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BeeaeHHe 

HeKOTOpbie !lJH3H'IeCKHe 06'beKTbl 1 COCTOSIIUHe H3 MHOrHX '18CTHU1 TBKHe, 

WmpHMep, KBK MOneKynhi H SIJlpa, IIpH OIIpeaeneHHbiX ycnOBHSIX MO}KHO pac

CMaTpHB8Tb KBK TBepaoe Teno ( BOn'IOK), CB060ilHO llBH}KyiUeeCSI B IlpOCT

paHCTBe H He H3MeHSIIDIUee CBOero BHyTpeHHero COCTOSIHHSI. ITpH KBBHTOBQ-

MeXBHH'IeCKOM paCCMOTpeHHH TBKHX CHCTeM B03HHKaeT 38Jl8'18 OTbiCK8HHSI 

pOTBUHOHHbiX CIIeKTpOB, COOTBeTCTBYIDIUHX BpaiUaTe1IbHb!M CTeiieHSIM CB06o-

llb11 H C06CTBeHHbiX BOnHOBblX 4JyHKUHH1 OIIpeaenSIIDIUHX BepOSITHOCTH IIepeXO

IlOB. PemeHHe :3TOH a aaa'IH rrpHBOilHTCSI B 6onbiUHHC.TBe y'le6HHKOB TOnbKO 

anSI 'laCTHhiX cny'laeB mapoeoro H CHMMeTpH'IecKoro eon'IKOB. ITpo6neMa 

8CHMMeTpH'IeCKOrO BOn'IKa peiUeHa IIyTeM pa3nO}KeHHSI ero BOnHOBbiX !lJyHK-

/1/ 
UHH 110 BOnHOBbiM !lJyHKUHSIM· 'CHMMeTpH'IeCKOrO BOn'IKa • 

0JlH8KO OK83hiBaeTCSI, 'ITO 9TH pSIJlbl CYMMHpyroTCSI H IIpellCTaBnSIIDT 

co60H TaK H83biB8eMhie c4Jepo-KOHH'IeCKHe BOnHOBbie !lJYHKUHH, o6pa30B8HHhie 

H3 MHOrO'IneHOB flaMe. 3TO M"O}KHO IIOK838Tb, ecnH K KB8HTOBOMeXaHH'IeCKOft 

IIpo6neMe BOn'IKOB IIOilOATH C ellHHOH TO'IKH apeHHSI, HCIIOnb3YH MeTOilbl Teo

pHH rpyrrrr H pa3JleneHHe rrepeMeHHbiX B OpTOrOH81lbHbiX KpHBOnHHeHHbiX 

CHCTeMaX KOOpllHHBT. 
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C Bp81ll9HH9M TBepAOI'O Tena 1 K8K 6y.aeT nOK838HO B A8nbH9AilleM, 

CBSI38H8 rpynna TpexMepHblX Bp81ll9HHA 0 ( 3) , OCTaBnSIIOIJl8SI HHB8pH8HT-

HOA KB8Ap8TH'IHYIO tPOPMY 

/:2 2 )'2 ~ + TJ + ., "'1, (1) 

HnH, 'ITO TO ~e C8MOe, rpynna ABH~9HHA AByMepHOI'O npoCTp8HCTB8 noc

TOSIHHOA nono~HTenbHOA KpHBH3Hblo 

KBaHTOBOMexaHH'IecxaSJ npo6neMa BOn'IKOB 

Kax H3BeCTH0
1 

xnaccH'IecxaH npo6neMa cBo6o.aaoro BpaweHHSI TBep

.aoro Tena CBOAHTCSI K peweHHIO ypaBH9HHA 3Anepa AnSI CB060AHOI'O BOn'IK8o 

llpH 9TOM OK83b!B89TCSI
1 

'ITO HM910TCSI ,[1B8 HHTerpana ABH~eHHSI, npeACTaB
. /2 3/ 

nHIOIJlH9 co6oA 38KOHbl COXp8H9HHSI MOM9HT8 HMnynbC8 H 9Hepi'HH 
1 

A HM9HHO: 

2 2 2 2 
M

1 
+M 2 + M8 .. M (2a) 

M2 M2 M2 
__ 1 + _2_ + __ s_ ,. 2E , 

Jl J2 Js 
(26) 

r.ae M 1 
M 

2 
, M 

3 
- KOMnoHeHTbl sexTopa: MOMeHTS, HMnynbca ~ , E -

Bp81ll8T9nbH8SI 9H9pi'HSI
1 

J I ::;_ J 
2 

::;_ j
3 

-rnaBHbl9 MOMeHTbl HH9pUHH Tena. 

Tsep.aoe Teno H83bJBaiOT acHMMeTpH'IeCKHM son'IKOM, ecnH J 1 f. J 2f. J 3 , 

CHMM9TpH'I9CKHM BOn'IKOM, ecnH J I "" J 2 ,f, J 3 ( H_nH J I ,f, J 2 ""J S ) 1 H 

wapoBhiM son'IKOM, ecnH 11 =J2 =l 3 • 

llpH KB8HTOBOM9X8HH'19CKOM paCCMOTpeHHH spallleHHSI TBepAOI'O Tena 
. n; 

nocTynaiOT 06bi'IHbiM o6pa30M: 38M9HSIIOT B CHCTeMe ypaBH9HHA xnac-

4 

--

I' . 
\·. .·• 

I . I ·'':. 

·~·· ,1:·~ 

}~ 

CH'19CKH9 COCTaBnSIIOWH9 MOM9HT8 HMnynbC8 COOTBeTCTBYIOillHMH 
. n; 

M9X8HH'19CKHMH onepaTOp8MH. llpH 9TOM CHCT9M8 ypaBH9HHA 

B onepaTopHyiO CHCT9MY ypaBH9HHA 

M 2 L2 L2 L2 t --:j\2"' 1+ 2+ s"''r' 

2E 2 2 2 "' 
-= aL +h~ +CL .,L , 

1\2 I 2 3 E 

1 1 1 r.ae a= - , b = -- , c = - , ( a> b > c ) H L 1 , L2, L 3 - coc 
J1 12 Js - -

onepaTopa MOM9HT8 KOnH'IeCTB8 ABH~9HHSI1 YllOBneTBOpS1101llH9 KC 

HbiM COOTHOW9HHSIM 

( L ' L k ] =- i e lkf L f . 
I 

TaKHM o6pa3oM, xsaHTOBOMeXaHH'l:ecxoe peweHHe npo6neMhi sp~ 

60ilHOI'O BOn'IK8 CBOilHTCSI K OTbJCKaHHIO C06CTB9HHblX ljlyHKUHA I 

.. u /3/ 
Hb!X 3H8'19HHn CHCT9Mbl onepaTOpHblX ypaBH9HHH o 

/4/ B pa6oTe paccMoTpeH sonpoc o6 HHTerpanax llBH~e 

seTCTBYIOillHX KB8HTOBbiX 'IHCnaX B rpynnaX 0(3) 1 0(2' 1 ) H 

pb19 CBH38Hbi C llBH~9HH9M llBYMepHblX npOCTpaHCTB TIOCTOSIHHO 

(nonO~HTenbHOA, OTpHUaTenhHOH H paBHOH ayniO COOTB9TCTB9Hf 

TIOK838HO, 'ITO B 9THX npocTpaHCTBaX C Ka~JlOH CHCT9MOA KOOI 

nycxaiOweA paalleneHHe nepeMeHHbiX B ypasaeHHH flannaca, MO 

T8BHTb HHTerpan llBH~9HHSI 1 SIBnSIIOWHHCSI OllHOpOJlHbiM 9pMH1'0B 

MOM
1 

KB81lp8TH'IHbiM B reaepaTopaX COOTB9TCTBYIOW9A rpynnblo 

B llBYMepHOM npocTpaHCTBe nocToHHHOH nono~HTenbHOA 

cljlepe) cywecTsyiOT llBe CHCTeMhi, llOnycxaiOwHe paalleneaHe n 

· 151 H < n nonHpH8SI H snnHTITH'19CK8SI o eTpyllHO nOK838Tb CMo pi 

'ITO aapSIIly c onepaTopoM flannaca 
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HH9M TBep~OrO Tena, KBK 6y~eT fiOK838HO B ~anbH9HWeM1 

TpeXMepHblX Bp8W9HHH 0 ( 3) , OCTaBnSIJOWBSI HHBapHBHT

yJO cpopMy 

/:2 2 ,1"2 ., +7J +r, ,I, 
( 1 ) 

caMoe, rpynna naH~eHH:ii: nayMepHoro npocTpaHCTBa noc

TeJlbHo:ii: KpHBH3Hblo 

KaaHTOBOMexaHu~ecKaH npo6neMa aon~KOB 

THo, KnaccH~ecKaH npo6neMa cao6onHoro apaweHHH TBep

TCH K peweHHJO ypaaHeHH:ii: 8Anepa nnH cao6onHoro aon~Ka. 

IB89TCSI1 ~TO HMeiOTCSI naa HHTerpana nBH~eHHS11 npenCTaB

/2,3/ 
BKOHbl COXpaHeHHSI MOMeHTa HMnynbCa H 9HeprHH 

2 2 2 2 
M I +M 2 + M 8 == M 

(2a) 

M2 M2 M2 
--

1 
+ ---L + --8

- = 2E , 
J, J2 J8 (26) 

M 8 - KOMnoHeHTbi BeKTopa MOMeHTa HMnyJlbca ~ -· , E -

eprHH, J I .::;_ J 2 .::;_ J3 -rnaBHbJe MOMeHTbl HHepUHH Tena. 

3biB8JOT BCHMMeTpH~eCKHM BOn~KOM, ecnu J I j. J 
2

/= J 8 o 

aon~KoM, ecnH J,== J 2 f, J 3 (u_nu J 1 ;lJ2 
==J 8 ), H 

M, ecnu J 1 =J2 ,J 3 • 

BOMeX8HH~9CKOM paCCMOTpeHHH Bp8W9HHSI TBepnoro Tena 

HbiM o6paaoM: /2/ 
38M9HSIJOT B CHCTeMe ypaBHeHHH 

4 

~ 

Knac-

1
-~ 

J 
•'-. j 'fA ,; 

jr~ 

CHqeCKHe COCTaBnSIJOWHe MOMeHTB HMnynbC8 COOTBeTCTBYJOWHMH KBBHTOBO-

. n; 
MeXBHHqeCKHMH onepaTOpBMH. npH 9TOM CHCTeMa ypaBHeHHH nepexonHT 

B onepaTOpHYJO CHCTeMy ypaBHeHHH 

M 2 Lz L2 L2 t Ta"' ,+ 2+ a"''r' (3a) 

2E 2 2 2 "' 
---= aL + b t + cL = L , 

1}2 1 2 3 E (36) 

1 1 1 
rne a= -, b = -- , c = -- , ( a> b > c ) H L 1 , L2, L 

3 
- cocTaanHJOWHe 

Jt J2 Ja - -
onepaTopa MOMeHTB KOnH~eCTBa nBH~eHH51 1 ynoaneTBOpSIIOWHe KOMMYTBUHOH-

HbiM COOTHOWeHHSIM 

[ L , L k ] =- i e tkf L f . 
I (4) 

TaKHM o6pa30M1 KBBHTOBOMeXaHH~eCKOe peweHHe npo6neMbl BpaweHHSI CB0-

60ilHOro BOn~Ka CBOilHTCSI K OTbiCKBHHJO C06CTBeHHbiX cflyHKUHH H C06CTBeH

HbiX 3Ha~eHHH CHCTeMbl onepaTOpHbiX ypaBHeHHH /
3 / • 

/4/ B pa6oTe paCCMOTpeH BOnpOC 06 HHTerpanax llBH~eHHSI H COOT-

BeTCTBYJOWHX KBBHTOBblX ~HCnax B rpynnaX 0(3) 1 0(2 ,1 ) H E 2 1 
KOTO

pbie CBH38Hbl C llBH~eHHeM llByMepHbiX npOCTpaHCTB fiOCTOSIHHO:ii: Kp,HBH3Hbl 

(nonO~HTenbHOH 1 OTpHUBTenhHOH H paBHOH HyniO, COOTBeTCTBeHHO). TaM ~e 

fi0K838HO, ~TO B 9THX npOCTpaHCTBaX C KB~IlOH CHCTeMOH KOOpllHHaT, JlQ

nyCK8JOWeH paaneneHHe nepeMeHHbiX a ypaaHeHHH nannaca, MO~Ho conoc

TBBHTb HHTerpan llBH~eHHSI 1 SIBnSIJOIUHHCSI OllHOPOilHbiM 9pMH1'0BbiM nonHHQ

MOM1 KB81lp8TH~HbiM B reHepaTopax COOTBeTCTBYJOWeH rpynfiblo 

B llByMepHOM npocTpaHCTBe nocTosrHHOH nono~H:TenbHOH KPHBH3Hbi (Ha 

C<j>epe) CyWeCTBYJOT llBe CHCTeMbl 1 llOfiyCK8JOWHe p83JleneHHe nepeMeHHbiX: 

/5/ 
nonHpHBSI H snnHnTH~ecKaSI • HeTPYilHO nOK838Tb ( CM. npuno~eHHe 1 ) , 

~To HapSIIly c onepaTopoM nannaca 
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2 2 ~ A 

-!l = L 1 +L
2 

+L; :L 

B rrongpHOH CHCTeMe KOOpaHH8T 

,; ... sin 8 cos ¢ , 11 = sin 8 sin ¢ , 

anaroHaneH orrepaTop 

.. 2 
L., = L 3 • 

x) 
H B snnHITTH'l:eCKOH CHCTeMe KoopaHH8T 

2 (p -a}(p -a) 
,f .. I 2 

(a-b)( a-c) 

anaroHaneH orrepaTop 

T/2 
( p 1 -b )( p 2 - b) 

(b-a)( b -c) 

.. 2 2 2 
LE=aL 1 +bL 2 +CL

8
, 

rae L 1 -I'eHepaTophi rpyrrrrhi 0(3). 

'=cos® 

'2 (pt-c)(p2 -c) 

( c-a )( c-b) 

(5) 

(6) 

(7) 

(8) 

(9) 

x) 
ITonHpHOH H snnHITTH'l:eCKOH CHCTeMaM KOOpaHH8T Ha c$epe COOTBeTCT-

BYlOT TpeXMepHbie UeHTpanbHD-CHMMeTpH'l:eCKHe CHCTeMbl KOOpaHHaT: c$e

PH'l:eCK8H H c$epo-KOHH'l:ecKaH c rrpHMoyronbHhiMH KoopanHaTaMH x =r.f, 
y = r 1f , z = r f , rae r -paanyc, ,; , Tf,' orrpeaenHJOTCH cooTaeTCTBeHHO 

$opMynaMH 16 nnn 181. OpToroHanbHhiMH nHHHHMH rronHpHoA cncTeMbi Ko

opaHHaT Ha C$epe HBnHlOTCH CeMeHCTBO KOHUeHTpH'l:eCKHX OKpy~HOCTeA 

(8 .. oonst) H rry'l:OK rrpHMhiX ( ¢ .. oonst), rrpoxoaHIUHX qepea rron10c c$epbi • .UnH 
snnHITTH'l:eCKOH CHCTeMbl KOOpaHH8T Ha C$epe OpTOrOH8nbHbiMH nHHHHMH 

( p I = oonst, i = 1,2) HBnHlOTCH as a CeMeHCTB8 CO$OKYCHbiX snnHITCOB H BhiiTyK

nbJX rnrrep6on. 
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Ji, 
.::~ 

;~: 

", J 
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I 
.. ,.· 
> ; 

\] 
~.~· 
·~~ 
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QqeanaHo, 'ITO CHCTeMhi orrepaTopoa (5),(7~(5),(9)rrpeac 

60H CHCTeMbl orrepaTOpOB KB8HTOBOMeXaHH'l:eCKOH aaaa'l:H COOT 

anH CHMMeTpH'l:eCKOrO H 8CHMMeTpH'l:eCKOrO BOn'l:KOBo ,Ung OTl 

CTBeHHbiX $yHKUHH H co6CTBeHHbiX 3H8'l:eHHH CHCTeM orrepaTOpOB 

( 9) Heo6xoanMo BbipaaHTb orrepaTopbi L 1 qepea HH$HHHTe3HMan 

peHUHSnbHhie orrepaTOpbl B COOTBeTCTBylOIUHX CHCTeMaX KOOpJlHil 

acero,- H3 o6mnx TeopeTHKo-rpylmoahiX coo6pa~eHHH cneayeT 

aeHHhie 3Ha'l:eHHH orrepaTopa (5) paBHhi f (f +1) , rae f -n 

nyuenoe rrono~HTenbHOe '!:Reno. .. 
B rronHpHoA cncTeMe KoopanHaT anH orrepaTopoa L H 

eM 
/1 6/ 

HBHbie Bblpa~eHHH ' ' 

" 1 a a 1 a 2 

L =- [----(sin 8-) + - 2 - --1=f(f + 
sin® ae ae sin 8 a¢ 2 

"· a 2 
L =- --= m2 m =-f , -f + 1 , ... f . 

" a¢2 

Co6cTaeHHhiMH $yHKUHHMH sToA CHCTeMhi orrepaTopoa HB!'HlOT< 

KOM6HH8UHH xopowo H3BeCTHhiX c$epH'l:eCKHX $yHKUHH Y (8, ' 
fm 

y<+J(8,¢)=....l_[y +Y*]= y2f+1 (C-Jml)l plml (oo 
fm ..p Em em 2 " < e +I m 1 )! e · 

yt-'(E>,¢)..,__l,_[y -Y* ].,y~2f+1 (f-lml)! plml(oos®)s 
fm i~ fm Cm 2rr U+lmi)! f 

Ye. 0 (8,¢) v . pf ( oos8) 

Hail:aH HBHbie Bbipa~eHHH anH orrepaTopoa L 1 a snnn 

CHC·TeMe KOOpaHH8T 
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? 2 ~ ~ 
-~ = L; +L 2 +L; :L 

eMe KOOpJlHHaT 

n 8 cos ¢ , Tf = sin 8 sin ¢ , 

aTop 

.. 2 
L., = L 3 

x) 
OH CHCTeMe KOOp~HHaT 

-c) 

aTop 

T/2 
( p I -b ){ p 2 - b ) 

(b-a)(b-c) 

" 2 2 2 LE"'aL 1 +bL
2 

+cL
8

, 

TOphi rpyiiiibl 0(3), 

'"' oosE> 

'2 (pt-c)(p2 -c) 

( c-a )( c-b) 

(5) 

(6) 

(7) 

(8) 

(9) 

nnHIITH'IeCKOH CHCTeMaM KOOpJlHHaT Ha C~epe COOTBeTCT

Ie UeHTpanbHO-CHMMeTpH'IeCKHe CHCTeMbl KOOpJlHHaT: C~e-

0-KOHH'!:eCKaSI C !IpSIMOyronbHblMH KOOpJlHHBTI:IMH X =r .f, 
, f'Jle r -paJlHyC, ,f,~,, OIIpe)lenSIIDTCSI COOTBeTCTBeHHO 

HnH /8/, 0pTOf'OHanbHbiMH nHHHSIMH rrOnSipHOH CHCTeMbl Ko

e SIBnSIIDTCSI CeMeHCTBO KOHUeHTpH'!:eCKHX OKPY*HOCTeH 

rrpSIMhiX ( ¢,., oonst), npoXOJlSIIIlHX '!:epea rronroc c~epbi, .LlnR 
HCTeMbl KOOpJlHHaT Ha C~epe OpTOf'OHallbHhlMH nHHHSIMH 

SIBnSIIDTCSI JlBa CeMeHCTBa C~OKyCHbiX snnHIICOB H BhiiiYK-

6 

.,. 

y 
•, 

·~ 
J 

' I 
'.~1: 

' 
,: 
I 

l. , .. 

0'1eBHJlH01 'ITO CHCTeMbl OIIepaTOpOB ( 5) 1 (7 ~(5) 1 ( 9 )rrpeJlCTaBnSIIDT C0-

60H CHCTeMhl OIIepaTOpOB KBaHTOBOMeXaHH'IeCKOH 38Jla'IH COOTBeTCTBeHHO 

JlnSI CHMMeTpH'!:'eCKOf'O H aCHMMeTpH'IeCKOf'O BOn'IKOB, ,LlnSI OTbiCKaHHSI C06-

CTBeHHbl~ ~yHKUHH H COOCTBeHHbiX 3Ha'!:eHHH CHCTeM orrepaTOpOB (5),(7) H (5), 

(9) aeo6XOJlHMO Bbipa3HTb orrepaTOpbi L 1 qepea HH~HHHTe3HManbHhie JlH~~e

peHUHanbHhie OIIepaTOpbl B COOTBeTCTBYIDIIlHX CHCTeMaX KOOpJJ.HHaT, J:lpe*Jle 

Bcero,- H3 o6mHx TeopeTHKo-rpyimoshiX cooopa*eHHH cneJlyeT, 'ITO coocT

BeHHhie 3Ha'leHHSI orrepaTopa (5) paBHbi f {f +1) 1 f'Jle f -.uenoe HnH IIO-

nyuenoe nono*HTenbaoe '!:Hcno. .. A 

B nonSipHOH CHCTeMe KOOpJlHHaT JJ.nSI orrepaTopoB L H L 
" 

rrony'!:a-

11 6/ 
eM SIBHhJe Bbipa*eHHSI 

1 
' 

" 1 a a 1 a2 

L =- [----(sin 8-) + -
2

- --l=f(f + 1) 
sinE> as as sin 8 a¢ 2 

( 10) 

"· L 
az 

,.,_ --::: m2 
a¢z 

m =-e , -e + 1 , ... e . 
" 

Co6cTseHHhiMH ~YHKUHSIMH aToll: CHCTeMhi orrepaTopoB RBfiSIIDTCSI nnReli:Hhie 

KOMOHHaUHH XOpOillO H3BeCTHbiX c~pH'IeCKHX ~YHKUHH Y (8, cp) 
em 

yc +> (8,¢) = _L_ [Y + Y* ] = v 2 e +1 (C -Jml)l p lml (rosE>) oos m ¢ 
em V"'E fm em 2 IT ( e +I m I )! e 

yt-)(E>,¢)=__L_[y -Y* ],.y2f+1 (f-lm!}! plml(oosE>)sinm¢ (ll) 
em iV2" em em 2 11 U+lml>! e 

yf-o(E>,¢) 2 f+f p ( oos 8 ) v . e 

H ali:JlSI RBHhie BhiPB*eHHSI JlnSI orrepaTopoB L 1 

CHC·TeMe KOOpJlHHaT 

J 7 
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:I 
I, 

2i _, (p, -b)(p,-c)(p 2 -b)(p2 -c) [(p -a)-L-(p -a)-a-] 
L =--v 1 a z a 1 

p -p (a-b)(c-a) P
1 

P
2 I 2 

L 
_ 2i _1 (p 1 -c)(p -a)(p -c)(p g\ 

2 ---v 1 2 2--<0j 

P1 -p
2 

(b-e)( a -b) 

a a 1 [(p -b)--(p -b)-
1 apl 2 ap2(12) 

La=--.!Lv (p -a)(p~-b)(pz-a)(p2-b) 
P

1
-P

2 
(c-a)(b-c) 

[(p -c)---'L-(p -c)~l, 
I ap 2 a 

I p 2 

" " 
HaXOJlHM, 'ITO onepaTophi L H L HMeiOT BHJl: 

E 

... L, __ 4 
[y-P(;) ~y-P( p )) _a_)+vP(p ) _a_(yP(p )L)]..£(f+1) 

P
1
-P

2 
1 ap 1 ap 2 ap 2 a 

1 1 2 P2 

" 4 - - a - a - a (13) 
L "'---[p y-P(p) L(y-P(p )-)+p ,IP(p )-(yP(p )-)]:of 

E P -p 2 1 ap 1 ap 1 z ap 2 ap 
I 2 . 1 I 2 2 

I'Jle 'lepea P( p) 0003Ha'leH nonHHOM P(p) "'(p-a)(p-b)(p-c). 

C!jlepo-KOHH'IeCKHe BonHOBhie !jlyHKUHH 

0003Ha'IHM (2 f + 1) COOCTBeHHhlX BOnHOBhlX !jlyHKUHft CHCTeMhl onepa

TOpHbiX ypaBHeHHft ( 13), COOTBeTCTBYIOlllHX (2 f + 1) 
1 

paBHbiM COOCTBeHHbiM 

(s) ( 12 2 (I) (2) C2f+l) ....J.s) 
3Ha'leHHSIM ff. 8=, , •• , f+1, ff < f f< ... <ff ), 'lepe3 J:!jf (p

1 
,p

2 
). 

ByneM HX Ha3hiBaTb BOnHOBhiMH !jlyHKUHSIMH aCHMMeTpH'IeCKOI'O BOn'IKa HnH 

C!jlepO-KOHH'IeCKHMH BOnHOBbiMH !jlyHKUHSIMH, 

EcnH nono:lKHTb E(p ,p ),A (p )·A (p) 
I 2 I I 2 2 

, TO H3 (13) HaXOJlHM 1 

'ITO Ka:lKJlaSI H3 !jlyHKUHtl' A (p ) H A ( p ) ynoBneTBOpSieT JlH!jl!jlepeHuHanbHo-
1 1 2 2 

My ypaBHeHHIO 

8 

_. 

' 

.I 
1<.1\1 
:'':fl; 

I' . ' 

-.~'.' .,\ 

;1 

I 
·I 

i'M 

I 

I 

.\ 

1. 
•I 

'· 

!i 

I' .. 

--d --d 
[4yP( p) -(yP(p)-)- f(f +1)¢+dA(p)=0. 

dp d¢ 

YpaBHeHHe (14) npencTaBnSieT co6otl' JlH!jl!jlepeHUHanbHoe ypaBHeE 

x) 17 8/ 
ani'eopaH'IecKotl' !jlopMe ' • Ha TeopHH JlH!jl!jlepeHUHanbHOI'O 

naMe cnenyeT, 'ITO )lnSI uenO'IHCneHHhiX f ei'O pellleHHeM SIBns 

nHHetl'HO He3aBHCHMbiX H B3aHMHO OpTOI'OHanbHhiX !jlyHKUHtl', COOT 

( s) 
lllHX (2f +1) pa3HbiM COOCTBeHHhiM 3Ha'leHHSIM f f , TaK Ha3bi 

xx) ( ) 
MHOI'O'IneHOB naMe • PemeHHSI ypaBHeHHSI 14 npencTaBnSIIO'I 

cTeneHHhiX PSIJlOB 

e 
00 r-r 
l A, ( p - b) 

r=O 

e 1 ----r --oo 2 2 
..; p -c l C ( p -b) 

r =0 r 

' 

--00 
, yp-a l B, (p-b) 

rdl 

.1_ _ L-r 
2 2 

e ----oo 2-1 
y(p-a)(p -c) l D (p-b) 

r=O r 

00)lCTaBnSISI pSIJlbl ( 15) B ypaBHeHHe (14), nonyqaeM JlnSI K09!jl!jli 

A. I B, ' c. D cnenyiOlllHe peKyppeHTHhie COOTHOllleHHSI 

x) HapSIJlY c ani'eopaH'IecKoft !jlopMotl' JlH!jl!jlepeHUHanbHOI'O ypaBHI 

MaTeMaTH'IeCKOft nHTepaType BCTpe'laiOTCSI H JlPYI'He ei'O !jlopMbl 

Betl'epmTpacca, HKOOH H TpHI'OHOMeTpH'IeCKaSI !jlopMa /8 1• B na1 

YJlOOHa anre5paH'IeCKaSI !jlopMa ypaBHeHHSI naMe, TaK KaK H3 He1 

CTBeHHO onpenenSIIOTCSI ypOBHH 9Hepi'HH aCHMMeTpH'IeCKOI'O BOn'l 
xx) 

PemeHHe ypaBHeHHSI naMe cymecTByeT TaK:lKe B cny'lae non 

'leHHtl' e .• B 9TOM. cny'lae ypaBHeHHe naMe npeoopaayeTCSI B 

roaaa /7,8/, CooCTBeHHbie 3Ha'leHHSI OKa3biBaiOTCSI )lByKpaTHO B: 

coi'nacao TeopeMe KpaMepca, TaK KaK onepaTop aaeprHH acHM~ 

BOn'IKa 9KBHBaneHTeH onepaTopy KBaJlpynonbHOI'O B3aHMO)letl'CTf 

9 



(p -b)(p,-c)(p 2 -b)(p2 -c)[(p -a)-L-(p -a)-a-] 
v' , 1 a s a (a-b)(c-a) P

1 
P

2 

(p
1
-c)(p 

1
-a)(p

2
-c)(p:! -a) 

(b-e)( a -b) 
a < -b)-a-1 [(p -b)-- Pz a~(l 2 ) , ap1 

(p -a)(p 1 -b)(p:1-a)(p2-b) [(p -c)-.iL-(p -c)-a-1, 
1 a a ap ( c-a)(b- c) P 1 2 

" " opht L n L HMeJOT BHil: 
E 

a--a -a-
> ~y-P( p )) -)+vP(p) -(v'P(p )L)]..t'(f+l) 

1 ap _, ap 2 ap a a 
1 t 2 P

2 

- a - a - a (13 > 
p ) L(y-P(p ) -) + p yP(p )-(yP(p ) -)1 =E' 

_I ap, I apl _, z apz 2 apz 

03HS'IeH nonHHOM P(p) =(p-a)(p-b)(p-c). 

epO-KOHH'IeCKHe BOnHOBhie 4JyHKUHH 

+ 1) C06CTBeHHbiX BOnHOBblX 4JyHKUHi!: CHCTeMhl onepa-

3), COOTBeTCTBYIOIUHX (2 f + 1) 
1 

paBHbiM C06CTBeHHbiM 

2 2 <1> (2) (2f+l) ....( 15) 
, , •. , f+1,ce <ce< •.. <ce ), 'lepe3 Ke(p

1 
,p

2 
). 

BOnHOBbiMH 4JyHKUHSIMH SCHMMeTpH'IeCKOI'O BOn'IKS HnH 

OnHOBb!MH 4JyHKUHSIMH, 

E(p 1 , p?)=A (p )·A (p ) , TO H3 (13) HaXOilHM
1 " I I 2 2 

HH A 1 (p ) H A ( p ) YllOBneTaopSieT llH«P«PepeHUHanbHo-
1 2 2 

8 

.-

1'\ • I 

~· 
~ 
~ 
~\ 

·~·+·· 

II 

l 
'I 

\ 

"· 
j 

--d --d 
[4yP( p~ -(yP(p)-)- f{e +1)¢+dA(p)=0. 

dp d¢ (14) 

YpaBHeHHe (14) npellCTaBnSieT co6oi!: llH«<>$epeHUHSnbHOe ypaBHeHHe naMe B 

x) 17 8/ 
anre6panqecKoi!: 4JopMe ' • H3 TeopHH llH«P«PepeHUHancHoro ypaaHeHHSI 

naMe cnellyeT 1 'ITO llnSI uenoqncneHHhiX f ero peweHHeM SIBnSieTcSI ( 2f+ 1) 

nHHeftHO He3SBHCHMb!X H B3aHMHO OpTOI'OHancHb!X 4JyHKUHi!: 1 COOTBeTCTByJO-

(2 (s) 
IUHX f +1) pa3Hb!M C06CTBeHHbiM 3Ha'leHHSIM E f 

1 TaK Ha3biBaeMb!X 

MHOI'O'IneHOB naMexx). PeiUeHHSI ypaaHeHHSI ( 14 ) npellCTaBnSIJOTCSI B BHile 

CTeneHHbiX PSIIlOB 

e 
00 z-r 
l:A, (p-b) 

r=O 

f I ----r -oo 2 2 
v' p -c l: C ( p -b) 

r =0 r 

' 

--00 
, yp-a l: B, (p--b) 

r=O 

.J.- L_, 
2 2 

f -----oo -- 1-r 
y(p-a)(p -c) l: D (p-h) 2 

r=O r 

( 15) 

DOilCTaBnSISI pSIIlbl ( 15) B ypaBHeHHe ( 14), nony'laeM llnSI KOS«P$HUHeHTOB 

A, , B, , c, I D CnellyiOIUHe peKyppeHTHhie COOTHOIUeHHSI 

x) HapSIIlY c anre6paH'IeCKOA $opMoA llH4>$epeHUHancHOI'O ypaBHeHHSI naMe B 

MaTeMaTH'IeCKOft nHTepaType BCTpeqaJOTCSI H llpyrHe ero $OpMbr: 4JopMa 

BeAepwTpacca 1 .f1Ko6H H TpHI'OHOMeTpH'IecKaSI 4JopMa 181 , B llaHHOM cny'lae 

Yll06Ha anre6paH'I:eCKaSI $opMa ypaBHeHHSI naMe, TaK KaK H3 Hee Henocpell

CTBeHHO onpellenSIJOTCSI ypoBHH SHepi'HH SCHMMeTpH'IeCKOI'O BOn'IKa. 
xx) 

PeweHHe ypaBHeHHSI naMe cywecTayeT TaK:>Ke B cny'lae nonyuenbiX 3Ha-

'leHHA f - • B STOM cnyqae ypaBHeHHe naMe npeo6pa3yeTCSI B ypaBHeHHe 

roAHa /7,8/, Co6CTBeHHbie 3Ha'leHHSI OK83biBa!OTCSI llByKpaTHO BblpO)I(JleHbl 

cornaCHO TeopeMe KpaMepca, TaK KaK onepaTop SHepi'HH aCHMMeTpH'IeCKOI'O 

BOn'IKa SKBHBaneHTeH onepaTopy KBallpynoncHOI'O B3aHMOilei!:CTBHSI, 

• 9 



' 

i' I 

I\, 

2 
2r(2f +1-2r)A =[l -b f (f +1) +(2b -a-c)( f +2-2r) ] A 

r r-l 

-(a-b)(b-c)(f +4-2r)( f +3-2r)A ,_2 

2r(2f+1-2r)B =[l- bf (f+1)+(b-c)(2f+3-4r)+(2b-a-c)(f+1-2r)
2
]B -r r-1 

-( a-b)(b-c)(f+2-2r)( f +3-2r) B,_2 

2r(2 e +1-2r) c =[l- b 
r 

:,: ( 16) 
(f +1)-(a-b)(2f +3-4r)+(2b-a-c)(f +1-2r) ]C.-I 

-(a-b)(b-c)(f +2-2r)( f+3-2r)C,_2 

2r(2f +1-2r)D =[l-b f (f +1)+(2b-a-c)( f +1-2r)
2 

] D -r-1 

-(a-b)(b-c)( f +2-2r)( f+1-2r)D,_ 2 • 

B ¢opMynax ( 16) A =B =C =D .,0 , ecnu n < 0 • Co6cTseHHhie aHa-
" n n n 

(s) 
'l.eHHSI l e rrony'l.a!OTCSI H3 ycnoBHA KOHe'l.HOCTH pSIJlOB (15). B cny'l.ae 

'l.eTHhiX f 1 rronaraSI 

Ae =Be =Ce =De =o, 
-+1 - - -
2 2 2 2 

(17) 

rrony'l.aeM anSI l 

CTeiieHH i-
OJlHO ypaBHeHHe CTeiieHH ( + + 1) 

pellleHHeM KOTOpblX SIBnSieTCSI (2 f +1) 

H TpH ypaBHeHHSI 

pa3Hb!X C06CTBeH-

HhiX 3Ha'l.eHHii 
( s) 

l e • AHanoi'H'l.HO, B cny,'l.ae He'l.eTHbiX e 
', 

A =B =C = D =0 
L+-.!. .i.+..!... .L+ .L L _.!... ' 
2 2 2 2 22 2 2 

, rronaraSI 

(18) 

rrony'l.aeM )lnSI l TpH ypaBHeHHSI CTeiieHH ( ~ + ~ ) H OJlHO ypaBHeHHe 

cTerreHH ( L _ _l_) pellleHHeM KOTOphi x SIBnSieTCSI TaK>Ke ( 2f + 1) pa3HhiX 

2 2 ' 
C06CTBeHHhiX 3H8'1eHHii l ~s) • Koa¢¢uuueHThi A , B , C.,. D 

0 0 v 0 
onpeaenSI-

IOTCSI H3 ycnOBHSI HOpMHpOBKH c¢epO-KOHH'l.eCKHX BOnHOBbiX <IJyHKUHii 

l' ! 1 a b ( s) 2 

-4 I I [Ef (pi,Pz )l 
b c 

(pl-pZ)dpl dp2 

y-P(p )yP (p) 
I 2 

= 1. 

Co6CTBeHHL>Ie 3Ha'l.eHHSI H HOPMHpoBaHHhie c¢epo-KOHH'leCKHe sc 

¢yHKUHH llnSI KB8HTOBOI'O 'l.HCna f = 0,1,2,3, IIpHBeJleHbl B 01 
/9/ 

OrrepaTop aHeprHH acHMMeTpH'l.eCKoro son'l.Ka . BMeCTE 

/4/ . 
T8UHOHHbiMH COOTHOllleHHSIMH HHBapH8HTeH IIO OTHOllleHHIO K 

HOMY H3MeHeHHIO aHaKOB ni06hiX asyx H3 onepaTopos L 
1 

, L 
2 

, L 

¢opMaJlbHO cosrraaaeT c CHMMeTpHeA TO'l.e'l.HOA rpynrrhi D 2 • Cor 

BOnHOBbie <IJyHKUHH 8CHMMeTpH'l.eCK.OI'O BOn'l.K8 paCII81l8IOTCl 

Thipe Knacca, rrpeo6paayiOIUuecSI rro HerrpHBOJlHMhiM rrpeacTasne 

111 
B2 , B 3 aToA rpyrrrrhi • B CBli3H c aTHM cnellyeT OTMeTHTb 

llYIOIUHe COOTHOIUeHHSI llnll C06CTBeHHhiX 3H8'l.eHHii l <t 1 K01 

Ho nony'IHTb H3 ¢opMyn (16). 11Meer MeCTO: llnSI 'l.eTHhiX f 

I/"'= _l 
(s)~Af 6 

~ (s) 1 2 
f(f+1)(f+2)(a+b+C), ~ le , 2 e( f+1) (a+l 

(s)G:oB
1 

,B
2

, B
3 

a llnSI He'leTHhlX f 

(s) ...L 2 ' (s) 1 2 
I le = e u -1)(a+b +C), I le = 2 e <£+1) (a+b+ 
s~ A 6 s~ B , B ,B 

1 2 3 

11a (20) H (21) cneayeT TaK>Ke o6mee cooTHOllleHue 

2f+ I 

I /"' = ..1. e (e +1)(2f +1)( a+ b +c). 
s= I f 3 

11 



2 
+1-2r)A =[c-bf (£+1)+(2b -a-c)(f +2-2r) ]A 

r r-1 

-(a-b)(b-c)(f +4-2r)( £ +3-2r)A r- 2 

1-2r)8 =[c- bf (f+1)+(b-c)(2f+3-4r)+(2b-a-c)(f+1-2r)
2
]8 -

r r-1 

-(a-b)(b-c)(f+2-2r)(f +3-2r)8._2 

2 (16) 
2r)C =[c-b (£+1)-(a-b)(2f+3-4r)+(2b-a-c)(f +1-2r) ]C -1 r ~ 

-(a-b)(b-c)(£ +2-2r)( f+3-2r)C._2 

2r)D .. [c-b £ (f +1)+(2b-a-c)(£ +1-2r)
2 ] D -

r-1 

-(a-b)(b-c)( £ +2-2r)( f+1-2r)D.- 2 • 

( 16) A =8 .. c =D ,o , ecnu n < 0 • Co6cTseHHbie aaa-
n n n n 

onyqaiDTCSI ua ycnosuH KOHe'IHOCTH pSIAOB (15). B cnyqae 

, rronarag 

=ce =De = 0, (17) 
- -
2 2 

OAHO ypaBHeHHe CTeiieHH ( -f- + 1) H TpH ypaBHeHHSI 

, peilleHHeM KOTOpblX SIBnSieTCSI (2 f +1) p83Hb!X C06CTBeH-

H ( (s) 

£ 
• AHanoruqso, B cnyqae aeqeTHhiX f ponarag 

= 8 = C = D =0, 
.....!. ..1 + ..!... L+ .L L _ ...!.. 

2 2 2 22 2 2 

(18) 

TpH ypaBHeHHSI CTerreHH ( : + ~ ) H OAHO ypaBHeHHe 

- --}>• peilleHHeM KOTOpbiX SIBnSieTCSI T8K:>Ke (2£ +1) pa3Hb!X 

3Ha'leHuH c~"' , Koa¢!¢luuueHThi A ,8 ,C,., D orrpeJJ.eng-
r. 0 0 v 0 

OBHSI HOpMHpOBKH c<flepo-KOHH'IeCKHX BOnHOBblX <flyHKUHH 

10 

~ 

1 a b ( s) 2 

_. J J [ E f ( p I , p 2 )l 
4 b c 

(pl-pZ)dpl dp2 

V-P(p )VP (p) 
1 2 

-1. 

Co6CTBeHHLie aaa'leHHSI H aopMuposaHHhie c¢lepo-KOHH'IeCKHe aonHOBhie 

( 19) 

¢lyHKUHH anSI KBaHTosoro qucna f = 0,1,2,3, rrpuseaeHhi B Opuno>KeHHH 2, 
/9/ 

OrrepaTOp 9HeprHH 8CHMMeTpH'IeCKOrO BOn'IK8 BMeCTe C KOMMy-

/4/ . 
T8UHOHHbiMH COOTHOilleHHSIMH HHBapHaHTeH ITO OTHOilleHHID K OAHOBpeMeH-

HOMY H3MeHeHHID aaaKoB niD6hiX asyx H3 orrepaTopos L 
1 

, L 
2 

, L 
8 

, 'ITO 

<flopManbHO cosrraaaeT c CHMMeTpueA TO'Ie'IHOH rpyrrrrhi D 2 • Cornacao aToMy, 

BOnHOBble <flyHKUHH aCHMMeTpH'IeCKOro BOn'IKa paCII8A8IDTCSI Ha 'le

Tblpe Knacca, rrpeo6paayiDIUnecg no aerrpHBOAHMhiM rrpeacTasneHHSIM A 
1

, 8 
1

, 

/1/ 
82 , 8 3 aToil rpyrrrrhi • B CBSI3H c 9THM cneayeT OTMeTHTb TaK>Ke cne-

AYIDIUHe COOTHOilleHHSI AnSI C06CTBeHHhlX 3H8'1eHHH C ~s) 0 KOTOpble HeTpya-

Ho rrony'IHTb H3 ¢lopMyn (16). l1Meer MeCTO: ang 'leTHblX f 

I/"'=_! 
( s>r:..A f 6 

n '<' (s) 1 2 e (r.+1)( f+2)(a+b+C), k c £ , 2 e ( f+1) (a+b+e),, 
(s)GB

1
,s

2
,B

8 

(20) 

a anSI He'leTHhiX f 

(s) ...L 2 (s) '1 2 
I cf"' f(£ -1)(a+b+c), I c£ , 2 £(£+1) (a+b+C). 

,.r;._ A 6 ,.r;._ B , B ,B 
I 2 8 

(21) 

Ha (20) H (21) cneayeT TaK>Ke o6mee cooTaoweaue 

2f+ I 

I /"' = _!. f (f +1)(2f +1)( a+ b +C). 
s=l f 3 

(22) 

, 
11 



r 3aKn!O'ieHHe 

TaKHM o6pa30M 0 Ha c!jlepe CyiUeCTBYIOT JIBe CHCTeMbl OpTOf'OHSnbHbiX 

<j>yHKUHH: c!jlepH'ieCKHe BOnHOBbie !jlyHKUHH ( BOnHOBble !jlyHKUHH CHMMeTpH

'ieCKOf'O BOn'iKa) H c!jlepO-KOHH'ieCKHe BOnHOBbie !jlyHKUHH (sonHOBbie !jlyHK

UHH aCHMMeTpH'ieCKOf'O BOn'iKa), 3TH JIBe CHCTeMbl !jlyHKUHH SIBnSIIOTCSI 6a-

3HCHblMH seKTOpaMH JIBYX pa3Hb!X npeJICTasiJeHHH rpynnbi TpeXMepHbiX spa

IUeHHii 0( 3) ' a HMeHHO: npeJICTasneHHii, B KOTOpbiX, nOMHMO onepaTOpa 

" KBaJipaTa MOMeHTa HMnynbca; JlHaroHaneH onepaTop L ,. HnH " LE , CooT-

BeTCTBeHHO, !jlyHKUHH, 38Jl8HHbie Ha eJlHHH'iHOii C<j>epe, MO)I(HO paanaraTb 

B pS!Jlbl K8K no c«<JepH'ieCKHM, T8K H no c!jlepO-KOHH'ieCKHM BOnHOBhiM «<JYHK

UHSIM, Mo)I(HO TBK)I(e paano)I(HTb 6a3HCHhie IPYHKUHH oaaoro npeJICTasneHHSI 

no 6a3HCHbiM «<JyHKUHSIM BTOpOf'O, 11 MeHHO T8KHM o6pa30M B H8CTOSIIUee spe-

/1/ 
MSI perueHa npo6neMa aCHMMeTpH'iecKoro son'lKa • C«<Jepo-KoHH'ieCKI!e 

sonHOBhie IPYHKUHH aaiiaeHhi KaK nnHeHHbie KOM6HHaUHH c!jlepH'ieCKHX sonao

BhiX <j>y'HKUHH, ITpH 9TOM yposHH saeprHH aCHMMeTpH'ieCKoro son'iKa nony

'ia!OTCSI K8K peiUeHHSI CeKynSipHOf'O ypasHeHHSI, KOTOpOe .gsngeTCSI ycnOBHeM 

paapeiUHMOCTH CHCTeMbl ( 2 f + 1) 

K09!jl!jJHUHeHTbl paano)l(eHHSI, 

nHHeHHbiX ypaBH9HHH 0 onpeaenSIIOIUHX 

Moaenb acHMMeTpH'ieCKoro poTaTopa 6hma ycneruao npHMeHeHa 

A.C. nashiJlOBbiM H C.<l>. <I>HnHnnOBb!M anSI 06'bSICHeHHSI BparuaTenbHb!X coc

/9,10/ 
TOSIHHH S!Jlep snnHnCOHJlBnbHOH «<JopMbl I 

ITpHno)l(eHHe 

noKa)l(eM cneJiyiOIUee yTsep)I(JleHHe, Ka)I(JlOH CHCTeMe KOOpJlHH8T Ha 

c«<Jepe, JIOnycKa!OIUeH pa3JieneHHe nepeMeHHbiX B ypasHeHHH nannaca 

~'P:-~'P. 
(23) 

12 
_,. 

... 
MO)I(HO conocTaBHTb caMoconpSI)I(eHHbiA onepaTop L -OJlHopoa 

TH'iHbiA nonHHOM B I"eHepaTopax rpynnhi JIBH)I(9HHSI COOTBeTCTB~ 

CTp8HCTB8 0 JIH8I"OH8nhHb!A HS CHCTeMe peiUaHHA ypaBH9HHSI (23 

CHCT9M8M KOOpJIHHST COOTBeTCTBYIOT p83Hbl9 THnbi H99KBHBane 

" ~ 
paTopoa, npa'ieM asa onepaTopa L H L C'iHTSIOTCSI 9KBHBaJ 

ecnH cyruecTsyeT npeo6paaosaHHe 

" "' " L "'aL'+,B~. 

... ... .. 
H JlBH)I(eHHe npocTpaHCTsa, nepeBOJl.HIUee L B L ' ( a , ,B 

06IUHA CHMMeTpH'IHbiA nonHHOM BTOpOI"O rrOpSIJlK8 B reaep 

rpynrrbi 0( 3) HMeeT BHJl 

L =Aik L ILk A =A 
lk kl k 'i "'1,2,3. 

ITpH JlBH)I(9HHH (sparueHHH) npocTpaHCTBa reaepaTOpbl L 
. I np 

KaK seKTop L' "'a L , I"Jle a lk -sneMeHTbi seruecTseaaol 
I lk k 

HSnhHOA MaTpHUbi, ITonHHOM (25) npa 9TOM nepeXOJlHT s nonHH 

rae A 1~ "'a& Afro a mk 

aT a = 1 ( HHJleKc T 

L , "' A ;k L I L k ' 

, T,e, B MSTpH'IHbiX 0603H8'1eHHSD 

0603H8'iaeT Tp8HCrrOHHp058HHe), 

!13BeCTHO, 'ITO nro6y10 CHMMeTpH'IeCKYIO BeiUeCTB9HHYIO M8 

MO)I(HO JlH8I"OH8nH30B8Tb C nOMOIUb!O OpTOI"OHanbHOI"O npeo6pa3C 

co6cTseHHhie 3Ha'leHHSI MaTpHUhi A tk paBHbi a, b , c ( OHH, J 

see rna aeruecTseHHhi). BoaMO)I(Hbi TPH cnyqag: 

'·1). a,.b,. c 1 TOI"JI8 

" 2 a 2 " L '.,aL 1 +bL 2 +ci.;
3 

=LE, 

13 



3aKnJO'IeHHe 

H8 c!jlepe CyllleCTBY!OT ABe CHCTeMbl OpTOI"OH8nbHbiX 

BOnHOBbie !jlyHKUHH ( BOnHOBble !jlyHKUHH CHMMeTpH-

H c!jlepo-KOHH'IeCKHe BOnHOBhie !jlyHKUHH ( BOnHOBble !jlyHK

CKOI"O BOn'IK8), 3TH ABe CHCTeMhl !jlyHKUHii: .HBn.H!OTCSI 6a

p83HbiX rrpeACTaBneauii: rpyrrrrhi TpexMepHbiX Bpa

HMeHao: rrpeACTaBneHHii:, B KOT0pb!X1 IIOMHMO orrepaTOpa 

" " 
a HMrrynbca; AHaroaaneH orrepaTop L , unu L E • CooT-

UHH, 38A8HHbie Ha eAHHH'IHOii: C!jlepe, MO)KHO paanaraTb 

!jlepH'IeCKHM, TaK H ITO c!jlepO-KOHH'IeCKHM B<>nHOBbiM <flyHK

K)Ke pa3nO)KHTb 6a3HCHhie !flyHKUHH OAHOI"O rrpeACTaBneHHSI 

KUHSIM BTOpOI"O, l1 MeHHO T8KHM o6pa30M B H8CTO.Hlllee Bpe-

/1/ 
eMa aCHMMeTpH'IeCKoro BOn'IKa • C!flepo-KOHH'IeCKHe 

H H8ii:AeHbl K8K nHHeii:Hbie KOM6HH8UHH c!jlepH'IeCKHX BOnHO

H 9TOM ypOBHH 9HeprHH 8CHMMeTpH'IeCKOI"O BOn'IK8 rrony

HHSI cexyn.HpHoro ypaBHeHH.H, KOTopoe .HBn.HeTc.H ycnoBHeM 

CTeMhl (2f +1) nuaeii:HbiX ypaBHeauii:, orrpeAen.HJOlllHX 

3nO)KeHHSI, 

MMeTpH'IeCKOI"O poTaTOpa 5hin8 ycrrelllHO IIpHMeHeHa 

H C ,cJl, cJlHnHIIIIOBbiM AnSI 06'b.HCHeHHSI Bp8lll8TenbHb!X COC-

" "' /9,10/ 
HIICOHAanbHOH 't'OpMbl 

flpuno)KeHHe 

neAyJOmee YTBep)KAeHHe, Ka)KAOii: CHCTeMe KOOpAHH8T Ha 

meii: paaAeneaue rrepeMeHHhiX B ypaBHeHHH nannaca 

~'1':-A'I', 
(23) 

12 ,. 

" MO)KHO COIIOCT8BHTb C8MOCOI1p.H)KeHHbiil: orrepaTOp L -<;».QHOpOAHb!ll: KB8.Qpa-

TH'IHblll: IIOnHHOM B resepaTopaX rpyiiiibl ABH)KeHHSI COOTBeTCTBY!Olllero rrpo

CTp8HCTB81 AH8rOH8nbHb!ll: H8 CHCTeMe pellleHHII: ypaBHeHHSI (23), Pa3Hb!M 

CHCTeMaM K00p.QHH8T COOTBeTCTBy!OT p83Hhle THIIbl He9KBHBaneHTHblX one-

" .A' 
paTopoa, npu'leM ABa onepaTopa L H L C'IHTSJOTC.H 9KBHBanesTHhiMH, 

ecnH cymecTayeT npeo6paaoaasue 

" 
:::::: " , 
L :aL +{3~, 

(24) 

.. 
" " H ABH)KeHHe rrpocTpaacTaa, nepeao.Q.Hlllee L B L ' ( a , f3 -IIOCTO.HHHhle), 

06lllHii: CHMMeTpH'IHb!ll: IIOnHHOM BTOporo I10p.HAK8 B reaepaTOp8X 

rpyrrrrbi 0( 3) HMeeT BH.Q 

L =Aik L ILk A =A 
lk kl k 'i = 1,2,3. (25) 

flpH .QBH)KeHHH (apameHHH) rrpOCTpaHCTBa reaepaTOpbl L 
. I npeo6paay10Tc .11 

xax aexTop L' =a L , rAe a tk -9neMeHThi aemecTaeaaoll: opToro-
1 lk k 

HanbHOII: M8TpHUbl, flonHHOM (25) IlpH 9TOM rrepeXO.QHT B IIOnHHOM 

L ' = A ;k L 1 L k , 
(26) 

rAe A 1~ =a& Af'm a mk 

aT a =1 (HHAeKc T 

. A' TA 
1 T,e, B M8TpH'IHbiX 0603H8'1eHH.HX .. a a, 

0603H8'18eT TpaHCIIOHHpOB8HHe). 

l1aaeCTHo, 'ITO n106yJO CHMMeTpH'IecxyJO aemecTBeHHYJO MaTpuuy A 
lk 

MO)KHO AH8I"OH8nH30B8Tb C IIOMOIIlb!O OpTOrOH8nbHOrO rrpeo6p830B8HHSI, flyCTb 

co6cTaeHHhie 3Ha'leHH.H MaTpHUhi A tk paBHhi a, b , c ( OHH, KOHe'IH01 

acer.Qa aemecTBeHHhi). BoaMO)KHbi TPH cny'la.H: 

1). a~ b " c 1 TOrAa 

... 2 2 2 " 
L '=aL 1 +bL 2 +cL

3 
=LE, (27) 
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' 
2). a ;b f. c 

H .. 
r. 

3). asbm c 

H 

, TOrJla 
A 2 2 2 
L ' - b ( L I + L~ ) + c L 8 

1 A ' 2 A 

.. -- [ L - b ~] E L 8 = L 
c -b • 

, TOrJla 

A 2 2 2 
L '~ a(L

1 
+L

2
+I.;

8
) 

A A 

L cL'-a~ =0. 

(28) 

TaKHM o6paaoM, JlnH rpynnhi 0(3) HMeeM acero JlBa ueaKBHBaneuT

HbiX onepaTOpa (27) H (28), COOTBeTCTBYIOIIIHX annHnTH'l6CKOII H nonSipHoll 

CHCTeMaM KOOpJlHHST Ha Cljlepe. 

npHnO>K6HHe 2 

Co6cTBeHHhie ana'leHHSI 
( s) 

( f QnSi KBSHTOBOrO 'lHCna f ~0, 1,2,3.· 

t ~ tr> t $ er> 
0 1 0 ~ a..+~+ lte 

1 {. + e 2. 3 o ... t#- + C!. 

1 2. ~ + Cl... It Ita-+~+~ 

l u...tf.. ~ 4 J4 ( Q.f ·fr+ e.) 

1 I 
2 (a.d- +-e) + ~ J (a.- t!.)"-- (a.- 6-)(..fr,e) 

• ~ 1---

~ 

4 

2 a...+ 5-c.- ~ S e :;. 2. J 4 (t-e)'Lt(a..-~)~o.-t..) • 1--

J 
·-

~ 
sa.. +- 2 tr + r e ":f 2./ * (a..-e)'L- <a.-.fr)(t-~> ' 3 I--

{, 

3 
1-- 5 a- t 5 -1r + 2. e + 2.VIt (a -1-)'l+ t!r- t.)(a.-~)' . 

1-
14 

.,. 

HopMHpoeaaa~e c~epo-KoaaqeCKHe eonaoe~e ~YHKUKH nnH 

KB8.HTOB0f'O qHCna -fl,l,2 ,8 ( ~, 11 t ( -onpeneneHbl 

cjlopMynaMH /B/) 

e s £~) (qi>~OL) e s f(i) 
e. (~., ~ .. ) 

l i :~ I f 7 0 1 VltT' 2. 

~ Hi~ 2 3 RF' r~ 
~ 2. vlt~ ~ ~ ~ :: ' ~ ~ 

3 w~ 3 I * I ~v: . ~ ?~ 
4 ~ (~ ~,-ta..tHe);J(o..-c)t<P-·&-Xt-o>'][ 3q,.- Ca.tf-+e)+ .Jri;-o>~-(11.-/,)(#-... e) , 

2 r--

/2. (ca.-e)"-.! (Ci.- C.)( lY-e)] ; (2 e-. a. -e)[2 (a.-~)0+ (a.-6-){4--e~/(4-~)~ (a.·t-)(4--5 

4 J¥; [sq.;<o.;-2h2e)o;V4<'r--A-<a.-e)(a-~)I5q.-<M24-+2L);.V+<"-<.)~(p.-•)(a-~)] I--

~ V*t.l-t}~3la-l.-)(!l·..J~<'-•J•+(H\(•·~j±(4-.e-24'1.f_,_)._1(c.·e.)(ll·t.~~·lf..t.)~(l4 .. s 

2. ~ ~ ~-("Ut2c.);: ~·~·•)•- (ll.-t..)lt••)]5\>&-(+t2G.t1e); V+-<t•-~>'- (a ·6-)(f·~)] 3 -
,·. ' 

1
' If V2{tiJJ.~>"- ilr.·r..)l~-~[4<G·•>"- t~·t..)~-·~t(a•e·.2'-)fJC.a.-cft 31Jl·t->H·~VH'-·t)"...(J.-• 

j ~ ~ [5~-(U2a+2.1\-);: Vlt("-·'1~ (ll-e)l6--<) ]~~ ..... (~ t1.MH·) f t/it-(a.-fr)'..(a.-t.)(l•t.) r-
1 l8r J2[2 (11-t..)'+ .3 (11.-<Jt'"'-f 4 (p.-1.-)'J. < .. ·<)(+-< ~ t (a +fr- 2e*(ll·lr)~-3(a-e)(.fr-eN4(1<-6-}}(, 

15 



a = b j. C , TOI"A8 

"" 2 2 2 
L ' - b ( L 1 + L 2 ) + c L 3 

" t l A " 2 A 
=-[L -b~l=L 3 :L 

c -b • 
(28) 

a= b = c , TOI"A8 

"" 2 2 2 
L '=a(L 1 +L 2 +£.; 3 ) 

L =L'-a~ ,.o, 

o6paaoM, AilS! rpynnhi 0(3) l!MeeM scero ABa HeSKBIIBSileHT

Topa (27) II (28), COOTBeTCTBy~miiX 3111lllllTII'!eCKOA II UOilliPHOA 

KOOpAIIHST Ha c$epe. 

npl!llO)!{eHIIe 2 

( •) 
eHHhie 3Ha'!eHI!SI f f All$! KBSHTOBOI"O 'IIICila f -=0, 1,2,3,· 

g £r') l .s: e 
1 0 2. a-.,.~+ lte 

.C. + e 2. 3 (lJ +-#- + C!-

2. (;C -+ (lJ ~ ltrN+-1-+~ 

3 a..t~ ~ it J,j (c.tl -lr+ e.) 

1 
2 (a.tt-t-e) ~ 2. ..j(;_-;_).,_~(;.fr)(~-e) 

1 

2 Q;+ 5~ ·d' ~ ;. 2. {4(1-~~)7.~(,-;._:~)~a-~) 

S"<lJ +- Hr+ 5'c ':f 2./11 (;_:e)~- (a--.;)(i~-~) 

} 
S a.lf- !i-lr + 2. ~ + 'lV it (a-~) 1+~-t.)(a.-_-;J 

14 

..-:-

e 

0 

~ 

2 
1--· 

3 

HopMHPOBSHHhle C~po-XOHHlf9CKHe BMHOBbl& tyHXUHR llnll 

XBSHTOBOl"O lfHCna -(),1 ,2 ,S ( ~ 1 1f t ( -orrpe.QeneHLJ 

cjlopMynaMK /B/) 

s [~s> (qo~~) e s E (1) 
t (~., ~~) 

J ~ :~ I f? ., 
Vt,T I 2. 

4 f!i€ 2. 3 {iF' r~ 
2. ~~,?J,. 1 ~ ~:~I~~ 

I 

3 Ri~ 3 4 { ~v: I~ 1E 
I 

4 ~ ( S (l,·lo..t.,te);J(.cl.-c)~(.<l.-C.)(t-•)](.3q,.- (a.~n):;; ..Jri,-<J'-<a.·/,)(1--<-)] 
I 

t-- I 

2.ka.- <.)
4

- (Ci.- t.-)(tr-<-~ ; (.2 &--a. -e)[2(a-~)'+ («--6-X~-~M(II.-<)~ (a.-/,)(4--<) I s 
I 
I 

4 1¥: (sq.,-(a.+2h2e)iJ4cC-. .f..<a.-el(a-,)l5q0·(o..+2~t2<.):;.~4(1r-~)~Cti-•XtH>) J 
1 

j - ~ V*l"-/!)~3(a-{.}(4·..f4<"-•>"H<i-~)(<·C.j :t (f...e-24l(k)':.J (a-e)(A·t-M•If..t)~(Ci.-c)(ll·C-) I 5 

I 
2. 1 f, (~.-(~a.t2&); J•(.A-<)"· (l\-l..)(t·e>](5'~-(+t-2d.t2e)~ Vlt(t< -<'l'- (<1·6-)(t·-<')) i 1-- ''If 2 

1 . 1
1
1 c /2[2.w-e)- l(<.·~>-)(6-4[4<~-•l"-t<-·t-~-·~t(a•e-.2(.*~-d-t-3ta·l..)£'·~o/i-(~·t)-(J.-~'){,'-e) 

{&; [5~-(et2.u•2.li-)+'J4-(<.-t,)~(ll·e)<6-<) )~{l._-(e+2Q;t1'-)f tl+-<a-fr)~(a.-t)(l•<-) ] ~ 
~ ~ l2f._2(a-!..)'t-.3(.a-.)l(•<.{4({.l-(,.)\(._ •• )(-N~t(a.+fr-2e~8(1t-t..)'o-3(a-e)(~-~jJ411<-il-)f(t.-<-)(~ 1 
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