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P2 • 4543 

B.A.MaTaeea, P.M.MypaA.HH, A.H.TaaxeJIHA3e 

PO)!(,ll;EHWE MIOOHHJlX llAP 

B CWRbHJlX B3AWMO,ll;ERCTBWHX 

W ACWMllTOTWqECKWE llPABWRA CYMM 



p,J<.rto 21C~ 
.:;.--- I 

l.BaeaeHIIe 

B rrocneaHee BpeMH B pHae TeopeTnqecKnx pa6oT OTMeqanocb,. qTo nsy

qeHne rny6oKo Heyrrpyrnx rrpoueccoB pacceHHHH nerrTOHOB Ha rrpoToHax HBnH

eTCH oaHHM H3 ·ocHOBHbiX CpeaCTB H3yqeHHH CTpyKTypbl qaCTliU Ha ManbiX 

paccTOHHHHX /l-3!. HeaaBHne aKcrrepnMeHThi Ha CT9HtjlopacKoM ycKopnTene /4/ 

BbiHBHnH B9CbM8 HHTepecHyiO K8pTHHy ITOBeaeHHH aMITnHTya Heyrrpyroro aneK

Tpopo:>KaeHHH n rrocny:>Knnn ocHoBoii: anH BhiaBn:>KeHnH n rrpoBepKn pHaa Teope

TnqecKnx naefi IB-7!. C apyrofi CTopoHhi, B paooTax 18,9/ rronyqeH psm 

orpaHnqeHnfi Ha acnMrrToTnqecKoe rroBeaeHne aMrrnnTya neyrrpyrnx rrpoueccoB 

C yqaCTHeM nHIIIb CHnhHOB38HMO)leii:CTBYIOIIIHX qacTHU, HCXOaH U3 OOIIIHX IlpHH

UHIIOB Teopnn rronH. 05o51IleHne aTnx pesynbTaToB Ha Heyrrpyrne rrpoueccbi 

C yqaCTHeM •neiiTOHOB aaCT B03MO:>KHOCTb TionyqeHHH TOqHhiX Ol'paHnqefiUfi 

anH tjlopMtjlaKTop'oB Iieyrrpyrnx rrpoueccoB. 

B H8CTOHIII9ll paooTe nsyqaeTCH rrpouecc o6pa30B8HHH MIOOHHhiX nap 

ITpH rnyoOKO HeyrrpyroM CTOnKHOB9HHH aByx· aapOHOB TipH Bb!COKHX 9HepPHHX. 

~ f1oKa3aHo, qTo rrpn 6onbiiiHX 9HeprnHx n rrepeaaqax nMrrynbca tjlopMtjlaKTOpbi 

9TOPO rrpouecca CBH38Hbl C ·MaTpnqHbiMU aneMeHT8MH oaHOBEeMeHHhiX KOMMy-

TaTOpOB aneKTpOMai'HHTHOPO TOKa. f1 onyqeHHhle II pH STOM 8CHMTITOTHqeCKHe 

rrpaBnna cyMM MoryT' rrocny:>KHTb OCHOBofi anH rrpoBepKn cTpyKTyphi. aneKTpo

qJ M8PHHTHOPO TOKa al(pOHOB. B qaCTHOCTH, anH TIOnHpH3aUHH MIOOHOB rrpeacKa

"] 38HHH anre6pbl KBapKOBb!X TOKOB H anre6pbl rronefi KaqecTB9HHO pa3nUtl810TCH. 
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May~eHH8 nonHpH3aUHH MIDOHOB B paCCMOTpeHHOM npouecce He06XOAHMO TaK-

' *e npn aaannae aKcnepnMeHTOB no noncKy W -Me30Ha B npOTOH-npOTOHHbiX 

CTOnKHOBeHHHX npH nOMOillH A8T8KTHpOBaHHH nonHpH30BaHHhiX MIDOHOB 1 ,pa3-

neTaiDIUHXCSI Ha 6onhiUHe yrnhi 1101 • TecHaH CBH3b Me*AY npoueccoM PO*

neHHH \V -Me30Ha H aneKTpOMai'HHTHbiM PO*A8HH8M MIDOHHbiX nap Y*e 06-

------------~~------·------------------------cy*nanacb B nnTepaType. --------Boll ~aCTH pa60Thl paCCMOTpeHa KHHeMaTHKa npouecca H npHB8A8Hbl 

aeo6xonHMhie onpeneneHHH H o6oaaa~eHHH. 

B III ~aCTH noKaaaao, KaKHM o6paaoM ce~eHHe ~H3H~ecKoro npouecca 

CBSI3allO C KOMMyTaTOpOM aneKTpOMai'HHTHbiX TOKOB. 

B IV ~acTH nony~eHhi npaBnna cyMM, CBH3biBaiDIUHe npenenbHhie aaa

~eHHH ~OpM~aKTOpOB C OAHOBpeMeHHbiMH KOMMyTaTopaMH npOCTpaHCTBeHHbiX 

KOMnOH8llT aneKTpOMai'HHTHOI'O TOKa H npOH3BOAHhiX no Bp8M8llll. B npnno

*8HHH I paccMOTpeH BOnpoc 0 BhiAeneHHH BKnaAa H8CBH3aHHbiX AHarpaMM; 

TipnnO)K8HH8 ll nOCBH!ll8HO KHH8MaTH~8CKHM BOnpoCaM. 

II. KnHeMaTnKa, o6oaaa'IeHHSI n onpeneneHHSI 

PaccMoTpHM npouecc aeynpyroro cTonKHOBeHnSI anpoaa a c rrpoTo-

HOM, B peaynbTaTe KOTOpOI'O PO*AaeTCH MIDOHHaH napa II HeKOTOpaSI CIICTe

Ma aApOHOB N • B HH3IUeM nopHnKe no aneKTpoMai'HIITHOMY B3aHMoneil:cT

BHID- npouecc 'npoTeKaeT ~epea HcnycKaHHe H pacnaA eupyTanhHOI"O ¢oToHa 

y* 

a+ p ... y * 
1,_\ 

fl fl 

+ N . 

(2 .1) 
+ 

HaneTaiDIUHM aApOHOM MOI"YT 6hiTb rr - -Meaou, npoToH HnH aHTnnpoTOH 

± 
a = rr ' p, p • BBeAeM o5o3Ha~eHHSI AnSI HMnynhCOB cornacHo pRe. l: 

a<Pi 
)t(K') 
i 

j£(K) 

p Puc. 1. 
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3aKOHbi COXpaHeHHSI .4-HMIIynhca HMeiOT BHil! 

(2.2) 

q==k'+k. 
(2.3) 

CooTBeTCTBYIOIUHli MaTpH'l:Hhlli _ aneMeHT T -MaTpHUbi onpeJlenSieTcSI Bbipa*eHH

eM: 

4 1Ta p. 
T 11 == --- f < N out qz I J ll (O) I P P , 

• 9 
m >, 

(2.4) 

= ii(k) y 11 v (k ') 
- aneKTpOM8I"HHTHblli TOK MIOOHHOli II8pbi; 

Jp.(x) e 2 1 - onepaTOp aneKTpOM8I"HHTHOI"O TOKa 8/lpOHOBj a=--=--
4rr 137 

IIOCTOSIHH8SI TOHKO!i CTpyKTypb!, CHMBOn "c" 03Ha'laeT,- 'ITO He06XOilHMO OT-

6pOCHTh HeCBSI38HHble '18CTH B M8TpH'IHOM aneMeHTe TOKa: 

ITonnoe ce'leHue npouecca (2,1) npu cTonKHOBeHHH nenongpuaoBaHHbiX 

'18CTHU , a H p , npocyMMHpOB8HHOe IIO nonsrpH38UHSIM neiiTOHHOli II8pbi, 

MO)KeT 6biTh npellcTaBneno B BHile 

z z d4 q rr(q2) ( /lV q ll q v 4rr a 
J a == q 2 -g + q2 ) p 

/(pp')z - m2m, 2 ( 277) 4 
p.v . (2,5) 

I"lle m H m , - M8CCbl IIpOTOHa H '18CTHUbl a COOTBeTCTBeHHO, 3JleCb HC-

IIOnh30B8Hbl cnellyrorune o6oana'leHHSI H onpe/lenenusr: 

4 c c 
Pm,(p,p ',q)= ~ (277) o(p+p '-q-p )<pp 'in I JII(O)!Nout><Nout!Jv(O)Ipp'in:> 

r- . N N • r · • (2,6) 

(2. 7) 
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i>tX ( l {:Jf,f'tJ 1 jv (<>J://t• 1 

I'Jle 

" ( q 2 ) - . 1 ( 1 q2 -4m2- q2 -4m2 
- - - IL ) -' p. 

4TT 3q2 v q2 L,o 
fl 

1 s;· 
(2.8) 

3JleCb d {} -aneMeHT TeneCHOI'O yrna, CBSI38HHbiH: C HanpaaneHHeM HMIIynbCa 

OJlHoro H3 MIOOHOB B cncTeMe ueHTpa Mace MIDOHHoH: nap hi q = 0 : m p. -

Macca MIOOHa. 

l13 ycnOBHSI COXpaHeHIISI TOKa cne)lyeT, 'iTO TeH30p p ( p, p 'q) MO)!(eT 
pv 

ObiTb pa3no*eH no IISITH nRHeH:Ho-He3aBRCRMhiM rpaJlReHTHO-RHBapRaHTHhiM 

CTpyKTypaM 

p j1V (p,p ',q) = p! (-gp.V + ~ q2 )+p2 p p +PaP'P' + 
fl v fl v 

+p 4 (PP-P;+PvP~) +ip 5 ( Pp.P~-PvPp.'J, 

r'Jle 

p/L 
p·q 

Pp.- 2 qfl 
q 

p, =P ~-
fl 

p ', q 
---q-a qfl. 

(2,9) 

(2.10) 

Bee lf>OpM!flaKTOpbi p ! SIBnSIIOTCSI BeiUeCTBeHHbiMH CKanSipHbiMH lflyHKUHSIMH 

'ieTbipex He3aBHCI:IMbiX HHBapRaHTHbiX nepeMeHHbiX 0 IIOCTpOeHHbiX 113 BeKTOpOB 

P , P '11 q, HanpRMep, MO)!(HO BhiopaTb nepeMeHHyro q
2
-KBaJlpaT 

Macchi BRpyTanbHoro ¢oToHa 1:1 oohi'iHhie MaHJlenbc'raMOBCKI:Ie nepeMeHHhie s, 

t • u: 

s = (p+p ')2 =m2 +m' 2 +2m£ 

t=(p'-q)2=~2-
(2 .11) 

( 
2 2 

u = p -q) = m + q -21:', 

r'Jle IIHBapRaHT V = p .q B naoopaTOpHOi!: CI:ICTeMe (p = · 0) nponopuRoaaneH 

9Hepi'HH BHpTyanbHOI'O lfloTOHa H £ = ~ (p.p ') -- 9Hepi'HSI HaneTaiOIUei!: 'iaCTHUb1 

. 2 2 
B naoopaTOpHOi!: CHCTeMe, Ecn11 BBeCTH eme OJlHH HHBapRaHT m N= p N 

npeJlCTaBnSIIOIUHii KB8JlpaT HHBapRaHTHOii MaCChi CHCTeMhi 8Jlp0HOB 0 TO Me)!(JlY 
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nRTbiO HHBapH8HT8MH 6yaeT HMeTb MeCTO nHHellHOe COOTHOilleHHe 

(2,12) 

B aanbneiimeM oKa3hiBaeTCR none3HbiM pa3no:lKeHue TeH3opa p pv no 

CTpyKTypaM, COOTBeTCTBYIOlliHM onpeaeneHHbiM nonRpH38UHRM BHpTyanbHOI'O 

~OTOHa, OnpeaenHM HanpaBneHHR BeKTopoB nongpH3aUHH BHpTyanbHoro ~oTo-

Ha B na6opaTOpHOH CHCTeMe (p=0) cornaCHO puc, 2, 

.... , 
p 

-~ ...... -..... ..,_ __ -:---JI_ '}-

........ , -eli 
...... 

............ 
................. 

.... 
Pnc. 2, 

CooTBeTCTByromue penRTHBHCTCKHe "'eTbxpexMepHbie BeKTOpbx nongpH3a

UHH HM9IOT BHa: 

rAe 

(L) 
f 

jl 

1 p 
y-'Y2 jl 

(T1J :f
2 

1/2 p,:f' 
< = [ l ( P,; -(.1'7.'" Pfl), 

fl (PP')2 _p:>p- 2 r :r 

yq 2 

(i)2 1 
J =--(m2q2-v2), 

q2 

p ,z = ..!_
2

(m , :q 2 -(p 'q )2 ), 

q 

PP'=~(m cq 2 -v(p'q)). 
q 

7 
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(2.136) 

(2.13a) 

(2.14) 



HeTpy/lHO BHil9Tb 1 'ITO BeKTOpbi nonSipH38UHH HM9IOT cneJlyronme CBOii:-

CTBa: 

(~I) qll =0, (I) (k) ll . 
( P ( = - 8 lk 

I ( o> 
I=T 1 ,T2,L /l 

(I) 

( =-g + 
II flll 

qll qll 

q 2 

( i, k = T I , T 2• L ) , 

(2.15) 

I1cnonb3YSI <lJopMynbi (2,13) H (2,15), MO:lKHO npHB9CTH pa3nO:lK9HHe. (2,9) 
K BHilY 

np!P!eM 

(T I) (TI) (T2) (T2) (L) (L) 
p =p ( ( + p ( ( + p ( ( 

fl" Tl f1 " T2 f1 " L f1 " 
(+) ( L) (L) (T,;) (-) (L) (Tl) (L) ( Tl) 

+pTL(£ f1 £ f1 )+ipTL 
( 

p = p - p 2p 
L I 2 

" + (" 

_ <P·P ')2 

p2 

( ( f1 ( -:- ( 

" 

Pa 2P.P' P 4 • 

(P•P')2 _p2p,2 
p T I =pI 

PT2 =(JI 

(+) • (-) 

PTL ± lpTL 

p2 Pa ' 

2 t/2 ~[PzP,2-<P·P') 1 Pa + p2 

2 2 2 ; 
+ [ p p, - ( p.p,) J' 2( p 4 :!: ip 5 ) • 

" 

+ 

<1:1) 
(2 .• 16) 

( f1 ), 

(2.17a) 

(2.175) 

(2,17a) 

(2.17r) 

llOJlCTaBnSISI pa3nO:lK9HHe (2.16) B ¢opMyny JlnSI ITOnHOPO Ce'IeHHSI rrpouecca 

(2 .5), nony'IHM: 

a 
4rr2a2 d4 

~=====f-q 
Y ( P·P ') 2 ..:.nr m , 2 ( 2rr )4 

8 

rr( q 
2

) ( 2 A 2 ____,....p s, q ,u ,·v), 
(2 .18) J 



I'lle 

/fV q!lq v 
p ,(-g + --2-)p =p +p T +pL. 

q /LV T 1 2 

(2.19) 

l1HTei'pHpOBaHHe B !flopMyJie (2.18) no HMnyJihCy BHpTyaJibHOI'O !fJOTOHa 

MO)K9T 6b!Tb CB9il9HO K HHTei'pHpOBaHHIO no HHBapHaHTHbiM nepeMeHHbiM,- Ha

npHMep: 

2 2 -======= dq dL\ dv d¢, 
1 

4 v' ( p.p ') 2 
2 , 2 -m m (2.20) 

I'lle ¢ -aanMyTanbHbiH yi'on. 

OpeneJibi HHTei'pnpoBaHHH HaXOilHTCH na aaKoHOB coxpaHeHHH, onpene

JIHIOilliiX !flnanqecKyiO o6nacTb npouecca (2 .1 ) ( CM, npHJIO)KeHne II ) . 

l1MeH B JlaJlbH9HWeM B BHilY cnyqail: Bb!COKHX SHepi'HH CT8JlKHBaiOillHX-

CH anpoHoa, Korna e >> m , e>>m-,, 

d 8 p ( s ' q 2' L\2' 8 ) ' 
(2.21) 

2m 

1 rne £* = e ' 8=-poL\ 
' - m - nepenaqa aHeprnn a na6opaTopnoH: 

CHCTeMe, 

0TMeTHM, 'ITO nonHoe cetieHne npouecca (2.1) onpenenHeTcH nnwb cyM-
- (±) 

MOH !flopM-!flaKTOpOB p + p + p H He 3aBHCHT OT p T L , l13Me-
T 1 T 2 L 

peHHe BCeX !flopM-!flaKTOpOB B 0Til9JlbHOCTH B03MO)Kl!0 npH H3y'leHHH yrnoao

ro pacnpeneneHHH no HanpaBJieHHHM HMnyJihCa MIOOHOB B CHCTeMe UeHTpa 

Mace napbr, rne q =0. 

Bbr6npaH a CHCTeMe noKOH napbi HanpaaneHne HMnynbca 
... 
p 

OCH Z , a HanpaBJI9HHe K nJIOCKOCTH p0)KJl9HHH - no OCH Y , nony'IHM 

......, ...;, _. 
k=-_k'=lkl (sinOcos¢, sinOsln¢, cosO). 

(2 .22) 
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B peaynDTaTe nng OTHopMuposaHHoro yrnosoro pacnpeneneHug nonyquM 

cnenyromee Bhipa>KeHue 1111 (eM. TaK>Ke /12/): 

W(O,¢)= 
1 

4rrp 

1 
a 

(1-!..) 
3 

p (1-v a sinaOrosa¢)+ 
Tt 

+ p ( 1-v a sin a Osin a¢ ) + p ( 1-v a rosa e ) - /+> va sin20 ros¢ I, 
Tn L 'l'L 

.... 

l2.23) 

rne P =pL +P-i:
1 

+PTa • v 
11r I qa-4ma 

= ~ = v p. 
k 0 qa 

- CKOpOCTb MIOOHbB B 

CHCTeMe q = 0. 

KaK OTMeqeHo B 111 1, 4JopM4JaKTOp 
(-) 

PTL. nponopuuoHaneH nonHpuaauuu 

OllHOrO H3 MIOOHOB Bll01lb HOpMS11H K n110CKOCTH pO>Kll8HHg, T.e. BllOnb OCH 

y • 0TMeTHM TaK>Ke, qTo H3MepeHue 4Jop4JaKTopos P T "'PT +PT H PL 
. 1 a 

Mo>KeT 6hiTh npouase.rteHo uayqeHneM pacnpeneneHug nu'mb no · no yrny 0 : 

arr 
W(O} fd¢ W(O,¢)= 

0 

1 . v 2 

= ., I p ( 1-v 2 cos 20) + p ( 1- - sin 2 0) I . 
2 p ( 1- 2..") L T 2 

3 

(2.24) 

m . KoMMYT8TOpbi TOKOB 

CssnKeM senuquHy pp.v (p,p ', q) , sxongmyro B onpeneneHue ce-

qeHug npouecca (2.1), c ~yphe-o6paaoM nuaroHanbHoro MaTpuqHoro ane-

MeHTa KOMMyTaTopa 9118KTpOMarHHTHhiX TOKOB: 

-I Q X 

A1w (p,p ', q) = f dx e < p p ' in I[ J ( x), J (0) ] I p p ' in > 
/l II 

(3.1) 
a p. II ( p, p '' q) -a II ll ( p' p , - q). 

Ilonpa3yMeBaeM, 'ITO qaCTHUhl B o6K11SllKSX Ha nonHpH30BSHhi; CHMB011 "c" 

oaHaqaeT, qTo 6epeTcg csgaaHHag B uenoM qacTb MaTpuqHoro aneMeHTa 

10 



KOMMYTB.TOpa ABYX TOKOB. QqeBHAHO, 'ITO A JLV li a JLV MOI'YT 6biTb pa3n0)K9- -

Hbl no nSITii ll938BHCHMbiM rpaAH9HTHO-HHBapuaHTHb!M CTpyKTypaM, aHanOI'H'I

HO pasno)KeHHIO (2.9), npu'IeM 

AI (p,p ',q)~al (p,p ~q)-al (p,p '-q) 
1 = 1,2,3,4 

(3.2a) 

A 5 ( p, p ~ q ) ~ a 5( p ' p '' q) + a 5 (p' p '' ;.... q). (3.26) 

0TMeTuM, 'I,To Benn'IHHbi A1 He HMeiOT onpeJleneHHbiX CBo:iicTB CHMMeTpuu _ / 

no nepeMeHHO:Ii: V npu <fJuKCHpOBaHHb!X nepeMeliHb!X S ,q 2 H - /:1,.1), • .,. 

lle:ii:CTBHTenbUO, npli nOACTaHOBK9 q ,>- q HM99M 

(3.3) 

A 2 , 
OnnaKo, ecnu BMecTo nepeMenno:li: u ¢uKcupoBaTb oTHomenue 

a= ~~ 
p. q 

!' 

(3.4) 

To BenH'IHHbi A 1=1,2;3,4 (s,q
2 

;a,v)cTaHOBSITCSI He'leTHbiMH, a BenH'IHlla 

A 5 (s, q 2 , a,v} - '19THO:Ii: ¢ynKUHSIMH v COOTB9TCTB9HHO. 

PaccMoTpHM Tenepb 6onee nonpo6uo Benu'lnHy a JLV 

nOBH9 nonHOTbl B9KTOpOB " OUt " - COCTOSIHH:Ii:, nony'IHM 

• l1 cnonbsy SI yc-

I c 4 , 

am)p,p,q)= :t (2rr} o(p+p'-q-p) <pp 'iniJ (O)INout XNoutiJ~(O)Ipp'in>, 
r- N N Jl (3.5) 

I'Ae CHMBOn "c" HaA 3H8KOM CyMMbl 03H8'189T 0 'ITO Bbi6Hpa!OTCSI nHllib CBSI-

38HHbi9 B uenoM MaTpH'IHble aneMeHTbl npOH3B9Jl9HHSI JlBYX TOKOB. 

P aso6beM Ma TpH'IHbi:Ii: aneMellT ToKa < N out I J Jl (0) I p p' in> na CB:gsan.:.. 

Hbie H II9CBSI38HHbl9 'laCTH COI'naCHO puc. 3 '(yM. npunO)KElHHe ) • 

11 



B peayllbTaTe BeliH'IHHa a p.v MO»<eT 6biTb npencTasneaa B BHJle 

aiD' ( p 'p' q) = p PI' ( p 'p ~ q ) + p PI' ( p' p ~ q), (3.6) 

r]le BeliH'IHHa ppv eCTb UOliHOCTbro CBR3SHHSR 'ISCTb MaTpH'IHOrO 9lleMeHTS 

npoHaseneHHSl nsyx TOKOB, onpeneneaaag 4JopMYnoft (2 .6), a qepea Ppv 
0603Ha'leH BKliSJl 15 Clla6o CBR3SHHbiX o6o6uteHHbiX 

'leCKH H306pa»<eHHbiX Ha pHC. 4. 

• • 
z -JlHarpaMM, CHMBOliH-

ITpH aToM H3 aaKoHa coxpaaeHHR HMnyllbca H ycnoBHR cneKTpallbHOCTH 
a 

- cnenyeT, 'ITO npH q > 0: 

1. p pl' OTliH'IHS OT Hy liR npH 

ll >0 2 -
m N:S ( ys - .,;-qz )2; 

(3.7a) 

· 2. p pl' OTliH'IHS OT HyliR npH 

(3.76) 

2 -
v <0 ; m N ~ (Vs + y q2 )2. 

2 .. 
KaK BHJlHO H3 (8.76), B npeJlelle. S _. oo npH q > 0 BeliH'IHHa p p.v , COOT-

• 
BeTCTByroiiiSSl BKliSJlSM . , Z , -JlHarpaMM, onpe]leliReTCR npoMe»<yTO'IHbiMH 

COCTORHHSlMH SJlpOHOB N C 6eCKOHe'IHO TR»<ellbiMH a#eKTHBHbiMH Macca-

MH mN =-VP.J~ • OTCroJla, B 'laCTHOCTH, cneayeT, 'ITO npH q 2 >0 

12 
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fim p"' = 0. 
/LV 

s->oo 
(3,8) 

s 

IV • nHH8MHKa npH oeCKOHeqHoM HMnynhce H aCHMllTO-

Hn>Ke Mbi noKa>KeM, 'ITO Bonpoc o noBet:teH~;tH cpopMcpaKTopoB npouecca 

pO>Kt:teHHSl MIOOHHbiX 'nap (2,1) npH BbiCOKHX 9Hepi'HSIX CTanKHB810lllHXCSl .at:tpo-

HOB H 6onbWHX 9Hepi'HSIX H Maccax BHpTyanbHOI'O cpOTOHa, KOI'Jla 

s,q 2 ,v-ooo 

-
p, .q 

a -= --- = cpHKCHpOBBHO 
p·q 

q 2 
, W = ']';:;- = cpHKCHpOB8HO, 

( 4.1) 

MO:lKeT 6biTb CBet:teH K H3y'leHil:IO OtlHOBpeMeHHbiX KOMMYTBUHOHHbiX COOTHOWe-

' 
Hlifi Me>Kt:tY npOCTpaHCTBeHHbiMH KOMnOHeHTBMH onepaTOpOB aneKTpOMai'HHT

HbiX TOKOB anpOHOB H HX npO!i3BOllHbiMH no BpeMeHH, 

l1cnonb30B8HHe OllHOBpeMeflH.biX KOMMyTaUHOHHbiX COOTHOWeHHfi 3H8'lH

TenbHO. ynpowaeTCSl B CHCTeMe UeHTpa Mace MIOOHHOfi napb11 .I'ne q =( q O , 0). 

0TMeTHM1 'ITO B naHHOfi CHCTeMe nHWb npOCTpaHCTBeHHble KOMnOHeHTbl I'pa-

naeHTHO-HHBapnaHTHbiX TeaaopoB A /LV n p !LV oTnH'lHbi oT aynsr, 

l1HTei'pHpySI o6e 'l8CTH paBeHCTBa (3,1) no dq O , MO:lKHO nony'lHTb psrn 

COOTHOWeHHfi 

(4,2a) . 

( 4,26) 

H T,n, 
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3AeCb 

B 1 k ( p', p"' ) "' J d it < p , p ' in I P '1 ( x , 0 )J k (0) ] I pp 'in > , 
( 4.3a) 

C1k (p~p') =-~Jdx ... <pp 'in![ j 1 (x,O),JdO)l! pp 'in>, 
I ( 4.36) 

I"Ae OAHOBpeMeHHhie KOMMyTaTOphl onpe.AenSIIOTCSI KOHKpeTHOH MOA9nhiO an
re6pbl TOKOB, 

0TM9THM, 'ITO B H36paHHOH CHCTeMe, I"Ae -t 
q"' 0 , HHB8pH8HTHh19 

nepeMeHHhie, OT KOTOphiX 38BHCSIT <jlopM<jJaKTOphi , HM9IOT Cne,AyiOIUHH BRA! 

s"' ~ 2 + m , 2 + 2( Pop , o- pp ... ,)' 

2 2 
q = qo ' 

11 "'Poqo, ( 4,4) 

P6 a=--. 
p 0 

0TCIOAa cne.AyeT, 'ITO HHTei'pHpOB8HHe B lf>opMynax ( 4,2) npOH3BOAHTCSI B.QOnb 
2 

napa6onbi q 
2 

"' ~O B nnOCKOCTH ( q2 
, II ) llpH !f>HKCHpOB8HHhiX. 

3H8'!9HHS!X nepeMeHHhlX S , a. 

ilOA06Hhie npaBHna CYMM npH llpOH3BOnbHhiX !f>HKCHpOB8HHhiX HMnynbcax 

p II p' COA9p)!{aT, B006IIIe I'OBOpSI, BKna.Qbl "z" -.QHai'paMM, Kax 6hxnci 

OTMe'IeHo B npe.QbiAymeM napaFpa!f>e, B npeAene s ... "" npH q 2 > 0 BKna.Qhi 

"z" - AHarpaMM onpe,AenSIIOTCSI npOM9)!{YTO'IHblMH COCTOSIHHSIMH aApOHOB N 

C 6eCKOH9'IHO TSI)!{9nbiMJl: alf><jJeKTHBHbiMH MaCCaMH m N • 

B COOTB9TCTBHH C 06IUenpHHSITOH HAeOnOI"H9H M9TO.Qa anre6pb! TOKOB 

Mbi 6yAeM npe.QnonaraTb, · 'ITO BKna.Qbi "z "· -auai'paMM HC'lesaroT B npe.Qe

ne s ... ""· 

3To npe.Qnono)!{eHHe oxashiBaeTcSI cnpaBe.QnHBbiM B. cnyqae, KOI'.Qa· Mo)!{

Ho H3M9HHTb llOpSI.QOK nepeXOAa K • npe.Qeny S ... oo H HHTei"piipOB8HHSI B lf>op

Mynax .( 4,2). lleil:CTBHTenbHo, B cny'Iae, HanpHMep, npaBHn cyMM· (4.2a) 

BKna,A "Z "-.QH8I'paMM onpe.QenSieTCSI Bblp8)!{9HH9M THna: 

14 



00 

jdqoptk{p,p',qo)=- f 
-oo s 

( 4.5) 

nepeXO.QSI K npe.Qeny S .... oo UO.Q SHaKOM HHTerpana npu . <j>HKCHpOBaHHOM SHa

'JeHHH m: H Y'IHTbiBaSI <j>opMyny (3,8), Hafi.QeM, 'ITO BKna.Q "z" -.QHar

paMM B npaBnnax cyMM uctJesaeT B STOM npe.Qene. 

B cncTeMe ueHTpa Mace nEmTOHHofi napbi nepexo.Q K ·npe.Qeny s .... "" 

peanusyeTcSI npu ycnoBHH 

p 0 'p 0, ..... 00
' 

p~ t:J. 
a = -- = I}JHKC, fJ ~}luKe. 

Po 

npu cne.QyiOIUeM Bbit5ope HanpaBneHufi HMnyJlbcoB 

ji .. J 0, O,p I 
z 

2 
q 

0TMeTHM1 'ITO npu I}JHKCHpOBaHHOM SHatJeHHH nepeMeHHOH W "' 2V 
.Qene ( 4.6) HMeeM 

s 'q 2 
s a( 1-{3) 

· 2 v = 2w 

npe.QnonO)I{HM Tenepb, 'ITO CyiUeCTByiOT npe.Qenbi 

B lk (a, {3 ) = lim 2 p 0 B lk ( p, p ') 
, 

Po 'Po ...... oo 

a , {3 = l}lnKC~ 

c,k (a,/3) l'i.m c lk (p,p'), 
, 

Po ,p o .... "" 

a ,{3 = <j>HKC, 

(4.6) 

( 4.7) 

B npe-:-

(4.8) 

(4.9a) 

( 4,96) 

r.Qe TeHSOpbl B neBbiX tJaCTSIX ypaBHeHHH ( 4,9) smn SIIOTCSI t5espa3MepHbiMH 

BenH'IHHaMH, SaBHCSIIUHMH OT BbiOOpa KOHKpeTHOH MO.Qenu, 

15 



t: 
I 

li-
11 

II 
'i 

illi 
II 

I r 

lr 

li 
i! 
I 
I 

' 

CU= 

IlepeXOJlSI B npaannax cyMM ( 4.2) K HHTerpnpoBaHHIO no nepeMeHHoit 
q2 

-- 1 MO:lKHO noKa3a Tb ilpH 3TOM 1 'ITO B npeJlene ( 4.8) <jJOpM!j>aKTOpbl 2v 

. p ( s, q 2 
, a ,v) HMeiOT cneJlYIOIUee noBeJleHne: 

I 

2 
p ( s , q 2 , a, v) -. _£!._ F

1 
(a, {3 , cu ). 

I 2 
q I=Tl ,T 2 ,L,TL 

flpH 3TOM BbmonHSIIOTCSI COOTHOllleHHSI! 

1 cuo 
-J cu dcu F (a,{3,cu )=Cxx(a,{3), 

11 0 Tl 

1 (U 0 

- f cu dcu F ( a, {3, cu) = C (a , f3 ) , 
77 0 T2 yy . 

1 cuo 
- fcudcu F (a,{3,cu )=C (a,{3), 

TT 0 I.., zz 

cuo 
1 ( +) 

-J cudcu F (a,{3,cu)=Cxz (a,f3)=Czx (a,{3), 
77 0 T L 

I'Jle 

1 cuo <-> 
-j d cu F TL (a , {3 , cu) = B (a, {3) 

77 = 

1:<)0 

Po +p~ 

2p 0 

1 
2(1+a). 

B (a,{3), zx 

( 4.10) 

(4.11a) 

(4.116) 

(4.11a) 

(4.111') 

(4.11Jl) 

3JleCb BblllHCBHbl nHlllb Te COOTHOllleHIISI1 KOTOpb!e He SIBnSIIOTCSI TpiiBII

anbHbiMII no coo6pa:lKeHRSIM 'IeTHOCTII OTHOCIITenbHO nepe~euHoit q 
0 

• CooT

nomeHHSI ( 4.11) MOJlenbHO-He3BBIICHMb!' H .HBnSIIOTCSI OCUOBHbiM peaynbTBTOM 

paooThi. 

B MOAenR KBapKoB, B3aRMOJleiicTBYIOIUIIX nocpeJlCTBOM neii:TpanbHOI"O 

BeKTOpHOI'O nonst ( "I"n!OOHHBSI, MOJlenb) 
1 

KOMMYTBTOpb! liMe lOT BHJl! 

16 



(4.12a) 

·(4.126) 

rne 

(~ 
0 0 

Q = 1 J Q 2 = .!. + .!..Q. 
3 9 3 ( 4.13) 

0 
·~ 

B Monenn BeKTOpHhiX noneii KOMMYT8TOphi paBHhi 

( J I ( i , 0) , J j (0) ] = 0, 
(4.148) 

_,. _,. .. a 
(x , 0), -J l (0) ] = 8 (x) C a b J 

1 
(0) 

b 
J j (0) + c qncn8 

( 4.146) 

Y'IHThiB8SI (4,148), H3 np8BHn8 cyMM (4.118) nony'IHM, 'ITO Monenb 8ni'e6phi 

noneii npHBOAHT K p8BeHCTBY 

wo (-) 
f dw F L (a,,B,w)=O. 

0 T ( 4.15) 

T8KHM o6p830M, MO*HO 38KniD'IHTb, 'ITO oTnnqne oT HynH neBoii '!8CTH np8-

BHn~ CyMM ( 4,11 A) OAH03H8'IHO CBHAeTenbCTBOB8nO 6b! B IIOnb3Y 8ni'e6pbl 

KB8pKOBhiX noneii. B A8nbHeiimeM B8*Ho 6onee nonpo6Ho H3Y'lHTb cTpyK-

Typy Benn'!HH B ll H C 1 l 

B 38KniO'!eHne 8BTOphi BhiP8*8IOT 6n8I'OAapHOCTb H ,H. Boi'onro6oBy 

38 MHOI'O'IncneHHhie CTHMynnpyromne o6cy*neHHSI n B.A. Ap6y3oBy, C,M,Bn

neHbKoMy, .U.H. Enox.nHUeBy, C.E. fep8CHMOBy, A.A. Jioi'yHoBy, M.A. M8p

KOBy, M.A. MecTBHpHIIIBHT!H, JI • .U. ConoBbeBy, !P.r. TKe6y'l8Be1· P.H.IP8ycTo

By 38 IInOAOTBOpHhie AHCKYCCHH H UeHHhie 38Me'I8HHSI, 
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rr PH.II0)1(9HHe I 

BnPIHcneHHe BKna.ua cna6o CBSI3aHHl>IX .unarpaMM 

Ecmt cocTOSIHHe <N out I cogep)!{H'I' 'IaCTHIIY p HnH p ' 1 TO MaTpH'I-

Hbiii: aneMeHT < N out I J J1. (0) I p p 'in > 6ygeT cogep*aTb HeCBSI3aHHbie tJaCTH
1 

COOTB9TCTBYIOIUHe CB060gHoMy pacnpOCTpaHeHHIO S'I'HX 'IBCTHil, 11MeHHO, 

< Noutl Jp.(O)Ipp'in> =<NoutiJp.(O)Ipp'in>c +<plp><N out-IJ/L(O)Ip' 

+ <p 'I p '>< N out !J fL (0) I p > c + < pp 'out I pp 'in>< N out IJ fL(O) I 0 >, 

c 

> + 

~TO rpacpH'IeCKH MO)!{HO npegcTaBHTb TaK: 

~ ~+~ ,_ + ~ + 
0. 

P:rrc. 3, 

TiepBb!H tJneH 3gecb npegCTaBns:ieT IIOnHOCTb!O CBSI3BHHYIO 'IaCTb MaT

PH'IHO!'O aneMeHTa H BXOgHT B OIIpegeneH:rre C9'I9HHSI ( CM, cpOpMyny (2 .4 )), 

a OCTanbHb!9 Tp:rr IIpegcTaBnSIIOT co6oii: H9CBSI3aHHbl9 'IBCTH H I!pHBOJlSIT K IIOSIB

neH:rriO TaK naabmaeMbiX o6o6ruenHbiX '' z" -gHarpaMM, E cnH nogcTaBHTh 

STO 3HB'I9HH9 Ma TpH'IHO!'O aneMeHTa B BblpB)!{9fllle ( 3,3) gnSI a fll' ( p, p ',q ) , 

TO B pe3yllbTaTe 6ygeM HM9Tb 16 pa3nH'IHb!X BKnagos B aJlV 

4 e c. j. a (p,p',q)=I.(2rr) l<pp'iniJ INout><Noutl.r lpp'in> 8(p+p'-q-p )+ 
fll' N J1. V N · 

+<pp 'in I Jp.l N ,pout.; <N out IJ v lp'>
0 

8 (p '-q-pN)+ 

c c 
+<pp'inl J p.INp 'out><N outl.fv I p > 8 (p-q-pv )+ 

+ < pp 'in I JJ.I I N pp 'out >
0 

< N out I J v I 0 > 8 ( p N+ q) + · 

18 

' 

\ 



+ < p I J p.l N p p 'out >
0 

< N p ' I J v I 0 > 8 ( p '+ q + p N) + 

<OIJ jNp'out><Npp'l.! lp>"8(p'+q+p) 
p. V N 

19 



:3TO paanmKeHHe CHMBOnU'I9CKH H306pa)K9HO Ha pHC. 4. 

0~= ~ + ¥+~+· ., 
+ -c ~ J-- + -< J + ~ + 

+ onarpaMMbi, rrony'laiOmuecSI CliMMeTpnaauneil: Ha'lanbHoro n KOHe'IHoro 

COCTOSIHHH. 

Puc. 4. 

TaKHM o6paaoM, HMeeM: 

a -p +P p.v - p.v p.v ' 

.. 
o6oaHa'leHa cyMMa 15 cna6o-caSiaaHHbiX "z" -llHarpaMM. rAe 'lepe3 P p.v 

Hccne.l(OB8HI19 CBOHCTB 8TliX Jlli8I'p8MM ITpOBSASHO B OCHOBHOM T9KCTe. 

Ilpano:>KeHHe ll 

. x) 
OnpeneneHHe rpaHHU ¢Haa~ecxoft o6nacra 

3aKOH COXpaHeHHSI 4-HMITynbca HMeeT BHA 

p'+p=-q+pN cn.1) 
BaeAeM BeKTop 1:!. = p' - q TorAa 

p+l:l=pN. cn.2 > 

x) rA • 
nM99TCR HHTepeCHaR KHHSMaTH~SCKaR aHanOI'HR MS)KJlY paCCMaTpHBaeMOH 

3Jl9Cb peaKUH9H H peaKUHeH Heyny:rroro H9HTpOHOpmKJl9HH Slo l1 M9HHO, ecnH 
a npuno*eHHH K pa6oTe Aanepa I aaMeHHTb KBaapaT Macchi nenToaa Ha 
Hawe q 

2 
, a q 2 Aanepa - Ha aawe 1:!. 2 , TO Mbi no cymecTay caeaeM 

o6e aaaa~n apyr K apyry. 
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~ 2 =m 2 -m 2 -2m8, 
. N 

8"'~P·~=(c-qo) 

Cny'laM. m N"'m cooTneTcTnyeT cny'laro yrrpyi'OI'O pacceSIHHSI. Toi'na ~ 2 
H 

8 CBSI38llbl 0!11103!18'1!10 0 T.e. He SIBJISIIOTCSI !1938BHCHMb!MH rrepeM9llllbiMH 

A 2 
8,--'-'-. 

2m 
3TO MHHHM8JlbH8SI {!min t T8K K8K q O ITpH STOM M8KCHM8JlbHO. 

PaccMoTpHM cny'laM., KOI'na nnpTyaJibllbiH tlJOTOH JieTHT Ha3an B na6opaTopHoM. 

CliCTeMe. npH 9TOM SICHO, 'ITO IIpH tPliKCHpOB8llllb!X llHB8pli8HT8X 011 ITOJIY'IHT 

MHHHM8JlbHYIO 9Hepi'lllO ( q 0 ) min , a 3H8'1l!T 

max 
c-(q ) . 

0 min 
(n.3) 

HaM.neM a'l'y ( q ) 
0 min 

1!3 p8B9HCTB8 

~ 2 ~ m' :._ q 
2 

-2c ( q o ) min -2y ( 2 - m ' 2 V ( q 0 )~In - q 2 • 
(n.4) 

noJIO)KliM m '=o 0 t TOI'!l81 pewag 9TO ypaBH9Hl!9o H8H!l9M 

( q 0) min 

q2-L'l2 cq2 
+--

4c q2-i\2 (TI.5) 

0 
max 

q2 q2-L'l2 
= ( -( q 0) min= c( l- -2--2 - --- ) = 

q -i\ 4 ( 
(n.a) 

1'12 
( ---· 

!:..Z-112 

TaKHM o6paaoM, B tPH3II'IeCKOH o6nacTH 

~ 2 ~ 2 

-- < 8 < c* + 
2m 4c* (n.7) 
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Haii:neM Teneph <fJR31I"IecKyiO o6naCTh 1'1. 
2 

np11 <flaKCRpoBaHHbiX s 

0Ha onpenenRTcg 113 ycnoBHg 

0 min 0 
max • 

OTKyna Haii:neM 

/'1.2(-):::; 1'1. 2 <.: /'1.2(+). 

Pne 

/'1.2(±:) = 
q2,f + q 2m 2 ./ 2 2 4 2 

-2m f t.. f v 4m f +q -4 q fm 

2f +m 

nHTepaTypa 

2 -4q m 

H q 2 

(IT.8) 
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