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B pa6oTax I 1,2 I paccMa TPHBaliHCb cocTaBHhie MOileliH Meaoaos H 6apHo

HOB Ka~ CBH38HHhiX COCTQHHHR COOTBeTCTBeHHO KBapKa H aHTHKBapKa HIIH 

TpeX KBapKOB, fl.IISI CIIy'laSI, HaiipHMep, 6apHOHOB1 Mbl HCXOilHIIH H3 ypaBHeHHH 

BH/la: 

(l) 

I'lle a j -orrepaTOpbl fl.HpaKa, V -'IIIeH, rrpe/lCTaBIIHIOIIlHR B38HMOileRCTBHe 

H 38BHCHWHR OT TPeX peliHTHBHCTCKHX CK81ISIPOB 

Macchi M 

2 (.... .... ) 2 ( 0 0 
2 

R 1 = x 3-x2 - xl\ -x 2 ) 

-2 ( ........ 2 ( 0 0 2 
R2= x3-xl)- xa-xt) 

2 .... .... 2 0 0 2 

Ra=(x2-xt) -(x2-x t). 

acex Tpex KBapKoB rronaraliHCb paBHhiMH, TaKoe rrpH61IH*eHHe 

HCIIOIIb30B81IOCb llliH paCCMOTpeHHH B03MO)KHOCTeR IIpHM9H9HHH B KBapKOBhiX 

MOileliRX ypaBH9HHi!: THIIa ( 1 ) ; 6hlliO IIOKa3aH01 'ITO C IIOMOWbiO 3THX ;ypaB

H9HH:li: MO)KHO IIOIIY'IHTb COOTBeTCTBYIOWHe CBH3aHHhie COCTOHHHH, Pacuierrne

HHe ypOBHe:li: Mace CBH38HHhiX COCTOHHH:li: M0)1{9T 5biTb llOCTHI'HyTo B T8KHX 

MO/leliHX pa31IH'IHhiMH IIYTHMH, BBelleHHeM, HaiipHMep, B IIOTeHUHali B38HMO

Jle:li:CTBHH '11IeHOB 1 3aBHCHWHX OT CIIHH8 1 H30TOIICIIHHa H 'leTHOCTH, 0/lHaKO 

llliH IIOIIy'leHHH YTH)KelieHHH 38 C'leT CTpaHHOI'O A -KBapKa HY*HO C'IHT8Tb, 

ITO Kpaii:HeR Mepe, Macey OllHOI'O KB8pKa OTIIH'IHO:li: OT MaCChi llBYX OCTalib

HhiX, PaCCMOTpeHHeM 3TOI'O BOIIpoca Mhi 6yAeM 3aHHMaTbCH B HaCTOHWeil: 

3aM9TK9o 
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HaqHeM HayqeHHe ypaaHeHHn ang Me30HOB H 6apHoHOB c npocToro cny

qag, KOraa ypaBH6HHg KBaapHpOBaHbl. llng M630HOB! 

2 2 2 2 4 2 
I (a I- M1 )(az-Mz) -(M +M V) 'lt/1 = 0 (2) 

H anR 6apHOHOB 

22 2 2 2 ~ 6 4 
l(a 1-M 2 Ha2 -M 2 Ha 3 -M 3 )+(M +M V)lt/J=O. (3) 

3aecb: 

M 
2 

= M
2 

+ m 
j j. 

BHa CKanRpHOI"O noTeHUHana B38HMOaeHCTBHR Bb!6paH T8K 1 qT06hl HCllOllh30-

B8Tb o6htqHoe npeanono)l(eHHe o TOM, qTo Macca KaapKOB aenHKa, a noTeH

IlHan KOMneHcHpyeT sTy 6onblliYIO Macey. PacKphiB STH ypaaHeHHR H nepeil:-

aR K npeaeny npu M -> "" , cpaay nonyquM nnR Me30HOB 

2 2 I a + a - ( m + m J-v l ·'· = o I 2 I 2 'I' 
(4) 

H nnR 6apHOHOB 

ta~+ a~+ a;-(m1+m 2 +m 3 )-Vl t/1 ~o. 
(5) 

CnenaB COOTBeTCTBYIOlllYIO 38MeHy nepeMeHHbiX nnH BhiaeneHHR KOopnHH8T 

UeHTpa TR)I(eCTH H OTHOCHTenbHOI"O nBH)I(eHH51, nnH MaCC paCCM8TpHB8eMbiX 
I 

CB5138HHhlX COCT051HHil: nonyqHM! 

M2 =E20H + 2(m I +m2) 
M 

M 
2 

= E 
2 

+ 3(m + m + m ) • 
B OB I 2 3 

(6) 

3neCb BCe H8IliH pacCy)l(neHH51 OCHOBbiBanHCb Ha ypaaHeHHRX THll8 (2) H (3) 1 

2 
conep)I(81UHX KBaapHpOBaHHbte onepaTOpbl ilHpaKa a j • no-BHnHMOMy, anR 

4 

_. 

/. 

~'l,l 
i I 
'j .~ 

'
·~, 
'I ' 

"W ·::·.~. \i, 
.~ 

w~ 

f'i 

~ I ~ 

CHCTeM, COCTORLUHX H3 KB8pKOB H aHTHKB8pKOB 1 6htn0 6hl 6one 

HhiM ucxonHTb H3 HeKaanpupoaaHHhiX ypaaHeHHil:. 

HaqHeM c ypaaHeHHR nnR Me3oHoa, HMeH a auny ucnonb 

ManbHoro npenenhHoro nepexona M->"" • CooTaeTCTByiOLUee y 

llHilleM B BHne: 

(I) (2) 2 
l(a 1-M 1Ha 2 +M2 )+ y6 y

5 
(M -U)lt/J=O. 

2 2 

3necb, KaK H paHee, M l =M + m 

nono)I(HM anecb 

m 
M ,.,M +?M' 

j 

( l + ( 1) y ( 2)) ,/, = ,/, 
y 5 5 'I' 'I' + 

(l- /l 'y(2))"' ="' 
5 5 -

noMHO)I(HB ypaBHeHHe (7) cneaa Ha (l + y(l)/ 2
') 

5 5 
H Ha ( 1-) 

nyqHM ypaaHeHHR nnR t/J + H t/J _ 

a ,a2 .p+ 
aim 2 

+aM.p-aM.p +---t/1 
I - 2 - 2M 

----t/1 
2M 

- Mz t/1 +-
m 

1
+ m

2 m m t/1 _ t 2 t/1 + <t><z>M2·'· _ <n<zl 
+ 4M z + y 5 Y 5 '~' + Y 5 Y 5 2 

al m ~ 
a1a2 .p_ +a 1 Mt/J+-a 2Mt/J++ 2M· .p+ 

m m 

a 2m 1 

---m--t/1+- Mztjl 

m I+ m 2 I 2 2 
4M 2 .p_ -M t/1_ +Ut/J =0 ' 

2 "' -

noncTaBHB a (8) Bhtpa)l(eHHe nnR t/1 , nonyqeHHoe H3 (9), 

nepexon K npeneny npH M _."" aanHilleM nnH .p 
+ 

2 2 
I a, +a? -( m +m ) -2U l t/1 = o, 

• I 2 + 
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ypaBHeHH~ nng Me30HOB H 6apHOHOB C llpOCTOrO cny

KBanpHpOBaHbl, .Qng Me30HOB! 

2 2 2 4 2 
1 Ha 2 -M 2 )-(M +M V) '!«,{1~0 

(2) 

2 2 2 :} 6 4 

)(a2 -1\1 2 Ha 3 - M3 )+(M +M V )J«,!J,O, 
(3) 

1\12 = 1\12 + m 
j j. 

Hana B3aHMoneil:cTBHSI Bb!OpaH TaK, 'ITOOhl HCI10nh30-

*eHHe 0 TOM, 'ITO Macca KBapKOB BenHKa, a IlOTeH

OOnhllly!O Macey, P acxphiB 3TH ypaBHeHHsr H rrepefi

' cpaay rrony'IHM nng Me3oHoB 

a 
2

- (m + m )-v ! «/! ~ o 
2 1 2 

(4) 

a~+ a3
2
-(m 1 +m 2 +m

3
)-V! «,{1 =0. 

(5) 

10 aaMeHy rrepeMeHllhiX ang BhineneliHsr xoopnHllaT 

HTenbHOrO nBHMeHHg, ,Llng Mace paCCMaTpHBaeMbiX 

H+2(mt+m2) 

+ 3(m + m + m ) • 
OB I 2 3 

(6) 

eHHg OCHOBbiBanHCh Ha ypaBHeHHSIX THila (2) H (3) 
0 

2 
Hhie OrrepaTOpbi .QHpaKa a j , DO-BHnHMOMy

0 
nng 

4 

•• 

f, 

:! 

~· 

j 
I 

CHCTeM, COCTOglUHX H3 KBapKOB H aHTHKBapKOB, OhinO Obi OOnee ecTeCTBeH

HhiM HCXO.LlHTh H3 lleKsanpHpOBaHHhiX ypaBHeHHH, 

Ha'IHeM c ypasHeHHsr nng Meaonos, HMesr B BHny HCI10nh30BaHHe ¢op-

Manhnoro rrpe.llenhHoro · rrepexona M-> oo , CooTBeTCTBYJOIUee ypaBHeHHe sa-

11HilleM B BH,!le! 

{I) (2) 2 !(a_1-M 1Ha 2 +M2 )+ y~ y
5 

(M -U))«,!J,O. 
(7) 

2 2 
3.lleCh, xax H panee, M J ,1\1 + m 

m 
M."'M+~, 

J 

D onOMHM 3.lleCb 

( l + (I) (2)) ,/, ~ ,/, 
Y~Y~ 'I' 'I'+ 

(l- /lJ/2)) «// = «// 
5 5 -

DoMHO*HB ypasHeHHe (7) cnesa lla (l + y<ny< 2~ 
~ 5 

( 1) (2) 
H Ha ( 1- Y Y ) no-

5 5 • 

ny'IHM ypaaHeHHsr nnsr «// + H «// 

a 1a2 «/!+ a,m 2 
+a M«/J -a M «/! + --- «/! 

I - 2 - 2M 
a2 ml 

2M «// 

- Mz «// -
m 

1
+ m

2 
«// -

m 1m2 «// + OJ <2>M2 «// - <o <2JU«,!J =0 + 2 + 4M 2 + y 5 y ~ + y~ y5 + 

a m a m 
a,a 2 «/J_ +a 1M«/J+-a

2
M«/J++ I 2 «// - 2 1«,/J - M2«,/J 

2M + --ur + 

m 1 + m 2 

2 

m m 
1 2 «// - «/J_-M

2
«/J_+U«,/J =0 

4M 2 

(8) 

(9) 

DoncTaBHB B (8) BbipaMeHHe nnsr «,/J 
, nony'leHHoe H3 (9), H npoHaBe.llsr 

nepexo.ll x npe.lleny npH M _. oo aanHilleM nng «,{1 
+ 

2 2 
la1 +a?-(m +m )-2UI«,!J ,o, 

~ I 2 + 
( 10) 

' 5 
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Ho rrpH rrpeJlenbHOM rrepexoJle M ... oo H3 ( 9) BHJlHO, qTo 1/J _"' 0 , cneJlOBaTenb-

ao, 1/J '*/J+ /2 1 II03TOMY OKOH'I{8TenbHO H3 (10) rronyqHM: 

2 2 I a
1 

+ a
2 

-(m
1

+m
2 

)-2Uli/J"' o. (11) 

3TO ypaBHeHHe COBIIa)laeT C ypaBHeHHeM ( 4) 1 rronyqeHHblM H3 KBaJlpHpOBaH

HOPO ypaBHeHHH THIIa oeTe-ConiiHTepa (2), 

PaccMOTpHM Tenepb aexsaJlpHposaaaoe ypasaeaHe JlnH 6apHOHOB. Oao 

6y)leT OTnH'I{aTbCH OT paCCMaTpHBaBlliePOCH paaee ypaBHeHHH TSM1 '{TO B IIO

T9HUHan B3aHMOJl9HC.TBHH Mbl BB9)leM1 KpOMe qneHOB1 COJl9p)KalliHX y ~ 1 'I{HC

TO CKanHpHb19 t,tneHb1 1 a HM9HHO: 3aiiHlli9M ypaBH9HH9 )lng 6apHOHOB B cne-

AY lOUt eM BHne: 
(N+l) 

{(a 1-M 1
Ha

2
-M

2
Ha3 -M 3 )-[ N- ~(pt P2 +P1 

3 
P

3
+P

2
P

3
)](M -MU)\1/J ,0 

( 12) 
p "' i y ' p

2 
"' l. 

5 

2 2 
3Jlecb, xax H paaee, Ml ,M +ml • Hcnonbsyg TeXHHKy, paspa6oTaH-

ayro HaMH B /2/ 1 yrrpOCTHM 9TO ypaBH9HH9 sa C'i9T rrpeJlenbHOPO nepeXO)la 

M-> oo , .Qng 9TOPO BB9Jl9M rrpoeKUHOHHbie onepaTOpbi: 

1 1 ro "'8(l+p1p2)(l+p,p3)(1 +P~Pal~4( 1 +P1P2+P1P3+p2p3) 

I~ =l(l-p Po )(1-p p )(l+p p) =.lO-p p -p p +P p) 8 ,_ 13 23 4 121323 

I~ =-1-(1-p p )(l+p p )(l-p p) =~0-pp +PP -pp l 8 12 13 23 4 121323 

l I 1.3 :- (l+p p )0- p p )0- p p )= -\1+p p -p p -p p) 8 12 13 23 4 121323 

H rrpe)lCTaBHM IIpOH3BOnbH09 1/J B BHJl9 CYMMbl C06CTBeHHbiX !lJYHKUHH orre-

paTOpOB ( p p ) , ( p p ) , ( p p ) : 
I 2 I 3 2 3 

1/J = 1/J 0 + 1/J I + I/J2 + 1/J 3 • ( 13) 

nng rrpoeKUHOHHbiX OIIepaTOpOB HMeeM: 

• 

6 

_. 

~~.--~· 

-

3 8 

llj 
Jdl 

.p, l r j 1/J • 
j ~o 

"' l H IIOTOMY 

HeTpyaao y6eJlHTbCH, 'iTO <~To H eCTb npeJlt:TaBneaHe ( 13) 1 T.e 

3arrHCaB Tenepb ypaBH9HHH JlnH KOMIIOH9HT 1/J H IIOJlCTaBHB B ypf 

I/J0 3Ha'i9HHH 1/J J H3 COOTB9TCTBYl.OIUHX ypaBHeHHH 1 rrony'iHM 

6onhruoli MaCChi M 

2 2 2 2 
{a 1 + a 2 +a

8 
-3 (N+l)(~ 1 +m 2 +m 3 )-A{N)Uli/J ,Q, 

8bi)lenHB 3Jl9Cb 1 KaK H paaee, JlBH)K9HH9 UeHTpa TH)K9CTH H OTE 

JlBH)K9HHe, rrony'I{HM H3 (11) JlnH M930HOB: 

2 2 ( ) M M "' M OM+ 2 m I + m 2 

H H3 (14) .(lnH 6apHOHOB: 

M
2 

=M
2 

+2(N +lHm 
B OB 

+m 
I 

+ m ) 
2 3 ' 

TO'I{HO TaK )1{9 1 BBOJlH B IIOTeHUHan ypaBH9HHH )lnH Me30HOB 'I{HCTC 

'inea, MO)KHO rrony'iHTb aaanorH'iHYl.O !lJopMyny JlnH MeaoaoB, Booe 

HY)KHO yxaaaTb 1 qTo npeHMyiUeCTBa 'iHCTO cxangpaoro rroTeauHaJ 

PHX KBapKOBblX MO)leneli H90JlHOKpaTHO OTMe'ianHCb 
13•41 

1H 3)l9C 

syeMCH IIC9BJlOCKanHpHbiM IIOTeHUHanOM TOnbKO )lng yrrpOIUeHHH ::! 

no 6ht, BepoHTao, HHTepecao rrpoBeCTH 6onee noJlpo6aoe HccneaoB 

'iHB B IIOT9HUHan B3aHMOJleHCTBHH 'in9Hbl 1 3aBHCHIUH9 OT CIIHHa, I 

H 'ieTaocTH. BosMO)KH0 1 rrpH aToM BbiHCHHncg 6bt CMbtcn napar

KOTOpbti!: B )laHHOM cnyqae H906XOJlHM )lnH rronyqeHHH IIpaBHnbHOP< 

M930H-6apHOHHOPO yTH)KeneHHH, 

8 3aKnl.O'i9HH9 C'iHTal.O CBOHM npHHTHbiM )lonroM Bbtpa3HT 

6naroJlapaocTb H.H. Boronro6oBy 1 A.H. TaBxenH)lae, .ll.B. I 

B.B. CTpyMHHCKOMY sa ueHHbte o6cy)KJl9HHH, 
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bHOM rrepexot:te M ... "" H3 (9) s~t:tHo, "'TO r/1 _ = 0 , cneaosaTenb-

rrosToMy OKOH"'BTenbHO H3 (10) rrony"'HM! 

2
+/-(m +m )-2Ulr/J=0. (11) I 2 I 2 

COBII8t:taeT C ypaBH9HH9M (4), IIOny"'eHHbiM H3 KBat:tpHpOBaH-

51 THIIa EeTe-C onrr11Tepa ( 2). 

HM Terrepb HeKB8t:tpHpOB8HHOe ypasHeHHe t:tnSI oapHOHOB, 0HO 

CSI OT paCCM8TpHB8BllierOCSI paHee ypaBH9HHSI TeM, "'TO B IIO

Ot:teHC.TBHSI Mbl BBet:teM, KpOMe "'neHOB0 COt:tepJK8lliHX y 
5 0 "'HC

"'neHhl0 8 HM9HHO! 381IHlli9M ypaBH9HH9 t:tnSI oapHOHOB B cne-

(N+l) 
-M2)(a3-M3)-[ N- -3-(pl p2 +pi 

8 
P 8 +P2 P8)](M -MU)l!fr =0 

y5 ' p2 = l. ( 12) 

2 2 

aaee, M i = M + mi • l1 crronb3Y SI TeXHHKy, pa3paooTaa-

1, yrrpocTHM 3TO ypasaeaHe 38 C"'eT rrpet:tenhHoro rrepexoaa 

oro sset:teM rrpoeKUHOHHhie orrepaTophr: 

1 
p 2 ) (l + p I p 3) (l + p 2p 3 ) = 4 ( 1 + pi p 2 + p I p 3 + p 2 p 3 ) 

l(l_p p )(l-p p )(1;-p p ) ~ ~0-p p -p p +p p ) 
8 I 2 1 3 2 3 4 1 2 .1 3 2 3 

1 (1-p p )(1;-p p )0-p p ) = ~0-p p +p p -p p) 
12 13 23 4 121323 

(l + pI p 2 ) ( 1- p I p 3 lO- p 2 p 3 ) = + (l + PI p 2-PI p 3 - p 2 p 3 ) 

POH3BOnhHOe ljJ B BHAe CyMMbi COOCTB9HHbiX !jlyHKUHH one-

'(p p ), (p p ): 
I 3 2 3 

lfr=r/Jo +1/11 +r/12 +1/13. ( 13) 

IX orrepaTopos HMeeM: 

• 

6 

~·= 

3 3 

l; Ij = l H ITOTOMY ljJ = l; r j 1/1 • 
J..O j =0 

HeTpyaao y6et:tHThCH, "'TO aTo H eCTh rrpet:tt:TasneaHe ( 13) , T,e. !fr
1 

= 1;1/J, 

3aiiHCas·Terreph YP8BH9HHSI t:tnH KOMIIOH9HT 1/1 H ITOt:lCT8BHB B ypasaeaHe t:tnH 

1/10 3H8"19HHSI 1/1 j H3 COOTB9TCTBYJOIUHX ypaBH9HHH 0 rrony"'HM 

oonhlliOH MaCChi M 

2 2 2 2 
!a,+ a 2 +a8 -3 (N+l)(~ 1 +m2 +m 3 )-A(N)UlrjJ =0. 

s rrpeaene 

( 14) 

8hiAenHB 3A9Ch 0 K8K H paaee, llBHlK9HH9 U9HTpa TSilK9CTH H OTHOCHTenhaoe 

t:lBHJK9HHe, IIOnY"'HM H3 ( 11) t:ln5I M930HOB! 

2 2 ) 
M M = M OM+ 2 ( m I + m 2 

H H3 (14) t:tnH 08pHOHOB! 

M
2 

=M
2 

+2(N +lHm 
B OB +m 

I 
+m ) 

2 3 • 

Toqao TaK JKe, BBOt:tH s rroTeauHan ypasHeHHH anH Me3oHos "'HCTo cxanHpHhiH 

"'neH, MOJKHO rrony"'HTh aaanorH"'HYJO !jlopMyny t:tnH Meaoaos, Boo5rue 
3ll9Cb 

HYJKHO yKa3aTh, 'ITO rrpeHMyruecTsa "'HCTO cxanHpHoro rroTeHUHana t:tnH APY

rHx KB8pKOBbiX MOt:tenelf H90t:lHOKp8THO OTMe'lanHCh /3,4 / ,H 3t:l9Ch Mbi IIOnh-

3Y9MCSI ncesaocKanHpHhiM rroTeauHanoM TonhKo t:tnH ynporueaHH 3aaa"'H. Ehi;_ 

no 5hi 1 sepoHTao, HHTepecao rrposecTH 5onee noapooaoe HccneaosaaHe, BKnJO

'IHB B ITOT9HUHan B38HMOll9HCTBHSI "'neHbi0 38BHCHIUHe OT CIIHHa, H30TOIICIIHH8 

H "'eTHOCTH, Bo3MOJKHO, rrpH 3TOM BhiHCHHncH Obi CMhicn rrapaMeTpa N 

KOTOpbiH B t:l8HHOM cnyqae H900XOllHM t:tnH IIony"'eHHSI IIpaBHnbHOro OTHOllieHHSI 

M930H-oapHOHHOrO YTHJKeneHHSI, 

B 3aKnJO"'eHHe C"'HTaJO CBOHM npHHTHhiM t:tonroM Bbipa3HTh rny6oxy10 

onaroaapHoCTh H.H. Boron106osy, A.H. TasxenHt:t3e, ..U.B. lllHpKosy H 

B.B. CTpyMHHCKOMy 38 U9HHbi9 OOCYlKll9HHSI, 

7 
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