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Erue HecKonbKO neT Hasan cyruecTBeHHo HennHeiiHbie narpaH)I{HaHbi 

B3aHMoneiiCTBylOIUHX KBaHTOBaHHhiX noneii C'IHTanHCb 9K30TH'IeCKHM SIBne

HHeM B TeopHH nonSI li HX H3y'leHne npencTaBnSinO 'IHCTO aKaneMH'IeCKHii 

HHTepec. 0nHaKO aa nocnenHee BpeMSI Tpe6oBaHHe HHBapnaHTHOCTH OTHOCH

TenbHO KnpanhHoii rpynnhi, nay'leHne HennHeiiHbiX npencTaBneHnii sToii rpyn

nhi npHBeno K TOMy, 'ITO HenHHeiiHbie KHpanbHO-HHBapHaHTHbie narpaH)I{llaHb! 

Ill 
nonyqnnn npHMoe ljJnanqecKoe conep)l{aHne (eM., HanpnMep, ) • BoaHHKna 

npo6neMa, KaK pa6oTaTb C TaKHMH narpaH)I{HaHaMH? nepBOHa'lanbHaSI nneSI, 

no CYTH nena CBSI3aHHaSI C )l{enaHHeM yi!:TH OT KBaHTOBOnoneBb!X TpynHOCTeii 

npH paCCMOTpeHHH TaKOf'O THna narpaH)I{llaHoB, COCTOHna B TOM, 'IT06b! 

n p li HUlin li an b H 0 C'IHTaTb TaKHe narpaH)I{llaHbl ljJeHoMeHOnOf'H'IeCKHMH, Bbl-

qncneHHSI npoBonnTb Ton b K o B nepBbiX HencqesalOIUHX nopSinKax no nar

paH)I{HaHy B3aHMoneiiCTBHSI, nonHOCTblO npeHe6peraTb BKnanaMH OT TaK Ha-

121 
3biBaeMb!X 3aMKHyTbiX neTenb 

HaM Ka)l{eTcSI HecocTOHTenbHOii TaKaSI nneonornH, ee MO)I{HO C'IHTaTb 

nHIIIb nepBb!M Illaf'OM npn H3y'leHHH HenHHei!:Hb!X narpaH)I{HaHOBo C npyroii 

CTOpOHbi, K HaCTOSIIUeMy BpeMeHH y)l{e HMeeTCSI pSin nonbiTOK cljJopMynnpo-

. /3 41 
BaTh TeOplllO B03MyiUeHHii npn cyruecTBeHHO HenHHeiiHOM B3aUMonetiCTBHH · ' • 
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XoTH nx Tollie eme HenbaH paccMaTpnBaTb KaK aaKoHqeHHYID ¢opMynnpoBKY 

TeOpllll1 9TH ITOITbiTKll yllie npeJlCTaBnHIDT co5oit peanbHbiH HHCTpyMeHT ll3y

qeHHH 8 - MaTpllUbl B BbiCWllX ITOpHJlKBX TeOpllll B03MymeHHHo 

B nocne)lHee BpeMH yllie Haqann noHBnHTbCH nepBbte nccneJlOB1lHHH1 

ITOCBHWeHHbie ITpllMeHeHHID MeTOJlOB pa50Tbl C cymeCTBeHHO HennHeiiHh!Mll 

/5/ 
narpaHllill8H8MH B TeopHH KllpanbHblX CllMMeTpHit • 

B HaCTOHmeJ:i pa5oTe Mbi noKallieM1 qTo B paMKax HenoKanbHoi1 KBaHTo

BOJ:i Teopnn nomr JlnH cymecTBeHHO HennHei1HhiX narpamKHBHOB B3aHMOJlei1-

CTBHH 8 - M8TpHU8 He TOnbKO KOHeqHa II YHHTapHa B K8lliJlOM nopHJlKe 

TeOpHH B03MymeHHJ:i1 HO H BeCb pHil a5conroTHO CXOJlHTCH JlnH onpe)leneHJI0-

1"0 Knacca narpaHllill8HOB B38llMOJleJ:iCTBHH, 

§I. nocTaHOBKa 3a)laqn 

/6/ 
B pa5oTaX ITOK838H01 qTo HenoKanbHYID YHHTapHyiD Teopnro OJlHO-

KOMITOHeHTHOI"O CKanHpHOI"O nonH MOlliHO ITOCTpOllTb cne)lyiDWHM o5pa30M, 

OpeJlnonolliHM1 qTo cnpaBeJlnnaa 

4> n 3 n q e c K a H r n noTe 3 a. OpnHunnnanbHO Hnqero nenb3H cKa3aTb o no-

BeJleHHH qaCTllU Ha JlOCTBTOqHQ ManbiX ITpOCTp8HCTBeHHOBpeMeHHblX paCCTO-

SIHHHXo 

MaTeMaTnqecKH aTo 03HaqaeT1 qTo K nponaraTopy cao5oJlHOi1 cKanSip-

HOJ:i qacTHUbl 
~ 0 (x 1 -xJ =<OIT(¢(x 1 ) ¢(x 2 )IO> ( 1,1) 

MOlliHO Jl058BHTb o6o5meHHYID cpyHKUHID H3 ITOJlXOJlSIWer.o Knacca nenoKanb

HblX o5o5meHHbiX cpyHKUnii
17 1

1 TaK KaK BbipallieHI!e ( 1,1) He onpeJleneHo 

B Manoil: o6naCTll ITpOCTpaHCTBa-BpeMeHII OKOnO TQqKJI X l "" X 
2 

• I1MeeM 

BMecTo nponaraTopa ~ 
0 

( x 1 - x 2 ) 

D0 (x 1-x 2)= ~ 0 (x 1 -x2 ) +f-K (x
1
-x

2
) 

( 1.2) 

4 

'I 
{ 

J 
( 

ij 

l) 

I 
.I 
r 
f/ 
l 

I 
l 
I 
1 
! 

I"Jle 

00 C n (4) 

(2n)! Q 8 (xl- X2 
K(x 1 -x

2
) 2 

n .. o 

K ( x 1 - x 2 ) - o6o6meHHaSI cpyHKUHSI H3 ITOJlXOJlHmero Knac 
.171 

o5o6meHHbiX ¢YHKUHn , B HMrrynbcHoM npocTpaHCTBe nos 

i fj c ( p:l) = .. 22 
+K(fp) ... 2 2 . rn -p -J£ 

I"Jle f HMeeT CMbiCn aneMeHTapHOH JlnHHblo 

/6 7/ 
B pa6oTax 

1 
rroKa3aHo 1 qTo ecnn: 

vc-e2p2 
2 2 • rn -p - 1 £ 

J. cpyHKUHSI \i' ( - Z ) - uenaH B rrnOCKOCTH KOMrrneKc 

nopSIJlKa pocTa MeHhllle ennHIIUhi, T,e. 

"' 
firn 

lzl _. oo 
en en I v <lzl> I 

en I z I 
< 1 

"' II. V ( -z ) 
rrpn z ... - oo. 

0 ( _1 ) 
z 

III . V ( - f 2 rn 2 ) 

TOI'Jla cymecTByeT TaKaH Heco6cTBeHnaSI npoueJlypa npeJle, 

qTo MO)!<liO rrepeii:TH B eBKnl!JlOBy MeTpHKY rrpOCTp8HCTBef 

BHell!HHX HMrrynbCOB HnH rrpOCTp8HCTBeHHOITOJl06HbiX . KOOpJlH 

Ua B eBKnHJlOBOH MeTpHKe OK83biBaeTCSI KOHeqnoil: B K8lliJlO~ 

B03MymeHni1. OepexoJl B cprr3nqecKyro o6nacTb ocymecTBnSie'I 

nrrTrrqecKoro npoJlonllieHIISI no IIHBaprraHTHblM HMrrynbCHbiM n 

5 



JqeHHYID ~OpMynnpoBKY 

bHhlfi HHCTpyMeHT H3y-

3MylU9HHHo 

!pBbie nccnenoBmmSI, 

rBeHHO HennuefiHb!MH 

cax uenoKanhnofi KBaHTO

IBH)Kl!aHoB B38HM0.1l9M-

a B Ka~.UOM nOpS!.UKe 

Tapnyw Teopnw onno

cnenywmnM o6paaoM. 

o uenh3SI cKa3aTb o no-

~HHOBpeMeHHhlX paCCTO-

Topy cBo6onnofi cKanSip-

( 1,1) 

.er.o Knacca aenoKanb-

:1.1) ne onpeneneno 

OI X 1 = X 2 
liiMeeM 

( 1.2) 

~{ 

1 

1 

I. 
I 
! 

I 

r.ne 

C n (4) 
__ n_!l 8 (x - x

2
) 

(2n)! L...: 1 (1.3) 

K ( x 1 - x 2 ) - o6o6menuaSI !jlyHKUHH II3 nonxon.s~mer.o Knacca uenoKanhHhiX 

o6o6meHHhlX ~YHKUIIn171 • B IIMnynhCHOM npocTpaucTBe nonyqnM 

2 2 . 
m -p -tf 

r.ne E HMeeT CMhicn 9neMeHTapnofi nniiHhi. 
/6 7/ 

. B pa6oTax ' noKa3ano, qTo ecnn: 

( 1.4) 
2 2 

m -p - if 

I. !jlyHKUH.si \f ( - Z ) - uenaSI B nnOCKOCTH KOMnneKCHOI'O z TQqHQI'O 

nopSinKa pocTa MeHbll!e ennnnuhi, T,e. 

"' En fn IV (lz!} I < 1 ( 1.5) 

En I z I 

"' II. V (-z) 0 ( _1 ) 
z npn z ... - o.;. ( 1.6) 

.. 
III • V ( - f 2 m 2 

) ( 1. 7) 

Tor.na cymecTByeT TaKaS! neco6cTBeHHaSI npouenypa npenenbnor.o nepexona, 

qTo MOII<HO nepeiiTH B eBKJIIH!OBy MeTpiiKY npOCTpaHCTB9HHOnono6HhlX 

BH91I!HliX liMnynbCOB RnH npocTpaHCTBeHHonono6HblX . KOOp.UIIHaT. 8 -MaTpli

ua B eBKnli.UOBOH MeTpHKe OK83bJBaeTCSI KOHeqHQH B Ka/K.llOM OOpS!.UKe TeOpHH 

B03Mymenni1. ITepexon B !jJH3nqecKyiD o6nacTb ocyll!eCTBnSieTcSI nyTeM ana

nnTnqecKor.o nponon~eHHSI no IIHBapHaHTHhiM IIMnynbCHhiM nepeMeHI!hiM, 
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~r 
I 
I 

0Ka3biaaeTcsr, 'ITO S -MaTpnna yHnTapHa a Ka)IUIOM nopnt:tKe Teopim 
j67! 

aoaMymemm ' • 

B eaKnnt:toaoti: !flopMynnpoaKe S- MaTpnna MO)I<eT 6biTb npencTaane

Ha a anne cneny10mero !flopManbHoro abipa)l(eHnsr: 

2 1 4 4 
S [ ¢ ] • exp . ! 2 I I d x1 d x 2 D 

0 
( x 1- x 2 ) O .j X 

o¢(x1)o¢ (x2) 

x exp I g I d4 
x U ( ¢ ( x) ) ( 1.8) 

D
0 

(x) 
1 d4 kV (e 2 k 2

) 
e 

lkx 

I ( 1.9) c 2" r' m2 + k2 

B naHHOM npet:tcTaaneHnn S - MaTpnna paccMaTpnaaeTcH KaK !flyHKUnoHan 

oT neti:cTanTenbno nonsr ¢ (He onepaTopa). Bee nHTerpnpoaaHne a !flopMy.

nax ( 1.8) n ( 1.9) npoaonnTcsr no 'IeTbipexMepHoMy eaKnnnoay npocTpaH-

CTay X li k 

Ecnn paano)l(l!Tb- no KOHCTaHTe aaanMoneficTal!sr g , Torna nony'IHM 

00 
n 4 

_g._ I d x ... Id4x S (x x· ) (1.10) 
n! 1 n n 1 , ... ' n ' 

S [ ¢1 ,. I 
n=ll. 

1 n 02 n 
S (x 1, ... ,x )aexp 1-

2 
I D (x1-x\ Ill U(¢(x

1
)),( 1 ll_) 

n n I,J•ol c { orp(x) orp(x ) J-1 • 
l l 

6 

fl 

.\ 

I 

I 
t ;: 
'\ 

\ 

I 

·I 

06bi'IHO a Teopl!n nonsr narpafi)I(liaH aaanMoneficTal!sr 

L 1 ( x) .. g U ( ¢ ( x) ) 

abi6llpaeTCH a HOpManbHOH, !flopMe. 3To 03H8'I8eT, 'ITO a !flo 

a cyMMe nn!fl!flepeHnHanbHbiX onepaTopoa, cTosrmefi a noKaat 

HeHTbi, onycKa!OTCH JlllaroHanbHhie 'IneHbi, T.e. nonaraeTcsr 

D 0 ( 0) = 0 • 

HenocpencTaeaHasr npl!'Il!Ha· TaKoro abi6opa noHHTHa, nocKol 

noKanbHofi Teopllll aenn'Il!Ha D (0) onpenensreTcsr pacxonsr 
' 0 

noM II noaTOMy CMbiCna He l!MeeT. 

Ecnl! narpaH)I(llaH aaaHMoneficTansr (1.12) npencTaansrE 

HOM anna U ( ¢) .,. ¢ m , Torna onepaTop a (1.11) xopc 

a Ka)I(J:loM nopSinKe no g . OnHaKo o caoficTaax acero psr, 

Hn'Iero Henbasr. 

B HacTosrmefi pa6oTe Mbi 6yaeM nay''IaTb cymecTaoaaHJ 

S n ( X 1 , ... , x n) a ( 1.11) n acero tPYHKUnoHana S [ ¢ ] 

a aaancnMOCTn OT anna narp8H)I(naHa aaanMoneficTansr (1.1~ 

CnenaeM nononHnTenbHo naa cymecTaeHHbiX npennono~ 

nepabiX, '6yneM C'Il!T8Tb, 'ITO !flopM!flaKTOp V (z ) a ( 1.4) 

ynoaneTaopsreT eme ycnoansrM 

vV. B eaKnnnoaofi o6naCTll ( z X+iy,x>O) 

V'(x)>O 

'V. D(O) = 
0 

1 d 4 k v(f 2 k 2
) 

< 00 ' I 
( 2 11)4 

m2 + k 2 

7 



1 rropHnKe Teoprm 

(eT 5btTb rrpencTaBne-

( 1.8) 

lkx 
( 1.9) 

teTCSI KaK ¢yHKUHOHan 

'HTerpnpoBaHne B ¢opMy.-.. 
~BKnnnoay rrpocTpaH-

g , Torna rrony~nM 

, ... , x },(1.10) 
n 

n 

n 
, .. t 

l 
I 
I 
I 

I 
I 

·I 

05bi~Ho B Teopnn rronH narpamKnaH B3aHMo.lleiicTBHR 

L 1 ( x) = g U ( ¢ ( x) ) ( 1.12) 

abi5npaeTCSI B HOpManbHOfi ¢opMeo 3TO 03Ha~aeT1 ~TO B ¢opMyne ( 1.11) 

a cyMMe .llH¢¢epeHunanbHbiX orrepaTopoa, CTOSIIIIefi B llOK838Tene 9KCllO-

HeHThi1 orrycKaiOTCR nnaroHanbHbie ~neHhi1 T.e. rronaraeTCR 

D 0 ( 0) "' 0 . ( 1.13) 

HerrocpencTaeHHaR rrpnqnHa TaKoro abi5opa rroHRTHa, rrocKonbKY a o5bi~Hofi 

noKanbHOfi Teopnn aenn~nHa D (0) orrpenensteTcR pacxonRIIIHMCR nHTerpa-
. 0 

noM ll ll09TOMY CMbiCna He HMeeT. 

Ecnn narpaH*HaH a3anMoneficTanst (1.12) rrpe.llcTaansteT co5ofi rronn-

HOM anna U ( ¢) .. ¢ m , Torna orrepaTop a (1.11) xoporuo orrpeneneH 

a Ka*UOM llOpSI,llKe ITO g • 0.llH8KO 0 caoficTaax acero pstna CKa3aTb 

HH~ero Henb3R • 

B HaCTOSIIIIefi pa5oTe Mbl 5yJleM H3y~aTb cymecTaoaaHne ¢yHKUHfi 

Sn ( Xt , ••• , Xn) a ( 1.11) ll acero ¢yHKUHOHana 8 [ cp) KaK uenoro 

a 3aaHCHMOCTH OT anna narpaH*HaHa a3aHMO.llefiCTaHSI (1.12). 

CnenaeM .llOIIOnHHTenbHO .llaa cymecTaeHHhiX rrpenrrono*eHHSlo· Bo,;. 

rrepabiX1 5yneM C~HT8Tb 1 ~TO ¢opM¢aKTOp 

ynoaneTaopsteT eme ycnoanstM 

V (z ) a ( 1.4) ll ( 1.9) 

i.V. B eaKnnnoaofi o5nacTn ( z X+iy,x>O) 

t'(x)>O (1.14) 

'v. n (O) = 
0 

1 
< 00 • 

( 1~ 15) J 

7 



Bo-BTOPhiX, He f5 y .n eM BbionpaTh narpaH)I{HaH B HOpManhHOfi c!JopMe. 

B paMKax aenoKanhHofi Teopnn Mhi MO)KeM ceoe aTo noaaonnTh, nocKonhKY 

D0 (0) < oo. cornacao npe.nnono)KeHHIO ( 1.15). Hn)Ke M.hi yan.nnM, K tJeMy 

npnao.nnT aTo npe.nnono)KeHne. 

§ 2. Y CnOBHSI CyiiieCTBOB8HHSI 8 n (X t , ••• X 2 ) 

Mbl oyaeM npeanonaraTh, 'ITO ¢yHKUHSI u ( ¢ ) B narpaH)!{HaHe 

B38HMOileHCTBHSI aHanHTH'IHa B OKpeCTHOCTH TO'IKH cp = 0, TaK 'ITO pS!Il 

U (a) = ~ 
n...o 

.u m 
m ---a 

m! 
( 2.1) 

CXOilHTCSI B. HettoTopoM Kpyre I a I < p Ko ac!>c!>nuneHTbi U m- BeiiieCTBeH-

Hhie 'IHCna. 4>yHKUHSI U (a) MO)KeT ~b!Th npellCTaBneHa B BHile 

U( a) ,. J e 1a .. ( da ( 0 ( 2.2) 

r.ne a( C) - H9KOTOpaSI EnonHe 81lllHTHBH8SI Mepa B KOMnneKCHOH nnoc

T8KaSI1 'ITO CXOilHTCSI HHTerpan KOCTH ( 

r.ne 

f e P I Cl I d a ( C) I < oo , ( 2.3) 

p - ·pallHYC CXOilHMOCTH pS!ll8 ( 2.1) • 

Tor.na llnSI ¢YHKUHH sn (xl , ... , xn B ( 1.10) nonytJnM: 

a2 
Sn ( ·x., ... ,xn) =exp 1--A- f Do (x,-x J) -~a 

~ l,j:d l j l n u (a j ) = ( 2.4) 
J=l 

l~a ( 1 n . 
.. Jd a((r) ... Jda((,) e l 1 1exp'l- 2 ~ (

1 
D

0
(x

1
-x, 

l,J=l 'j l . 

8 

l 
;l 

,II 

) 

I~ 

Hali.neM ycnoBHSI1 npn KoTophiX aTo npe.ncTaBneane MaTeMaTI 

neao. 

ITpe)Klle acero aaMeTnM, 'ITO KBa.npaTH'IHaSI ¢opMa ~ 
l,j 

SIBnSieTcSI nonO)KHTenhHO onpe.neneaaofi npn niOobiX aemecTBeJ 

T8K KaK 

4 .. 2 2 
d k v (f k ) 1 

~ a 1 D
0
(x 1-x,)a,=--

4
-J 

l • j =1 . ( 217 ) 

n 

m2 + k 2 
I~ 
l= l 

C apyrofi cTopOHbi1 anSI aTofi ¢opMbi nerKo nony'IHTh oueli!(y 

n 1 J I a 1D0 (x 1-x,) a 1<;_ (
217

)4 
l,j •l 

d 
4 

k v ( f 2 
k 

2
) 

m2~ ( al 

< n D (0) ( 
0 

2 2 
a + ... + a 

l n ) ' 

npntJeM aTa oueHKa ae MO)KeT obiTh ynyqweaa. I1TaK, 

n 
0 < ~ 

l.j•l 

2 2 a 1 D 0 (x 1-x 1 ) a 1 :s n D
0

(0) (a 1+ ... + an 

Bocnonh30BaBwnch aTHM HepaBeHCTBOM n nonaraSI B c!>o ,, ( + i TJ , nony'InM cneayiOIIIYIO oueHKy: 
j j 

9 



:aH B HOpManbHOH cjlopMe, 

0 IT03BOnHTb1 ITOCKOnbKY 

Mhl YBIInilM 1 K 'leMy 

B narpaHlKI18He 

rp = 0, T8K 'ITO pstn 

( 2.1) 

HThl U m- BeiUeCTBeH-

BneHa B BIIJle 

( 2.2) 

B KOMrrneKCHOH rrnoc-

( 2,3) 

[ 1,10) rrony'liiM: 

i 

J 
:r 
I 
I 
I 
I 

-I 

I 
.I 

Haii:neM ycnoBHH, rrpn KOTophiX aTo rrpencTaBneHne MaTeMaTH'leCKH orrpene-

neHo, 

fipelKJle Bcero aaMeTHM, 'ITO KBanpaTH'lHaSI ¢opMa I a 1 D0
(x1-x1

) a
1 l,J 

HBnHeTCSI rronolKHTenbHO orrpeneneHHofi rrpn moohiX aemecTBeHHhiX a1, ••• , an , 

T8K K8K 

II 
J= l 

( 2,5) 

C npyroii: cTopOHhi, nnH aTofi ¢opMhi nerKo rrony'lHTb oueii{<y caepxy: 

2 
< n D 

0 
(0) ( a 

1 

2 

+ ... +a ) ' 
n 

rrpii'leM aTa oueHKa He MolKeT ohiTh ynyqmeHa, I1TaK, 

( 2,6) 

( 2. 7} 

Bocrronb30BaBIUHCb STHM HepaaeHCTBOM H rronaraSI a ¢opMyne ( 2,4) 

( 
1 

= ( 
1 

+ i Tf 
1 

, rrony'lHM cnenyromyro oueHKy: 

9 



l 
l 
I' 

\ 

!.al 71J 
I Sn(x 1 , ••• ,x)l ~Jidu(( )I··· Jl du ((

0
) I el x 

1 n 1 n 

xexp 1- T;t eiDo(xi-xJ)e +20=t71lDo(x.-xl) 71J 

n 

< II 
J=l 

f I d u ( ( ) I exp I ·a 71 + _...n_
2 

D (0) 
J J J 0 

2 
71 J 

< ( 2.8) 

OTClOJla HeMenneHHo en en yeT, 'ITO Bbipa>KeHIIe ( 2.4) MaTeMaTIIqecKII orrpene-

neHo, ecnii cxoJliiTCSI IIHTerpan 

2 

Jldu(() I eN77 < oo 
( 2.9) 

llpii niOObiX N > 0 • 

Hail:neM Terrepb Knacc cjlyHKUIIii U (a ) , yno.aneTBOpSIIOIIIIIX ycnoBIISIM 

( 2.3) II ( 2.9). Tionarag a ... a + i {3 rrony'IIIM: 

I U (a+i/3) J .. l Jdu(() 
l(a+l/3> ( ( + I 71 ) 

e < 

-~U-1 du( () I e laiJ11I +lf31J~ 
2 2 

< max e laii771-NI771 e lf3llel-p 1(1 Jl d u ( () I eN 71 +pI (I 
1711·1" 

I 2 
e N a max e < 1/31 - P > I e-1 ( 2.10) < Const 

1(1 

rrpii niOObiX N > 0 • 

10 

T.e. 

lis 3TOii OUeHKII cnenyeT1 'ITO «i>YHKUIISI U (a + i {3) JlOl 

1) aHaniiTII'IeCKOii B HeKoTopoil: nonoce 

-oo < a < oo -p < {3 < p 

2) pacTII BHYTPII rronocbi MenneHee nroooil: rayccoscKoi 

fim 
a ... t oo 

-Ea 2 

IU(a+i/3) le =0 

nng I {3 I <p II nrot5biX E > 0 . 

llm1 npyriiX cjlyHKUIIii U ( a ) 1 B .qaCTHOCTII JlnSI c!JyHKI 

. OCOOeHHOCTII Ha BeiiieCTBeHHOii OCII a 1 rrpeJlCTaBneHIIe ( 2.4 

'l:eCKII He orrpeneneHo. 

11TaK, nng Knacca cjlyHKUIIil: U ( a ) , ynosneTBOpSIIOIIIIIX 

HbiM Bbiiiie ycnOBIISIM 1 S - MaTpiiU8 Oy)leT KOHe'l:H8 1 yHIITap 

11piiqiiHH8 B K8)1(JlOM. IIOpSIJlKe TeOpiiii B03MyiiieHIIfio 

11a oueHKII (2.8) nerKo rrony'IIITb, ·'ITO 

S (x , ... , x ) I < 
n I n 

rne 

s (n) > A n
2 

s( n) 
e 

0TCIOJl8 cnenyeT1 'ITO pSIJl TeOpiiii B03MriiieHIIii JlOBOnbHO CIInl 

HeoOXOJliiMbl K8KIIe-niiOO MOIIIHbie MeTOJlbl CYMMIIPC?BBHHSI1 'ITC 

KOHe'l:HyiO rronHyiO S - MaTpiiUY TeOpiiiio 

11 



2 
TJ j 

X 

( 2.8) 

M8T9M8TR'l9CKR OIIpe.ae-

( 2.9) 

-neTBOpSI!OIURX ycnoBHSIM 

< 

( 2.10) 

113 9TOH OU9HKH cne.ayeT, 'ITO tPYHKUH5l U (a + j {3) .aon:rn:aa 6biTh 

1} aHanRTU'l9CKOH B H9KOTOpOH nonoce 

-""<a < "" -p < f3 < p ( 2.11) 

2) paCTH BHyTpR rronoCbl Me.(lneaee mo6oii rayCCOBCKOH 9KCIIOH9HThi, 

T.e. 

fim 
a-+t. "" 

-£a 2 
IU(a+if3)1e =0 

.ang I f3 I < p n mo6biX £ > 0 . 

( 2.12} 

,Ung APYI"HX cpyHKURH U ( a ) , B -'l8CTHOCTR An5l cpyHKUHH, liM9101UliX 

_ OC069HHOCTR Ha B91U9CTB9HHOH OCR a 1 IIp9ACTaBneHR9 ( 2.4) MaTeMaTH-

'!eCKR ae orrpe.oeneao. 

11TaK, .ang Knacca cpyaKunH: U( a) , y.ooBneTBOp5I!OIURX nepe'!ncnea-

Hb!M Bb!lll9 ycnOBR5IM 1 S - MaTpnua 6y.aeT KOHe'!Ha, yHnTapaa n MaKpo-

IIpR'lRHHa B KB*AOM. IIOp5IAK9 TeOpRR B03MYIU9HRfi. 

113 oueHKR ( 2.8) nerKo rrony'lRTh, ·'ITO 

r.ae 

S (x
1 

, ••• , x ) I < 
n n 

2 
s (n ) > A n 

s( n) 
e ( 2.13) 

( 2.14) 

0TCIO.(la cne.oyeT, 'ITO p5IA TeOpliR B03M¥1U9HRH AOBOnhHO CRnhHO paCXOAHTCH. 

Heo6xo.anMhi KaKne-nn6o MOIUHhie MeTOAhi cyMMRP9BaHii5I, 'lT06hi· rrony'lRTh 

KoHe'!HyiO rronay10 S - MaTpnuy Teopnn. 

11 
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!I 
1

1 
I: 
I 
I 
i 

I 

AnanorH'lHbifi peaynhTaT 6bm rronyqen rrpu rrocTpoennn Koneqnoro 

psiJla Teopnn BoaMymenufi ami nponaaonbHbiX narpanmnaHoB aaanMoaefi
/4/ 

CTBHR 

§3. CxoanMOCTb pSiaa Teopnn BOaMymennfi 

B Knacce cf>ynKunfi U (a) , yaoaneTBopSIJOIIIHX rrepeqncneHHbiM BbiiUe 

ycnoBHSIJ11 1 OC060e MeCTO 38HllM8lOT cf>yHKUHll 1 KOTOpbie y6biB8lOT II pH a ... :!: oo , 

T.e. 

fim 
a ... + oo 

U (a) .. 0 . ( 3.1) 

.-'" 

3To oanaqaeT, 'iTo anSI aTnx cf>yHKUnfi crrpaaeannao rrpeacTaanenne B anae 

HHTerpana . <l>ypbe: 

U (a ) = j d ~ e Ia ~ .. 
u ( ~ ) ( 3.2) 

-00 

rae 

· 7 d ~J e !all~! 
-00 

U(~)!<oo ( 3.3) 

anSI I a l < P • 

llnSI T8KHX cf>yHKUllfi npeacTaBnenne ( 2.4) anSI S n (X 1 , •. ·, X n) Beer a a 

cymecTsyeT. 

S {x , ..• ,x )=f d.f ... jd~ U{~) ... U(~) e 1fal~lx(34) 
n l n 1 n 1 n • 

-oo - oo 

x exp 1 

2 
~ 

l,j=d 

12 

~ D (x -x ) 
I o I l <f l I . 

,_ 

.'· 

Cornacno ouenKe ( 2. 7) HMeeM: 

00 

S (x
1

, ••• ,x)!< 
n n 

n 
J d~l u <Oil 

11TaK, B aToM cnyqae BbipamenHe ( 3.4) xopomo orrpeaeneno. 

OUeHKa (3.5) rOBOpHT 0 TOM 1 'iTO pSia Teopnn B03MyiiieHnfi C 

BseaeM B paanomenne S - MaTpHUbi rro Teopuu BoaM: 

BMeCTO KOHCTaHTbi CBSI3H g cf>YHKUH!O g (X) , xapaKTepnayJO 

BKnJO'ieHHSI B38HMoaefiCTBIJSI1 TaKyl0
1 

'iTO 

4 

f d x g(x) < oo 

Toraa pSia 

00 

s = ~ 
nz() 

1 . 4 4 

-I d x 1 ••• I d x g ( x 
1 

) ••• g(.x ) S ( x 
1

, 
f n n n n. 

MamopupyeTcSI pSiaoM 

s 
M 

00 

= ~ 
nd) 

1 

ri' 

4 

lfd x g(x) I d ~ l U (0 l 

4 00 .. 

exp I I d x g (x) I d ~ !U (0 l 

CneaoBaTenbHo, pSia (3.7) a6conJOTHo cxoauTcSI. BenH'liiHa 

4 Jd x g(x) g -V 
4 

13 

n 



>CTpoeann Koaeqaoro 

lH;>KH8HOB B38HMoneti-

~ rrepequcneHHhiM Bb!llie 

pbie y6hJBaiOT rrpu a-+:!: oo , 

( 3,1) 

) rrpencTaBneuue B Bnne 

(: . ( 3,2) 

< 00 ( 3,3) 

l~a ~ 
U ( ~ n ) e l l l X ( 3,4) 

-x ) ~l I . 
I l 

CornaCHO OUCHKe ( 2, 7) HMCeM: 

00 

sn (xt'"'' xn) l < J d~l u <Oil 
n 

( 3,5) 

l1TaK, B aToM cnyqae Bhipa;>KeHue ( 3,4) xopomo orrpeneneuo, KpoMe Toro, 

OUCHKa (3,5) roBOpHT 0 TOM1 qTo pgn TeOpHH B03MymeHHH CXOnHTCR, 

BBeneM B paano;>Keaue S - MaTpHUhi no Teopnn BoaMymeanti ( 1,9) 

BMCCTO KOHCT8HTbl CBR3H g cpyHKUHIO g (X) , xapaKTepH3YIOlliYIO CTeiieHb 

, BKnJOqcHHR B38HMonetiCTBHR1 TaKyi01 qTo 

Torna pRn 

M8;>KOpHpyeTCR pHnOM 

s 
M 

1 
--;! 

4 

f d x g(x) < oo 

4 00 

lfd x g(x) Jd~ I U (~) l 

00 

= CXp I f d 
4 

x g ( x) f d ~ l u"" ( ~ H 
-oo 

CnenoBaTenbao, pRn (3,7) a6coniOTHo cxonnTcR, Benuquaa 

4 Jd x g(x) 

13 

( 3,6) 

n 

( 3,8) 

( 3,9) 



rae V 4 nMeeT CMbicn 'leTbipexMepHoro o6'beMa, npn g(x) ... g pacxo-

JllfTCH1 TBK KBK V 4 -+ oo B 06bi'IHOfi KBBHTOBOfi Teopnn IIOnH STU pac-

XOJllfMOCTlf CBH38Hbl C nepeXOJl8Mlf BaKyyM-BaKyyM1 If OHlf BbiJlenHIOTCSI 

na acero pSIJla Teopnn aoaMymeHHfi· B anae HecymecTBeHHoro $aaoaoro 
. /8/ 

MHO:lKHTenSI (eM,, HanpHMep, ) , 

§4, HopManbHaSI $opMa narpaH:lKHaHa aaanMoaeficTBHSI 

ITpn nony'leHHH npeacTaane.HHSI (3,4) H oueHKH (3,5) npeanonaranocb, 

'ITO narpaH:lKHBH B38HMOJlefiCTBHSI 

L (x) "" g 
I 

·j d e 
-oo 

•e¢<x> 
e u < e> ( 4,1) 

Bbi6paH He B .HopManbHO ynopSIJlO'IeHHofi $opMe, Ecnn :lKe, KaK o6bi'IHo, 

Bbi6paTb narpaH:lKHBH B38HMOJl9fiCTBHSI B HOpManbHO ynopSIJlO'IeHHOfi $opMe : 

00 

~e¢ex>. u c e > e LI (x) = g f de 
-oo 

TOrJla BMeCTO ( 3,4) nony'IHM 

oo oo n =::~ 

s n (X p•••' X n ) .. J d ~ ... f d en II u ( e f ) 
2 

---:- D 0 (0) ~ I+ I a f ~ j 
e x 

-oo -oo j .. t 

n 

x exp I 1 
2 

~ e D (x -X ) 
I o I f e 1 '. l,f=l 

14 

. 

( 4,2) 

( 4,3) 

DnSI cxoaHMOCTH HHTerpanoa B ( 4,3) Heo6xoaHMo, 'IT06bi cxoan 

pan 

00 

f d 
- 00 

e u < e > 1 e 2 

2 

D (O) ~ 
< 

0TCIOJl8. cneayeT1 'ITO $yHKUliSI U ( a ) B rrnoCKOCTH KOMIIneKCJ 

JlOn:lKH8 6b!Tb uenofi aHanHTH'IeCKOfi $yHKUHefi IIOpSIJlKa p ~ 2 

C Jlpyrofi CTOpOHbi 1 ecnH B narpaH)I{li8He B38liMOJlefiCTBliH 

peiiTll K HOpManbHOH $opMe 1 TO rrony'IHM: 

00 

u ( ¢) : .. J d e 
-oo 

•e¢<x> 
e e 

1 D 
-""]""":" 

2 

co>e ij(O 

TaKHM o6paaoM, HopManbHO yrropSIJl_O'ieHHbiii narpaH:lKHaH aaaHMO 

: U (a ) : SIBnSieTCSI B IInOCKOCTH a uenoii $yHKUli9H IIOpS1JlK8 

ecnn aa:lKe narpaH:lKHaH U (a ) liMen. B nnocKoCTH a ni06bie 

HOCTH, 

KpoMe Toro, cneayeT aaMeTHTb cneayiOmee, Ecnn narpam 

aeiicTBHSI Bbi6paH He B HopManbHoii $opMe, Toraa rrocne rrepexo, 

HOMY IIpOli3B9Jl9HHIO B narpaH:lKHBHe B38KMOJl9HCTBliSI H B K8:lKJl0 

TeOpllll B03MymeHHH JlnSI 8 - M8TpHUbl K8)f(Jlb!H 'lneH pS1Jl8 Te 

MymeHHH 8 n (X l, • .. , X n ) 38BliCHT OT ane MeHTap.HOH Jlnl!Hbl 

o6paaoM, 'iTO 

eim e .... o 
S (x

1
; ... , x ) 

n n 
0 

l1TaK 1 B paCCMaTpl!BaeMOM IIOJlXOJl9 npll nepexoae K TO'ie'IHOMY 
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, npn g(x} ... g pacxo

,a Teopnn nonH aTn pac-

.i, ll OHR BbU:lenHIOTCH 

ecTaeaaoro ~a3oBoro 

B381IMOJl9HCTB1IH 

[ll (3.5) npe~nonaranocb, 

( 4.1) 

:nn :1Ke, KaK o6bJtiHo, 

0 ynopHJl0'19HHOH ~OpMe : 

(4.2) 

X 

( 4.3) 

~ 
I 

I 
I 

I 
I 

l r-
1 

l 

I 

r 
I 

nnH CXOJlllMOCTll llHTerpanOB B ( 4.3) Heo6XOJlllM01 'IT06bi CXOJlnnCH llllTer-

pan 

.. 
f d 

- 00 

e 2 

2 

D (0) ,; 

< ( 4.4) 

0TC10Jl8. cneJly9T1 'ITO ~yllKURH U ( a } B nnOCKOCTll KOMnneKCHOrO a 

JlOn:1Kila 6btTb uenofi aaannTnqecKofi ~ynKunefi nopHJlKa p ::;,. 2 

C Jlpyron cTopoHbt, ecnn B narpaa:nmane B3aRMOJleficTBIIH ( 4.1) ne

pefiTn K aopManbnofi ~opMe, TO nony'lnM: 

u ( ¢} e 
--~-D 

2· (4.5) 

TaKnM o6pa3oM, nopManbno ynopH~oqennbtn narpaH:1Kllall B3anMoJlencTBIIH: 

: U ( a } : HBnHeTCH B nnoCKOCTll a uenofi ~yllKUllefi nopHJlKa p ~ 2 

ecnn Jla:1Ke narpaH:1Knan U ( a ) nMen B nnocKocTn a nl06bte ocooen-

HOCTR. 

KpoMe Toro, cneJlyeT 3aMeTnTb cneJly!OIIlee. Ecnn narpaa:1Knan B3anMo

JleficTBRH Bbt6pan ae B nopManbnofi ~opMe, TOrJla nocne nepexoJla K aopManb

HOMY np01I3B9Jl9HlliO B narpaH:1Kll8H9 B38liMOJl9HCTB1IH ll B K8:1KJlOM nopHJlKe 

Teopnn B03Mymeanfi JlnH 

Mylll9Hlifi 8 n (X 1, • •. , X n } 

o6pa30M, 'ITO 

eim e .... o 

8 - MaTpRUbl K8:1KJlbiH '!nell pHJl8 Teopllll B03-

38BllCliT OT aneMeHT8pHOfi /lnlillbl f T8KIIM 

( 4.6) 

YfTaK, B paccMaTpl!BaeMOM ilOJlXOJle npn nepeXOJl9 K TO'I9'1HOMY B38I!MO/l9H-
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CTBHIO peanbHOe B38HMO.lleii:cTBHe llOnHOCTblO Hcqe3aeT1 TOr.lla KBK B 06brq

HOll aenoKanbaoii Teopnn npn f -+ 0 Bo3HHKaroT o6brqabre ynhTpa<jlno-

neTOBbie paCXO.llHMOCTH noKanbHOH KBBHTOBOU TeopHH nong. 

3aKnroqeane 

TaKHM o6paaoM1 .unR onpe.ueneaaoro Knacca cymecTBeaao aennaeii

HhlX narpaH~HaHOB B38HMO.llellCTBHR B paMKBX aenoKanbHOH KB8HTOBOH 

Teopnn nong y.uanocb nocTpoHTb S - MaTpnuy Teopnn B Bn.ue cxo.ugmero

CR pR.ua Teopnn B03Mymeanii .B eBKnn.uoBoii <jlopMynnpoBKe Teopnn. Paaee 

6brno .uoKaaaao, qTo npn npo.uon~eann B <jlnsnqecKyro o6nacTb S - MaTpn

ua 6y.ueT yHHTapaa B KB~OM llOpR.llKe TeopHH B03Mymeanii. nanbHeiirneii 

aa.uaqefi RBnReTCR nayqeane noBe.ueang aMnnnTy.ll ¢nanqecKnx npoueccoB 

B paMKax Bcero cxo.ugmerocg pR.ua, npe.ucTaBnRrourero nonayro S -MaTpn-

uy Teopnn. 
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