBHeHHe nepexo;z,;HT B HepeJIHTHBllCTCKOe ypaBHeHHe 

mpe;z,;HHrepa: 

(2) 

KaK J48BeCTHO, B annapaTe HepeJIHTHBHCTCKOli TeOpHH pacceHHHH 

ypaBHeHirn (2) HrpaeT HCKJIIOllHTeJibHO B~HYIO pOJib. Hanpm.iep, pac

cMaTpHBaH pemeHJ4H ypaBHeHHH (2), y;z,;OBJieTBOpH!OlJlHe rpaHllllHHM YCJIO

BHHM' He co;z,;epllt8J!.lHM napaMeTpOB e. IIIJIH ff!, ' MOlltHO Ha OCHOBaHHJ/1 

ll8B6CTHOli TeopeMH IlyanKape YTBep~aTb, llTO ;z,;aHHUe pemeHJ4H HBJIH

IDTCH ueJiliMH WYHKUHHMH yKaaaHHI,IX napa.MeTpoB. IlocJie;z,;Hee noaBOJIHeT 

;z,;o KOH}la HCCJie;z,;oBaTb aHaJIHTlllle~Kllle CBOllCTBa aMilJIHTY;z{H pacceHHHH 

B IlJIOCKOCTHX (j/' ll t, • 
====================== 
*) ~OPMMI43M, paCCMOTpeHHHll B /I-9/, npHMHKaeT K KBa8J4IlOTeHUH8.Jlb

HOMY no;z,;xo;z,;y ]oryHOBa-TaBXeJIH;z,;ae B KBaHTOBOli Teopllll IlOJIH /IO/. 
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flCHO, qTo o6o6meHHe STHX pesyJII>TaTOB, ii, B nepByl> oqepe;t:r,, 

cauott TeopeMH Ilya.HKape, Ba CJiyqrui, KOr;ta HepeJIHTHBHCTCKOe ypan

HeHHe {2) saL!eHeHO peJIHTHBHCTCKHU YPaBHeHHeM {I), npe;tCTaBllfl

eTCH nec:r,ua xeJiaTeJII>HIDI. 

HaCTOHntaH pa6oTa Sa){YMa.Ha KaK nepBlitt mar B )taHHOY HanpaBJie

HHH. HueHHO, Yli XOTHM BliHCHHTI, C MaTeYaTHqecKott ToqKH speHHH 

YCJIOBHH peryJIHpHott CXO){HMOCTH /II-I3/ pemeHHtt peJIHTHBHCTCKOro 

ypanHeHHH filpe;tHHrepa (I) K pemeHHHU ypaBHeHHH (2). 

OrpaHH'tl:HMCH noKa KpaeBbIMll Sa;ta'tlaLm ){JIH cnyqaH s - BOJIHU 

(l = O). IlOJIOJ!tHU B (I) i;, = m = f B C = t ( E. - L!aJIUH 

napaueTp sa;tatm). Tor;ta ypaBHeHHe (I) HMeeT BH;t: 

{<J,2+ f,_ +O{El)- f:.cA(if. Ji)- V(r)] (j}~{-r-) ~ D. (3) 

Pasnaraa ch, (it f:c, ) B pa~ Tettnopa, noJiytmu, BMecTo (3), 

cne;tyromee JIHHetiHoe ;tu~wepeHUHaJII>Hoe ypanHeHHe 6ecKoaeqaoro no

pH~Ka ~JIH peJIHTHBHCTCKOtt BOJIHOBOH ~YHKUHH lf10 ( !, ) : 

r d2 2. £.,_ dV .2t yd' 2t~ dg ) 
LlJh0{£1-V(i) + dlt/- - T! dJt y + G/ d/l' - J'.' d/r/ T. . . lf ~["(,)= o_ c 4) 

ECJIH B ypaBH8HHH (4) OT6poCHTI> 'UleHU 6ecirnHeqaoro PH~a, HatmHaH 

C 'UleHa ( n, +4)-ro nopH~Ka ( n - )tOCTaTOqfiQ ()OJ!I,11108 'tl:8THOe no

JIO~HT8JII>HOe tmCJIO), TO B pesyJII>TaTe MU IlOJiyqHM O()bIKHOBeHHOe 

~Hg}DepeHUHaJII>HOe ypaBHeHHe ( ti +2)-ro nopH~Ka •. J{JIH HCCJI8){0Ba

HHH ycnoBHfi peryJIHpHoro Bupox~eHHH (npe;teJII>Horo nepexo;ta) peme

HHtt TaKoro ypaBHeHHH ( ri+2)-ro nop.a~Ka B pemeHHH o6uqaoro He

peJIHTHBHCTCKoro ypaBHeHHH (2) npH l = 0 

[t,: + tj/'- V(rr,}j U9'°{'t},: D (5) 
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npHMeHHM 06~1> TCOPHID /II-I3/ 06HKHOB8HHl:lX JIHHetiHl:lX ){HqMpepeH

UHaJII>Hl:lX ypaBHeHHtt C MaJiblM napaueTpOM npH CTapmHX npoHSBO){Hl:lX 

;tJIH cnyqaa KpaeBwc sa;ta'tl. Hccne;tyeuoe ypaBHeHHe HYeeT BH;t: 

[ 
d2 ,u2. 2fl)tE.'" ~1 

<j-1+0{€1-Vf't}+ d/(,Z - ¥' + ... + (n~2.).' d/t,n~z f90{1,} = 0. 

J{JIH KOHeqaoro npouexyTKa HsMeHeHHH ~ 

o~t~a.. 

(6) 

(7) 

Bupox~eHRe sa.natm (6) B HepeJIHTHBHCTCKYID Sa;ta'tly (5) HBJIHeTCH 

peryJIHPHHM (cu. pa6oTy /II/), ecJIH lillCJIO KOpHeH (c OTPHUaTeJI:r,

HOtt Be~eCTB8HHOH qacTI>D) xapaKTepHCTHqecxHX ypaBHeHHtt 
Il-

a (.A) = L a. A P = o 
0 t<tf, 0 

f=O I 

{ K =c .l.} (8) 

(B TOtnte t = 0) H 
n 

Qa,{JI}= E (-ij'us a,wf's = o_. (9) 

(B TOtnte '& = 0.,) COBila,llaeT, COOTB8TCTB8HHO, C n, H llz , TO 

eCTI, C tmCJIOY ~OilOJIHHT8JII>Hl:lX rpaHHqfil:lX YCJIOBHH B 3THX Toqxax, 

Buna;taiumux npH rrepexo;te OT sa~atm (6) K sa;taqe (5). 

XapaKTepHCTHqecKHe ypaBH8HHH (8) H (9) ){JIH (6) HMCIDT BB~: 

2 in 2 in-2 2,,. 1n-9 2. iz 
(,-;i- II .- f II +~)'II - · · · - -I/I II +- f = 0 
!H2;f /1. ~-2 . . , 

(IO) 

_2_ n _ _g_ n-2. 2.- n-Y 2 1 _ 
(n-t:l)! /I ti.' f' -r (!1,-t)' /I - ··· - 'I.' /f + I - 0. (II) 

qliCTO YHHMliX KOpHeH y 3THX xapaKJepHCTHqecKHX ypaBHGHliH 6~TI, He 

MOEeT, H qmc~o KOpHeil 3TliX ypaBHeHliH C OTPHUaTeJII>HOH BemecTBCH

HOH qacnl!l paBHO n /2 B Toqxe ~ = 0 H n,. /2 . B TOliKe i: = a.., TO. 
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eCTb BHpOX]l8Hlie 38,Itatm (6) B HepeJIRTHBHCTCKYIO perynRpHO rrpH yc

JIOBHH 38,ItaHH.fl IlOJIOBHHH ]lOilOJIHHT8JibHIDC rpaHllqHIDC YCJIOBHfi ]laHHOil 

KpaeBoil sa,itaim Ha neBoM KOHUe rrpoMexyTKa (B TOtme ~ = O) H rro

JIOBHHH rpaHHqHwc ycJIOBHil Ha rrpaBOM KOHU8 npouexyTKa (B TOtme 

't, = a,). 

PacCMOTPHM Tenepb 6onee BaXHHli ](JI.fl Hae cnyqaJi KpaeBb!X 38,Itaq 

Ha co6cTBeHHHe sHaqeHHR H co6cTBeHHHe WYHKIUtH. IlpHMeHHM s]lecb 

pesyJlbTaTH TeopHH /I4/ CHHryJIRpHoro BO8MYll{8HH.fl Ta.KIDC aa,itaq ](JI.fl 

mmefiHIDC ]lHcMiepeil:r.tHMbHIDC ypaBHeHHfi qeTHOro rropR]tKa. 

B 8TOil TeopHH paccMaTpHBMHCb 88,ItaqH Ha co6CTBeHHHe 

HH.fl BH]la 

aHaqe-

( P+ £'Q) U, = .,lu, 

r]le PH Q - ]lH~wepea~aJibHHe orrepaTopu qeTHoro nopR]tKa: 

2m (J() .'bz. {Kl 
Pu= L P'<(x)u {x) i Qu., = 'E. l},ix]u (x}; 

K•f . K:f 

U,(K}= dK{L,, 
dK.r 

HeaaBHCHMaff nepeMeHHaR X H3M8H.fleTCff B 8aMKHYTOM HHTepBane 

a ~ x :f t , a n >tn • 

rpaHHllliHe YCJIOBHll 6epyTCff B BH]le 

r]le 

ll (o{.,_J/ ) > (SI/ ) 
z, U = U, la, + L a'ts U ( a, .:: 0 

,~¾ . J 

B't,u = u,, (f,.,) { C) + [ /;'t,S tP' ( t) = 0, 
-G'Jn. 

( r,:: {, 1., ... , /1,) 

(I2) 

(I3) 

(I4) 

0 6 o!.1 ~ ol.z < ... < oln ~ .Zn,; 0 ~ }1 -L },t < ... -L .}n < .Zn, . ( I5) 

3a]laqa Ha CO6CTB8HHHe aaaqeHH.fI C KpaeBHMH YCJIOBliffMH BH]la 

(I4) ](Jill £' = O orrpe;zteJUieTcll 
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\J. 
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./ 
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\J 
,l 

Pu. = Au. 1 

111.u = 0 , 

8-e u = O, 

("(,: 1,.2, ... ,.ni,) 
(I6) 

r]le IlpH .X. = a, li :l'. = t IIOCJl8]lHHe (n. -m) rpaHHllliblX ycnoBHil 

(I4) orrycKaDTCll. 

Moaepou /I4/ ]lOKaaaHH cne](YDl!Uie Teopeuu: 

Teopeua I. Ecnn A= Ao - rrpocToe co6cT~eHHoe sHaqeaHe 

aa.itaim (I6) li ecJIH 

d...t 1d.r (nwd 2. (n -m} }) 

fi,r, "I fts { nwd 2(n--m.)) 
_](Jill "(,'JS; "t,s=mtl, ... , n (I7) 

TO ](Jill ;!tOCTaTO'llliO uanoro [,I> 0 CYIIl8CTByeT B OKpeCTHOCTH ;\ ~ Ao 

O;ztHOaHalllio onpe;nenae,me co6cTBeHHoe aaaqemrn A = A ( €'), npHHa,It

nexal!lee Sa,Itaqe.Ha co6CTBeHHHe SHatieHHll (I2h (I4). 9TO CO6CTBeH

HOe saaqeHHe MOEeT 6HT» 3anHCaHO B BH;zte 

fl._ Ao+ 7A1+ •·•+~,"Ac, + ?a-,. 1
/1.0 {'7}, / /t.~{7}) ~ Cr,

1 
(IS) 

r;ne 
c' 1/.t.(n-m) 

7 :::c >-o -. ..- ]lOCTaTOllliO uano, a Ca- He SaBHCHT 

OT 7 • Taitoe ac:eMITTOTHqecKoe npe;ztcTaBnem-te cnpaBe]lJIHBO ;ztJIR JID-

6oro nonolltHTenbHoro uenoro G"" • 

CooTBeTCTBYIOIIlee co6cTBeHHOe pemeHHe u = V , npHHa;ztJiellta

lllee A = ~ ( [' ) , onpe;zteJifieTcR o;naosHalllio c TOllliOCT»JO ito MHOXH

TeJl.fl. Ilocne cooTBeTcTBYJOl!lero BY6opa aToro MHODTeJUI pemem11e 

MOllteT 6HT» sarrucaHO B BHite 

U = U
0
(x} + 7 Utfx) t • · · + 7°U6(xJ-,. ?o+I Rrr (x,?} (I9) 

itJl.fl 11106oro nonoxaTeJJI>Horo ueJioro <> H ·]lJIR a,-,.8 £ x 1 t- tf' 
I 

OL._o~J[t-a,). 
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Sitec:& 

, ~ Rr,{x,?) j ~ Ce,( o'}, 
(20) 

(l=O,f, ... , Zn-I), 

eCJIH ? > 0 l{OCTaTOtIHO UaJIO; C v ( J' ) He 3al3HCHT OT ? • 

~YHKUHH U , Vo, ••• , Vu 6ecKoHetmoe llliCJIO paa ;nuq,qiepem~BpyeMl:l: 

no x.. 

Teopeua 2. IlpB o6meu npel{TIOJIOllteHHH TeopeMl:l: I n·B cauoconpH-

llteHHOM cnyt1ae cymecTByeT ~ J.n ( £1 = An[ OJ ;ztJIH mo6oro n = (,~---. 

BeJIHllliHH A n(O) HBJlfllOTCfl CO6CTBeHHl:l:Mll aHatleHHflMH HeBoauymeHHOll 

aa;nallll 

BeHHblX 

neHHM 

(I6). nnH uaJll,IX rronoxnTeJl:&H~ £' rroBel{eHne Bcex co6cT

aaat1eHHll An (£ 1
) aa;naeTCH acHMilTOTHtleCKHU pH;ztOM TIO CTe-

7 = [' 1/.t(n -111) • 

J{JIH HJIJ110cTpau1rn rrpe;nem,Horo ( [ - O) rrepexo;na penHTHBmCT

cKoll npo6JieMl:l: (4) B HepeJIHTHBllCTCKYIO l{Jifl aa;naq Ha CO6CTB8HHHe 

aHatleHHH ~ CO6CTB8HHl:l:e qiyHKUHH paCCMOTPHM rrpocTellmHll rrpnuep -

cnyqall cg)epHl!eCKOro 11IlOTeHuHaJl:&HOro HIIiHKa11 C IlOTeHUHaJIOM 

V(i,;E'J)=O ;ztJIH ,,_ , a, ' } (2I) 

V{7-; Ei)= oo J{Jlfl t ;, ao 
, I 

r;ne Q, 0 - m11p1rna "rroTeHunam,Horo amnKa". OrpaHHllliMCH a;nec1, pac-

CMOTpeHlteM ypaBH8Hllfl tleTBepToro rropH;ztKa 

( d2. I I d ") I 
- dJt,l + £ . 12. dtt,'I U, = /Ill., ' 

r,lle l - .(_ l .z/J 'I [ "q/ 
11 - Cf - -=--r- _,_ I 'I:, .::: X. 

co CJieJ{y10mHMH rpaHl1tIHHMl1 YCJIOBl'lflMH: 

flt -tv == .(,u( 0) = 0, 
111 u = u'(o) = o,, 
13 1 a, = u(a,,) = o, . 
82. u, = u/ (a,,)::: o. 
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(22) 

I 

(23) 

Co6CTBeHHHe qiyHKUHH H CO6CTBeHHHe 3HatleHHH Bl:l:POXJ{eHHOH aa;ztallli 

(16) B STOY CJlyl!ae TaKOBH: 

ft . 'Jin. 't, 
U (1:) :: Sl/7, -- , 

On, ,, O.,o 

Aon = 7i'-:2. , 
ao 

r;ne n,, - nro6oe nonoimTeJII>HO uenoe lllicno. 

~a Teopeu Moaepa /I4/ cne:ztyeT, t1To :ztJIH ypal3HeHHH 

ro rropH;ztKa (22) cymecTBYIOT D OKpecTHOCTH An ~ A on= 
CO6CTB8HHOe aHal!eHHe 

An. = Aon +7A1n + · ·· ~ 7G"Ac,n + 'l<r,i llv,.( 7} , ? = f 

H COOTBeTCTByromee CO6CTBeHHOe pemeHHe 

qeTBepTO
'Ji~nZ 

a: 

Un,=- Uon(t)+ '1 Urn ('r) + ... + 1/'Uv,,_{<t}, 'lw{ R<,n, ('t, 'I}, 

CXOl{HIIiHeCH rrpll f-,> 0 K CO6CTBeHHOMY aHatieHHIO H CO6CTB8HHOMY 

pemeHHIO HepeJIHTHBHCTCKoro ypaBHeHHfl illpe;ztHHrepa ;ztaHHOll aa;zta'lll'I. 

TaKHM o6paaou, MH Blil{HM, tlTO TIPHMeHeHHe MeTo;zta MaJIOro rra

paueTpa npn cTapmen nponaBO;ztHoll :ztHq,qiepeHuHaJI1>Horo ypanHeHHH 

:ztaeT BO3MO~HOCTI, rrpoJIHTD CBeT Ha npo6~euy pery~HPHOlt CXOl{HMOCTH 

pemeHHll peJIHTHBHCTCKOro ypaBHeHlifl illpe;ztHHrepa (I) K pemeHHflM 

YPaBHeHHH (5). fiCHOll CTaHOBHTCfl H llOCTaHOBKa KpaeBHX aa;naq l{JIH 

YPal3HeHHll THna (I). 
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