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CoepeMeHHbili crroco6 naxolK.r:teHnSI rrapaMeTpOB 6apnoHHbiX pe3onancoe 

ocnoBbiBaeTCSI na rrocTpoeimn nnarpaMMbi Apranna na cpn3n'!ecKnx pa3pe3ax. 

TaKnM o6pa3oM 6binn rrony'leHbi see H3BecTHbie B nacTOSII!lee speMSI 6onee 

HIIH Me nee AOCTOBSpHO yCT8HOBII8HHbl8 6apHOHHbl8 pe30ll8HCb/ 1/, 

OnnaKo, XOTH nnarpaMMbi Apranua n nMeiOT onpeneneHHbie npenMy.. 
lllSCTBa no OTHOIIISHHIO K npOCTOMy UCCII8AOB8HHIO MSKCIIMYMOB II MIIIIIIMyMOB 

.r:teli:CTBIITeiibiiOli II MIIIIMOli 'lllCTII aMnmiTYAbl p8CC8SIIIHSI nop03Hb0 BCe lKS 

C HX nOMOIIlbiO H8IIb3SI C yeepSIIIIOCTblO p8CIIIHcppOB8Tb p83011811CO-o6pa3Hble 

oco6eHHocTn ( ecnn onn cymecTBYIOT), KoTopbie no ceo eli cTpyKType 6onee 

CIIOlKHbi, 'ISM npOCTb!S noniOCa, 

4To6bi ncnpaBIITb aToT nenocTaToK Mbi npennaraeM 11ccnenosaTb aHa

nnTn'lecKoe npO.r:tOIIlKSHHe aMnnHTYAbl paCCSSIHUSI Ha BTOpoli: pHM8HOB IIHCT0 

TO'!Kii KOTOporo ll8XOASITCSI 6IIHlK8 K nOIIIOC8M 0 OTB8TCTB8llllb!M 38 p830lllli!Cbl, 

OpononlKeHIIe aMnnnTy.r:tbi pacceSIHHSI na necpn3n'leCKYIO nonocy, coneplKa

lllYIO cpH3ll'18CKHe pa3p83bl BHyTpH Ce6SI0 6b!n0 npe.r:tnolKeHO OAHRM H3 nac s/21_. 

EbinO ycTaHoBneno, 'ITO BbiXOA B ne¢n3n'lecKy10 o6naCTb RBnneTcn neKoppeKT

noli 3a.r:ta'leli, Tnna 3a.r:ta'IH Ko111n nnn ypaenennSI nannaca, 11cxonn H3 aToro, 

npennolKeHbi ljlopMynbi .r:tnH anannTn'lecKoro n.pononlKennSI 3Ha'lelmli aMrrmiTYAbl 

pacceHHllSI C cpH3H'I8CKHX pa3p830B B nonocy0 HSIIOCpeiiCTBSHIIO IIpHMb!KlliOIIlYIO 

K necpn3H'IeCKoli o6nacTn, 

KonKpeTI!blli rrpnMep rrpnMenennSI aToro Me Ton a npneenen B pa6oTe/3/, 

rne noKa3ano, 'ITO ananiiTU'IeCKoe npononlKenlle aMIIIIIITYIIbi f 33 "N - _ 

paCCSS!HllSI B necp1!311'18CKYIO o6naCTb OKOIIO !\ 33 - pe3onanca yKa3bJBaeT na 

Hlliiii'I!Ie JISKOTOpOli: OC068HIIOCTII B MHHMOli '18CTH npn 9llepri!SIX0 !18CKOIIbKO 
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llp9BbiW810111HX SHepi'HIO 1\33 pe30H8HCa, npaBUa, IICXOLlllbiS Ll811Hh19 - rpa!jll!K 

Uml f
33 

-- COCT8BJ19Hbl 118 OCIJOBe CT8pb1X ll3MepeHI!it/4/ ll paC'Il!Tbl UenanHCh 

B Hepenl!TI!BIICTCKOM llflHOJ1Hl!WHHH. noSTOMY 38KJ1JO'IeHH9 0 H8J11l'Illll BbiWeyno

MliHYTOfi OCOoSHIIOCTII Hy>KLl89TCll B llOIIOJ1HIIT9J1bHOit npoaepKe, 

Mbl paccMoTpltM o6aapy)l(e!IHYJO a/3/ oco6enuocTb saaoao, 110 Tenepb : · 

B penliTIIBIICTCKOii Tp8KTOBK9 II I!CflO.'Ib3Yll HOBbiS pe3ynbT8Th' £!la30BOI'O aaann-

38, 

MsaecTno/5,6/, •ITO napunanbHhJe aonHhi 11 N - pacceniii-ISI, paccMaTpn-

aaeMble K8K q•yi!Kili!II IWMIIJ19KCI!Ofi nepeMSHIIOU S, IIMSIOT HSCKOnbKO paspe-

308 (pnc, 1a), Hs HIIX HaC oy.QeT HHTepeCOBaTb TOnbKO cP1131l'I9CKIIit pa3p93 

2 
( s > ~ 1\1 + p) I 1\1 11 p - MaCChi-HyKnoHa 11 mwaa cooTBe·rcTBenao). Ha 

B9pX1!9M oepery STOI'O pa3pesa 38.!1810TCSI 3H8'19HIISI napuuanbHOU 8MIInHTY.!1hl 

pacceliHHll f33 KaK cPYHKilllll s 

f 

,21a 
TJ e -1 ( 1) 

33 2iq 

r.11e TJ - Kos#nuuenT aeynpyrocTn, a - cjlaaa paccel!HHH n q - H!'.mynbc 

B c.u.M. 

TaK ICaK TJ 11 a .QaJOTCll KaK cpyHKunu KHHeTH'IeCKOll: saeprun E 
- 11 

nuoaa B n.c, (E
11 

=E -p , r.Qe E- nonHaSI saeprnSI nuoaa B n.c.), y.Qoo-

HO B ( 1) BhlpasHTb q qepes E 11 : 

M E11 (E11 +2p) 
q = --- v--___:_:__ __ _ 

1\l+p ~-1 
1 + 2 " E 

( 2) 

(1\1 +p )2 11 

nnn TOI'O 'ITOObl y'ISCTb Oni!)I(8UWYIO ocooeHHOCTb aMnnnTy.Qhl paccel!HIISI 

npn 8H8n!ITI!'I9CKOM IIPO.QOn)l(eHI!II B tJerJJ113l!'leCKYIO o6naCTb, BOCIIOnb3yeMCll 

KOI!cpOpMHbiM npeo6pa30B8HI!eM 

Z='l/s-(M+p) 2 
(3) 

4 

nepeMeHH8ll Z CBli38H8 C E 11 COOTHOWSHI!eM 

z='I/2ME 11 

Cl>opMynhl ( 1) 0 ( 2) 0 ( 4) Bblp8)1(810T 38BHCIIMOCTb 8MIIJ111T 

liHIISI OT KOMIIneKCHOit ~epeMSHHOU Z =X + i y. 

0603H8'111M .QeiiCTBIIT9J1bHYIO II MHIIMYIO '18CTH f 33 'lep 

U( x, y) 

2 M E 11 
(M+JL) '1/ 1+ ~2 

TJ sin2a, 

2M ,; E11 (E11 + 2p) 

V (x,y)= 

. M E 
(M+JL)Vl+2 (l\l+e)2 11 (1-.,cos2a). 

2M'I/E 11 (E 17 +2p) 

KoacjlopMHoe npeo6pasoBaaue (3) nepeB0.!1l!T nnocKoCTb 
. - . 2 

( M + JL ) <s B BepxHJOJO nonynnocKoCTb nnocKoCTII z •· Bropoll r. 

IIOBepXHOCTil f ( s), KOTOpb!it COSLIIIHHSTCSI C cpii311'19CKIIM nH 

pese ( 1\1+ JL ) 2 < S , nepeXO.QIIT npH STOM B HII>KHIOJO nonyn; 

KOCTJI Z (puc, 16), 

-Mhl- 6y.QeM uarepecoBaTbCH 6apiiOHHhiMH pesonancaM u n 
3 

c KBaHTOBhiMI'I .'IIIcnaMn J =I= T 
npu IIOMOII111 cpopMyn (4), (5) ll (6) II SKCIISpiiMSHTanb 

pa6oThtl7/ aaii.QeM aaaqeaiiR U( x ,0) u V( x,O). 

06osHa'IIIM 'Iepes a' a" npnMyJO y =- H, r.11e noc 

·KoBa, _'ITO npnMaSI a':a"- ne<tmT BhiWe oco6eanocreli cjJynKun 

. V(x,y )1 pacnono>KeHHhiX B HII)I(Hefi nonynnocKocru.', KaK U 

. rapMOIII!'IeCKile <flyHKillllf. B nonoce - H < y < 0. 
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liHbie naHHhie - rpaljJnK 

11 pacq(!Tbi nenanucn 

~ o Hann'!HII Bhiweyno-

aepKe, 

38HOB01 HO Tenepb -

>TaTh• t;aaoaoro auann-

pacceSIHIUI1 paccMaTpn-

BlOT HeCKOnbKO paape

ljJn3H'IeCKI!H paapea 

DTBe·rcTBeimo), Ha 

unanbHofl aMnnnTyllhi 

(1) 

fiHIHI II q - I!MnynbC 

Koll aHeprlln E IT 

III!OH8 B n,c,) 1 yno6-

( 2) 

~MnnnTyllhi paccestHIISI 

(3) 

I. 

'~l 
I 

j. 

I. 

i 
'· 

I 

nepeMeHH8.11 Z CB.II38H8 C EIT COOTHOWeHneM 

Z=y 2ME IT 
(4) 

cflopMynhi ( 1) 1 (2), (4) Bb!p8lK810T 38BIICIIMOCTb 8MHHIITYllbl pacce-

stHll.ll OT KOMnneKCHOfi ~epeMeHHOH Z =X + i y, 

0603H8'IliM nefiCTBliTenhHYIO II MHliMYIO '18CTll f 
33 

'!epe3 u l! v 

U(x, y) 

(M+JL) v 1+2 _M_2 E IT 
(M+ JL) 

(M+ JL) v 1 +2 l\1 E 
V ( x, y) = · _ ___: ___ _...:(~;:l'..:.;I+~Jl::;.,)~2-IT-.......:_ ( 1- 7J cos2a ) • 

(5) 

( 6) 

Koa¢opMaoe npeo6paaoaaane (3) nepe~onnT nnocKoCTh s c paapeaoM 

( M + Jl. )
2 

<s B Bepxaroro nonynnocKoCTh nnocKocTn z •· BTopoii nncT pnMaaoBol! 

IIOBepXHOCTll f ( s), KOTOphifi C09lliiHHeTCst C tPll3l!'!eCKIIM nncTOM H8 pa3-

pe3e ( 1\1+ Jl ) 2 .. < s , nepexonnT npn aToM B HlllKHIOIO nonynnocKoCTh nnoc-

KOCTII Z (puc, 16),· 
I • 

-Mbl. 6yneM IIHTepeconaTbCst 6apnoHHhiMn peaoaaacaM n IT N cncTeM hi 

c KBaHTOBhiMII qncnaMn J =I = ~ 
2 

npn IIOMOI~lll <jlopMyn ( 4 ) 1 ( 5) II ( 6) II 9KCII9pi!M9HT8HbHblX Jl8Hilb!X 113 

pa6oThi/7/ ~a lin eM aHli'I~Hnst U( x ,0) n V( x,O). 

06oaaa'!IIM qepea a 'a" npSIMyro y =- H, rne IIOCTO.IIHHa.ll H T8-

Koaa, _'ITO npnMaSI a' a" nell(nT BbiWe oco6.ea!IOCTeli ljJy«Kunif U(x,y) n 

· V(x,y ), pacnonolKeHIIhiX B HlllKHeif nonynnocKOCTl!,' KaK U, 

rapMOHll'!eCKlle <!JyHKUIU! B nonoce -H < y < 0. 
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:I 

I 
TaK KaK Mhl IIHTepecyeMCSI TOilhKO TO'IHhlM onpeAelleHneM 3Ha'leHnll 

f =U+i V B Y3KOll 061laCTil B OKpeCTHOCTll nomoca, TO C HeKOTOpb!M npn-

6mDKeHl!eM '6yAeM c'lnTaTh U(x,y) n V(x,y) rapMOHII'IecKnMn cpyHKUHSIMII 

no ncell nepxHell nollynlloCKOCTII y > 0. 

3aAa'la, KOTopyro Mhl pemaeM, MO)KeT 6biTh ctjlopMyllnpoBaHa TaK, Ha

BeCTHo, 'ITO U 11 V - rapMonn'leCKne cpyHKUllll B o61laCTll y >-H. Hall-

Tn aHa'leHne ai-nx tPYHKunll B nolloce ..:.H<y < ll, 

'leHUSI Ha Ill! Hill! y =0. 

eclln nanecTHhi !IX aHa-

<l>opMyllhl AilS! perueHI!SI STOll aaAa'II! npnMeHUTellhHO K HepellSITIIBI!CTCKO

MY IIOAXOAY npnBeAeHbl B/2/ 1 a n/3/ paapa6oTaH 'II!CileHHhlH allropl!TM, 

BocnollhayeMcSI allropnTMOM na/3/, KOTOphill ripnMeHnM K U n V, 

eclll! AilS! HIIX cymecTByeT ABOllHOli IIHTerpall <l>ypbe, PaCCMOTpiiM KBaApaT
<f> 

uyro ceTKy mara h c yallOBbiMI! TO'IKaMI! An • 06oana'II!M npn61li!)Ke!l-
. <f> 

V B Y31lOBhlX TO'IKaX 'lepea U n II V(n) COOTBeT-Hoe aHa'leHI!e u II 

CTBeHHo. TorAa npH61li!)KeHuo I!MeeM 

u d'> 
n 

v d'> 

k d'> 
~ a 

m=-k 

~ 
m=-k 

a 
({') 

(0) 
u 

(0) 

v 
n-m 

BbiBOA aTnx tjlopMyll MO)KHO HallTn, Harrpi!Mep, n/3/ Hllll/8/. Koatjltjll!ulleH-

( 7) 

Thl am rrolly'leHbl. rrepec'leToM na KOatPtPIIUIIei!TOB !lllSI TpexMepHoro Clly-

qag/8/ Ha ABYXMepHbill. npn liOCTpoeHI!ll Kpi!Bh!X U(x,O) n V(x,O) 

( pnc, 2) I!Cl!Oilb30Bal!bl SKCnepnMeHT81lbllble AaHHbie AilS! 7J II a 11a pa-

6oThi/7 I. 3aTeM, liOilbaynch tjlopMylloll ( 7), Mhi nolly'lllni! 3Ha'leHI!SI tPYHKUHll 

U( x,- e h)' v (X '- e hj,f = 1..3 ( T.e. B liOilOCe -H <y < 0 ) • rrp0113Bellii CllBI!r 

Ha'lalla oTC'IeTa ceTKII Ha --!!-. , ....!!..... n ~ rroclleAoBaTellbHO n Bbi-
q 2 4 

'II!Ciliiilll HOBbie aHa'leHnn tPYHKUI!ll U n V • Bee 'leTb!pe KPIIBhie ycpen-

6 

HSIIli!Ch, TaK nolly'leHbi AnarpaMMhi ApraHAa AilS! nepBOro, BTOP' 

ero mara ( f = 1,2,3) Ha pile, 3,4,5, 

PeaoHaHc A aa = 1236 Man BHAeH Ha ncex nHarpaMMax , 

11306pa)KaeTCSI KaK .OKpy)KHOCTh Ha tPii3ll'leCKOM llliCTe1 KOTOpaS! 

CllllbHO AecpopMnpyeTcn no Mepe yBelln'leHI!SI f 

Ha ncex ncclleAonaHHhiX HaMn AnarpaMMax ApraHAa npn 

m = 1612 Man) ua61l!OAaeTCSI BIITOK 25 • , , 31, KOTOpblll of 

llpOTIIB 'laCOBOH CTpellKIIo ABTOpbl pa60Tbl/ 1/ He o6Hapy)KI!Ba!OT 

np11 aToll aHeprnn, xoTSI, Ha Ham B3rnnn, peaoHaHc c Maccoll 

KOTOpblll paCCMaTpHBaeTCSI n/ 1/ KaK B03MO)I{Hblll, S!BilS!eTCSI He I 

SITHblMo 

llpyran OC06eHJIOCTb - BIITOK {31 , o o 34) llpll z = 130( 

( m = 1688 Msn), 3TOT BIITOK liOiliiOCTb!O He aaMbiKaeTCSI Ha 

ApraHna AilS! cpl!an'lecKoro paapeaa 11 Ann nepnoro mara. Ero a 

nponcxoAIIT Ha AHarpaMMax ApranAa AilS! BToporo 11 TpeTbero u 

cooTBeTcTnyeT peaoHancy c·Maccoll 

KaK ua tjlnaH'IecKoM paapeae 

m = 1688 Man. 

f =0 1 T8K II npll f = 1,~ 
paMMax ApraHAa na61lroAaeTcn BIITOK 34 , •• 39, z = 1450 I 

= 1806 Man), 3TOT BIITOK, B03MO)KH01 HBmieTCSI ClleJlCTBI!eM TOr 

AilS! z > 1560 Man Mhl noACTaBilS!Ilii .ycllOBHO HylleBbie aHa'leH 

T8K KBK B STOll 061l8CTII l!MeeTCSI 3H8'1I!TellbHOe paCXO)KJleHne B 

tjlaaonoro aHannaa paaHhiX anTopoB 11 To'lnocTh aKcnepnMeHTa H 

B 38Kil!O'leHI!e OTMeTI!M1 'ITO XOTSI 8Halli!Tll'leCKOe nponom 

3aBI!CIIT OT cnoco6a MIIHHMllllii38UIIII , ->(2 B cpaaOBOM aHallHae, 

nonollnnTellbHYIO IIHcpopMaunro AilS! coMnnTellbllhiX 11 npennollarae 

COB, 8 HHorna YK83L'~aeT H8 B03M0)KH0CTh cymeCTBOB8HliSI Hell~ 

paHee peaoHaHcon. 

ABTOpbl 61laroriapS!T B.A.MemepnKona, A.B.EtjlpeMoBa ll n. 
aa rroll.e3Hb!e o6cy)K.tieJmn, 
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TaK KaK Mbl l!HTepecyeMCSI TOnbKO TO'IHblM onpeAeneaneM 3Ha'leHnlt 

=U+i V B y3KOH o6naCTII B OKpeCTHOCTII rromoca 1 TO C HeKOTOpblM rrpn

)niJJKeHI!eM '6yAeM C'IIITaTb U( x, y) II V( x ,y) rapMOHII'IeCKnMn Q!yHKUHSIMII 

lO sceli aepxaeli nonyrrnocKOCTII y > 0. 

3aAa'la, KOTopyJO Mhl pemaeM, MoJKeT 6hiTb c!jlopMynnposaua TaK. J.b

leCTHo, 'ITO U II V - rapMoHII'IeCKI!e Q!yHKUHII B o6nacTn y >-H. Hali-

rn aaa'leHIIe aTIIX QJYHKUIIli B nonoce ...:H<y< 0, 

IeHI!SI H8 niiHIIII y =0 • 

ecnn nasecTHhl nx ana-

<l>opMynhl AnSI perneHIISI aToli aaAa'lll llpi!MeHI!TenbHO K nepenSITHBIICTCKO

.ty noAXDAY npnseAeHhi a/2/, a a/3/ paapa6oTaH qncneHHhili anropnTM, 

BocrronbayeMCSI anropl!TMOM Il3/3/, KOTOpblH llpiiMeHHM K U II V, 

~cnn AnSI anx cymecTByeT ABoiinoli IIHTerpan <l>ypbe, PaccMoTpnM KBaApaT
cf> 

IYJO ceTKy mara h c yanoDbiMII TO'IKaMn An • 06oana'IIIM rrpi16niiJKen-
. cf> 

IOe anaqeniie u II V B yanOBhlX TO'IKaX 'lepea U n II V (n) COOTDeT-

~Taenno, TorAa rrpi16nnJKenno IIMeeM 

U cl'> 
n 

v <f> 
n 

k cl'> 
:S a 

n=-k 

k 

:£ a 
m=-k 

cl'> 
m 

(0) 
u 

(0) 

v 
n-m 

BbiBOA aTIIX Q!opMyn MOlKHO naliTn, narrpiiMep, a/3/ nnii/8/, KoaQJQJIIUIIeH-

( 7) 

rhl am rronyqenhl. rrepec'I~TOM 113 Ko~nunenToB AnSI TpexMepnoro cny-

mfl/8/ na AByxMefJHbllt. npii llOCTpoeHHII Kpl!BhlX U(x,O) II V( x,O) 

(pile. 2) IICrronb3oBaHhl aKcrrepiiMenTanbHhie AaHHhie Anfl 71 II a II3 pa-

5oThi/7 I. 3aTeM, rronbayHcb Q!opMynoii ( 7), Mhl nony'IIInn ana'leHIIfl QJYHKUIIii 

lJ(x,- e h), V(x ,- e hj,£=1..3 (T.e. B nonoce -H<y< 0 ), llpOII3Benii CABIIr 

IIa'lana OTC'I~Ta ceTKll na. --:._ , ~ II ~ nocneAoBaTenbHO II Bhi-
q 2 4 

qncnnnii HOBbie anaqennH Q!ynKunii U n V • Bee qeTbipe KpiiBbie ycpeA-

6 

nHnHcb, TaK rrony'leHbi AnarpaMMhl ApranAa Anfl rrepsoro, BToporo H TpeTb

ero mara ( f = 1,2,3) na pnc. 3,4,5. 

Peaonanc 1'1aa = 1236 Man BHAen na scex AnarpaMMax ApraHAa. On 

ll306paJKaeTCSI KaK .OKPYlKHOCTb na Qlll3H'IeCKOM nHCTe, KOTopaSI AOBOnbHO 

cnnbno AeQJopMnpyeTCSI no Mepe ysenH'IenHSI f 

Ha scex nccneAoBaHHhiX naMH AHarpaMMax ApranAa npH z = 1200 Mas 

m = 1612 Mas) na6n~AaeTCSI BIITOK 25 • • • 31, KOTOpbllt o6XOAIITCSI 

npoTHD qacosolt cTpenKH, ABTOpbi pa6oTbi/ 1/ ne o6napylKHDaJOT peaonanca 

npH aToli aneprHH, xoTSI, na nam B3rnSIA, peaonanc c Maccoli m = 1688 Mas, 

KOTOpblH paCCMaTpl!BaeTCSI B/ 1/ ·KaK B03MOlKHhiH1 SIBnS!eTCSI He 6onee Bepo-

SITHblMa 

llpyrag oco6eHHOCTb - BIITOK (31 • • • 34) llpll z = 1300 Mas 

( m = 1688 Mas). 3ToT BHTOK nonnocTbJO ne aaMbiKaeTcSI na AHarpaMMe 

ApranAa A~SI QJll3H'IeCKoro paapeaa ll AnSI nepsoro mara •. Ero 3aMbiKaHHe 

npoHcxoAHT na AIIarpaMMax ApranAa nng BToporo H TpeThero mara. On 

cooTneTcTsyeT peaonancy c ·Maccoli m = 1688 Man. 

KaK na QJH3H'IeCKOM paapeae . f =0 , TaK H npn f = 1,2,3 na AHar-

paMMax ApranAa na6nJOnaeTCSI BHTOK 34 ••• 39, z = 1450 Mas ( m 

= 1806 Mas). ·3ToT BHTOK, soaMolKno1 !IBnSieTcSI cnencTBHeM Toro ¢aKTa, 'ITO 

nnH z > 1560 Mas Mhi rroncTaBnSinH ycnoano nyneBhie aaa'leHHSI AnSI Q!aabi 1 

TaK KaK B aToli o6naCTII l!MeeTCSI 3Ha'II!TenbHOe paCXOlKileHIIe B naHHbiX. 

Q!aaosoro anamma paaHbiX anTopoB 11 TO'IHOCTb aKcnepuMenTa neaenHKa. 

B 3aKnJO'IeHHe OTMeTHM 1 'ITO XOTSI ananHTH'IeCKOe llpOAOlllKeHIIe QJa3bl 

3aBHCl!T OT CllOCo6a MliHl!Mllni!3aUI!II • ';(' B QJa30BOM aHannae, OliO naeT 

AOilOnHHTetibHYIO IIHQJOpMaUHIO AnSI COMHHTenbHh!X II rrpeArronaraeMbiX peaonan

COB, a l!Horna yKa3l'J:~aeT Ha B03MOlKHOCTb cymeCTDOBBHllll Heii3BeCTHhiX 

panee peaonancoa. 

ABTOPhi 6naroriapS!T ·B.A.MemepSIKOBa, A.B.E!jlpeMoBa II ll.B.lliHpoKoBa 

aa rrone3Hhie o6cyJKneJUISI. 
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