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1. BBenemre 

B TeopiJII B03MymeHIJii coapeMeHHoti KBaHToaoR Teopmt nonSI S -MeTpHua 
·, 

CTpOHTCSI B BH~e ~YHKUHOH8nbHOrO pa3no~eHIJSI no CTeneHSIM KOHCT8HThl CBSI3H: 

oo gn 4 4 
S .. 1 + };. -- f d X ••• f d X

0 
S (X , .. X ) , 

n=l n! l n I n. 
(1.1) 

r~e 8 
0 

(X I , , , , X 
0 

) SIBnSIIOTCSI onepaTOpHbiMH Bbipa~eHIJSIMIJ 0 38BIJCSIIIlHMII. OT 

~yH_KUIJti nonst. JlpiJ onpe~eneHIJIJ· KOHKpeTHOrO BH~a iflyHKUHii Sn (X l, •• X
0 

), 

KPOMe o6mHx Tpe6oaaHHti penSITHBHCTCKotl HHBapHaHTHOCTH, yHIITapHoCTIJ, npii

'IHHHOCT_H II ~p-- ( CM., HanpHMep/ it), IJCnOnb3YIOTCSI cne~yiOIIlHe- ~Ba npiiH~IJna, 
Ha KOTOpblX HaM XOTenOCb 6bl 6onee no~po6HO OCTaHOBHTbCSio 

I. n p~ HUH n c 0 0 T Be TC TBH H: npH -6ecKOHe"'HO MalibiX KOHCT8HT8X 

B3ilHMO~etiCTBHSI S -MaTpHUa ~On~Ha HMeTb BH~ 

( 1.2) 

r~e .s; (x) -. narpaH~HaH B38HMO~etiCTBHSI KB8HTOB8HHbiX noneti. 8TOT npHHUHix 

onpe~enst~T f 1 ( x). 

n. On pe ~en eH H.e T -n p 0 H3 Be~ e HH SI: Heo6xo.niJMO TO'IHO MaTeMa

TH'IeCKH onpe~enHTb, 'ITO no~HMaeTcSI no~ 3HaKoM xpoHonorH'IecKoro ynopSI

~O'IHBaHHSI B npOH3Be~eHHH 

T ( f 1 (X 1 ) f 1 (X 2 )} = ? 
( 1.3) 
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nnn 

T( ~ (X ) ••• ~ (X )) = ? 
I 1 I 2 

( 1.3a) 

nocKonhKY sTa onepaunSI He onpeneneHa npn coBna;~alDIUHX apryMeHTax x 1 =X 2 • 

,..< 

3HaHHe OJlHOro TOilbKO narpamKH8H8 B381lMO)leiicTBllSI eme He ll03BOllSieT 

naii:Tn S- MaTpllUY Teopnn. Eonee Toro, no onHoMy narpaH:m:naHy B3anMo

neii:cTBllSI M0:1KHO nocTponTh HeCKonhKO. pa3nH'IHbiX S -MaTpnu. Heo6xonnMo. 

npnBneK8Tb )lOllOllHHTenbHbie llpHHUllllbi1 'ITO~bi o6ecne'IIlTh eJllHICTBeHHOeTh 

nocTpoeHHSI S -MaTpllUbi no 3anaHHOMY ~I (~). B eny<Iae o6bi'IHhiX TaK HB3hi

BaeMhiX nepeHOpMHpyeMbiX B38HMO)leHCTBHii T8KH_M llpHHUHI10M SIB.IH!eTCSI Tpe6o

B8liHe 11 e p e H 0 p M 11 p y eM 0 e T H • B cny'Iae Hel1epeHOpMHpyeMblX B38HMO)leii

eTBHH TaKoro rrpHHUIIll8 y:m:e HeT, II 110STOMY eoBeeM He SieHo, K8K eTpOHTb 

TeOpiilO B03MyiUeHIIH OT llOpSIJlK8 K llOpSIJlKY 110 KOHeTaHTe eBSI3II - B03HHK8eT 

tP8KTII'IeeKII tPYHKUIIOH8llhHbifi llpOII3BOll rrpH rroeTpOeHIIII KOHe'IHOH S -MaT.:. 

piiUhi Teopiiii .• 
CymeeTBenno saMeTIITh, 'ITO 11pii nepexone K KnaeenqeeKOMY npeneny 

B S -MaTpiiUe KB8HTOB8HHhiX noneii rrpl~ 1i ..+ 0 . (rne .1\ ·- llOCTOSIHHBSI DnaH

K.a) ne'Ie38IOT Bee BKll8Jlbl OT TaK H83biBaeMhiX 38MKHYThiX. neT.enh, T.e·. 

oT Tex <IaeTeii: S -MaTpiiUhi, nnSI KoTopbiX naii6onee eymeeTBeHHO onpene

neHne T -npoii3B~neaiiSr npu eoBnanaroiUIIX apryMeHTax/2,3/. 3To 03HaqaeT, 

'ITO onpeneneniie T - npoii3BeneniiSI II MeeT 'IIIeTo KBa~To.BylD, 11piipony. I1os

TOMY ST8 rrpo6neMa )l0ll2KH8 6biTb pemena TOilbKO _ _B p8MK8X KB8HTOBOH TeOpiiii 

11ons:I. 
K co:m:aneHIIlD, B naeToSimee BpeMSI, KpoMe 11pnnuiina nepenopMnpyeMocTn, 

npnronHoro nnmh nnSI BeebMa y3~oro Knacea B38llMonei1eTBIIii, HIIKBKIIX npy

riix tPII3ll'IeeKllX IIilii )lOeTBTO'IHO y6enuTenbHblX. MaTeMaTII'IeeKIIX rrpiiHUIII10B 

ne eymeeTByeT. Ceii<Iae Ha'InHaroT noHBnHTbeSI pa6oTbi, rne sTy npo6neMy 

llbiTaroTeH pemiiTh nnH eneunanhHO Bbr6pannhiX. ne11epenopMnpyeMhiX narpan

:m:nanoB s3anMoneiieTBHSI (eM., nanpuMep/4 •51),, onnaKo. ona . na*e. 

JlllSI STliX 'IaeTHblX narpaH:1Kli8HOB He peruena 110llHOeTbiO. 

4 

. l 
d 

I 

I 
·l 

i 

l 

! 

B HaeTos~meii. pa6oTe Mbi rroKa:m:eM- Ha rrpnMepe onHoKOMIIOHE 

llSipHorO Il0llSI1 K8K B paMK8X nenoKanbHOll Teopllll JlllSI n 10 6 0 I 

)Kll8H8 B38liMOJlefieTBHSI Bllll8 

(<) ~ un 
.~.,. (x) =g ~-

I n=3 n! 
cpn(x):, 

rne u 
3 

, u4, •• ~ rrpon3BonbHaSI rroenenosaTenhHOeTb semeeTBeJ 

M0:1KHO noeTpOllTb HenOK8llhHy10 s -M8TpllUY1 KOHe'IHYIO II YHllTa: 

noM nopHnKe Teopnn B03Mymennfi. 

0eHOBHOii IIOCTynaT 6yneT eoeTOSITb B onpeneneHllll' 'XpOHOl 

orrepaTopa Ton h K o· nnH nponsBenennH nsyx narpan:m:nanos so 

pHnKe Teopnn B03Mymennfi 

T(~I (x) ~I (y)). 

Eenn crrpasennnsa ¢n3H'IeeKaSI rnrroTe3a, 'ITO rrpnnunrrua 

Hll'Iero CK838Tb 0 llOBe)l9Hllll 'IBCTHU H8 JlOeTBTO'IHO M8llhlX npoe1 

BpeMeHHbiX paeeTOSIHHSIX1 Torna K Bbipa:m:eHHIO ( 1.5) M0:1KHO no61: 

TOp03H8'IIIYIO o6o6meHHYIO tPYHKUlllO ll3 H9KOTOporo rrpoeTpaHCTBa 

o6o6meHHbiX ¢yHKunii1 6, 7 I. 

EeTeeTBenno, BBenenne no6aBO'IHbiX HenoKanhHbiX o6o6meHHJ 

npouenypa Kpafine HeonHo3na'InaH. HaMn 6yneT BBenen '.npnnunn 

o6nacTH poeT~', B paMKax KOToporo 6yneT cymeeTBeHHO orpaHn' 

B Bbi6ope BBOJlllMOll perynHpll38UHH. 

HaM Ka:m:eTcSI, 'ITO rrpennaraeMbiH naMH ennHbifi MeTOil p. 

rrpaKTll'IeeKH ni06biX narpaH:1Kll8HOB B38HMOJlefieTBllSI OKa:m:eTeH Ill 

nanbnefimero H3y'IeHHSI CTPYKTypbi KBBHTOBOH Teopnn IIOnH. 

2. TiocTaHoBKa 3anaqn 

B Teopnn KBBHToBanHoro .cKai!sipnoro rronSI naMH 6yneT npell 

110eTp09HHSI KOH9'IHOH S -MaTpHUbl llO TeOpliH B03Mymennii llllSI l 
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T( £ (X ) ••• £ (X )) = ? , 
I 1 I Z 

( 1,3a) 

onpeneneHa npn coBna::IalOmnx apryMeHTax x 1 =X 2 

.,..,.~ 

narpaamnaHa BsanMoneil:cTBHSI eme He IT03BonsreT 

narpaHmnaHy BSanMo-

poHTb HeCKOIIbKO pasnH'IHbiX S -MaTpHu. Heo6xonnMo. 

Hbi9, ITpllHUHITbl1 'ITOqbi o6eciT9'1HTb eJJHHCTBeHHOCTb 

ITO sanaHHoMy £
1 

(x). B cnyqae o6bi'IHhiX TaK H83hi

MhiX B38HMOAeHCTBHH T8KHM IIpllHUHilOM SIBnSieTCSI Tpe6o

y eM ocT H • B cnyqae HenepeaopMnpyeMhiX B38lll.1onell:

ITa yme H9T
1 

II ITOSTOMY COBCeM He SICH0 1 KBK CTpOHTb 

ITOpSIAK8 K IIOpSIAKY ITO KOHCT8HT9 CBSI3H - B03HHK8eT 

ITpOH3BOIT ITpli IIOCTpOeHIIII KOH9'1HOH S -MaT.:. 

TilTh, qTo npH rrepexone K KnaccuqecKoMy ITpeneny . ' . 

no nell: npn 1i .... 0 · ( rne '1\ - nocTOSIHHasr DnaH-

oT TaK H83biBaeMbiX 38MKHYTbiX ITeT.eiTh 1 T,e, 

TpHUb1
1 

J]ITSI KOTOpb!X H8H6onee cymeCTB9HHO OIIpene

IIpH ~OBITariaK>IIIIIX apryMeHTBX/2,~/, 3TO 03H8'189T1 

KB8HTOBY10 IIpiipony, Dos-

6biTb pemeHa TOnbKO B paMK8X KB8HTOBOH TeOpHH 

H8CTostmee BpeMSI 1 KpOMe 1Ip1IHUHII8 rrepeHOpMHpyeMOCTII, 

BeCbMa Y3l(OrO, Knacca B38HMOA9llCTBHll 1 HHK8KHX npy

AOCT8TO'IHO y6enl!TenbHblX M8T9M8TH'l9CKHX rrpHHUIIITOB 

IIOstBnstTbCSI pa60Tbl 1 rne STY ITpo6neMy 

Bbi5panHhiX aerrepenopMHpyeMbiX narpaH-

sr ( CM,, HaiTpHMep,/4,5/) 1 . OAH8KO OH8 Aa:lKe 

nonHoCTblO. 

4 

J 

i 

l 
1 
l 

I 
I 

B H8CTOSimeii pa6oTe Mbl IIOKameM }18 ITpHMepe OAHOKOMIIOHeHTHOrO CKa

IISipHorO ITOITSI 1 K8K B paMK8X HenoKanbHO:ii: Teo pun AITSI n 10 6 0 r 0 narpaH

)Kli8H8 B38HMOAeHCTBHSI BHA8 

(<) 00 un 
.~.. (x) =g l:--

I n=3 n! 
.pn(x):, ( 1.4) 

rne u 
3 

, u
4

, •• -=- ITponsBonbHaSI nocnenoBaTenhHOCTh BemecTBeHHhiX queen, 

MOmHO IlOCTpOHTb HenoKanhHylO S -MaTpHUY1 KOHe'IHYlO H YHHTapaylO B Kam

AOM ITOpSIAKe TeopHH B03MymeHUH, 

OcHOBHoii rrocTynaT 6yneT cocTOSITb B orrpeneneHnn· 'xpoaonorHqecKoro' 

oiTepaTopa Ton b K o· nnSI ITponsBeneHHSI JJByx narpanmnaHoB BO BTopoM ITo

pstnKe Teopnn BOaMymennii 

T(£1 (x) 2 1 (y)). ( 1,5) 

Ecnn cnpaBennnBa ¢nsHqecKaSI rniToTesa, 'ITO ITpHHunnnanhno Henb3SI 

HH'Iero CK838Tb 0 ITOBeneHHH '18CTHU H8 JlOCT8TOqHO M8nhlX ITpOCTp8HCTBeHHO

BpeMeHHbiX paCCTOSIIIHSIX1 TOr)la K BbipameJIHlO ( 1,5) MO)!(HQ Jl06aBHTb OITepa

TOp03H8'1HY10 o6o6meHHY10 ljlyHKUHlO ll3 HeKOTOpOrO IIpOCTp8HCTB8 HenoKanbHbiX 

o6o6meHHhiX ljlyHKunii/ 6,1 I. 

EcTecTBeHHO, BBeneHIIe no6aBO'IHhiX HenoKanbHbiX o5o6meHHbiX ljlyHKunll: -

ITpouenypa KpaiiHe HeO)lH03H8'1H8SI, HaMH 6yneT BBeneH '.ITpHHUHII MHHHManbHOll 

o6naCTII pOCT~", B paMK8X KOTOporo 6yneT cymecTBeHHO orpaHH'IeH ITpOH3BOn 

B Bbi6ope BBOJJHMO:ii: perynSipnsaunn, 

HaM KameTcsr, 'ITO ITpennaraeMbi:ii: HaMn ennHhiii MeTOJl paccMoTpeHHSI 

I!p8KTH'IeCKH n106biX narpaHmllaHOB B38HMO)leHCTBHSI OKameTCSI ITOITe3Hb!M AIISI 

nanbHeil:mero H3y'leHHSI CTpyKTypbi KB8HTOBOH TeopHII ITOnSI, 

2. TiocTaHoBKa 3apa~H 

BTeOpHH KB8HTOB8HHOrO-CK8~BpHoro ITOIISI H8MH 6yneT rrpennomeH MeTOA 

IIOCTpoeHHSI KOHe'IHO:ii: 8 -MaTpHUbl ITO TeOpHH B03MymeHH:ii: AnSI narpaH)Kli8HOB 
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B38liMOJl8HCTBli51 0 KOT0pb!8 38BliC5IT OT CKanS{pHOrO UOn5l cp (X ) CyiiieCTB8HHO 

HennHell:HbiM o6pa3oM. npu aToM narpamKnaH cso6oaaoro nom1 ocTaeTcSI o6bi'I-

HbiM, TaK 'ITO HnKaKnx TpyaHocTell: C KB8HTOB8Hli8M TeOplili He B03HliKaeT. 

nnoTHOCTb narpaH*liaHa 38llHCbiB8eTCSI B BHJle 

!f. (x) = !£.0 (x)+ !£. 1 ( x), ( 2.1) 

!f.o(x) =- _1 (m!l cp 2(x)- J!...~ 
2 a X V 

ap(x) ), 

axv 
( 2.2) 

!£.1 (x) = gU ( cp(x)), ( 2.3) 

rae U ( cp) npeacTaBnMa s snae pSiaa 

U(cfo)= i~:cp0 (X) .. 
n=O n! , 

( 2.4) 

3aecb I u0 , u 1 , u 2 , u 3 , •• , u n , ••• l - HeKoTopaSI nocneaosaTenbHOCTb 

BeiiieCTBeHHbiX 'IHcen. Mbi He 6yaeM HaKnaJlbiBaTb HnKaKnx orpaHH'IeHnll: aa· 

· pOCT 'IHCen U n EyaeM roBOpliTb, 'ITO aHannTH'ISCKaSI !jlyHKUHSI g ( e> SIBml-

eTcH nopSIJlKOM pocTa nocneaosaTenbHOCTH lu l 
n 

l'im fn I un I 
n ... oo g(n} 

= 1 . 

, ecnn 

( 2.5) 

B !jlyHKUHOHanbHOM aHann3e noKa3hlBaeTcSI, 'ITO anSI niD6oll: nocneaosaTenb

HocTn qncen I u~ I Bceraa cyiiieCTsyeT KOMnneKcHaSI srronae aJlJlHTHBHaSI 

Mepa u ( ~n B rrnocKOCTR KoMrrneKcHoro· nepeMeHHoro .; , TaKaS!, 'ITO 

u "'J c d a ( e>. 
n 

( 2.6) 

H3 ycnosng (2.5) nerKo nony'lllTb, 'ITO 

a <lei> ·· · 
J e . 1 d a< e> 1 < "" , ( 2. 7) 

6 

I 

I 
·I 

I 

rae 

G( I el) =max (nfn lei- g(n)). 
n> 0 

Toraa, y'IHTbiBaSI ( 2.6), narpaH*HaH; B3aHMo 

CTaBHTb ·s BHJleX/ 

e cp ( x) 

!£. 1 (x) = g J: e :.da (.;). 

3aaaqa nocTpoeang no 3aaaHHOMy narpt 

HOH 8 -MaTpHUbl CTaBHTCSI cneJlyiDIIIHM o6pl 

Bo3MO*HO nn aennHelfaoMy narpaH*Ha 

IT 0 C T a B H T b B C 0 0 T Be T C T B H e yl 

HYID OT ynbTpa!jlnoneTOBbiX paCXOJlHMOC 

B03MyiU8HHlf? 

EIIIe pa3 noaqepKHeM, 'ITO cnosa 'rrocTl 

c orrpeaeneHneM T -rrpoH3BeaeanSI rrpn coE 

rosopnnocb so sseaeHnR. CneayeT 3aMeTHT 

Teopnll: CMbicn T KaK cTpororo ynopSIJlO'InsaJ 

Y*e Te.pSieT CMbiCn~ Mb! COXpaHHM CIIMBOn ' 

MaTb aeKoTopyiD onepauniD, cornacHo KoTopoi 

IIO 3aJlaHHOMy narpaH*HaHy ~I ( x). 3Ta 0 

JlOIIOnHHT8nbHblll;i II 0 C T y naT 0 M TeOpHII1 KC 

HOCTb IIOCTp08HHSI 8 -MaTpHUbl IIO 3aJl8HHOM) 

x/ 
3aMeTHM, 'ITO rrony'lennoe rrpeacTaam 

pan f e ecf> d a ( 0' 

rae cf> -npocTo qncno, MoJKeT pacxoaHTbCli. 
paCCM8TpHB8TbCli nHWb K8K HH8li 38ITHCb <f>op: 
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e 3 aancSIT oT cKangpuoro rrong cp ( x ) cyruecTaeuuo 

aToM narpaumnau cao6onuoro rronSI ocTaeTcSI o6bi'I

c KBaHToaauneM Teopnn ue B03HIIKaeT. 

38IIMCbiBaeTCSI B Blllle 

f I ( X}, ( 2.1) 

}<m2 cp 2(x)- _i_~ 
. ax 

v axv 

,....-• ( 2.2) 

gU ( cp(x}}, ( 2.3). 

Ma B anne psma 

U(¢}= i~:cpn(x) .. 
n:o{) n! ' 

( 2.4) 

' .. , U. n '• •• } ueKoTopaSI rrocnenoBaTenbHOCTb 

6yneM uaKnanbiBaTb unKaKnx orpaHM'leHnfi ua· 

T'OBOpllTb1 'ITO 8H8nllTII'IeCK8SI !jlyHKUIISI g ( .;) S!BnSI-

fu I Un I 
g(n) 

= 1 . 

I u l 
n 

, ecnn 

( 2.5) 

rroKa3biBaeTcSI, 'ITO nng n106ofi rrocnenoBaTenb

acerna cyruecTByeT KoMrrneKcuag Bnonue annnTIIBHaR 

CTM · KOMnneKcuoro· rrepeMeuuoro .; , TaKaR, 'ITO 

u ~ 
n 

J.; n d <7 ( .;) • 

nony'IIITb, ·'ITo 
G (~~~) .. .. 

e . I d a ( ~) I < 

6 

( 2;6) 

( 2. 7) 

., 

:I 

;I 

·l 

rne 

G( I~~)= max (nfu 1~1 - g(n)). 
n> 0 

( 2.8) 

Torna, y'IIITbiBaSI ( 2.6), narpaumnau B3anMoneficTBIISI £ 1 ( x) Momuo rrpen-

cTaBIITb "B BIIneX/ 

HOfi 

~ cp ( x) 

f I ( x) = g f: e : d a ( ~) . 
( 2.9) 

3ana'la IIOCTpoeHIISI ITO 38ll8HHOMy narpaHmiiaHy B38llMOnefiCTBllSI KOHe'l-

8 -MaTpllUbi CT8BIITCSI cnenyiOIUMM o6paaoM/ 10/: 

Bo3Momuo nn uennuefiuoMy narpaumnauy B3anMoaeficTBMR THna ( 2.4) 

IIOCT8BHTb B COOTBeTCTBHe yHHTapHyiO 8 -MaTpHuy', CB06on..:. 

HyiO OT ynbTpa!jJHoneTOBbiX paCXOUMMOCTefi B KamnoM IIOpRnKe TeOpHH 

B03MyiUeHHfi? 

Erue pa3 IIOU'IepKHeM, 'ITO cnoBa "'nOCT8BHTb B COOTBeTCTBHe' CBSI38Hbl 

c onpeneneuHeM T -rrpoH3BeneHHSI rrpH coBrranaiOIUHX apryMeHTax, o '!eM · 

roBopHnocb BO BBeneHHH. CnenyeT aaMeTHTb, 'ITO B cny'lae uenoKanbHhlX 

TeopHfi CMbiCn T .KaK CTpororo ynopS!UO'IllB8HHSI onepaTopOB nonS! BO . BpeMeHII 

yme TepSieT CMbiCn. Mbi coxpaunM cnMBon T , uo rron HHM 6yneM rrouH

MaTb HeKOTopyiO orrepaUHIO, cornaCHO KOTOpofi -Mbl 6yneM CTpOllTb Sn (X 1••• X n) 

rro 3anauuoMy narpaumnauy ~I ( x). 8Ta orrepaung SIBnSieTcSI KaK pa3 TeM . . 

norronunTenbHbih;f rr ocT y naTo M TeopHH, KOTopaSI rapauTnpyeT ennucTaeu-

uocTb IIOCTpOeHHSI 8 -MaTpHUhl no 38ll8HHOMY narpaHmHaHy. B38HMOUefiCTBllSio 

x/ 
3aMeTHM1 'ITO nony'leJIHOe npe)lcTaBneuHe <jlopManbH0 1 IIOCKOrrbKY HHTer-

pan J e ~¢ d u ( n' 
T')le cp -npOCTO 'IHCITO, MOJKeT paCXOJlHTbCSio noaTOMy <jlopMyna ( 2.9) )lOrrJKHa 

paCCM8TpHB8TbCSI ITHlllb K8K HH8SI 38ITHCb <jlopManbHOT'O CTeneHHOT'O pS!Jl8 ( 2.4) • 

7 



3. BaeneHHe cpopMdJaKToj?a B TeopHlO 

Dpe:lKJle scero HaM xoTenocb 6b1 npnsecTn pRn o6mnx coo6-

pa)!(eHHH
1

. KOT0pb1e 6b1 npOHCHHnH 1 q T 0 Mb1 MO)!(eM Q)!(HJl8Tb. B cnyqae ycneru

HOrO DOCTpOeHHH KOHe'lHOH yHnTapHOH S -MaTpHUb1 no HennHeHHOMY narpaH)!(ll-

aHy B38HMOaefiCTBH~o 

PacMOTpHM S -MaTpHUY B nepBOM nopHJlKe no KOHCTSHTe CBH3H g 

l1MeeM ....< 

g S 
1 

= i f tl 4 x £ ( x) = g f d 
4
x i. 

1 n,, 
( 3.1) ~: ¢n (x): . 

u 

S 1 onHCb1BaeT 1no6b1e ynpyrne n Heynpyrne npouecch1 c mo6h1M qncnoM 

BXOJlHIUHX H Bb1XOJlHIUHX qaCTHU1 npnqeM aMnnnTyJlh1 BCeX 8THX 

HBnHIDTCH KOHCTSHTSMH. 

Bo BTOpOM nopHJlKe Teopnn sosMymeHnfi nMeeM: 

• 2 -

S
2

=-k-ffdx
1

dx
2
T(£

1
(x 1) £ 1 (x 2 ))= 

• 2 

=-'-ffd x1 
2 

dx
2 

'!. F<z> 
m1m;n m!m2 

m 1 mz 
¢ (xt) ¢ (xz) 

(x -x ): · , __ _ 
1 2 I 1 

m 1" m z· 

3HaH npeacTasneHne ( 2.4), 
(2) 

nerKo MO)!(HO nonyqnTb anH F m 1m2 

Hne 

rae -~ 

(2) 
F 

m 1m2 
(x -x ) = ~-

1 2 tdl 

n 

"m1 +n "mz +.!!__[·~em ( x 1 -x 2 )], 

n! 

c (x 
1
-x

2
)- npnqnHHSH, ljJyHKUHH CKSnHpHOrO nonH 

m 

4 lp(xl-x2) 
d p e -.. f _ __. _____ _ 

(21Tr1 i m 2 -p 2 -i ( 
~ 0 (x-x) 

m 1 2 

1 

npoueccos 

( 3.2) 

Bb1pa)!(e-

( 3.3) 

(3.4) 

nonyqeHHbtfi pHn o6nanaeT oco6eHHOCTHMH asyx .copToB. Bo-nepBb1X, cy

mecTBYIDT TaKne nocnenosaTenbHOCTn Ko:a¢¢nuneHTOB I U0 I .• anH KoTopb1X 

8 

. ',~.- , ___ , . ..--~~-··- -· ... 

'l 
I 

1. 
i. 

pHil paCXOJlHTCH npn niD6b1X ~ 0 
1 BO-BTOpb1X1 

pHJl8 \lJyHKUllH 1 KOTOpyiD 3TOT pHil npeJlCT8BnHeT1 

HOCTb npn X 
1 

=X 2 • flo:aTOMY Bb1qncneHne ljJyphl 

HenpocTyiD saaaqy.- Co6cTBeHHO :aTo n cocTaB; 

nsyqeHnn HenepeHopMnpyeMb1X Teopni!:. 

flpeJlnOnO)!(llM 1 qTO Mb1 KSK-TO yzdeeM Bbl' 

F (2) 
2 4 lp X l 

(p ) = i J d x e . F 
m lm 2 

llpeanono)!(HM, 

Jl8Th ljJyHKUHH 

nonHeHhll 

qTo aTn ¢yHKunn KoHeqHhi. KaKn: 
.. (2) • 
F m m (p 2) • ecnn ycnOBHH YHl 

'1 .. 

\ 
,llnH npoCTOTbl pacCMOTpHM aMnnHTYJlY y 

CornacHo ( 3.3) oHa MO)!(eT 6i.tTh npeacTasneHa 

KoHeqHaH cyMMa anarpaMM <l>efiHMaHa 

X!lllllK ::. >--< + ><==< + )E 

Ecnn S -MaTpnua yHnTapHa B Ka)!(JlOM nopHJll 
.. l2J 

MHHMSH qaCTb F ( p ~ npn p 2 >4m
2 

22 . 

lm F <2> 
22 

ci!C1 
m 

(p2)=p (p2 )= ~ 
22 n=2. 

u2 
~ 

n! 

Jl 

n 
I 

rae n n (p2) ¢asoBhiH o6"heM n CKSnHpHl 

... .. 
0 (p 2) = 1 J dkt ••• f ~ 8 <•> ( P _ k 

n (211)3(n-1) 2w1 2wn 

nocKonhKY Ko:a¢ljlnuneHThl u 2 :z. nono)!(nTenhf 
. . 2 • n+ 

C pOCTOM p 6biCTpee 1 qeM niD68H KOHeqH 

U
0 

f. 0 • B Ta6nnue npnseaeHh1 npnMeph 

p 
22

(p 2) OT BllJl8 K03<fJ!jJIIUIIeHTOB U0 
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6bi npuaecTH pBa o6mux coo6-

q To Mbi MO)KeM O)KHaaTb. B cnyqae ycnew

S -MaTpHUbi no uenHHefiHoMy narpaH)KH-

nopSiaKe no KOHCT8HT9 CBSI3H g 

/-

f ( x) "'g J d 
4x ~ 

I n,, ~: ¢n (x): • 
u 

( 3.1) 

n ueynpyrHe npoueccbi c mo6biM 'IHcnoM 

npH'19M aMnnHTyabi BC9X 8THX 

TeOpHH B03MYW9HHfi HMeeM: 

( f I (X l) fi (X :)) "' 

m1 m2 
00 (2) ¢ (x1) ¢ (x2) 
!. F (x -x ): ., . .--_-

m m :() ml m 2 1 2 
m 1! m'l.! 1 'J. 

(2) 
nerKo MO)KHO nony'IHTb anSI F 

m 1m2 

n u u c )l m1 +n mz +..!!.._[·~ ni (X 
1
-x2 • 

n! 

~YHKUHSI CK8nS!pHoro nonS! 

P e 2 
f 

d4 lp(x1-x ) 

m 2 -p 2 -i € 

npoueccoa 

( 3.2) 

Bbipa)Ke-

( 3.3) 

( 3.4} 

oco6eHHocTSIMn: aayx copToa. Bo-nepBbiX, cy

·enhHn,...,.u _KO~~IIUH9HTOB I un I ·' anSI KOTOpbiX 

8 

.-· 

pS!a pacxoaUTCSI npn: niOOb!X ~ 0 
1 BO-BTOpb!X1 Jl8)1(9 B cnyqae CXOJlllMO.CTII 

pS!Il8 ~yHKUHS1 1 KOTOpyro 9TOT PSI.Il npellCTaBnSieT, UMeeT, CyWeCTB9HHYIO oco6eH

HOCTb npH X l "'X
2 

• D09TOMY Bb!'IUCneHIIe ~ypbe-oopaaa npellCT8BnSieT COOOfi 

HenpOCTyro 38/la'ly. CoocTBeHHO 9TO U COCT8BnSieT rnaBHyro Tpy~HOCTb npH 

H3y'I9HUH HenepeHopMIIpyeMb!X TeOpiifio 

DpeunonO)KUM1 'ITO Mbl KaK-TO yMeeM Bb!'IIICnSITb- UHTerpanbi 

F c:n 2 4 lp x 
(p ) "'i f d x e 

m lm 2 

(2) 

F 
m1m2 

(x). ( 3.5} 

Dpellnono)KIIM, 

ll8Tb ~yHKUUU 

'ITO 8TH ~YHKUIIII KOH9'1Hbio KaKIIMH CBOfiCTBaMII llOn)KHbl o6na
,. (2) • 
F m m (p 2) , ecnn ycnoBIISI yHIITapHOCTII II npii'IIIHHOCTH Bbi-

nonHeHbf:' 
1 2 

nnSI npOCTOTbi paCCMOTpHM aMnnHTYJlY ynpyroro pacceSIHIISI F (2) (p 2). 
22 

Cor nacHo ( 3.3) oHa MO)KeT 6biTb npellcTaaneHa B HeKoTopoM CMbicne KaK 6ec-

KOH9'1H8SI CyMM8 lliiarpaMM cf>efiHM8H8 

~ =- >--< + ><==< +)EX+ ... +>@<+ ... 
Ecnn S -M8TpliU8 yHHTapHa B K8)KilOM nopS!IlK9 T90pHII B03MyWeHIIfi 1 TOrlla 

"' l2J 
MHUMaSI qacTh F ( p ~ npH p 2 >4m 2 llOn)KHa 6biTb pasua: 

Im F (l!) 
22 

rile n (p
2

) 
n 

22 - . 

[i!C] 2 
m U 

(p2),p (p2 ),!. _ n+2 0 (p2), 
22 n"'2 n! n 

~830Bbifi 06'beM n CK8nS!pHbiX '18CTHU C M8CCOfi m 

: _,. ~ 

0 (p 2>, 1 I dkt ••• f ~ 0 <4> 
n (21T)a(n- 1) 2w 2w 

1 n 

(p-k - ... -k ). 
1 n 

(3.6)_ 

( 3. 7) 

TIOCKOnhKY KO~~HUII9HTbl u,!.~ nonO)KIIT9nhHbl1 MHUMaSI '18CTh ( 3.6} pac;:TeT 

C pOCTOM p 
2 

Ob!CTpee, '19M nrooaSI KOH9'1H8H CTeneHb p 2 
1 ecnii Bee 

un -f 0 • B- TaonHue npiiaeueHbi npnMepbi aaBIICIIMOCTH pocTa «fJyHKUHII 

p 
22

(p 
2

) OT BliJl8 K08tP~IIUII9HTOB Un 

9 
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Ta6n11ua 

_U(9) u a <lei> n 

S.n 9 ~an G( I e1 ) = oo 
...... ~ 

-
e-92 ~ r( !!..) · 1e1 2 

2 

-94 ~ r(Ln) I e! 3/4 e 
4 

9 ~ r (n) lei 
..; 1 +f9 2 

~ n! 9 n ~r(2n) leiYz 

2 
fen 9n ~e 

n2 < r n I e1 )2 
-n 

-
¢N u =0; n > N G( I e!) = 00 n 

rrp11 1 e1 > £ 

10 

- 2 
fn p 22 ( K ) 

• K _.oo 

const K 2/3 

const. K 

~K fnK 
3 

K fnK 

4K fn K 

2K 2 

fnK ZN 

l1 

.I 

;. ~ 

~aKTnqecKn a Teopnn c_cymecTaeaao aen 

~eficTang e~HHCTBeHHofi xoporuo onpe~eneHB 

smn'SieTCSI lf!yHKUHg 

p 
ml m2 

~] 
(p2 } = mk 

n=2 

u.- u 
n+m 1 n+m_, 

n!) 

TBK KBK OHB OIIpeaenSieTCSI KOHeqaoil: CyMMOi 

rrocneaoaaTenbHOCTefi Koa!jl!}lnuneHTOB I u n _I • 

COCTOHT B TOM 0 qT06bi BOCCTBHOBHTb TeOpHID 

UHSIM, nonb3ySicb o6mnMn npnaunnaMn ·KaaHT< 

qTO Teiiepb MO~O CK838Tb 0 IIOBSJleHHH 

Ee peanbHaSI qacTb MO)KeT 6biTb, Hafiaeaa nn 

naTerpana ( 3.5). OaaaKo H3 o6mnx coo6pa)Ke 

SIBnSISIC& aMnnnTraofi BToporo nopSinKa_ Teop~ 

rrpocTofi non me a ToqKe p_ 2 = m 2. c Bbiq 

aeTaneHHSI rrpn p 2 =4m 2 , CKaqoK aa aToM 

npyrnx oco6eHHOCTefi B KOHeqaofi nnOCKOC 

aon)KHa nMeTb. TaKHM o6pa3oM, !}lyHKUHSI 

MO)KeT 6biTb rrpeacTaaneaa -a anae_. · 

'f\! 
m· 

""(2) 2 Ul+m 1 U l+m "" 
F m m (p } = ----.-2 + W (I 

2 m 2 -p 2 -I£ 

V(pz) 00 dK 2 p - ( K 2 
) 

J 
mlm2 

+ 
2 2 -rr 

4m 2 (K -p_-i£}Y(~ 

rae V(p 2 ) n W(p 2) - uenbte !jlyaKunn B 

aemecTaeHHhte npn aeruecTaeHHhiX p 2 n 

c:XOJlHTCSio Ecnn - W { p 2 ) ~ V ( p 2 ) - SIBnSIIDT 

pOCTa MeHbrue· 1/2, TOrJla aMrrnnTyJla F (Z) 
m l m2. 

Teopnn. Ec!:n )Ke V(p~") n · W{p 2) - uemte q 
abtrue, ·To -F Oll (p 2 ) cooTaeTcTayeT iiE~noK 

m I m 2 -· 
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Ta6nnua 

a <lei> 
2 

u_ fn p 22 ( K ) 

• K -~>OO --
an au e1 > ="" const K 

2
/

3 

,..< 

( .!!..) . lel 2 const. K 

2 

r( }n> I eJ a/4 1._K fn K 
3 

r (n) 1e1 KfnK 

r(2n) 1 e1y, 4K fn K 

-
n2 < e n I e1 )2 

· 2K 2 =e 

n 
=0; n > N G(l e))="" fnK 2N 

npll lei>£ 

10 

~aKTHqeCKH B TeOpHH C cyrueCTB9HHO HenHH9HHhlM narpaH~H8HOM B38HMO-
' . . 

neficTBHSI enHHCTBeaaofi xopomo onpeneneHHofi MaTeMaTnqecKH sen~~qliaofi 

RBnReTCR ~YHKUHR 

p 
ml m2 

~] 
(p2}= mk· 

n=2' 
fin (p2), 

. U +m un+ml ~ 

n! 

( 3.8) 

T8K K8K OHa onpenemieTCSI KOHeqHQH cyMMOH H HMeeT CMbiCn nng n 10 0 hi X 

nocnenosaTenhHOCTefi Koa<jxjlnuneHTOB l u n I . Tio cymecTBy, Hama aanaqa 

COCTOHT B TOM1 qTOObl BOCCT8HOBHTh TeopHJO no 9THM Cll9KTpanhHbiM !flyHK

IlHRM1 nonhayRCh ooruHMH npHHitHnaMH KBaHTOBofi Teopnn rronR. 
. -(~ 

lfTo Terreph MO~Ho cKaaaTh o rroseneHHH scefi aMrrnnTynhi F (p2) ? 
m 1 m '2. 

Ee peanhHaR qacTh Mo~eT obiTh HafineHa numb TOnhKO rrocne onpeneneHHR 

HHTerpana ( 3.5). OnaaKo na oomnx cooopa~eHnfi cnenyeT, qTo F <2> ( p 2 ), 
. m m 

" " l '2. . RBnRRCh aMrrnnT:ynon BToporo rropRnKa Teopnn soaMymeHHH1 non~Ha HMeTh 

IIpOCTOH IIOnJOC B TQqKe p 2 = m 2 C BbiqeTOM U I U I H TOqKy 
+ m l +m 2. . 

seTsneHHR rrpH p 2 =4m2 • CKaqoK Ha aToM paapeae paBeH 2 i p ( p?. ). 
. . 2 ml m 2. 

llpyrnx ocooeaHocTefi B KOHeqHofi nnocKocTH p aTa aMnnnTyna He 
"' \ 2) 

non~Ha HM9Th. TaKHM oopaaoM, !flyHKilHSI F ' (p ),ecnn OHa cymecTsyeT, 
mlm2 

Mo~eT obiTh rrpencTasneHa B BHne. 

F(2) (2} Ul+miUI+m2 W(2) 
m m P = ------.- + P + 

2 m 2 -p 2 -IE 
. (3.9) 

V(p2 > 00 dK 2 p · ( K 2 ) 
+ f m 1m2 . 

2 2 - 2 TT 
4m 2 (K -p -il )Y(K } 

rne V ( p 2 ) H W ( p 2) - uenbie !flyHKilHH B IInOCKOCTII KOMnneKCHOrO p 2 , 

semecTBeHHbie npn semecTBeH.HhiX p 2 :ri TaKne, qTo IIHTerpan B ( 3.9) 

.CXOilHTCRo Ecnn w { p 2 ) n: v ( p 2 ) RBnRJOTCR uenbiMII ~YHKitHmviii iiOpRilK8. 

pOCTa M9Hbllie' 112, TOrlla aMIInHTylla F (2
) (p 2 ) COOTBeTCTByeT 'JIOKanhHOH 

""'. ..., m l m&. ' ·, 

TeopiiH. Ec;:n ~e V(p2 ) H · W{p 2 ) - uenhie !flyHKilHH rropRilKa pocTa 1/.2 Hnn 

Bhime, ·To · F <2> (p 2 ) co~TBeTcTsyeT !IeiioKani:.aofi Teoj:mii ( cM.f6, 7/). 
m m 

1 2;. 
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B nanbHeiiweM Mbi rronoxmM cnenyromee orr pen en e H H e 

"' ( 2) 

I!pli'IHHHO:Ii 

aMrrnHTYllbi F · (p 2 ) : 
ml m2 

F<2> (p2)=V(p2)1 
m 1m 2 

U l+m 1 U 1+m2 
+ 

V- ( 2 )( 2 . 2 • ) m m -p -H ( 3.10) 

"' .... , 2 2 

1 
oo dK Pm m (K) 
f 

. 1 2 
+- "' 

"4m2 V(K 2 )(K 2 -p 2 -il) 
I. 

"' 2 
ITpo6neMoii, KaK Bbi6paTb cpopMcpaKTop V ( p ) , Mbi saiiMeMcst HH)I(e. 

f1oCMOTpHM Terrepb 1 K K8KHM H3M9H9HHSIM B KOHcpHrypaUHOHHOM I!pOCT-
• "' (2) 2 

pa.acTBe rrpHBOJlHT orrpeneneHHe aMrrnHTYJlbl F (p ) cornacHo cpopMyne 
m 1m'J, 

( 3.10). B x -rrpocTpaHCTBe rrony<~HM 

c 

F<2> (x-x
2 

)=fd 4 yV(xl- y)lut+m 
m I m 2 1 I 

U I +m 2 
6. m (y- X 2) + 

( 3.11) 

. . d 2 ( 2) 1 00 K Pm m K 
+-f .. 1 2 

1T 4m2 V ( K 2) . 
6-c (y -x2) I' 

K 

rne V (X 
1
- x: 2}- HenoKanbH8SI o6o6meHH8SI cpyHKUHSI BHJ18 

oo n (n) 
V(x 

1
-x

2
)= ~anD 8 (x 1 -x 2 ), n,, 

( 3.12) 

~ 2 oo 2 n -
ecnH V(p ) = n~a n (p ) • TaKOH THII HenoKanbHblX cpyHKUH:Ii paccMoTpeH 

a16, 7 I. 11TaK, rronyqeHHaSI rrpH'IHHHast cpyHKUHSI ~BnsteT~SI csepTKO:Ii rrpii'IHHHOii 

cpyHKUUH yMepeHHoro pocTa il HenoKanbHoif o6o6meHHoii <jlyHKUHH. 11Ha'le. 
,-., •. • u 

cpyHKUHSI F m m ( x 1 -x 2 ) rrpencTaBnsteT co6ou o6bi'IHyro xopomo orrpene-
1 2 . 

. neHHYIO rrpH'IHHHYIO cpyHKUHIO yMepeHHOrO pocT81 KOTOpaSI K8K 6bl 'pa3M838-
- - ' ' -· -' ' ' 

Ha' C IIOMOIIIblO HenoKanbHOfi o6o6meHHOfi· cpyHKUHH V (X I -X l! ). 

12 

\t 
! 

II 

. ( 

Bblpa)l(eHHe ( 3.11) MaTeMaTn'lecKH xopow 

npyroe rrpencTaBneHHe B 

30B8BII1HCb TO)I(Jl9CTBOM 

X -rrpOCTp8HCTBe Jln~ 

[6. c (x -x )t 
m. I 2 

00 

f 
(nm 2 

2 ""' c· dK 0 (K ~) 6_ (X 
n > K 

crrpasennHBbiM rrpH x 1 'f x 2 . 
rrepeiiHW9M HCXC 

(~ 00 

F (x 1 -x 2 )=~ m 1m 2 ndl 

un +mt un+m2 

n! 

00 

J dK 
(nm)2 

Torna perynstpnsosaHHOe Bblpa>KeHne ( 3.10) . sarr: 

(~ 00 u F (x -x ) - ~ n+ml un+m 
mm 1 2 -~ . 2 

1 2 D"' 0 1 n. 
T dK

2 0 (K 2 
2 n 

fmn) 

rne 

K (x -x ) 
K I 2 f 

I .. 
.. d 4 p p(x ex~ . v 
V(K2) e 

3nech K ( x 
1
-x 2 ) - HenoKanbHast o6o6meHH8l 

K • 

V (p2)-V(K2) . · 
-. --2---z-- - uenast. 

p - K 

ITpnseneM OJlHO H3 cpi13H'IeCKIIX coo6pa~eE 
JlnSI IIHTeprrpeT8UIIII BBOJlHMOH perynstpHS8UIIH. D 
HO TSI)I(enbiX TO'Ie'IHbiX ~CTO'IHIIK8 1 pacrrono)l(eHE 

npyr OT npyra. ITycTb asaHMoneil:cTBHSI Me)I(Jly 

rrpoMe)l(yTo'IHOe MesoHHoe rro_ne. flycTb narpa 

CIICT9Mbl MO)I(H-0 38IIUC8Tb B BIIJ19 

g £ "' I . 
g I dx r a(x-x 1 > +ati-
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l 
Mbi nono~HM cnellyiOIIIee on p ellen e H H e npH'lHHHoR 

2 ): I Bbtpa~eHHe (3.11) MaTeMaTH'l9CKH xopomo onpe]leneHo. Mo~HO Jl8Tb. 

Jlpyroe npeJlCTaBneHne B x -npocTpaHCTBe JlnS! 4JyHKUHH ·· ( 3.10). · Bocnon:b:.. 

Ut+mt Ut+m 2 
) ,\r(p2)1 + 

ff( 2)( 2. 2 . ) Y m m -p -1£ 
( 3.10) 

(K2) 
I. 

-"' 
V(K2)(K2-p 2-jl) 

"' 2 
4JopMlP8KTOp V ( p ) 0 Mbl 38fiMeMCH HH~e. 

K K8KHM H3M9H9HHHM B KOH4JnrypaUHOHHOM npoCT-
"' ( 2) 2 

eneHne aMnnnTyllhi F (p ) cornacHo 4JopMyne 
mlml 

fd 4
yV(x 1 - y)lut+m U 1 +m 2 

Pm 1m 2 (K
2

) 

K 2) ' 
!lc (y-x

2
)l, 

K 

c 
/l m (y- X 2) + 

OOOOIII9HH8H lPYHKUHH BHJl8 

oo n (n) 

2) "'n~ an 0 8 (x 1 -x2 ), 

( 3.1l) 

( 3.12) 

TaKoR Tnn HenoKanbHbiX 4JyHKUHR paccMoTpeH 

Dpll'!HHH8H lPYHKUHH HBnHeTCH CBepTKOR npH'lllHHOR 

co6oR ooht'IHYIO xopomo onpeJle

yMepeHHoro pocTa, KOTopaH KaK obi 'pa:=~Ma~a

•uoKanbaoR o6o6me~H~n: lPYHKUHH V ( x 1 -x 2 ). 

12 

!. ~ 

·I 

1 
1 
ij 

30B8BiliHCb TO~eCTBOM 

c ]n [ll (x -x.,) 
m, 1 .. 

I dK 2 0
0

(K::)ll:(x 
1
-X 2 ), 

(mri 2 
( 3.13) 

cnpaBeJlnHBbiM npH X I 'f X 2 0 nepennmeM HCXOilHYIO 4JopMyny ( 3.3) 'B BHJle 

(2) 00 u u 00 ) 

F ( _ )-"" n +mt n+m2 J d 2n ( 2)A e( _ ) {3.14 
mm XI X2 -~ K .. nK_LlKXIX2. 

1 2 n=O n! (nm)2 

Torlla perynHpnsosaaHoe Bbtpa>KeHne ( 3.10) san!lmeTCH. cneJlyiOIIIHM o6pasoM: 

(2) 00 

F (x -x ) "' ~ 
mlm2 l 2 n"'O 

un+ml un+m2 

n! 
f dK 2 0 (K 2 )[t:J.e. (x -X )+K (x -X) 

2 n K 1 2 K 1 z'l 
fn!lll 

( 3.15) 

rile 

V(p 2)-V(K 2
) (3.16) I d4p elp(x~-x~ K (x -x ) 

K l 2 p 2 -K 2 

3JleCb K K ( x 
1 
-x 

2
) - Heno.KanbHaH o6o6meHHaH $yHKUHH, TaK KaK. 4JyHKUHH 

V (p 2 )-\r(K 2) • 
---2- 1

---z----- uenaH. 
p - K 

llp!IB9Jl9M OJlHO H3 lPll31l'l9CKHX COOOpa~eHHfi, KOTOpoe MO>KHO npHBne'lb 

JlnH HHTepnpeT8UHH BBOJlllMOfi perynHpll38UHHo llyCTb HM9IOTCH JlBa 6ecKOH9'l

HO TH>KenbiX TO'l9'lHblX HCTO'lHHKa, pacnono>KeHHbiX Ha H9KOTOpOM ~aCCTOHHHH 

Jlpyr OT Jlpyra. llyCTb B38HMOJl9fiCTBHH Me~y HHMH OCYIII9CTBnHIOTCH qepe3 

npoMe~yTO'lHOe M930HHOe no.ne. llyCTb narpaH>KH8H B38HMOJl9fiCTBHH STOfi 

CHCT9Mbl MO>KHO 38DHC8Tb B BUlle 

g .£I ':' g fdx [a(x-x1 ) +atx-x2 )1U<cJ><x>>· ( 3.17) 
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8 -MaTpHUa, OIIHCbiB810ma51 B38HMoneii:CTBHe STOH'· CHCTeMbi
1 

38IIHCbiBaeTC51 

no o6bi'iHbiM npaBnnaM: 

S = T exp { + i g f d 4 x £ ( x) I . 
I 

( 3.18) 

ITepBa51 aenc:§!.3aJOmasr nonpaBKa K aaeprnn Ka)l(noro HCTO'iHHKa u aaep

rHH B38HMoneii:CTBHSI MeMny DBYMSI HCTO'IHHK8MH aaeTC51 MaTpH'IHbiMH aneMeH-

T8MH S -MaTpHUbi Bo BTopoM nopsraKe Teopnn BoaMymeanii: H rrporropunoaanb-

a a 

~E 
1 4 

- f d ( X I -X z ) < 0 I T ( £I ( X I ) £ I ( X z )) I 0 > 
2rr ( 3.19) 

= 2 g 
2 w 2 (0) + 2 g 

2 w 2 ( X I - xz ) , 

rae 

00 ... ... 
Wz(xl-x2 

1 

2rr 
J d(x

01
-x

02
)<0_jT { U(¢(x 1))U(¢(x

2
)) 110 >. ( 3.20) 

ITepBbiH qnea B ~OpMyne IIp9llCT8BIISieT co6oii: IIOIIp8BKY ~ C06CTB9HHOH aaep-

rHH HCTO'IHHK81 a BTOpOH 'III9H - IIOTeHUH8nbHYIO aaeprHIO M9)1(J:Iy llBYM51 HCTO'i

HHK8MH 38 C'leT 06MeHa CKamipHblMH '18CTHU8MH. 

PasyMHbiMH ~H3R'ieCKHMR Tpe6oBaHH51MH 51Bn5110TC51: 

w (0) < 00 • 
2 

(1): 

W2 <x> ... o (II) 

npn 1 xl ... 00 • 

i4 

I 
l 

,, 

I 
~I 

.I 

l 
;! 

, B o6br'IHoii: IIOK8IIbHOH· KB8HTOBOH T90pHH IIOIISI 

BOpHTb, He yaaeTC51, OCT8B8SICb.B paMK8X Tp;60BI 

pnaHTHOCTR. B aenoKanbaoii: TeopHR ·aTR Tpe6oBa 

HSIIOTCSio fieii:CTBHTenbH0 1 CornaCHO . ( 3. 20) II ( 3_. 

,-m lr I 
w 

2
(r> 

u2 
I 

V(m2) f dpV(Ir-il) 
e' 

+ I 
4m2 

d K 2p ( K ~) 

V ( K 
2 

) 

I PI 

-KIPI 
_,. ..... _,. e 

J d P v < I r -pI > 
I rl 

rae <fJyHKUHH v ( I r- pI) orrpeaeneHa 

. tQ<1-P, -
V(lr-iil>=fdqe_. V(-

Ecnn 
= 2 1 
V( -q ) = 0 ( -- ) rrpu q 2 .. oo 

C.iF> 2 . 1.. . . 
.. .. -a< !r-pfl 

V(lr-pi)=O(e --r ) 
IIpll lr-pl 1 

e >> ' 
rae rrapaMeT~.e HMeeT CMbiCII aneMeHTapHOll ) 

'!liTh, 'ITO 
2 2 • 

U I oo dK p (K ' 
W (0)=-- a(m) + f · 

2 
V(m 2

) 4m 2 V( K '1 
TaK KaK 

-K I PI 
e 

a(K) =fdp V(lrl-> < 00. 

IP'I 

TaKHM o6pa30M 1 Mbl BHDIIM1 'ITO BBeaeHH€ 

H3MeH51eT noTeauHan IOKaBbi aa ManbiX paccTos 

'pasMaaKa' noTeauHana IOKaBbi aa paccToSIHH51X 1 

Hbl f • 

Tpe6oBaHR51 MaKponpH'iHHHOCTH u yHHTapac 

Knacc l\JyHKUHii •. K KOTopoMy non)l(eH npnaanne)l(aTJ 

V( I rl ). . 
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83aHMOA9il:~TBH9 STOil: · CHCT9Mbl 0 38IIHCbiB89TCSI 

+ i g f d 4
X £ 1 (x) l. 

{ 3.18) 

....... ~ 

51 rrorrpaBKa K sHeprHH Ka*Aoro HCTO'IHHKa H sHep

ABYMSI HCTO'IHHK8MU .(189TCSI MaTpH'IHbiMH sneMeH

IIOpSIAK9 TeopHH B03MymeHHil: H rrporropunoHanb-

) < 0 I T ( £1 ( X I ) £ I ( X 2 )) I 0 > {3.19) . 

2 w 2 <x 1 - xz >, 

(x
01

-x
02

)<0JT I U(¢(x
1
))U(¢(x

2
)) 110 >. { 3.20) 

rrpeAcTaBnSieT. .co6oil: rrorrpaBKy ~ co6cTBeHHoil: sHep

- IIOT9HUHanbHYID SHeprHID Me*AY ABYMSI'HCTO'I

'18CTHU8MH. 

MH Tpe60B8HHSIMH SIBnSIIDTCSI: 

00 , (I) 

<x > .. o (II) 

npn: Xt _. oo • 

l4 

l 

1 
t 
I 

B o6bt'IHOil: noKanbHOil: KBaHTOBOil: TeOpHH IIOnSI STHM Tpe60B8HliSIM YAOBneT-

BOpHTb He YA89TCSI, OCT8B8SICb B paMK8X Tpe60B8HHil: p;nSITH~HCTCKOil: HHBa

pH8HTHOCTH. B HenoKanbHOil: TeopHn ·9TH Tpe6osaHHSI aBToMaTH'IeCKH BhliiOn

HSIIDTCSI. neil:CTBHT9nbHO, COrnaCHO {3.20) H {3.11) HMeeM: 
' ' . , ' 

-m IP I 
..... u ~ ..... ..... ..... e 

W ( r ) = ---- f d p V ( I r - P I ) + 
2 V (m2) I r I ( 3.21) 

-KIPI 
00 d K 2p ( K 2 ) .. _. e 

+ I f dpV( I r-pl ) ---, 
4m 2 V ( K z ) I rl 

rne lf!yHKUliSI v ( I r- p I ) onpeneneHa 

..... . ..... tC:ci-P > ~ ..... 2 V(lr-pl) = Jdqe. V(-q ). ( 3.22) 

1 ) 
= ;t 2) = o ( -< .. 2) 2 

1
,_. -Pr 

V( -.. _q -G(~) ) 

V(lr-pi)=O(e 11-rl » 1, 
npn f 

To rna V (0) < oo • 
Ecnn npn q 2 ....... 00 , 

rne napaMeTjJ f nMeeT cMhiCn aneMeHTapnofi nnnHhi. 0TCIOAa nerKo nony~ 

2 
U 1 - oo dK 2 p (K 2) 

W 
2 

(0) = -=-- a (m ) + f _ · a ( K ) < "" , 
V(m 2

) 4m 2 V( K ~ 

'II!Tb, 'ITO 
( 3.23) ' 

TaK K8K -K I PI 
e 

( 3.24) ------ < ,oo. a(K) =fdp V(IPI) 
lrl 

TaKHM o6pa30M, Mbl BRAHM, 'ITO BB9A9HH9 HenoKanbHOCTH B TeopniD 

H3MeHSieT noTeHuHan IOKaBbt Ha ManbtX paccTOSIHHSIX, npon:cxOAHT KaK 6bt 

~pa3M83Ka' noTeHUHana lOKaBbt Ha paccTOSIHHSIX nopSIAKa sneMeHTapHoil: Ann-

Hbt f • 
Tpe6oBaHUSI MaKponpn'IHHHOCTH H yHHTapHOCTH onpeAenSieT nHlllb TOT 

Knacc !\JyHKUIIil:o .K KOTOpOMY AOn*eH npnHanne*aTb- HenoKanbHbiil: ~opM!\laKTOp 

V( I P' I ). 
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ITony'leHHhie cpopMynhi MO:lKHO paccMaTpHBaTb KaK cpH3II'JecKoe o6ocHoBa

Hne BBe)leHHSI eBKniiJlOBOH MeTpiiKII ( CM, cnenyiOIIIHH rraparpacp): y6biBaHIIe 
"' 2 "' ( 2 ) 2 

<jlopMcpaKTopa V ( p ) n, cnenoBaTenbHO, rrporraraTopa F (p ) 
. m I m2 

II pH p 2 
4- oo ripiiBOJliiT K TOMY, 'ITO B3aH.MOJleHCTBIIe JlBYX 6eCKOHelJHO TSI:lKe- · 

nhiX TO'JelJHb!X HCTO'l¥HKOB OIIIICbiBaeTCSI HeCHHrynSipHb!M IIOTeHUIIanoM, KOTO

pb!H rrpeJlCTaBnSieT C060ii: "paaMa3aHHhiH" Ha paCCTOSIHIISIX IIOpSIJlKa f 

IIOTeHUHan lOKaBhl., ,.,~.' 

""' B cnyqae V ( p 2 ) 4 oo rrpH p 2 
4 + oo , 'ITO He rrpoTIIBope'IIIT ocHOBHhiM 

IIpHHUHIIaM IIOCTpoeHHSI S -MaTpllUhi 0 IIOTeHUHan W (f) yme He OIIHC,b!BancSI 

6h! rrpoCTO cpyHKUHeii:, a 6bin 6h! o6o6meHHOH cpyHKUIIeii: BHl:ta 

-miPI 
( 3.25) w (r) "'f dpV{r

4

- P> 
2 -

e 

I rl 

rne 

4 4} ~ An (a) 4 4 
V(r -p "'~ en'-' a {r -p }, (3.26) 

T.e. V( r
4

- p) - HenoKanhHaSI o6o6meHHaSI cpyHKUHSI, orrpeneneHHaSI Ha neKoTopoM 

IIpOCTpaHCTBe nenhlX cpyHKUHH, 3TO 03Ha'JaeT, 'ITO B 9TOM cnyqae 6eCKOHelJHO 

TSimenbiH HCTO'IHHK He MO:lKeT 6b!Tb TO'JelJHbiM, TaK KaK pacrrpeneneHHe HCTO'IHH

Ka B rrpocTpaHCTBe nonmHo onHChlBaTbCSI uenoii: cpyHKUHeii:, CnenoBaTenbHO, 

B 9TOM cnyqae Mhl He HMeeM TOii: SICHOii: cpH3U'JeCKOii: llHTepnpeTaUHH Ha SI3b!Ke 

rroTeHunanOB, KOTopaSI B03MO:lKHa rrpH ycnoBn:Six, o6ecrre'IHBaromnx rrepexon 

K eBKnHJlOBOH MeTpUKe ( CM, HU:lKe), 

4. P.sm Teomm B03MymemrH: nmr S -MaTpHUhi 

ITpn:cTyrrHM 'Terrepb K rrocTpoeHHIO pSina Teopn:n: B03MymeHHii: nnSI S -MaT

pHUhi TeopnH, ITpoBeneM pSIJl cpopManhHhiX npeo6paaoBaHnii:: 

S==Texp{ifd 4x ~ (x)l~l +~ _f_ln f d
4

x 1 ... fd 4
x Sn(x1, .. xn), (4,1) 

I . n=l n. n 

16' 

,1 

i 
' ~ 

I~ 

:J 
!I 

-I 
,1 

l 
I 
,l 
il 
I 
.! 

S . "" ,m1 . 
n.(x1, •• xn)= ~ Fm m (x •. X): cp (x1) 

m ••• m :::0 1••• n l n ·, 1 
l n ml. 

C npyroii CTOpOHhi, 

J 

S n (X 1 '• • X n ) = j n T ( £1 (x 1 ) .•. f; (X n )) = 

= i!' fda(e-
1

) ••• f da(en )T(:/I<f>cxt> 
e 

: ... : e 

=in fda (l: ) e1</>(x1) l: .L "'1 ···fda(.; ):e . . '>n"'<x " n ••••• e 

IT pH nony'leHIIH nocnenHero paBeHCTBa · Mhi Bocnonh: 

BnKa nnSI nepexona oT T -npoHaBeneHn:SI K N -n1 

nony'IIITb: 

F (n) 

m ~·· .m 
n 

( X ••. xn)=i" fda (.;
1

) ••• fda(~ 

X n exp-1 e e /1.. c (X -x ) I. 
1:SI<I'S,n I J m I I 

AMrrnHTYJlhi cpH3U'JeCKIIX rrpoueccoB orrpene 

~ ( n) 4 
F (p •• p ) = fd x 

m 
1 

••• m
0 

l n .1 

... fd 4x !(pix r-
n e 

n-1 
= (-i) (211) 4 0(4) (p +••• p )T(n) 

l n m ••• m 
I n 

(pl 

17 



MO)KHO paCCMaTpHBaTb KaK QJH3H'leCKOe OOOCHOBa

MeTpHKII (eM. cnenyiOumit naparpaQJ): yohiBaHHe ·. 
"' (2) 2 

n, cnenoBaTe~bHO, nponaraTopa F (p ·) 
m 1m2 

TOMYo 'ITO B38HMonefiCTBHe llBYX 6eCKOHe'l,HO TSI)Ke

OIIHCbiB8eTCSI HeCHHrynSipHbiM IIOTeHUH8nOM1 KOTO

vpa3M838HHbiit" H8 paCCTOSIHHSIX TIOpSillK8 f 

-"' 
_. oo TipH p 2 -> f oo , 'ITO ae IIpOTIIBOpe'lHT OCHOBHblM 

S -MaTpHUbl 1 noTeHUHan W ( r) y)Ke He OIIHCfblBancSI 

obm Obi o6o6me HHOit QJYHKUneit Bnna 

... V( r ... - p) 
-mlrl 

e (3.25) 

1 rl 

(3) (-> -> ) a r- p ' ( 3.26) 

o6o6meaaaSI QJYHKUHSI, orrpeneneHHaSI aa aeKoTopoM 

IHKUHfi. 3To osaaqaeT, 'ITO B aTOM cnyqae 6ecKoHe'lHO 

ObiTb TO'le'lHbiM, T8K K8K pacnpeneneane HCTO'lHH

OIIHCbiB8TbC51 uenoit ¢yHKunefi. CnenoBaTenbHo, 

MeeM TOfi SICHOfi QJH3H'leCKOfi HHTeprrpeTaUHH Ha 513b!Ke 

B03MO)KHa npii ycnoBHSIX, o6ecne'lHBaiollliiX nepexon · 

( CM. HH)Ke) • 

K IIOCTpOeHHIO pSina · TeOpiiH B03MyllleHHit nnSI S -MaT'-: 

PSin QJOpManhHbiX npeo6pasoBaHIIfi: 

1."'1 +n~l ~!n J d 4
x; ..• Jd 4

xn Sn(x 1 , •. xn), (4.1) 

16' 

~ 

'~ 
' ~~ 
. j 
I 
lj 
l 

J 

I -
i 

S (x 1 , •• x ) = ~ F 
n n m l ... mn:=O m t••• 

m1 , 
m (X 1 • • X ) : cf> (x ,) cf>mn(x ) n n 

1 
••• ___ n. 

m1. m! • 
n 

C Apyroii CTOp0Hbl 1 

S n (X l '• • X n ) = in T ( .£1 (x I ) ••• ~ (X n )) = 

.!' 
=I 

Jda(el) ..• fda(en )T(:eelcf><x,> •• enc/><xn> ..... e :) 

-in fda (t: ) elcf><xl) e cb<x) t: t: 1">.

0 

- <, 1 ••• Jda(e ):e • • n n <,I<,J Jx
1

-Y) n ••••• e : n e l 

1-s_1<1~n 

(4.2) 

(4.3) 

Dpn rrony'leHIIH rrocnenaero paBeHCTBa Mbl Bocrronh30Bannch o6b!'IHOH TeopeMoii 

BnKa nnSI rrepexona oT T -rrponsBeneanSI K N -rrpons"BeneanJO. OTciOna nerKo 

rrony'liiTh: 

F (n) 

m ~·· 

n ml mn 

... xJ=i Jda(e 1) ..• fda(en)e 1 .•• en X 

.m 
n 

X 1 ( 4.4) 

X n Cxp-1 e e./">. 0
(X -X)!. 

1:5I<J'S_n I l m I J 

AMIIniiTYllbl QJII3II'leCKIIX npoUeCCOB onpenenSIIOTCSl IIHTerpanaMII BHll8 

l(p • •• J d 4X C IX 1+•••+pnxn) 
n 

( n) 
F (x .. x) 

m 
1 

•• mn 1 n 

(4.5) 

~ ( n) 4 
F (p •• p ) = fd x 

, m 
1 

••• mn l n .1 

n-1 · 4 (4) (n) 
=(-i) (2") 8 (p + .•• p )T 1 n m ••• m 

I n 

(pi , •. ,pn)' 
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rae 

( n) . n-l 

T (p ••• p ) = i' 
m 1 ••• mn l n 

4 4 (4) 

n 
4 f d X I ••• f d X n 0 (X I + •• + X) X 

i(p I x l + "• P n xJ 
(4.(}). 

( n) 

xe F (X l • • • X n ). 
m •• m 

I n 

~.,..{ 

3aecb p - BHeUIHIIe IIMnynhCbi. 
i 

B nonyqeaaoM Bbipa)KeHIIII He onpea~neHbi MaTeMaTII'IeCKII senH'IIIHbi 

exp 1 ~ ~ ~ c ( x -x.) }. CornacHo cKaaaHHoMy B ,npellbiilymeM napa-
t I m I J · 

rpatjle Mbi on p ell e 11 II M, IIJIII no c T y n II p y eM cneayromee npeacTaBneHIIe: 

~I e j A:< X I- X j > 
e = 1 + W ( e ~ ; X -X ) 

I j I j ' 
(4.7) 

rae 

w(~ 1 ~ 1 ;x 1 -x1 ) =fd 4yV(x1 -y )x 

[ e I~ I A c ( ) foo dK z p ( ei e I K z 
x -~-- '-'m y-x + _ 

V(m
2

) 
1 

4m2 V(K 2) 
A:(y-x1 )l

1 K . 

(4.8) 

(~] n 

< ~ ~ . 2 > _ i. <~~ e;> 0 < 2 > p I j ,K - =2 ~ n K • 

(4.9) 

B IIMnyJihCHOM npeacTasneHHII nony'IHM: 

"' ~ 

w(~l~ll; p2) ,j [ V(p2). 
Yl m2) 

e~~~-- + 
m2-p2-i• 

.!!.a j d K2p(~d I "2 )). 

rr 4m2 V(K 2)( m 2-p2-ic) ( 4.10) 

18 

··\ 

I 
i\ 

·" i 

I 

. I 
I. 
j 
jl 

lj; 

ill 

' !' I 

l 
1 
1! 

l 
J 

'~ j 

r ,, 
I 

t 
'\1 

• 

• TipeanonaraeTcSI, 'ITO uenaSI tPYHKUHSI V ( p 2) TaKOl 

XOpOIIIO , CXOiliiTCSI. 

C TO'IKII 3p9HIISI lliiarpaMMHOfi T9XHIIKII ~efiH 

npeacTaBJIHeT co5ofi nponaraTop, coeaiiHSIIOlliiiH.IlBE 

naraTop y'IHTbiBaeT nro5oe KOJIH'Iee!TBO qafTHU, pE 

HOM TO'IKH B llPYI'YIOo 

TioacTaBnHSI (4.7) B (4.4), nony'IIIM 

(n) n , ml 

Fml, .. mn(xl ... xn)=i fda(el) ... fda(~n)~l. 

(n) ( . ) 
T p •• ·P m

1 
•• m

0 
1 n 

CooTBeTcTBeHHo aMnnnTynbl 

(n) 

T m f"mn (pI •• pn ) = fda( ~I) • • • fda ( e n ) ~ ~ 

(n) /: ) 
xt (e1 ···!.n; P1 :··Pn ' 

(n) /: /: • • n-1 . 4 4 4 
t ( \, !" • • \, n 'p l" •• p n) = I . n J d XI • • • J d 

l(ptxl+ ... +pnxn>II ll+w(gl~l;xl-xl 
x e . < · 

1~1<1 _n 

TiepexonSI K HMnynhCHOMy npOCTpaHCTBy, tjlopMaJib 

n-1 
(n) ( 1: /: • p · · p )- i 

t ~ 1 • • • '-'n' 1 ' • • n -
4(n-l) 4 ( 2rr) . n x 

4 (4) = 2 
X II f d q lj I 0 (q ) + w (~ ~. 'q ) I 

l_$1<;_$n II I l II 

(4) 

x fd4q II 8 ( Pn +q - Ke (qiJ )), 
£=I L 
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n-1 • 4 4 (4) 
(p ••• p >"= j' n 4 f d X I .•• f d X n 8 (x + •• + X ) X 

J n 1 n 

(4.t;!) 
+ • • • P n xJ (nl 

(X I• • • X n ). F 
m •• m 

I n 

_..), 

HMIIYIIbChio 

Bbipa)KeHHH He OIIpen~neHbl MaTeMaTH'leCKH BeiiH"'HHbi 

1 
-x j) 1. CornacHo cKasaHHOMy .a ,npenhrnymeM rrapa

JI n: M 1 HIIH no c T y n H p y eM cnenyiOruee rrpencTaBneHHe: 

m(x 1-x j) 

(4.7) = 1 + W ( e e ; X -X ) 
I ! I j ' 

-X ) = f d 4 y V (X -y ) X 
j I 

dK 
2 

p( ele j K 
2 

J ~~ (y -Xj) )I 
(y-xl )+ J2 V(K 2) K . 

4m 

(4.8) 

eel e;t n {K 2 >· 
n n! =2 

(4.9)· 

BIIeHlUI IIOIIY"'HM: 

el ej 
~ 

--+ 
[ v (p ~ • 

V( m~ m 2 -p 2-i• 
~ j d K

2 i:>(ete;K
2>1• 

11 4m2 V(K ~( m2-p 2
-ic) (4.10) 

18 

• 

i 

l 
I 
,·1 

i, 
l. 
)Jj 

' ''i 

f . I 
/ 1 

1.

: 

' 
' 

t 
~ 

"1 
~ 

=t·· 

. r. 
i·l 

I 
l· 

;~ 

; . 

TipenrronaraeTcSI, "'TO uenaSI if!yHKUHsi V(p 2) TaKo~a,. "'TO HHTerpan B (4.10) 

xopomo cxonHTCSI. 

C TO"'KH 3peHHSI nHarpaMMHOH TeXHHKH <fleliHMaHa !flyHKUHSI w( ~ ~ ; p 2) 
I J 

npencTaBnSieT co6oii nponaraTop, coenHHSIIDIUHH nBe TO"'KH, npH'leM aToT npo-

naraTop Y"'HTbiBaeT III060e KOIIH'leCTBO "18CTHU1 pacnpOCTpaHSIIOIUHXCSI H3 on

HOM TO"'KH B npyryiO. 

TioncTaBnSISI ( 4. 7) B ( 4.4), nony"'HM 

(n) n ml m2 

F (x 1 ••• x )= i fda(e ) ... Jda(e )e1 ••• e III1+w(e
1
e.;x

1
-x).l. 

m 1 ... m n . n . 1 n n l_$t<;~ . . 1. j 

( 4.11) 

CooTBeTcTBeHHo aMnnHTynhr 
(n) } T (p .•. p 
m •• m 1 n 

MO)I<HO 381IHC8Tb B mrne 
l n 

(n) 

T m r .. mn 

ml 
(pI •• pn ) = fda( e 1 ) • • • fda ( e n ) e 

1 

xt (n) ( e 1 ••• en ; PI ••• Pn ) , 

••• e mn X 
n 

( 4.12) 

{n) , n -1 4 4 4 ( 4) · 
t ( e 1 ••• en ; p 1 • •• p n) = I n f d X1 • • • J d Xn 8 (X l + ••• +X n ) X 

(4.13) 
I ( p I X l+ • • • + p x ) 

xe . n n n ll+w(ele.;xl-x )!. 
I I · 

1~1<! ::;n 

TiepexonSI K HMIIYIIbCHOMy IIpOCTpaHCTBy, !flopMa!IbHO IIOIIY"'HM: 

(n) . . . n-1 4(n-l) 4 t (e 1 ... en;p 1 , •• pn)= I (277) n x 

4 (4) = 2 
x n J d q 1 . 18 (q > + w <e e , q > 1 x 

I _$t<;,$n I I j I j I j (4.14) 

(4) 

xfd 4 q ll 8 (Pn+q -Ke(qt;)), 
f=t L 
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rne 

f-1 
K e< q 11 > = ;s~~ q 11 

n 

- I. q fJ 
j =f+t 

ITonyqeHHhlft RHTerpan B (4.14) no 

He onpeneneH, no'cKOnhKY cpyHKUllll w(,; 1 ,;j 
~ 

npn q ll .... + oo • 3nech Mbi BCTpeqaeMCR c 

ll3BeJleHll51 narpaH~RaHOB B38llMOJleUCTBll51: 

T( i\(x 1) .. ~I(xn)). 

(4.15) 

npoMe~y,To'!HbiM nMnynhcaM q li 

a 
; q,f) JlOBOnhHO 6biCTpO paCTYT 

npo6neMofi onpeneneHnR T -npo-

.(4.16) 

"' 2 
BBeneHne · cpopM¢aKTopa V ( p ) CBR3aHo c onpenenenneM nnmh npon3BeneHnR 

T (~ (x ) ~ (x )). 
I I I 2 

( 4,17) 

OnpeneneHne TOnhKO JlBYXTO'!e'!HOH cpyHKunn He naeT erne 3HaHRR n -Toqeq

Hofi cpyHKUllll (4,16), 
C '!llCTO MaTeMaTnqeCKOll ToqKM 3peHM51 npo6neMa COCTOllT B cnenyromeM, 

l13BeCTHa o6o6rueHHaR cpyHKURR T ( ~ (x 1 ) ~I ( x 2 )) , 3aBRCRIUaR TOnhKO 

oT JlBYX apryMeHTOB x 1 n x 2 • KaK onpeJlennTh o6o6rueHHYIO ljlyHKURIO . 

T ( ~I (X I ) ••• ~ I (X n)), KOTOpaR 38BllCMT OT n -apryMeHTOB X I ••• X n n; 

no cyTR nena, RBnSieTC51 npOR3BeJleHneM JlBYXToqeqHbiX o6o6IUeHHbiX cpyHKUllH 

T ( ~ (x ) ~ ( x )) ? Kopoqe, KaK onpeJlennTh KBaJlpaT o6o6ruennoR 
I l I 2 

ljlyHKUllll? 

C o6ruefi ToqKn 3peHnSI Mo~no cqnTaTh1 'ITO onpeneneHnR T -npOM3Be

nenn~ B cnyqaRx (4.16) .n (4.17) He CBSI3aHbi OJlHO c JlpyrnM n, cneJloBa.

TenhH01 B 3TllX cnyqagx MO~Ho· neficTBoBaTh, Boo6rue roBopS!, pa3HhiMII cno

co6aMn, Hama 38Jlaqa, OJlH8KO, COCTOllT B TO~t '!T06bi IlOCTpOMTh TaKOll an

napaT, KOTOpblll Il03BOnMn 6bi 8BTOM8TnqeCKM nonyqaTb n · -ToqeqHbie cpyHKUllll 

T ( ~I (x 
1 

) , • • ~ I ( x n )) , ecnn HaM H3BecTHa perynRpn3aunR JlBYXToqeqHoil 

cpyHKUHH T(~I(x tl ~I (x2)). 

20 

TaKRM MeTOJlOM nocTpoeHHR BbiClliHX npn6n 

51BnReTC51 rrepe XOJl K e BK nH JlO BOll Me· 
; ' 

nono6HbiX nMrrynhcoB, ecnH aMrrnnTyJlhi BToporo n 

( 4.10) y6biBaiOT npn p 2 
.... - oo • B paccMaTpHBa 

rrepeXOJl. K eBKllllJlOBOll ,MeTpllKe C MaTeMaTiiqec 

qaeT o rr p e Jl en e H n e rrpoH3BeJleHnR o6o6rueHHb 

Ecnn rropRJlOK uenbiX ljlyHKunR V (p 2 ) 

l'im 
rn rn .1 v < P 

2 
> I -- < 1' 

IP 21-><>;t fu IP 2 1 

TOrJla cyrueCTByeT HeKOTOpaR Heco6CTBeHH851 per 

xona K enKnHJlOBofi MeTpnKe 16, 7,8,9/. Ecnn :w 
""' 2 V (p ) · paBeH enmmue nnn 6onhme ee, Torna Hllf 

uenypbi nepexona K enKnHJloBofi MeTpnKe He cyme 

IlpOCTO 6yneM IIOCTynHpOB8Th1 qTO cpopMBlihHbri 

6biTh c caMoro naqana aarrHcaH B enKnHJlOBbiX 

3aMeHa k
0

->ik
4 

). ITpH aToM BHemHHe H 

eBKnHJlOBbiMllo l1HTerpanbi 6yJlyT CXOJlHThC51 1 eel. 

Hnn 

~""( ,; I,; j' p 2) 0(---
(p !I) 2 

}, p 2 .... -

"' 1 
V(p 2 )=0(--}, 

p2 
p2 _,_oo • 

llnR YJl06CTBa (3TO He o6R38TenbH0 1 HO npu 

HbiX ycno~neHnfi B 3annc1! cpopMyn) 6yneM cqnTI 

p l •• • p n t . OT KOTOpbiX 38BHCllT aMrrnnTyJla 

IlpOCTp8HCTBeHHOil0Jl06Hbl H H8X0Jl5ITC51 B eBKniU 
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n 

- :s q f· . (4.15} 
l =f+l l 

( 4.14} IIO npoMe)l{y;TO'lHbiM liMIIynbC8M q li 
a , 

; qlj) )lOBOnbHO 6biCTPO paCTYT 

Mbi BCTpeqaeMCSI c npo6neMoii: onpeneneHn:sr T -npo

B B381IMO)leii:CTBHSI: 

£I(xl) •• £I(xn)). 
(4.16} 

~ 2 V(p ) cBsr3aHO c onpeneneHneM numb npon3Beneansr 

( 4.17} 

'l9'1H0ll <jlyHKUHH He naeT erne 3H8HHSI n -TO"'e'l-

CKOll TO'lKH 3peHHSl npo6neMa COCTOHT B cnenyrorneM. 

<jlyHKUHSI T ( ;_ ( x 
1 

) £1 ( x 2 )) , 3aBncsrrnasr TOnbKO 

n x 2 • KaK onpenenn:Th o6o6meHHYIO ciJyHKUHIO . 

KOTOp8Sl 38BRCHT OT n -apryMeHTOB X I • • • X n n; 

Sl llpOH3Be)leHHeM JlBYXTO'le'lHblX o6o6rneHHblX <jlyHKUiill 
~ . -
· Kopoqe, KaK onpenenHTb KBanpaT o6o6meHHOH 

3peHHSI MO)I{HO C'lHTaTb, 'ITO onpeneneHHSI T -npoH3Be-

16} li (4.17} He CBSI38Hhl O)lHO C npyrn:M Il 1 cneJlOB8~ 

neii:cTBoBaTb, Boo6rne roBopsr, pa3Hb1MII cno

cocToHT B. TO~, 'lT06bl llOCTpOHTb T8KOll an-

6bl 8BTOM8TH'leCKH nony'l8Tb n · -To'le'!Hble <jlyHKUI!H 

ecmt 118M H3BeCTH8 perynsrpH38UHSI JlBYXTO'le'lHOll 

20 

! 

TaKHM MeTOJlOM IIOCTpOeHHSI BbiClliliX npn6nli)I{9HHll TeOpHH no HH3lliHM 

" SIBnSieTCSI II e p eX 0 Jl K e B K nIl Jl 0 B 0 ll MeT p IlK e llpOCTp8HCTB9HHO-· 

nono6Hh1X HMnynhCOB, ecnn aMnnnTyllhl BToporo nopSinKa Teopnn ·Bo3MyrneHnii: 

( 4.10} y6b!B8IOT npn p 2 ... - oo • B paccMaTpnBaeMblX aenoKanbHhiX TeopnSIX 

nepeXOJl K eBKnHJlOBOH,MeTpn:Ke C M8TeM8TH'l9CKOll TO'lKll 3peHHSI 03H8-

qaeT 0 II p e Jl en e H ll e npOli3B9Jl9HHSI o6o6rneHHblX cPYHKUIIii:. 

Ecnn nopsrnoK uenbtX cPYHKUHH V (p 2 ) · cTporo MeHbrne enn:Hl1Ub1 1 

enen-!'v (p
2

)\ 
lim------

\P 2\->'¥1 en I P 
2

1 
< 1' 

( 4•18) 

Torna cyrnecTByeT HeKoTopasr Heco6cTBeHHasr perynsrpnasr npouenypa nepe

xona K eBKnnnoBoii: MeTpnKe /6, 7,8,9/. Ecnn *e rropsrnoK uenhlx cPYHKunii: 

C:: 2 '· V (p ) paBeH ennnnue nnn 6onbrne ee, Torna HHKaKoii: neco6cTBennoii: rrpo-

uenypht rrepexona K eBKnHJlOBOll MeTpiiKe He cyrnecTByeT. B 3TOM cnyqae Mbl 

IIpOCTO 6yneM IIOCTynn:pOB8Tb 1 'ITO ciJopMaTrbliblH HHTerpan ( 4.14 ). JlOn)l{eH 

6biTb c caMoro na'lana aanncan B eBKnnllOBblX nepeMeHUhiX (<jlopManhnasr 

38Mena k
0 

... ik
4 

). TipU 3TOM BJielliJIHe UMIIynhCbl OCT8IDTCSI IICeB)lO-

eBKnllJlOBblMH. l1nTerpanhl 6yJlyT CXOJlllTbCSI 1 ecnH 

nnn 

,;( ~ ~ 'p 2) 0( 
1 ), p2 ->-oo, 

I j (p 2 ) 2 

'" 1 
V(p 2 ) ~ 0 ( --), 

p2 
p2 ->-00. 

( 4.19} 

( 4.19a} 

llnSI yno6CTB8 ( 3TO He o6SI38TenbH0 1 HO IIpH 9TOM Mbl na6eraeM HeHy)I{

HblX ycnO)I{HeHllll B 38lll1Cll <jlopMyn) 6yJleM C'lHT8Tb1 'ITO BJielliHlle HMIIynhCbl 

pI ••. p n 1 . OT KOTOpbiX 38BliCliT 8MllnllTYJl8 t tnJ ( /; l • • • ~ ti; p I" •• p n ) , 

llpOCTp8HCTBeH-HOIIOJl06Hbl ll H8XOJlSlTCSI B eBKnllllOBOH o6naCTH. 
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CoBoKyrrHoCTb npocTpaHCTBeaaonono6HbiX BeKTopoB p 
1 

c aanepea 

38!18HHh!Mll CKBmipHb!Mif IIpOll3Be!leHllHMll ( p ('J ) H83biB8eTCH eBKnllltOBOH
1 1 J • 

ecnn npn mo6oM Bbi6ope seme~TBeHHhiX aeoTpnuaTenbHhiX 'IHcen a
1
, •• ,an(a1 ~U) 

CKanHpHhiH KB8JlpaT BeKTOpa ~ a I p I HenonO::>KllTeneH: 
1"'1 

n 
2 

n 

( ~ a 1p1
) =! a 1 a 

1 
(p1 p 

1
) $.. 0, 

1=1 1,J=l ..... 

(4.20) 

H TOnbKO HyneBOH BeKTOp HMeeT !lnHHy Hynbo l1Ha'Ie 1 ecnn COBOKYIIHOCTb 

nceB!lOeBKnll!lOBb!X IIpOCTpaHCTBeHHOIIO!lOfiHb!X BeKTOpOB p n • • • p n eBKnll!lO

B81 TO BCerna MO::>KHO Bb!fipaTb TBKYIO COBOKYIIHOCTb eBKnllllOBhiX BeKTOpOB 

q , .•• q n 
1 'ITO Bb!IlOnHHeTCH paBeHCTBO 

(p1pJ) = -(q1q I). 

3necb ... ... 
p 1 P, "' p 1o p J o - p 1 p J ' 

q q =q q +q q 
1 J 14 J 4 1 J 

YfTaK, BMeCTO ( 4.14) IIOny'IllM 

(n) 4(n-1) 

t . ( .e-1 • • • ~ n ' ql • • • qn ) "' ( 211 ) 
4 4 

.n n f d I• IJ x 
~.s:l<~ 

(n) "' 2 4 n ( 4) 

xl8 (ku)+WE (~l~i ,klj)Jfd (cf~IO (qf+k- Ke( klj )), 

22 

(4.21) 

(4.22) 

rne 

"' 2 v(-k2
) ~I~ l w (~~ ,k )., 

+ E I j 
Vlm 2 ) m2 +k2 

vc -k 2
) 00 dK 2 p(~l~j ,K

2
) + f 

V( K 
2

) 
~ 1T 4m2 K 

Bee llHTerpanhi n 8 -<jJyHKUllH B (4.22) aarrnc 

HTaK, aMnnnTy!la t\nJ (~1 ···(,:,q 1 •• ) orrpen, 

noM n aaBncnT oT cKamipHhiX nponaseneann es 

q 1 ••• qn • ITocKonbKy BCeB03MO::>KHhie cKanHpHh: 

!lOBb!X ll eBKnll!lOBbiX llMIIynbCOB 38!18IOTCH O!lHllM 

Hhi~ nepeMeHIIhiX, To llHTerpan (4.23) onpene 

eBKnHJlOBOH o6naCTll npocTp8HCTBeHHOII0!106Hb 

B o6nacTn, rne (q,qi)=-(p,pi > .• B ClllJY eiJ 

IIpO!lOn::>KeHllH MO::>KHO nony'IllTb BMIInllTYllY BO BC 

pll8HTHbiX nepeMeHHb!X nyTeM. 8HBnllTll'Ie?KOI'O 

AMnnHTy!la T ~n> ••• m ( q 
1 
••• q n) MO)l 

l n 

(~ . . 
T m ••• m ( q 1 .•• q ) = f d a (~I) ••• J da ( ~ 

1 n n n 

ml mn (n) 

X~ 1 ••• ~ t (~ 
n 1 ~ ; q 1 ••• q ), 

n · n 

(n) 
rae cfiyHKUHH t aaeTcst cfiopMynon ( 4.23). n 
eBKnH!lOBO X -IIpOCTp8HCTB01 ~ony'IHM: 

• 
lnJ . 4 4 • 4 

Tm •• m (q ..• q )=n·fdx 1 ••• fdx x 
1 n 1 n ·· n 

l(q1x1 + • •• + q x ) 
(4) n n (n) 

x8 (X 1+ •.• +xn)e Fm, .• m 
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HCTBeHHOITOJl06HbiX BeKTOpOB p J C HanepeJl 

l p 
1

fJJ) H83b!BaeTCSI eB~nllllOBOfi, 
aeoTpnuaTenhHhiX qncen a 1, •• ,anlaJ~U) 

Henono:HmTenea: 

(4.2()} 

1 a·, ( P1 P 1 ) $.. 0 , .... 

nnnay Hynh. HHa"'e, ecnn cosoKynHOCTb 

u""'BeHHOIIOJl06Hb!X BeKTOpOB p D • • • p n eBKJIHJlO-

T8KYJO COBOKynHOCTb eBKJIHJlOBb!X BeKTOpOB 

S1 paBeHCTBO 

)=-(qq ). 
1 I 

... ... 
10 p J 0 - p 1 p J ' 

... ... 
q q + q q 

14 J4 1 J 

nony"'HM 

• 4(n-I) 

n ) = ( 217), 
4 4 

.n n f d 1< 1 i x 
e.:>: I<~ 

. 2 4 n (4) 

1 ~~ ,k11 )IJd "r~1 o (qr+k- Ke( k11 )), 

22 

( 4.21) 

(4~22) 

rne 

w ( ~ ~ ; k
2 

} = 
E I j 

+ 
vc -k 2

} 
--

00 

f 17 4m2 

v(-k2
} 

V(m 2 ) 

~I~ l 

m2 +k2 

dK 2 p(~l~j ,K
2

} 

V( K 
2

} 

+ 

(4.23} 
1 

K2 + k2 

·Bee HHTerpaJibl H 0 -<flyHKUHH B ( 4.22) 3anHC8Hbl B e·BKJIHllOBOii MeTpHKe. 

11TaK, aMDJIHTylla t\nJ (~I ••• ~ n 'ql •• } onpenensreTCSI CXOllSIIJJHMCSI HHTerpa-

JIOM H 38BHCHT OT CKansrpHb!X npOH3BeneHHfi eBKJIHllOBb!X BHeiJJHHX HMnynbCOB 

q I ..• qn . IloCKOJibKY BCeB03MO:H\HbJe CKansrpHbJe IIpOH3BelleHHSI IICeBJlOeBKJIH

llOBbiX H eBKJIHllOBb!X HMIIYJibCOB 38ll810TCH OllHHM H TeM :H\e "'HCJIOM HHBapHaHT

HbiX nepeMeHHhiX, TO HHTerpan ( 4.23) onpeJlensreT HCTHHHyro aMnJIHTYllY B 

eBKJIHJlOBOfi o6naCTH npOCTp8HCTBeHHOIIOJl06HbiX .BHeiJJHHX HMnynbCOB 0 T.e. 

B o6nacTH, rJle ( q 1 q i ) = - ( P 1 P i ) . . B cnny enHHCTBeHHOCTH aHanHTH"'ecKoro 

/ IIpOJlOJI:H\eHHSI MO:H\HO ITOJIY"'HTb 8MIIJIHTYllY BO BCeii o6naCTH H3MeHeHHSI HHBa

pHaHTHb!X rrepeMeHHhiX nyTeM aaanHTH"'ecKoro nponon:H\eHHsr • 

AMnnHTyJla T (n) ( q 
1 
••• q } MO:H\eT 6bJTb aanncaaa B BHJle 

m 
1 

••• mn n 

(n) 

T m , •• m ( q 
1 

••• q ) = f d a ( ~ 1 } ••• f da ( ~ ) X 
1 n n n 

(4.24) 
ml mn (n) 

X ~ 1 • • • ~ n t ( ~I • • • ~n ; q I· •• q n } ' 

(ll) 
rJl& ~yHKUHH t Jl8eTCH ~OpMynoii (4.23). IlepeXOJlH B ~OpMyne (4.24) B 

eBKJIHllOBO X -npOCTp8HCTB0 1 ~ony"'HM: 
• 

till . 4 4 . 4 

Tm m (q .•• q }=n fdx 1 ••• Jdx x 
t•• n 1 n n 

l(qlxl + • •• + q x ) 
(4) - n n (n) 

X 0 (XI+ ••• +Xn}e Fm, .. m, .(xl' •• xn}, ( 4.25) 
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(n) 

Fm ••• m 
I 

(X I • • • X n ) ·= f d a ( e, ) ... fda ( e) X 

(4.26) 
ml m 

X el··· en n n I l+WE(elel;xl -xi )I: 
I,SI<i~n-

3aecb HHTerpnpoBaHne npoBoanTCR no eBKnnaoBy x -npocTpaHCTBy, 

Hac ceH'I8C 6yayT HHTepecoBaTb ycnoBHR 0 npn KOTOphlX ~yHKUHR 

F <n> (x 
1 

•• ,x ) onpeaeneHa B eBKnnaoBoM x -npocTpaHCTBe, 
m 1 ••• m n n 

. lln~ <iJyHKUHH W ( (
1 

(
1 

j X I -X I) nony'IHM cnenyiOmyiO OUeHKY CBepxy: 

lw (elel;xi-Xl) \.,S j dK2Ip (el el;x2)1 - X 
m2 V ( K 

2 
) 

xI f d 4 y V(x 1-y )1'1 K(y -x1 ) I ::; 
( 4,27) 

::.j dK2P<Ie~e~l:<2> f d4y I v (y) I 1'1 K(y) 'S. 
- m2 V (K 2 ) 

::,I V(O) I j dK 2 
p <lei el 1,{} hi( fn 1ele;l) 

2 
2V( 2 ::,ronst e 

m K K ) 

rAe 

h
1 
\a)= m~x(ar-H 1 (r)), ( 4,28) . 

ecnn 

= 2 HI(K) 

V( K ) =0 (e (4,29) 
K-++oo 

~yHKUHR h 
1
(a) - cTpOfO pacTymaR <PYHKUHR. Bceraa cymecTByeT 

24 

CTporo pacTymaR <iJyHKUHR h2( a) , TaKaR, 'ITO 

h
1
(fnl(

1 
+ f n I (

1 
l).s: .h

2 
(f n I (

1 
I ) + h 

2 
I 

Ecnn h 1 (a) - BbinyKnaR KBepxy <iJyHKUHR 0 • TO 

h2 (a) =ht(a). 

Ecnn h
1 

(a) - BbinyKnaR KHH3¥ <iJyHKUHR0 TO 

h2 (a)= -}h J(2a). 

(n) 

Toraa nnR <PYHKUHH F ( x 1 , ••• ,x ) m 1 ••• mn n n 

cBepxy: 

(n) 

I F -
ml••• mn 

(x
1

, ••• ,x
0

)1::; ronst x 

n mf (n-Oh 2 < fn l(f I 
x n 

f =I 
f lda((e >ll(el e 

YfTaK, aoCT8TO'IHbiM ycnOBHeM CXOaHMOCTH 6yneT 

n h2 cf n 1(1) 
fe 

anR ni09biX uenbiX n 

1(1 m lda(()l<oo 

n m. 

ITpnHHMaR so BHHMaHHe <PopMynbi ( 2, 7), ( 4.: 

'IHTb, 'ITO nopRnoK pocTa ~opM<iJaKTopa nonme 

H
1
(p 2 )>max(p 2a -G(ea)) =max(p 2 fnl(l-

- a>O . 1(1 
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(x ••• x }"= Jda(e1 } ••• Jda(e} x 
1 n . n _ 

. e "'n n ll+WE(e,el;x, -xl} I. 
n t_:St<J~n. 

( 4.26} 

npoBOAHTCR no eBKnHAOBY X -npocTpaH~!BYo • 

HHTepecoBaTb ycnOBHR1 npH KOTOpbiX ¢yHKUHR 

onpe.neneHa B eBKnHAOBOM X -npOCTpaHCTB8o 

~1 ~1 ; x
1 

-x 
1

) nony'IHM cnenymmym oueHKY cBepxy: 

dK 2lp (e,e;;X
2 )l 

--------~~----- X 

m2 
V( K 

2 
) 

} f1 K (y -XI ) l ~ 

-...=-:-t- J d4y l v (y) Ill K(y) <_;_ 

.n . ' . -. -. , ... , ;;; . const e 

) = m,:tx(ar- H 1 (r}), 

H 1(K) 

=0 (e 
K_,.+oo 

ht<£n1e,e 1l> 

pacTymaH ¢YHKUHH. Bcerna cymecTByeT 

24 

( 4.27) 

(4.28). 

(4.29) 

cTporo pacTymaH <iJyHKUHH h 2( a) , TaKaSI1 'ITO 

' 

h
1

( fnl~ 1 I + fn 1(
1 

l)s .h
2

( fnl(,l )+h 2 ( fnl(
1

1). (4.30) 

Ecnn h 1 (a) BhinyKnaSI KB8pXy <iJyHKUHH~ . TO 

h2 (a)=ht(a). (4.31a) 

EcnH h
1 

(a) - BhiiiyKnaH KHH3¥ <1JyHKUHSI1 TO 

h2 (a)= th 1 (2a). (4.316) 

(n) 

Torna nnH <IJyHKUHH F · (x 1 , ••• ,x ) m 1 ••• mn n 
nony'IHM cne.nymmyro oueHKy 

cBepxy: 

(n) 

I F ·. 
mt••• mn 

( x 
1

, ••• , xn) I ~ ronst x 

n 

x n 
£ =1 

f lda(~e )ll(el 
m£ (n-I)h 2 < fn (~f I> 

e 

J1TaK1 AOCTaTO'IHbiM ycnOBH8M CXOAHMOCTH 6y.neT 

n h 2 <£ n ~~~) 

Je 

nm1 nmf?hiX uenh~X n 

~~~ m lda{~)l<oa 

n m. 

( 4.32) 

(4.33) 

TipHHHMaSI BO BHHM8HH8 <IJopMynbi (2.7) 1 (4.28) H (4.30), nerKO nony

'IHTb1 'ITO nopSIAOK pacTa ¢opM¢aKTopa nomKeH 6biTb cTporo 6onbme: 

H 
1
(p 2 ) >max (p 2a -G( e"')) =max (p 2 fn 1(1- G (1(1)). 

. a>O ~~~ 

(4.34) 

'· 
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3To eTporoe HepaBeHeTBo He onpeaenHeT ~YHKUHID· H
1
(p 2 ) oaHoaHa~Ho 

no ~YHKUnn G( I (I ) , a nHIIIb yKaSbiBaeT HH)KHIDID rpaHnuy nopHaKa poeTa. 

BBeaeM ~YHKUHID 

s:( n) 
max ((n-l)h Unl~l )-G(I~I )). 
1~1 2 

(4.35)· 
n 

,.... s(n) ,.., 
~YHKUHH ------ 'paeTeT npn 

n 
n .... oo He MeLmeHHee, ~eM nnaell:Ho no n, 

n09TOMy npn n -+ oo 

s(n)~An 2 , 
( 4.36) 

rae A - H9KOTOpag noeTOHHHaH. <l>yHKUliH S ( n) OIIpe.oengeT poeT 

n -oro npn6nn)KeHnH Teopnu BosMymeRnw. l1MeeM eneayromyro oueRKy: 

( n) 

IF 
m t ••• m n 

s( n) 

(X 1 , •••. x n ) I "S. const . e ( 4.37) 

XoTH aTo oueHKa eBepxy, oHa Bee )Ke, KaK HaM Ka)keTeH, npaBnnbHo ·nepe

aaeT nopHaoK poeTa n -oro npu6nn)KeRug pHaa Teopnn B03MyiUeRnll: anH 

narpaH)KnaHoB BaanMo.oell:eTBRH o6mero Bu.oa ( 2.4), Koraa Bee u n =I 0. 

Mbi BnanM, ~To poeT n -oro npu6nn)KeHUH Teopun B03MyiUeHnll: saBn

enT oT TO~Horo nopHaKa poeTa ~opM~aKTopa V (p 2 ). IToaToMy Bbi6op no

PHJlKa poeTa ~OpM~aKTOpa JlOn)KeH 6b!Tb eBH3aH e npo6neMOH eyMMHpOBa

HRH Beero PHila Teopuu BosMyiUeHnti:. 

5. S - MaTpHUa B eBKllHAOBOH MeTpHKe 

ITyeTb HaM naseeTRa MaTpnua paeeeHHHH S .' PaeeMoTpnM npoueee 
.... -+ 

eTOnKHOBeHRH· nt I ~aeTHU e HMnynbcaMH p l ,., p 
011 1 

KOrJla B pesynb-

~aTe B3aliMOJleHeTBHH B03HHKaeT mf ~aeTHU e HMnynbeaMn p; • ··,P'm, • 
MaTpii~HbiH aneMeHT npoueeea onpeJlenHM enellYIDIUIIM o6pasoM: 
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rne 

<f!Sii> 

<OISIO> 

.... ' .... ' I I .... .... · < P J ' ••• Pmr· S PI • •• Pml 

<0 I Sl 0> 

(-i)mr +ml-1 

·=<fli>+ 
a/2(m 1 - 1>-4 

(211) ym 1! m r 

X 

(4) ' , ) 
8 (.p + ••• + P -p I - ••• -pm 

I _ml r T 
m+ 

I 

y2p 10··· 2Pm 0 2P1~ ··· 2P ~ 0 
1 • r 

-H·k n-1 
4 4 4 

n . f d · x 
1 

••• f d X
0 

e T
0 

( k 1 •• "k
0 

) = (i) 

8° S 
<4> . > . 1 o I ----

x 8 • ( X l + • • • + X n <0 I S I 0 > 8¢ (X t} • • 0 

B ~opMynax { 5.1) II (5.2) Mbi HMeeM o6bi~HYID neeB 

3aJla~a Teopnn - HaiiTn nonayro aMnnnT¥1lY np' 

KaK roBopnnoeb B npeJlbiJlyiUeM naparpa!pe, BBeae 

BOH MeTpHKH KaK.MeTOJla onpeJleneHIIH npOH3Be)leHHf 

. IIpiiBOJlHT K TOMy, ~TO -Y.ll06Ho e eaMOI'O Ha~ana sal 

B eBKnHJlOBOH M9TpHK91 a B ~H3H~eeKyiD o6naeTb. nepe 

~eeKOI'O npoJlOn)KeHHH IIO HHBapnaHTHbiM HMITynbeHbiM n' 

BOll: MeTpHKe S -MaTpHUa MO)KeT 6b!Tb npe.[leTaBneH 

pHJla: 

• "" gn 4 • 4 ... 
S E[ cP ] = 1 + l:, - f d X I ••• f d X

0 
f d U ( e I . ) •••• f d a 

=I n! 

.;, cf><xt >+ ·•• +.;ncf><xn> 
xe ll 

l~I<J .:S:n 1 + w <e I e ~' x 
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He onpenenSieT !jlyHKUHIO H 1 ( p 
2 

) OAH03Ha'IHO 

ll) , a nnrub yKa3hiBaeT Hll)I{HIOJO rpaHnuy nopSIAKa' pocTa. 

avHKUll!O 

=max ((n-l)h
2 
(fnl~l )-G(!.;I )). 

1.;1 

~ 

(4.35) 

pacTeT npn n ~ ~ He MeaneHHee, 'leM nnHeHHo no n, 

( 4.36) 
s(n)~An 2 , 

cl>yHKUIISI s(n) onpeJlensreT poeT 

BoaMymeHnw. I1MeeM eneayromyro oueHKy: 

s( n) 

(x 1 , •••. xn) I ~const e ( 4.37) 

eBepxy, OHa Bee )1{9 1 KaK HaM Ka)l{eTeSI 1 npaBHnbHO nepe

n -oro npnonn)l{eHnsr pSiaa Teopnn Bo3MymeHnil JlnH 

anMOJleHeTBIISI oomero BHJla ( 2.4) 1 KOrJla Bee U n f 0. 

'ITO poeT n -oro npn6nH)I{eHHH TeOpllll B03MYIII8HHH aaBH-
~ 2 

nopSIAKa poeT a <jlopM!jlaKTopa V ( p ) • rioaToMy Bbioop no-

IMtPaKTooa Jlon)l{eH obiTh eBSisaH e npoon_eMoil eyMMnpoBa

BOsMymeHnil. 

S - Maipnna B eBKnnnoBofi MeTpHKe 

paceesrHnsr S . · PaeeMoTpnM npouecc 
. -> -+ 

'laCTHU e HMnynbe8Mll p l , ., p mr 1 KOrJla B pesynb-

BHH B03HHKaeT rnf · 'laeTIIU e HMnynbeaMII p; • ··,P·m, • 
npoueeea onpeaennM eneJlYJOIIIHM oopasoM: 
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<f!Sii> 

<OISIO> 

"=<fli>+ 

... , _. , 11 s I ... ... 
< P 1 • ·•• Pmr· P I • •• Pm1 > 

<OISIO> · 

m 1 +m 1 -t 

(-i) 

3/2 (m f - 1>-4 
(277) ym 1! m, 

(5.1) 
X 

X 

(4) -p , - ... -p.: -p , ... -p, ), 8 (.p + ••• + P m 
1 

f T ( P • •• P ' I m f · 
I . I m 

1
+mf I ml 

y2p 10 ••• 2pm 0 2 P1~ 
. I 

2 , 
··: P mf 0 

I'Jl9 

n-1 
4 -H·klxl+ .• +knxJ 

n 4 fd~x ... fdxe x 
I n Tn ( k 1 •• 'kn ) = (i) 

8n S I 
(4> 1 < o I o >. 

X 8 Jxl + ••• +Xn) <OISI 0> &f>(x I) •• a¢ (xn) 

(5.2) 

B !jlopMynax -( 5.1) n ( 5.2) Mhi nMeeM o6bi'IHYJO neeBJlOSBKnnJloBy MeTpHKY• 

3ana'la Teopnn - Hail:Tn nonHyro aMnnnT:yay npoueeea T ( p , -p '). 
• . m1 +mr I t 

KaK roBopnnoeb B npeahraymeM naparpa<jle, BBeneHne B Teopnro eBKnHil-0-

Boil: MeTpHKH KaK. MeTOJla onpeaeneHHSI npoH3BeJleHHH o6o6melJHblX tPYHKUHi!:. 

. npHBO!lliT K TOMy, 'ITO -YJl06HO e eaMoro Ha'lana sannebiBaTb S -MaTpnuy· 

B SBKnHAOBOH MeTpHK81 a B tPH3H'IeeKy!O oonaeTb nepeXOAHTb nyTeM aHanHTH

qeeKoro npoaon)l{eHnsr no HHBapnaHTHbiM nMnynbeHbiM nepeMeHHhiM. B eBKnnao.;.. 

Boil MeTpnKe S -MaTpnua MO)I{e; 6biTb npeJleTaBneHa B · BHJle enenyromero 

psraa: 

• oo gn 4 4 . 
8 E[ cp ) = 1 + l:, - f d X I ••• f d Xn f d U (e I ) •••• f d U ( e n ) X 

n=l n! 

e; cp(xl )+· ••• +,;ncp(xn) 
xe n 

I'S._l <J ,:S:n 
1 + w ( e I e j. X ,-x j) I, 
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I"Jl8 

~ ... ~ 

4 
' I q ( x 

1
-x

1
) _ 

W ( ~I ~ 1 ' X I -X I ) = f d q e - W (~I ~I' q 2 ) ' (5.4) 

"'<~,~~. q2>= v(-q2> 
V(m 2 ) 

~ 1 ~ j_ 1 Joo dK 2p(~~~~K~ V(-q 2
) 

-- + - - • ---, ( 5 5) 
m2+q2 1T4m2 V(K2) K2+q2 • 

[~) n 

2 m (~l~j) 2 
PU-~ .• K )= !. - nn (K ). 

1 J n=2 n! ( 5.6) 

B tPOpMynax ( 5.3-5) HHTerpHpOB8HHe npOBO.lUITCSI no eBKnHAOBbiM X - H 

q -IIpOCTpaHCTBaM; 3AeCb q 2 =.q ; + q :-+ q~ + q 24 

KpoMta :oro, B !flopMyne (5.3) Mbl C'HITaeM <f>(x) He BTOpiPIHO KB8H

<f>(x) 
(. 

TOB8HHbiM CKSnHpHbiM noneM , a npocTO HeKOTOpoH BemeCTBeHHOH 

tPYHKUHeH, 38BHCSIIUeH OT eBKnHAOBOH KOOpAHH8Tbl X • B 8TOM cnyqae 
~ 

S -MaTpnua paccMaTpnaaeTcsr npocTo KaK !flyHKUHoHan oi aemecTBeHHOH 

lPYHKUHH </> (X). 06bi'1HO 9TOT lPYHKUHOHan H83biB8eTCSI npOH3BOAHmHMo 

ITpHBeAeM Tenepb !flopMyny, KOTopaSI CBSI3biBaeT !fJII3H'ieCKYIO aMnnnTy-, 

AY (5.2), 38BIICSimyiO OT !fJH3H'ieCKHX nceBAOeBKnHAOBbiX HMnynbCOB k 1 ; .. ,k.n, 

c eaKnii.ll.OBOH S -MaTpnueli IWII npoH3BOilstmnM !flyHKunoHanoM ( 5.3). AMnnii

Tyna ( 5.2) 38BIICHT OT BCeB03MO)KHbiX CKanSipHbiX 1IpOI13BelleHIIH IICeBilOeBKnii

AOBb!X 4-HMny.nhCOB k I • .. • kn H SIBnSieTCSI aHanMTH'!eCKOH !flyHKUI18H 9THX 

npoHaaeaeanli. B eBKnnnoaou. o6nacTH npocTpaHCTBeHHonoao6HhiX IIMIIynbCOB 

k I, ••• , kn , To8o B o6naCTH 1 rae cymaCTByiOT T8KH8 aBKnHilOBbi HMnynbCbl, 

q 1 • .. ' q n ' T8KII81 'ITO 

( k I k j ) =- ( q iq j ) ,- ( 5. 7) 

aMnnnTyaa T (k , .. ,k ) 
n 1 n 

paBHa 
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, E 
Tn(k;; ... ,kn)=T_n (ql'"'qn)• 

4 = n f d 4 X f d 4 -I( q I x rf" ... x e 
n 

n 
(4) 1 

X fj (X I + , •• X
0 

) ----

0 

SE[O] 8¢(: 

ITepexon B !flnanqecKyiO o6nac!b, KaK ) 

ocymecTB~SieTCSI MeTOL\OM 8H8nHTH'18CKOrO n 

HMnynbCHbiM nepeMeHHbiMo 

KaK noKaaaao s/8-10/, S _ MaTpnu 

nopSIAKe TeOpHH B03MymeHHH no CTeneHSIM K 

6. Bbioop d:JopMdJa 

KaK BHUHO. B HameH CXeMe noCTOOeHHSI 
~ 2 . 

!flyHKUIIH V ( p ) OTBOAIITCSI lPYHil8MeHTanbJ 

HSIIOmero BCe p8CXOilHMOCTH1 B03HHK8IOmHe B 

S , -:MaTpHUbi Tpe6yeTCSI BbJiiTII 38 npellenbi 

pMpOB8HHH no npoMe)KyTO'IHbiM · BHpTyanbHbiM 

8MIIniiTyllbl tPH3H'1eCKHX npoueCCOB 38BHCSIT 0 

I1TaK, B_o:3HHKaei !flnanqecKHH ~onpoc: KaK 
' --

Mo)KHO nn ee Bbr6paTb ennHCTBeHHhrM o6paac . -

Ha npeabrAymero cneayeT, 'ITo· !flyHKU 

<PYHKuneli TO'!Horo nopsraKa H 1 (r)' Kpo 
~ 

1. V( x) - aemecTBeHHa a a aemecTBeHH 

x> 0. 
"' . Hl!xt} 

2. V ( x ) = 0 ( e ) npn x ... + oo 

"' 1 3. V(x)=O(-) npn x ... 
X 
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4 I q ( x 1-xl) -

, " I -x f ) = J d q e - w ( g I g l, q 2 ) , 

v(-q2> -• q2)= V(m2) j 

e1e1 -m2+ q2 

+ -~-T dK 2~Ce1 e 1 K! v(-q
2
). 

1T4m2 V(K2) K2+q2 

/-

' K2 
{~) <el ef )n !ln (K 2 ). 

) = ~ . 1 
" n. n= 

(5.4) 

( 5.5) 

( 5,6) 

HHTerpHpOB8HHe npOBOJlHTCSI no eBKliHJlOBbiM X - II 

2 2 2 2 2 
anech q =.q 1 +q 2 -+ q a+ q 4 

_,rmuvne ( 5,3) Mbl 'c'liiTaeM cp (X) He BTOpll'IHO KB8H-

cp (x) , a npocTO HeKOTOpOH BemecTBeHHOH 

KOOpJliiH8Tbi X • B 8TOM cny'lae . 
BaeTcSI npocTo KaK cpyHKUIIOHan oi BemecTBeHHOH 

9TOT cpyHKUllOH8ll H83biBaeTCSI npOII3BOJlSilliHM, 

cpopMyny, KOTopaSI CBSI3biBaeT ljlu3II'leCKYIO aMnnuTy-. 

_cpll3H'leCKHX IICeBJlOeBKliHJlOBbiX llMIIYllbCOB k 1 ; .. ,k·n, 

unn npouaBOJlS!lliHM cpyHKunoaanoM ( 5,3). AMrrnn

BceB03MO)I{HbiX cKanSipHbiX rrpouaBeneaufi rrceBnoeBKnu-

k 1! ••' kn .II S!Bl!SieTCSI aHal!HTll'leCKOfi cpyHKU:UeH 9TH X 

.liHJlOBOH. o6naCTII IlpOCTp8HCTBeHHOIIOJl06HbiX llMIIYllbCOB_ 

rne cymeCTByiOT T8KIIe eBKliiiJlOBbi IIMnynbCbi, 

(k 1 ki )=-(qlql), ( 5, 7) 

n) paBHa 
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E 
Tn(kp••••kn)=Tn (q l, .. ,q)=' 

4 4 
= n fd x 

-J( Q X -'-

fd 
4 I l' ... + ax ) 

••• . X e nn n 

n 

X 

8 SE(¢] 
-----1 

1 (4) 

X 8 ( X I + , .• Xn ) 

SE(O] 8¢(x 1 ) .. 8¢(x ) ¢=0 
n 

(5.8) 

Tiepexon B cpnan'leCKYIO o6nacTb• KaK y)l{e aeonHoKpaTHO roBopiinocb, 

ocymecTBnSieTCSI MeTonoM aaaniiTII'lecKoro nponon)l{eHIISI no nHBapiiaHTHbiM 

UMIIYllbCHbiM nepeMeHHbiM, 

KaK noKaaaHo B/8-10/, S _ MaTpnua 6yneT YHIITapaa B K8)KJlOM 

nopSIJlKe Teopiin B03MymeHiiH no cTeneHSIM KOHCTaHTbi B3aiiMoneficTBIISI g • 

6. Bbi6op popMdJaKTopa 

KaK BllJlHO. B HameR CXeMe nOCTPOeHHSI TeOPIIll IIOliSI oervnSIPII3VIOllieH 
..,. 2 

cpyHKUllll V ( p ) OTBOJlllTCSI cpyHJlaMeHT8llbH8SI ponb ljlopMcpaKTOpa, ycTpa-

HSIIOlliero BCe paCXOilHMOCTH, B03HllK8IOlliHe B Teopu~, Tipii IIOCTpOeHHH )l{e 

8 . -:MaTpllUbi Tpe6yeTCSI Bb!fiTH 38 rrpenellbl MaCCOBOfi o6ol!O'IKH Ilpll llHTer

pupOB8HllH no npoMe)l{yTO'lHbiM ·BllpTyanbHbiM COCTOSIHHSIM CHCTeMblt noaToMy 
""' 2 

aMnl!IITyJlbl cpll3H'leCKUX npoueCCOB 38BHCSIT OT SIBHOrO BHJl8 ljlyHKUHII V ( p ). 

HTaK, B_oaHIIKaei cpii3II'leCKIIH -'Bonpoc: KaK Bbi6paTb cpyHKUIIlO · V{p
2

) ? 

Mo)I{HO nu ee Bbi6paTb enuacTBeHHhiM o6paaoM? 

• Ha npenb!Jlymero cnenyeT, 'ITO· cpyHKUHSI V (z) non:>KHa 6biTb uenoii 

cpyHKUIIeii TO'!Horo nopSinKa H 1 (r) • KpoMe · Toro; noTpe6yeM, 'lT06bi 
~ -

1, V( X) - BemeCTBeHH8 Ha BemecTBeHHOH OCII II He HMeeT Hyneii npii 

x> 0. 
"' ' Ht(xt) 

2. V ( x ) = 0 ( e ) npii X -> + oo 

.. 1 3. V( x) = 0(-) npn x ... 
X 
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ITocneJlHee Tpe5osaHne Heo5xoJlHM·o Jlmi CXOJlHMOCTH HHTerpanos, onpeJlemno

IIIHX BbiCIIIHe npH5nH»e9HHSI TeOpHH B03MyUieH~H: npH nocTp09HHH S -MaTpHUbl 1 
K8K fibmO BHJlHO Bb!II19o 

ITepeqJicneHHbie Bhillle Tpe5osaHHSI eme He onpeJlemnoT !flyHKUHIO V( z) 

0JlH03H8'IHOo 

Jlmr Toro, 'IT05bi orpaHH'IHTb npoHsBon B Bbi6ope !flopM!flaKTopa V ( z) 

socnonbsyeMcsr cneJlyiOIIIeii TeopeMoii/ 12/. 

Teope'Ma 

ITycTb aaanHTH'IecKasr !flyHKUHH H 1 ( z) o5na}laeT cneJlyiOIIIHMH csoiicT-

B8MH: 

I. H 1 (x) - BemecTBeHHasr nono»CCITenbHasr MOHOTOHHo pacTymasr npH 

X -> + oo !flyHKUliSio 

2. H 1 ( z) perynsrpHa npH -TT < arg z <" . 
3. CymecTsyeT TaKasr o6nacTb D 1 'ITO 

a) x ~ D npH JlOCTaTO'IHO 5onbliiHX x > 0 

6) Re H 1 ( z) > 0 Jlnsr z ~ D . 

4. TiycTb KOHTyp L oxBaTbiBaeT o6nacTb . D , npH'I~M ReH 1( :~;) =0 

Jlnsr z E L . 

Bse}leM lPYHKUHIO 

V(z)= -lf 
2TTi LR 

( 1 Rez I< R), ( 6.1) 

rJle KOHTYP L R o6XOJlliT B nonO»CCITenbHOM HanpaBneHHH o6naCTb: 

DR= Dn CR. 

3Jlecb 
CR=(z: lzi>R). 

"' 
T orJla . !flyHKUHH V ( z ) HBnsreTCSI uenoii .aHanHTH'I9CKOH lPYHKUHeH:. B nnoc-

KOCTH Z 1 Jlnsr KOTOpOH cnpaBeJlnHBbl 8CHMnTOTH'I9CKHe. OUeHKH: 

"' H 1 (z) 

V(z)=e 
00 

+ ~ 
n=O 

an 
(z-.oo, z~ D), z n'FJ 

30 

{ 6.2) 

V(z), ~ 
n=O 

an 
zn+l 

( z .... z ~ D ) • 

Hs TeopHH aHanHTH'IecKHX !fly~KUHii II< 

lPYHKUHli H I ( z >. ' TeM y»ee o6naCTb D • 

IToaTOMY rrocTpoeHHasr tPYHKUIIsr V( z) 
"' H l(z )· 1 

1 V(z)=e +0(-) (z-.oo;z~ • z ,_ 

V (z)=O(.!..) . 
. z 

2. (z-.':",z<;;":D) 
"'' OIIpeJlensriOT lPYHKUHIO V ( Z) 0JlH03Ha'IHOo 

Tiepe'IHcneHHbie ycnoBHsr .HasoBeM. rr p 

o 6 n a c T II p o c T a. 

JleH:CTBH~enbH0 1 B03MO»CHO cymecTBOBa 

D 1 ) D , TaKHx, . 'ITo Ha KoaType L 1 

ReH 1 (z)=0. 

Tor}la HHTerpan { 6.1) IIO KOHTypy 'L IR, ox 

= D 1 n . C R , orrpeJlensreT !flyHKUHIO V 1 ( z) 

IIIHPOKoii o5nacTH D 1 .rrpn z .... oo . 

C Jlpyroii ciopoHbi, Jlo6asneHHe K <jlyHKUH 

UHH MeHhlllero nopsrnKa poeT a TaK»ee .. HeHs6e»eJ 

Mbi rroKasanH, 'ITO sHaHHe rropsrJlKa poe~ 

!flopM<jlaKTop enHHCTBeHHbiM o5paaoM. OnaaKo, K 

llYIIIero naparpa<jla, Mbi He MO)KeM orrp~JlenHTb 

6es paccMoTpeHHSI rrpo6neMbi cymecTBoBaHHs 

TOnhKO Ka)!(Jloro OTJlenbHoro rropHJlKa TeopHH 

3aKmotteHHe 

HaMil rrpeJlno»eeH sapHaHT rrocTpoeHIIH KO 

Ubi IIO TeOpiiH B03MyUieHHH }lnsr_ rrpaKTH'IeCKH 
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nnst cxonnMoCTR HHTerpanoa, onpenenstro

B03MYIIIeH~ii: npH nocTpoeHHH S -MaTpHUbi 1 

«PYHKUHID V( z) 

npoH3BOn B Bbi6ope «fJopM«fJaKTopa V ( z) 

TeopeMOH/ 121. ,...< 

H1 (z) o6na.aaeT cne.ayroiiiiiMH caoii:cT-

nono~TenbH8SI MOHOTOHHO pacTymaSI IIpH 

npH -rr < arg z < rr • 

1 'ITO 

6onbiiiHX X > 0 

.anSI z r.; D • 

oxBaTbiBaeT o6nacTb . D , npii'leM ReH 1( :1;) = 0 

(\Rez\< R), 

T B nono~TenbHOM HanpaBneHHH o6nacTb: 

=llnCR~ 

(z: \z\>R). 

( 6.1) 

HBnHeTCSI uenoii: ananHTH'!eCKOH «fJyHKUHeH·B IInOC

~n~o~~~~ .. Bbi aCHMIITOTH'leCKHe oueHKH: 

(z .... oo, zf;. D), ( 6.2) 

30 

00 

V (z ) "' 2 
n=O 

an 
zn+l 

( z .... oo, z ¢, D ). 
( 6.3) 

H3 TeopHH ananHTH'leCKIIX «fJyHKUIIii: II3BeCTHO, 'ITO qeM Bhiiiie poeT 

«fJyHKUHII H 1 ( ~) , TeM y)IW o6nacTb D . 
noaTOMY IIOCTpoeHHaSI <bYHKUIISI V( z) e.aHHCTBeHHa. HTaK. ycnOBIISI 

"' H l(z) 1 
1 V(z)=e +0(-) (z-+oo,zt.;D), • z .. 

"' 1 2. V ( z ) = 0 ( - ) ( z .... oo , z <;f. D ) 
z 

( = 
onpenenSiroT «fJyHKUIIro V ( z) 0.!1H03Ha'!HO. 

llepe'IHCneHHble ycnOBHSI Ha30BeM II pH HUH II 0 M M H H II Man b H 0 H 

o 6 n acT II p o c T a. 

lleii:CTBHT9nbH0 1 B03MO)I{H0 cymeCTBOBaHH9 6onee IIIHpOKIIX o6nacTeH 

D 1 ) D , TaKnx, 'ITO Ha KOHType L 1 , oxBaTbiBaroiiieM o6nacTb D 1 , 

Re H 1 (z) =0. 

Torna IIHTerpan ( 6.1) no KOHTYPY 'L 1 R , oxBaTbiBaromeMy o6nacTb D,., = 

·,;, D 1 n C R , onpe.aenSieT «fJyHKUIIID V 1 ( z) , KoTopaSI . 6y.aeT pacTH B 6onee 

IIIHPOKoii: o6nacTH D 1 .npH z .... oo • 
~ 

C .apyroii: cTopoHhi, .ao6aaneniie K «fJynKUIIH V( z) .apyroii: uenoii: «fJynK-

UHH M9Hbiiiero nopst.aKa pocTa TaKJKe Hel!36e)I{~O paciiii!pSieT o6nacTh pocTa D. 

Mbi noKa3ann, 'ITO 3Hanne nopSI.aKa pocTa · H 1(z) II03BomreT Bbi6paTb 

«fJopM¢aKTOp 9.!1IIHCTB9HHhlM o5pa30Mo 0.aHaK0 1 KaK roBOpllnOCb B KOHU9 npe.!lbl

.ayiiiero rraparpa¢a, Mbi ne MO)I{eM orrpenenHTb H 1 (z) enliHCTBeHHbiM o5pa3oM 

6e3 paccMoTpeHHSI npo5neMhi cymec;BoBaHlHI n~nnoii: S -MaTpiiUhi1 a. He 

TonbKO Ka)l{.!loro oTaenbnoro nopSI.aKa ~eopHII Bo3MymeHnii:. 

3aKmotieHHe 

HaMil npe.ano)l{eH BapiiaHT IIOCTp09Hl!SI KOH9'IHOH 11 yHI!TapHOH S -MaTpH

Ubi no TeopiiH B03Mymennii: .anSI npaKTI!'!eCKII nro6oro Heniineii:Horo narpaH-

• 
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06mHe Tpe6oaaHHH, 

HaKna.QbiBaeMbie 
·'" 

Ha 8 -MaTpHUf 

c3AJUUI 
narpaHJKHaH" 
838HMO.Qeli:CTBHH 

L 
1 

(x) 

llpHHUHfi COOTBeTCTBHH 

S -·t· + igfdx L 1 (x) 

Onpe.QeneaHe 

T -npoHaBe.QeHHH 

T (L 1 (x) L 1 (y)).? 

Bae.QeHHe 

ljlopMijlaKTOpa 

8 -MaTpHUa KOHe'IHaH,yHHTapHaH, 
MaKponpH'IHHHaH a Ka~oM nopH.QKe " 

TeOpHH B03MfllleHHll: . 

llonHaH. 

S -MaTpHua 

TeopHH 
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Onpe.QeneaHe KBa.QpaTa 

o6o6meaaoll:.¢yHKIIHH ~ 

"' nepexo.Q K eaKnH.Qoaoll: 

MeTpHKe, 

IlononHHTeiibHbie orpaHH'IeHHH 
Ha iflopMijlaKTOp 

'Cnoco6. cyMMHpOBaHHH 

pszna TeOpHH BOaMyllleHHll:o 

OrpaHH'IeHHH aa-iflopMijlaK~ 

Top. 

)I{HaHa B3aHMO!leifcTBHSI cKanSipHhiX qacTnu. DpnBei: 

llOCTpoe~HSI 8 -MaTpHUbl 0 B KOTOpoif Mhi eme pa~ 

OCHOBHhla MOMeHTbl 0 f'Jle JlenaJOTCSI JlOnonHHTenbl 

llOTIO)I{eHHSI0 KOTOpb!e Heo6XOilliMO 6binO npnBne'Ib np: 

Ubi Teopnn. 

nl!TepaTypa 

1. H.H.EoronJ66oB, fl. B. IJJnpKoB. BBeaeiiiie B rep11 

rocTeXII3J:l8T, MoCJ(Ba, 1957. 

2. D.C. Bohlvvare, L.S.Brown. Phys. Rev .,, 

3. Y.Nambu. Phys. Lett., 26B, 628 (1.968). 

4.M.J<.Volkov. Commun. Math. Phys., _7, 

5.T.D.Lee. Preprint C8RN. TH-940, 1.96t 

6. G. V.Efimov. Commun. Math; PhyE?., Z 
7. r.B.EcjmMoB. llpenpl!HT 11TC/J..,.68-52, KHeB, 

B. G.V.Efimov •. Commun. Matl]. Phys., _§, ~ 

9. r.B.EcjJl!MOB. llpenpllHT UTC/J-68-54, KneB, 

10.r.B.EcjJnMoB. R4J, :1.., 432 ( 1966). 

·. 11.r.B.EcjJ111woB. llpenpiiHT UTC/J-68-55, KneB, 

12.M.A.EBrpacjJoB. AciiMnToTII'leCKIIe oueHKII II ueJ 

MocKBa, 1962. 

PyKomrcb nocTyrmna a n3naTencCK!!i 

5 ~1as1 1969 rona, 
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-? 

3atl8B 
narpaaJKBalr 
B38HMOAeli:CTBHSI 

L 
1 

(x) 

npHHUHfi COOTBeTCTBHSI 

S ,..1 · + igfdx L 1 (x) 
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Onpeneneaae KBanpaTa 

o6o6meaaoll:.~yHKUHH ~ 

~ nepexon K eBKnHnoaoll: 

MeTpHKe, 

IlononHHTeiibHbie orpaHH'leHHH 

aa ~opM~aKTOP 

Cnoco6 cyMMHpOBSHHSI 

pSIA8 TeOpHH B03MymeHHII:o 

OrpaHH'leHHH aa ~opM~aK-:-

TO Po 

)!{HBHB B38HMO.Il9HCTBHSI cKanSipHblX qacTHU. Dpi,IBe,lleM B 3aH:mo'leHHe· cxe~y 
nocTpOeHHSI S -MaTpHUblo B KOTOpOii Mbl eme pa3 o6pamaeM BHHM8HH9 Ha 

ocHOBHbia. MoMeHThi, r.lle ,llenamTcSI ,llononHHTenbHbie nocTynaThi H npe.ll

nono)!{eHHSI, KOTOpbie neo6xo.lll!MO 6binO npnnne'lh npH nocTpoemm . S -MaTpli-

Ubi T90pHHo 

flHreparypa 

1. H.H.Eoronro6oB, Jl.B. IliHpKoB. BBetlelfHe B repHIO KBWITonrmHblX noneii. 

rocreXII3tlBT, MocKBB, 1957. 

2. D.C. Bohlwa.re, L.S.Brown. Phys. Rev .,, 1.72, 5, 1.628 (1.968). 

3. Y.Nambu. Phys. Lett., 26B~ 628 (1.968). 

4.M.K.Volkov. Commun. Math. Phys., 7,. 289 (1.968). 

5.T.D.Lee. Preprint CSRN. TH-940, 1.968. 

6. G.V.Efimov. Commun. Math• Phys., :?., 1.38 (1968). 

7. r.B.EcjmMOB. ITperrpiiHT UTcP..,.68-52, KHeB, 1968. 

B. G. V.Efimov •. Commun. Matl]. Phys., _§, 42 (1.967). 

9. r.B.EcjJHMOB. ITperrpl!IIT UTcP-68-54, Kn:eB, 1968. 

w.r.B.EcfmMOBo HcP, :b 432 ( 1966) • . 

11.r.B.EcjmMoB. ITperrpiiHT UTcP-68-55, KneB, 1968. 

12.M.A.EBrpen/loB. AcHMIITOTH'leCKIIe oueHKII If uenble c/JyHKiliW. cP/f3.'-WTrHs, 

MocKBa, 1962. 

PyKollliCb nocTymma B II3naTenbCKlll1 oTnen 

5 ~1ast 1969 rona, 
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