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l.Bae~:ceaHe 

' /1-3/• 
B psme npe.ahi!lymHx pa6oT HayqancSI aonpoc o nocTpoeHI!H <I>YHK-

UI!ll rpi!H8 B I!MnynhCHOM npOCTpaHCTBe B TeOpiiSIX, OUI!CbiBS!Omi!X HenepeH<?P-
\ 

MllpyeMbie aaaHMo.aellCTBIISI. B !tOH¢lHr.ypauHOHHOM npocTpaacTae aTI! ¢lyax-

UIIH.o6na.aaroT cymecTaeaao oco6oll TO'lKOll np11 ayneaoM ana'leHIIH caoero 

apryMe~Ta, noaTOMY noCTpOeHI!e ¢yphe-o6pa30B TSKIIX ¢lyHKUI!li npe.acTaanSI

eT co6oll aeTpi!BHanhHYIO aa.aaqy 11 Tpe6yeT npeo.aoneHI!SI npi!HUI!nHanh!IbiX 

Tpy.aaocTell. 

B cnyqae~ xor.aa Macchi noKOSI 'laCTI!U paBHbi aynro, ace xapaKTepHbie 

qepTbi .aannoro aonpoca coxpaHSIIOTCSI np11 cymecTaennoM ynpomeHI!H pac'le

TOB, i1MeHHO ·noaTOMY B YK838HHhiX Bbime pa6oTaX 1!3y'lani!Ch B38l!MO.[leliCT

BIISI 6e3M8CCOBbiX 'l8CTI!U, npll M8KCI!M8nhHO npOCTbiX Bbl'li!CneHI!SIX rriaBHOe 

BHIIM8HI!e y.aenSinOCh OCHOBHOli npo6neMe - nepexo.ay OT ¢lyHKUI!li rpi!Ha; Hall

.[19HHhlX B KOH¢lllrypaUI!OHHOM npocTpaHCTBe, K <I>YHKUIISIM rpi!Ha B HMnynhC~ 

HOM npocTpaacTae, Ebm paapa6oTaH MeTo.a, noaaonSiromHii ocymecTBI!Th Ta

xoll nepeXO.[l, 3TOT M9TO!l MOlK9T npi!MeHSIThCSI B TeOpi!SIX,· ·oni!CbiBS!OmiiX' 

mripoKI!ll xnacc aenepeaopMI!pyeMhiX aaaHMo.aeiicTBI!ll. ¢yHKUIIII rpi!Ha, nocT-

. poeHHbie c ero noMomhro, y.aoaneTaopSIIOT Tpe6oaaHI!SIM, npe.a'hSIBnSieMbiM 

K roopHII ycnoai!SIMII npl!'li!HHOCTI! 11 yHHTapaocTI! S -MaTpi!Ubi, 

O.aaaxo J:tng ·Toro, 'lT06bi I,Ipoae.aeHHhie HCcne.aoaaHI!SI np11o6penH aa

aepmeHHbill BIIA, aeo6XO!li!MO c.aenaTh o6o6,meal!e MeTOAOB, pa3BHTbiX AITSI 

cny'laSI HenepeaopMHpyeMoro B381!MO.[leiiCTBIISI 6e3M8CCOBbiX 'l8CTIIU; Ha 06-

mHfi cnyqafi nenepeaopMHpyeMoro aaaHMo.aellcTBHSI 'laCTI!U c npoHaaonbHoll 
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Maceo~ noxoa. HacroHmaa pa6ora nocaameaa pemeanro aroro son-

poe a.• 

B pa6oTe · nccne.ayercst .aayxroqeqnast cpynxunH · fp11na, axcnonenu~an&uo 

38BHCaiDaSI OT nponaraTopa CB060AHOA CKatiHpHOfi 'JSCTHUbl C MSCCOfi UOKOS 

m • nono6Hbl8 cpyHKUHll AOBOllbHO 'JSCTO BCTpe'laiDTCSI B Teopnax, OTil!Cbl-
. . /1-7/ 

aarom~x nc;>xanbHbie aepenopMHpyeMbiB saanMo.aeficTmtH • PacqeTbi npo-

nenenhl c ncnon&3oBaJmeM nexoroporo npn6mnKennoro BbipalKeHHH JJ.ns npo

nararopa CBOOOJ]HOll CKanapaoft '18CTHUbl. CMi>ICn STOI'O npHOIIli:>K8HHH B JJ.an&

HeilllleM BbiHCHReTCH Ha npHMepe aoCOpOTHBHOfi qacni ABYXTO'I:e'JHOli cpyHKUHH 

fpi!Ha. npennolKeHHblli MeTOA nOCTpoeHHSI WHKUldi fpHH8 B l!MnyllhCHOM npocr

paRCTBe ynoaneraopReT ycnoBHHM noxanhHOCTH n yHHTapnocTH S -MaTpHUbi. 

B nocneJJ.aeii <Jacrn paoOTbi MeToa, paapa6orann&tii ana 4zy'nxunft c sx-. . 
CllOHeHUHall&HOli 3aBHCHMOCTbiD B X -npocTpa~cTBe or nponararopa cxannp-

HOli 'l8CTHUI>l1 OOOOIU89TCH Ha Clly'l:ali oonee OO!UHX HenepeHOpM!tpyeMblX B38H

MO.IleficTBHfi.,npn npellen&HOM nepexoae x.6onhlliHM 3Ha'JeHHHM saeprnn ?D

"ny'leilHI>Ie B pa6ore peayn&TaTbi nonaocThiD cornacyroTCH c paaee BbiBeJJ.eH- . 
. . • . /1-3/ 

HbiMH .lliiSI Clly'laH B3aHMOJlefiCTBHR 'IaCTHU C lJYII9BblMJt MSCCaMH UOKOSI • 

!l2, .l]ByXTO'I9'1H8SI <jlyHKUHR tpnHa · 

Pa3BHBaSI TeOpHID B03MymeHHfi lliiR TSKHX nenepeHOpMHpyeMblX 63aHMO

A8ltCTBHfi aneMellTapHblX 'JaCTHU, K8K1 HanpHMep, UliOH-HYKIIOHHOe B3aHMO!Iefi-
~ . 12-41 

CTBHe H~liTpallhHbiX 'l:aCTHU C UCeBAOB9KTOpHOli CBSI3biD Hill! HeCOXpa- " 

HHIDmee 'l:eTHOCTb B3aHMOAefiCTBHe HeliTpallbHOI'O B9KTOpHOPO -Me30Ha C HYK- , 
171 

IIOHaMH t Mbl UpHXOAHM K ABYXT0'18'lHblM <jlyHKUIIHM fpi!Ha THna: 

F1 .(x)=~ (x)expl..:. ig 2 Mx>l, ( 1 ) 

I'll9 g -KOHCTaHTa CD~ll, d( x) - nponai'aTOp CBOOOJlHOfi CKaiiSipHOll: 'JaCTl!Ubi,'' 

IJI1 (x) - HeKaSI cflyHKUliH OT nponai'aTopa cao.oOflHbiX CUHHOpHbiX 'JaCTHU. Jlng 

npOCTOTbi Mbl paccMoTpnM cnyqali· W0 (x)=l • 05o6meane aa cny'Iall IJI
1
(x)"'-S(x) 

nnn IJI2{x) .. SpiS(x)S(-x )!, rne S(x) ... nponararo'p cao6o.naoli cnn-
. /2/ 

nopnoli 'l:aCTHUbi, ne npe.acTaanaeT oco6oro rpy.aa 

4 

• 
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aToro son-. 

:noHeHUHanhHO 

~accoit noKOSI 

OpHSIX1 OfiHCbl

p acqeTbl npo-

~HH Sl nng npo

HlKeHKSI B nanh

!e'liiOII tjlyHKUHH 

mynhCIIOM npOCT-

1 · S -MaTpHilbl, 

tjlyHKilllll C 9K

.raTOpa CKanSip.-

MHpyeMhlX B3aH

VI' 9HeprHH no

aaee Bhtsenea-
/1-S/ 

lMH nOKOSI 

yeMblX .B3aHMO

Eioe'. B3aHMOJleft

HnH aecoxpa~ .. 

(1) 

anSipHOII 'ISCTHilbl;' 

hlX 'ISCTHilo .LlnSI 

1 cny'laH 'I' (x) .. S(x) 
. I 

l ·CB060JlHOH CnH-

.• 

• 

l 
' I 

1 

1 

i 
I 

.I 

"' 
LITo6bi nocTpOHTb tjlypbe-o6paa tjlyHKIIHH F0 ( x) , sseneM scnoMora-

TenhHYJO tjlyHKIIHJO <1>0 ( x) , oTnH'IaJOIIlyJOCSI OT F 0 ( x) 3HaKOM B 9KCnOHeH-
. 2 

Te, .LlnSI aee B aetjJH3H'I.eCKOH o6nacTH p · < 0 6yneT nocTpoea tjlypbe-o6paa 

B HeKOTOpOM npH6nHlKeHHH, 3TO npH6nHlKeHHe XOpOIIlO OfiHCbJBaeT TO'IHYIO 

tjlyHKIIHJO npH _6onhlllHX 3Ha'leHHSIX HMnynbca. 3aTeM 6yneT cnenaH nepexon 

K HCKOMOH tjlyHKIIHH C fiOMOIIlbiO aaanHTH'IeCKOI'O npOJlOnlKeHHSI no KOHCTaH-
. /2/ 

Te CBSI3H nono6ao TOMy, KaK aTo nenanocb B pa6oTe nng cny'laSI ay-

nesbiX MaCC fiOKOSI CKanSipHblX 'laCTHilo <l>ypbe- o6pa3 tjlyHKIIHH ci:O ( x) MOlK-

HO aan·HCaTb B BHJle: 

· 4 (4) (21T)
2
K 

<I> (p):i(21T) 8 (p) + ----,+cp (p), 
o p2-m2+i£ K (2) 

rne 

cp (p)~i I d 4 xe 1
px [expli(21T)

2 
KL'l.(x)l-1-i(m)

2 
KL'l.(x)], 

K (S) 

g 2 . 2 
a K =(-r,;-) , B HetjJH3H'IeCKOH 06ilaCTH p <0 Bhl6epeM CHCTeMy KOOpJlH-

HaT, B KOTopoll p = I 0, p I npH TSKOM Bbl6ope CHCTeMhl KOOpJlHHaT MOlK-

HO cnenaTh nosopoT KOH"i'ypa B HHTerpane (S) no speMeHaoll nepeMeHHofi 

aa yron -·!f._ 
2 

, B peaynhTaTe TaKoro nosopo'I'a Mhl npHXOJlHM K esKnH-

JlOBOfi MeTpHKe. Bbt6HpaSI nonSipHhle KOOpJlHHSThl H HHTerpHpyg no yrnOBhlM 

nepeMeHHhiM, nony'laeM cnenyromee BhtpalKeHHe nng tjlyHKIIHH cp ( p) 
. K 

I I 2 Kt(r) 
(-P-r)[K (r)] expl-t k m 2 ---. I, 

m t r 

2 I 
cp (p)=(21TK) ...!!!. I dt(l-t)I dr ]1 

K . I PI 0 0 (4) 

K 1 (z) - tjlyHKIIHH EeccenSI H K enh.:. ] ( z) 
. I ' a H 

·BHHa COOTBeTCTBeHHO, 

· HHTerpan ( 4) BPM nH MOlKeT 6hiTb B3SIT TO'IHO. OnaaKo xc;>pomyro oueHKY 

ero MOlKHO nony'IHTh, aaMeHSISI tjlyHKIIHJO KenhBHHa K 1 (r) 

neneaaofi Ha r : 

K (r) 
I 

-r 
e .,. __ . 

5 

9KCnoHeHTOH,· 

(5) 



npH oqein, ManhiX.II O'leHb 6onbWHX 3Ha'leHHRX apryMeHTa 9T8 <!>YHKUHSI xo

pOWO annpOKCHMnpyeT cPYHKUIIIO KenbBHHa. no3TOMy n~H- T8KOH aaMeHe MO)I{;;. 

HO HaAeSITbCSI H8_ nonyqeHHe peaynbT8T81 AOCTaTO'IHO 6nH3KO .BOCnpOH3BOASI

mero noBeJieHHe HCTHHHOH cPYHKUIIH cp ( p). 
K 

§3. Ka'leCTBeHHhie oueHKn cPYHKUnn fpHHa 

nepeA TeM K8K npHCTYUHTb K Bhl'IHCneHHIO HHTerpana (4) B YK838HHOM 

'npn6nn1KeHHH
1 

noneaHO paCCMOTpeTb 6onee rpy6oe npn6nH1KeHne. 0HO 38KniO

qaeTCSI B TOM, 'ITO B 9KCnOHeHTe 6epeTCSI cPYHKUHSI1 COOTBeTCTBYIOW8SI npo

naraTOpy '18CTHUhl C HyneBOH MaCCOH noKOSI, a KBaApaT cPYHKUllll KenbBHHa, 

cToSimnii nepeA aKcnoHeHToii, aaMeHSieTCSI c noMOWbiO noAcTaHOBKH (5) 

2 1 
cp ( p) = (217 K ) ~ f dt ( 1- t) f 

K. I PI 0. . 0 

dr -2r J 
--2-e I 

r 

I Pl K m 
2 

(-r)expl-t--
2
-1 .. 

m r 

(B AanbHeiimeM ABYMSI qepT8Mll 6yAeM OTMe'laTb cPYHKUHH 1 Bhi'IHCneHHble B 

AaH!J:OM npH6nH1KeHHH
1 

OAHOH-cPYHKUHH1 Bhi'IHCneHHhie B npH6nn1Ke.~Hll, (5) ). 

npH6nH1KeHHe (6) Heo6XOAHMO HaM AnSI TOI'01 'IT06hl Ha B03MOlKHO 6onee 

(6) 

npOCTOM npHMepe nponeMOHC'rpllpOB8Tb TeXHHKY Bhl'IHCneHHSI HHTerpanOB TU

na. (6) n aHan~TH'IecKoro npoAOn1KeHHSI nonyqeHHOH cPYHKunn no nepeMeHHOH 
. 2 . 

p 2 H~. o6nacTn p < 0 , B KoTopoii n&teeT MeCTO Bhipa1KeHne (6), B o6nac-

Tb 0 < p 2 <4m 2 n B cPH3H'IeCKYIO o6nacTb p
2 

>4m
2 

• B AanbHeii-

weM Bee aTn onepauun 6ynyT nepeHeceHhi Ha cny'laii npu6nn1KeHnSI· (5). 

B nOAHHTerpanbHOM Bblp81KeHHH cPOpMynhi (6) 9KCnoHeHcy C nponara
/8/ 

TOpOM M01KHO npeACT8BHTb B BHAe HHTerpana MennnHa-EepHCa : 

r 2 

-.a-too 

I=_L Jdz 
2 i -a+loo 

(tKm2)z r-2z 

sin"zr(z+l) 
(7) exp 1- t 

Km 

rne 0.< a < 1 '· r(z +1) - I'8MM8-cPYHKUHSI. noACT8BllM (7) B (6) • .f!er-

KO y6eAHTbCSI, 'ITO BCe HHTerpanhi a6coniOTHO CXOASITCSI1 ll noaTOMY M01KHO 

MeHSITb nopHAOK HHTerpupoBaHHH. l1HTerpnpySI no nepeMeHHOH t n nepecTaB-

nSISI n,?pSIAOK HHTerpup_oBaHHSI no 

o6paaoM: 

n no z 

6 

nepenuweM (6) cneAyromnM 

I . 
j' 

.. J 
I 

I 
I 

i\ 

cf>K(p}=(217K)~~..!....:'r: (Km2} z . Jdr r -2(z+l>e :-2• ~J (l..!ir}. 
· IPI 2i-a+loo sinl7zr(z+3) · 

1 
m . 

l1HTerpaUHSI no npHB~AHT K nOSIBneHHIO WapOBOH cPYHKUHII 

I ... 2 1/2 
p- [(1 + _P_}- ] 
-2(z+l) 4m 2 

non 3HaKoM nHTerpana no· z 
/9/ 

2 2 z 
2 -a-too. [K (4m -p }] '..1 2 -1, 

....1.!!!__ f dz p [( 1- _P_ } ¢ (p}=ii1 3 K 2 y1-
K p 2 -a+Ioo sin211zcos11znztJ>n2z+1) -'.l(z+l) · 4m 2 

l1cnonb3ySI AnSI P -t (a} 
-2( z +I) 

/8 9/ 
npeACTaBnel!ne ' 

-1 1+a -2(z+l) l..:.a. I /2 . a -1 
P. (a)=(---) (--·1 F(2z+2,2z+3;2;---), 

-2(z +I) · 2 1 + a . a + 1 

·a -1· 
rAe F(2z+2,2z+3;2; ) 

a+l 
- rnnepreoMeTpnqecKaSI cPYHKUHSI; nei'J 

y6eAHTbCSI
1 

'ITO P .-I (a) He HMeeT OC06eHHOCTeH B .npaBOH nonyrmoCK• 
~*D . 

TH Re Z > 0 n HynE~H HS peanbHOH non01KHTenbHOH OCH, noaTOMY HHTerpl 
= 

no z nei'KO 6epeTCSI ll cPYHKUHSI cp K ( p) Bhipa1KaeTCSI B BHAe .PSIAa. 

BhinllCh!BaSI· 3AeCb 9TOT PSIA B SIBHOM BHAe, Mhl Cpaay yKa1KeM, ·KaK H3 cPl 

= 
unn ~ (p) M01KHO nony'IHTb cPYHKUHIO f (p) • 8Ta cPYHKU~SI CBSI3aHa 

c npu6nn1KeHHhiM Bhipa1KeHneM AnSI cl>ypbe-:o6paaa licKoMoii cPYHKUHn F 0 (x 

COOTHOWeHHeM: 

F(p)=i(211)48(4l(p)- (211)2K +f(p). 
p 2_m 2+ic 

= /2/ = 
CneAYSI pa6oTe . , M01KHO BhipaanTb f(p) qepea. cf> . (J:l) 

. K 

ct>opMynbi: 

f(p) 
1 = = 21</> (p)+cf> (p)l. 

Ke 1" Ke -l7T 

n OACTaBnSISI ( 9) B ( 12 )_ ll HHTerpupySI no Z nonyqaeM: 

C nOMOWb: 

--- [ 2 2 ·]v = 2 4 2 00 a K(4m -p ) ' -I p2 -li 
f(p)=-2(17K) yl-.-!!!.. ~ -I p ((1- -:--T) 111 

p2 n=O av nv+3)r(2v+1) -2(J.<ti) 4m .V=n 

7 



3Ha'leHHRX apryMeHTa 9Ta ~YHKUHR XO

KenbaHHa. nosTOMY npn· T8KOH 3aMeHe MO)!{;;. 

6nn3KO _BOCllpOH3aOnR-

</> (p). 
K 

oueHKll ~YHKUHH fpnHa 

K Bbl'lHCReHH!O HHTerpana (4) B yKa3aH-HOM 

6onee rpy6oe npn6nn1Keane. Oao aaKnro-

6epeTCR (jlyHKUHR, COOTBeTCTBYJOIUaR npo

MaCCOH noKoR, a KeanpaT (jlyHKUnn Kenbanaa, 

38MeHReTCR C nOMOIUb!O nOACT8HOaKH (5) 

oo d r -2r I pI ) ( K m 2 I 
dt (1-t) J -·- e J 1 (-r exp - t--2 - • (6) 

o r 2 m r 

6yneM OTMe'laTb (jlyHKUllll, Bbl'lHCneHHble B 

HKUHH, abi'lHCneHHble B npn6nn1KeHHH (5) ). 

HaM nng Toro, 'lT06hi Ha aoaMolKHO 6onee 

•cTnnnoBaTb TexHnKy Bhl'lncneang nHTerpanoe Tn

~ononmeanR nonyqeHHoii (jlyHKunn no nepeMeHHOii 

ahipa1KeHne ( 6), e o6nac-

p2 > 4m 
2 

• B nanbHeii-

nepeueceHbi aa cnyqaii npn6nnmeang · (5). 

pameHnn (jlopr.1ynbi (6) aKcnoHeHTY c nponara-
/8/ 

B anne nHTerpana ~ennnua-Eepuca : 

I ~ _J__ -o.Joo dz (t K m2 ) z- r -2z 

2 i -a+Ioo sin 17 z f' ( i + 1) 
(7) 

- raMMa-(jlyHKUHR. noncTaBHM (7) B (6). fler-

a6conJOTHO CXOnRTCR, ll n09TOMY MOmHO 

l1HTerpnpyg no nepeMeHHOii t n nepecTaa-

sr no n no z , nepemuneM (6) cnenyromnM 

6 

l' "1-

L 
"! 

.,.1 

I 
' 
I 
i 

-t 

A. ( ) (2 )2.m . 1-Ja-Idzoo (Km2) z - Joodr -2Cz+1) -2.".J ( IPI ) 
't' p = 17K -- r · e - _ - r • 

K • IPI 2i-a+loo sin17zf'(z+3) · 1 m _ (8) 

l1HTerpaunsr no npHB~nnT K nORBneHH!O iuapO-BOH (jlyHKUHll 

I ._. 2 t/2 
p- [(1 + _P_)- 1 
-2(z+l) 4m 2 

non 3HaKOM nHTerpana no z 
/9/ 

2 2 z 
= 

4 
2 -a-Ioo_ [K (4m -p ) 1 :_1 2 -1/2( · 

</> K(p)=i17 8 K 2 yl- -T f dz 
2 

p [{1- _P_) ].9) 
P -a+too sin 17ZCOs17zf'(z+3)f'(2z+1) -2Cz+l) 4m 2 

Hcnonbaysr nnR P - 1 (a) 
/8 9/ 

npencTaeneane ' 
-2( z+l) 

-1 l+a -2(z+l) t.:..a I /2 . a -1 
P ·- (a)=(---) (--) F (2z+2,2z+3;2 ;--- ), 

-2(z +I) - 2 1 +a . a + 1 
(10) 

. a -1· 
rne F(2z+2,2z+3;2; --

a+l 
- rnnepreoMeTpn'leCKaR (jlyHKUHR; nerKo 

y6ennTbCR, 'ITO P _- 1 (a) ue nMeeT oco6eaaocTeii a npaeoii nonynnocKoc-
~MD . 

TH Re z > 0 n uym~ii Ha peanbHoii nonomnTenbHOii ocn. noaToMy naTerpan· 
= 

no z nerKO 6epeTCR H (jlyHKUHR </> K ( p) ai.IpamaeTcsr B anne _psrna; He 

BbinHCblaag· 3AeCb 9TOT pSIA B gaHOM a1me, Mbl cpaay yKameM, KaK H3 (jlyHK-
= 

MO)!{HO nony'lHTb (jlyHKUH!O f ( p) • 8Ta {jlyHKU~Sl CaR38H8 unn </>K (p) 

c npn6nnmeHHbiM ahipa1KeaneM nnR (jlypbe-o6paaa ncKoMoii (jlyHKUnn F 0 ( x) _ 

COOTHOIUeHHeM: 

• ) 2 
F(p)~i(217)4oC4>(p)- (217 K +f(p). 

p2-m2+i£ 

= /2/' = 
Cnenyg pa6oTe , M01KHO BbipaanTb f(p) qepea _ </> (t>) 

- K 

(jlopMynbi: 

1 = = 

C nOMOIUb!O 

( 11) 

? I</> (p) +</> (p) I. 
- 117 -117 

f(p) ( 12) 
Ke Ke 

noncTaBnRR (9) B (12)_ ll HHTerpnpysr no Z , nonyqaeM: 

< ---- 00 [ (4 2 2)-1 v 2 " "' 2 4 2 O K m -p - -1 . p -,.,. 
f(p)~-2(17K) yl- .-!!!. I -I _ P [(1- -:--r> 111 • • 

p2 n,, QV f'( V+ 3) f'(2 V+ l) -2(V+I) 4 ffi v~n ( 13) 

7 



<PopMyna (13) sepHa npli :.'IHa'IeHIISIX .apryMeHTa p 
2 

, neJKamnx s 
2 . . -

Hecjlii31!'IeCKOii o6naCTII · P < 0. , LlT06bi aHani!TII'I~CKII npOJ:tOnlKIITb f ( p) 

B · cneAyJOillYIO o6nacTb 0 < p 
2 < 4 m 

2 , YA06Ho OllSITb sepHyTbCSI K cjJyHK-

unn cp (p) , 3anncaHHoii s ¢opMe (8), ·B IIHTepecyJ01Ileii Hac o6nacTH 
K 

OHa npHHIIMaeT BIIA: 

~ (p)=(227K )2.....!!!.. __L -<1-Jloodz (Km2 )z 
K p· 2i 

~+too 

oo -2(z+l) -2rl (....l!.'r), f. dr r e 1 m 
0 

(14) 

I'Ae p = v p 2 I 
1 

(..£... r) - cjJyHKUHSI EeccenSI MHHMoro apryMeHTa, HHTer-
m 

paUHSI no BHOBb TipiiBOAHT K llOSIBneHIIIO mapOBOii cjJyHKUHII p -l [(1-
2 -:l(z+ll__ 

-£>-t/1 
4YB 9/ 

, KOTopaSI s o6naCTH p < 0 CBSI3aHa c· npelKHeii cooi-H:omeHII-

eM ' 

-1 2 -1/.) . -1 p 2 -Y.. • -1 p 2 -Y.. . 
p [(1- __!!_) · J~ .L{P [{1---) -xO]-P [0--J +tOJI. ( 15 ) 
-2(z+l) 4m2 •• 2 -2(z+l) 4m2 -2(z+ll 4m • · 

.finSI 3TOii cjly_HKUIIII . TaKlKe II MeeT MeCTO npeACTasneHI!e., . nOA06HOe ( 10) /
8

/ • 

noaTOMY .II JWSI Hee OCTaeTCSI B CHne yTBeplKAeHI!e 06 OTCyTCTBIIH OC06eH

HOCTeii s npasoii nonynnoCKOCTH Rez> 0 11 Hyneii Ha peanhHOii nonolKHTenb

Hoii O~H •. noBTOpSISI Te lKe onepaUHII, KOTOpbie Mbl npOBOAIInH B. o6naCTII p
2 

<0 

C, cPYHKUIIl!MII ~ {p) II f(p), npiiXOAHM K cneAyJOilleMy BbipalKeHIIIO 

AnSI f ( p) , cnpaseAnnsoMy s o6naCTII 0 < p 2 <4m 2 : 

~ · 2 4 r-- oo a [K(4m2-p 2)( -I 2. -l/2 
f(p)~-2(27K)y-m--1~-1 · P

2
( 

1
,[(1--p-) 111 .(16) 

p2 n=O av ["(v+3) H2v+l)- _v+ 4m 2 V=n 

= 
npH aHani!TI!'IeCKOM npOAOnlKeHIIII cjlyHKUIIII f(p) no p

2 
B cjJ1!3li'IeCKYIO 

o6naCTb p 2 >4m 2 Heo6xonnMo C'IIITaTb, 'ITO Macca nMeeT 6ecKoHe'IHO Ma- · 
/10/ 

ny10 oTpnuaTenbHYJO MHIIMYJO Ao6asKy (eM,, HanpnMep, · ), TorAa 6yAeT· 

HMeTb MeCTO COOTHOilleHI!e 

-127 
4m z_p2-if ~(p2-4m2 )e (17) 

( ) 
- /8/ 

Hcnonb3YSI 17 , a TaKlKe cjJopMyny npeo6pa3osaHIISI maposbJX cjJyHKUIIii . , 

8. 

., 

I 

I 
I 

j 
., 
j 

I 

(1..:.~) 1/4 

p-J 
-211-2 

2 -1/2 2 . 
[i(-; -1) ] ~ P . I sin2n 

4 m .yz;-cos21Tv 

~ 

nerKo nony'IIITb AnSI f(p) B 06naCTII 

= - 2 4m 2 
a/4 oo . [, 

f(p)= y21T (ITK) 0-:- -
2

) ~ (i2-
p )ndl 

+Lt av 
[~ ( p·2 :_.4m2)]" 2J 

--------------------P 
r<v+3)r(2v+ l)r(2v + 3) 1

' 

nony'IeHHbie cjJopMynbi HaXOASITCSI B nor. 

AnSI cny'IaSI 6e3MaCCOBbiX qaCTHU • .fieii< 

Mbi nonyqaeM 113 ( 19) H ( 13) 

00 . a 
f ( p) =-( 27K ) ~ [ -{ 

(~(p 2 
+if 

4 

m=O 0 av rev+ 1) r<v+2) 

3Ta cjJopMyna 6bxna ·nony'~eHa HaMil paE 

noHHOI'O B3ai!MOAeiiCTBIISI C nceBAOBeK1 

neTBOpSieT TpeGosaHIISIM, npeAbSIBnSieMl 
.. . /2,11,12/ 

TapHOii S -MaTpi!Ueii 

§4.· Eonee cTporoe 11 

nocne Ka'IeCTBeHHOI'O paCCMOTpeJ .. 
3a cjJyHKUIIII : O (X) , nposeneHHoro 1 

nee CTpOI'OI'O nOAXOAa K 3TOMY BOnpoc 

3Ha'IHTenbHO ynpomaeTCSI. B 3TOM npnl 

cneAyJOillHM o6pa3oM: 

- · 2 m l 00
- -2 -2r cp (p)=(227K) -. JdtP-0 f drr e J 

K . !PI 0 0 

BHOBb HCnOnb3yeM AnSI 3KCllOHeHTbl. IIH 

EepHca •. HHTerpnpySI ~aTeM no t H M 

II no Z , npiiBOAIIM (21) K BIIAY: 

! 



2 npH 3Ha'leHIHIX .apryMeHTa P , neJKaiUHX B 

<0 • t.ITo6hi aaanHTH'IeCKH npoaonJKHTb f(p) 

p 2 < 4 m 2 
1 y,r:~o6HO OllS!Tb BepHyTbCSI K cpyHK-

(8). ·B HHTepecyJOmeii aac o6nacTH 

(Km2 )z oo -,:,..----J d -2(z+l) 2 · 
sin7Tzr(z+3) . rr e-'I(...e.r} o 1 m • (14) 

cpyHKilHSI Eecceng MHHMoro apryMeaTa. HHTer

K ~OSI~neHHIO mapOBOH cpyHKilHH p -I ((1-
2 .... 2(_z+l! _ 

p < 0 CBSI38Ha c· npeJKHeH COOTHOIUeHH-

-1 p 2 -1-2 -1 p 2 -1-2 
p [(1- .--) - iO]-P [(1- -) + iO]I. (

15
) 

-2(z+l) 4m 3 -2(z+l) 4m a 

/8/ 
T MecTo npe,r:~cTaaneHne,.noao6Hoe (10) .• 

B cone YTBeplKlteHHe 06 OTCYTCTBHH oco6eH

Rez> 0 u Hyneii Ha pean&Hoii nonoJKHTen&

KOTOpbie Mbi npoaonuna B o6nacTH p2 <0 

npuxonaM K cnenyJOmeMy BbipalKeHHJO 

B o6nacTH 0 <p 2<4m 2 : 

f~I[K(4ma.:_p2)(p-l [(1- L)-l/JII .(16) 
· a -Z(V+l) 

4 
2 

n=O v Hv+3) ft2v+l) . . m V=n 

OltOnJKeHHH cpyHKUHH f (p) ITO p
2 

B cpH3H'IeCKyiO 

HMO C'IUT8Tb 1 'ITO Macca HMeeT 6eCKOHe'IHO Ma
/10/ 

no6aaKy (eM., HanpHMep, ) • Torna 6yneT·. 

-ic =(p 2 -4m 2 )e 
-liT 

~I Myny npeo6pa30BaHHSI mapOBbiX cpyHKilHH . . , 

8 

(17) 

r 
t 

j 
L 
q 
.1' 
l 

i 
1. 

I 

l 
r 

I 
I 
I. 
I 

p-1 
-211-2 

4m 2 x/4 , · 
2 . -x/a (1--) . -2v-3/2 117V 211+3/2 

p ·· p2 . -11TV m e . m 
[i(--1} J = I sinmve r(2v+1) Py, (2-) -i11-- Py,(2->l, 

4mz v"fii' cos2"~ . .· . 2 P H2v+3) z P 

= 
nerKo nony'IHTb ,r:~ng f( p} B o6naCTH p 2 >4m 2 Bbipa.JKeHHe 

= - 2 4m 2 a/4. oo [K(p 2-4m2
)]

0 

-2n-3/2 
f(p)= y217 (ITK) (1- -} . ~ (i2 pI (2~) + 

· p2 n=O (n+2)! 12 p 

+..£.__1 
av 

• • v 
(K(p·2 -4m 2 }) 2V+3/2 --------P (2~)11 

r(v+3)r(2v+ l)r(2v +3) 112 P V=n 
) . 

(18) 

(19) 

Dony'leHHble cpopMynbi H8XO,r:ISITCSI B nonHOM cornaCUH C paHee BbiBe,r:leHHblMH 

,r:~ng cnyqag 6eaMaCCOBb!X qaCTHil • .fieiiCTBHTenbH01 ycTpeMnSISI m K HynJ01 

Mbi nony'laeM aa (19) H (13) 
2 . v 

(..!S..(p +ic)) 
4 

II 
r(v+l)r(v+2)r(v+3)· V=n 

( .1S- p2) n 

• 4 . ]. 

n!(n+1)!(n+2)! 

00 a 
f (p)=-(!TK) ~ (-1 
m=O 0 av -i!T (20) 

3Ta cpopMyna 6hma ·nony'leHa HaMH paHee B Monenu HeiiTpan&Horo naoH-HyK

noHHoro B38HMOlteHCTBUSI C nceBltOBeK~OpHOH CBSI3bl0 
121• 0Ha UenHKOM YllOB

neTBOpS!eT Tpe60B8HUSIM; npeltLS!BnS!eMhlM K noKan&HOH TeOpHU nong C YHH-
.. . /2,11,12/ 

TapHOH S -MaTpHUeH 

§4.· Eonee cTporoe npa6naJKeHHe 

Docne Ka'leCTBeHHOI'O paCCMOTpeHUSI npo6neMbi nOCTpOeHHSI cpypbe-o6pa-

3a cpyHKUHH ~ 0 
( x) , npoaeneH!roro B npeltblllymeM n~parpacpe, aanaqa Go-

nee cTpororo nonxona K STOMY aonpocy c acnon&aoaaHHeM npa6naJKeHHSI (5); 

3H8'1HTenbHO ynpomaeTCSI. 8 STOM npa6nHJKeHHU HHTerpan (4) Bbii'nMHT 

cnenyJOIUHM o6paaoM: 

- · 2 m 1 . · 00 -2 -2r I .... I e -r 
'¢ (p)=(mK)- fdt!l-t)f drr e J

1
(..1.J;!l.r)expl-tKm 2 -l. 

K !PI o o m r2 
(21) 

BHOBb ncnon&ayeM nng sKcnoHeHTbi . HHTerpan&Hoe ITJ2e.r:lcTaaneHne MennnHa-

EepHca •. HHTerpupyg 3aTeM no t H MeHSISI nopMOK UHTerpapoaaang no 

H no z. , npnaonnM (21) K anny: 

9 



-~loo 
- 2 1 </>. {p)=(2~rK) ....!!!.._ __ ! dz 

K - I pI 2 i -<Z+l"" 

'(K m2 )z j ~r r -2(z+~-r(2+zj cill r) • 
o · 1 m (22) sin~rz f'( z + 3) 

Llnll ·3H8'l:eHHH Z , neJKamnx B o6nacTH -2 < Re z < 0 , HHTerpan no r 

CXOllHTCll H paBeH: 2 
[ 1- p 

I n I 2z m 2 (? + z) 2 p-
_..!!_ ..11:l.(2+z) - F(z+3/2,z+2;2; )= 

2 m sin2~rzf'(2z+1) m\2+z)2 

] 2z +3/2 

(23) 
. . 

:::: -TT ill 
(S2+z) 2 - ___L_] z 

m2 

m sin 217 z r (2z + 1) 
v l-(2+Z)2 ~ 

. p2 
p-1 [(1-
-2z-2 

p 2. )-t/~]. 
m 2(2+ z)2 

!13 nonyqeHHOI'O BblpalKeHHll BH):IHO, 'l:TO BCe· yTBepJK):IeHHll, KOTOpble 6billH 

B ljlyHKUHH <f ( p) 1 
K_ 

cnpaBeanHBbi npa npoBelleHHH HHTerpnpoBaHHll no z 

OCTa!OTCll B cane H ):lllll ljlyHKUHH i ( p) 
K 

• Bo3BpamaliCb K ljlyHKuan f ( p) 

c noMOIIlbJO ljlopMynht, ananorwmoii ( 12), nonyqaeM anll HeljlH3H'l:ecKoii o6nac-

TH p2 <0 

- "" • 2 [ ( 2(2 )2 -2)]v 2 -f2 
f(p) =-2(~rK)2 :l..L_I y1-(2+vf ~ K m +V p P -t [(1- __ P_) 1!1(24) 

n.d:lav P2 f'{i•-t;3)f'(2v+l) - 2v-z m2 (2+v) l'!=n 

B cneayJOmeii HeljlH3H'l:ecKoii o6nacTn 0 < p 2 <4m 2 

UHH, onacaHHhte B npeAhtllyiUeM naparpaljle, nonyqaeM: 

, noBTOpllll onepa-

a 0 m2 c (p)=-2(~rK) 2 :l -lv<2+v)" --1 
[K(m2 (2w) 2-p2)f _1 p 2 -1/2 

! [(1- 2 ) lll . 
n.dl av p2 r<v+3) f'(2v+ 1) 2v- 2 m (2+v)2 ~"=n 

(25) 

HaKoHeu, B ljln3nqecKoii. o6naCTH p
2 > 4m 

2 

norn'l:Hhie ( 17) H ( 18), nMeeM 

, HCnOllb3Yll ljlopMyllbi, aHa

\ 

v-2 

[K (m2v 2- p2)] p -1 

r(v+1)['(2v- 3) -2V+2 

[(1- p 2 -1/2 

m2.v 2 ) 111 + V= 

- 2 ·00 a v2m 2 

r<p>=-2("K> :l -lv--1 
[E....]+ I av p 2 

m 

+ y21T ( ...!!_)2 
2 

[E...] 2 2 • ] v 
m a [K (p -m V ") m2V2 -5/4 2v-5/2 (26) 
:l -1 (1- --) p (mv)!l • + 

p 2 av r(v+ 1) r(2v- 3)I"{2v-1) P 2 t/2 P V=n 

10 

~;· 

:r 
f. y 

' t 

·rt' · 
il 
r 
j; 
l' j . 

. ·~ 

I 
·I .. .. 

l 
'I I 

l 
~-
!. 
! f 
1 
' .; 
;. 

- [L] n 

+ i v~ ( 2~ )2 m:l [K(p2-m2n2J] 
· p 2 . I n. 

(: 

3aecb [ ...£....] o6o3Ha'l:aeT 6naJKaiiruee ueno 
m 

B npeaene ni = 0 ¢opMynht (24) a (26) 

.!HITCll K ljlopMyne (20). 

npa CTpeMneHHH SHeprHH K 6eCKOHe'l: 

f ( p) CTpeMHTCll K HynJO, a MHHM8ll 'l8CTb 

0AHBKO STOT poeT MHHMOH qaCTH He npOTH 

/11-13/ 
lllleMbiM K llO.KallbHbiM TeOpHSIM 

§5. J1CClle):IOB8HHe .MHHMOii 'l8CTH 

-.H BbiSICHeHI!e CMbiCll8 npn611H 

!13 ycllOBI!SI yHI!TapHOCTI! S -MaTp_HUI 

llBYXTO'l:e'l:!IOii ljlyHKUHII fpnHa· AOlllKHa Bblp~u 

/12/ 
06'beMOB 'l:aCTI!U ' 

rae 

[.£...] 
3 

.. Im f ( p) = IT ( 2~r ) 
m 

:l 

( 4) n (p) = fo (p 

2 

n n dk 
:lk)II-1 

1=1 I 1=1 WI 

CpaBHI!BaSI ¢opMyllbi (26) 11 (27), no 

Hill! ljla3o'Bhiii o6'beM paBeH: 

n (p)=(2~r) -a/2 [4~r(p2 -m·2 n2)( 
n (p2) 2 [l-

!13 SToro BbipaJKeHI!SI nerKo nony'li!Tb ac11~ 

npH6nnJKeHHoro ljla3oBoro o5heMa np11 pa3m 

KOTOpbie H3 HIIX 

11 



(K ffi 2 )z 
oo -2(z+l)-r(2+z] cJ_£.1 r). J dr r e 1 m 

0 (22) 

-a-too 

J dz 
-<HI"" sin1Tzi(z+3) 

ne)l{awnx B o6naeTn -2 < Re z < 0 , nHTerpan no r 

2 2z -t-312 
p ] 

I m2 (2+z) 
2 

F(Z+3/2,z+2;2; 
p2 

-.,.....--....,.--)= 
m 2(2+z)2 

1Tz1(2z+l) 
(23) 

2 z 
_P_] 

- 2 v 1-(2+Z)2 ...!!f 
p2 

-1 p 2· I 
P w- rt ll 

(2z + 1) -2z-2 m 2 (2+ z)2 · 

g BliAHO, . 'ITO Bee yTBep)I{AeHHH, KOTOpble 6bJIIIi 

l>eneann naTerpnponaHHH no z B tPYHKUiili cP ( p), 
K_ 

tPYHKUiili i ( p) • BoanpawaHeb K ljlynKunn f(p) 
K 

ananoruqnoil: ( 12), rronyqaeM nnH ue¢nanqeeKoii o6nae-

2 
2 m 

1-(2+v) p2 

., 2 2 v 
[K(m"(2w) -p )] p -t [(1- __ P_2 .-t'2lll(24) 

r(v-~:3)1 (2v+l) - 2v-2 m2
(2+V} z.= 

o6naeTn 0 < p 2 < 4 m 2 

M rraparpa¢e, rronyqaeM: 

y(2+v)z ~- 1 [K(m2(2w) z_p2)f -t 
2 p 

p l(v+3) 1(2v+ 1) -ZV-2 

, IIOBTOpHH orrepa-

2 -t/2 
p 2 ) lllv.=n' 

[( 
1
- m

2 (2w) (25) 

o6naeTn p
2 > 4m 

2 
, nerronb3YH tPOPMYIIbl, aHa-

v-2 

[K (m2v 2- p2)] P -1 

l(v+1)1(2v- 3) - 2V+2 

2 -t/2 

[ o- -i--,> l II + 
... ... ll=n m.v 

[K (p2 -m2v2)]v 
-------(1-
r(v+ 1) 1(2v- 3)_f'(2v-l) 

m2 v 2 -5/4 zv-r.j2 (26) 
--2-) p / (mv) II , + 

p I 2 p V=n 

10 

~ 
! 
I 
I j .. 

!f· 
ll 

·--~· 
I 
l ·I·'· 
J 
'I 
jl 

1 
I 
I , 
1 
I 

f 
l 
I 
I 
1 

f 
I 
I 
~. 

+ i y 'i'f ( 2 IT )2 [':.,] 
2 7 ·l: 

[K (p 2 -m 2 n2J{ 
n! 

m2 0 2 -5/4 -2n+512 mn 
(1- -) p (-).· 

p2 ~2 p 

3neeb [L] 
m 

2 

· o6oauaqaeT 6nn)l{afiwee uenoe qneno, Menwee nenn'IHHbi 
p2 

v-~. m· 

B npenene ni = 0 ljlopMyiibl (24) 1i (26) TaK )l{e, KaK li (13), (19), eno-

AHTeHK ljlopMyne (20). 

npn eTpeMneHiili. anepi'Iili K 6eeKOHe'IHOeTH peanhHaH. qaeTb tPYHKUIIIi 

f ( p) eTpeMHTeH K Hymo, a MHHMall qaeTb .aKeiiOHeHU!IanbHO B03paeTaeT.· 

OnuaKo aToT poeT MHHMoii qaeTn ne npoTnnope'lnT Tpe6onaHHHM1 rrpen~HB

/11-13/ 
nHeMbiM K IIOKanhHblM TeOpliHM 

§5. Heenenonaane MHiiMOH qaeTH tPYHKUiili rpnua 

.li BbiHeHeHne eMbiena rrpn6IIH)I{eHHH ( 5) 

J13 ycnoBHH yHHTapnoeTH S -MaTpHUbl enenyeT, 'ITO MHHMSH 'lae:('b. · 

ABYXTO'Ie'IHOH ljlyHKUiili rpi!Ha AOII)I{HS Bblpa)I{STbeH 'lepe3 eyMMY ljla30Bb1X '

/1 2/ 
o6~eMOB 'laeTI!U ' 

[.£...] ( ..!;_t 
. 3 m 41T 

. Im f ( p) = IT ( 21T ) l: -- n ( p). 
2 n! n 

(27) 

rne 
-> 

(4) n n dk 
w =vkz+m 2 n (p) =fa (p - l: k)II--1 , 

1=1 I 1=1 WI I I (28) 

CpanannaH ¢opMynbi (26) n (27), rronyqaeM, 'ITO B naweM rrpn6nn)l{e

Hiil! ¢aaoBbiil: o6~eM panea: 

9 -2 2 n 
- -3/2 [41T(p" -m n )] . m2 0 2 -5/4 -2n+5/2 mn 
n (p)=(21T) u-- 1 P 

1 
<->. (29) 

n ( p 2 ) 2 p2 I 2 p 

Ha aTOJ:'O Bbipa)l{eHnH nerKo rrony'II!Tb aenMnTOTI!'IeeKI!e ouenKII rroneneHnH 

npn6nn)l{eHHOro ¢aaonoro o6beMa rrpn paann'IHbiX aneprn11x. np11neiteM ne-

KOTOpbie H3 HliX 

11 



' 2 7T 

'( 7T p!l ) n-2 ; 

(30a) (n-1)! (n -2)! 
p >> nm· 

n <P> ., 
n 2n-5/2 

(4rr) (p-mn) p 
---'--:-------- , n "' -
(2rrp)

3
/

2
r(2n-3/2) m 

(306) 

2n"..;.5/2 
(4rr)n(p-mn) - l 

a/2 ' 0 >> 
(4rrpn) r(2n-3) (30a) 

Cpaannaasr nony'!eHHhle tjlopMynhi c ananorii'!HhlMII oueHKaMII noBeAeHIISI 11c-
_ - - /14/ 

TIIHHoro tjlaaoaoro o6'beMa n -cKansrpHbiX qacTIIU (eM,, nanpiiMep, ), 

HeTpyAHO yi5eAIITbCSI, 'ITO .llPII p >> n m noaeABHIIe npll6niiJK9HHoro ¢aaoao-

ro o6'beMa rr.onnocTblO coanaAaeT c noaeAeHIIeM TO'!Horo tjlaaoaoro o6'beMa, 

a npn noporoabJX saepr11srx npll6niiJKeHHhlll: tjlaaoBblll: o6'heM cTpeMIITCSI K ny

nJO H9CKORbKO 6hiCTpee IICTIIHHOro, 

TaKoe nOB9A9HII9 n n ( p) CTiiHOBIITCSI anonne nOHSITHblM, ecn11 ctjlop-

MynnpOBBTb Hawe npll6nlllK9H119 HB SI3b1K9 tjlopMtjlaKTOpOB, nnsr STOre paCCMOT-
- H 2 

PIIM tjlyHKUIIlO rpnHa CB060AHOH CKansrpHOH 'IBCTIIUbl ,1. (x) B o6naCTII X >0, 

X O = t> 0 8bi6epeM CIICTeMy KOOpAIIHaT, I'Ae X = t, o 1 

-> 
<-> · dk - !cut 

tl (x)= -
1

- f- e 
(2 7T )

3 2 cu 

(2) 

m H ( mt) ' -- 1 
8rrt 

(31) 

(2) 

H
1

(mt) - tjlyHKUIISI XanKensr. ITpn6niiJKBHIIe (5) paaHOCIInhHO BBeAeHIIJO 

B nOAIIHTerpanbHoe BblpaJKeHIIe y 
(-) - -·(cu-m 

~ (x) tjlopM-tjlaKTOpa ~ }, L!eli:CTBII- -

TenbHO:-

-<'-> i d k cu-m -!cut 
tl (x) = -- f - ( --) e 
· (2rr) 3 2cu I k.l 

-lmt 
. e 

-1 
2 2' 

( 2rr) t 

'ITO anonae cornacyeTcsr c noAcTanoaKoll: . ( 5), IT osToMy tjlaaoabJll: o6'beM 

(32) 

n n(p) MOJKHO 3BlliiC8Tb B tjlopMe (28), HO C BB9A9HII9M H9KOTOporo tjlopM-

tjlaKTOpa' G (k 1,k 2 , ••, kn ): 
- (4) n n n Cp>=fo (p-~k)ll 

1=1 I td 

d k, G. ( k , k 
-- I 2 cu 

I 

... ,k ) • 
n (33) 

rAe 

c; c k1 ,k ; , ••• k > = n g c k >, 
n 1=1 I 

g (k 

ITpn noporoBblX -sneprliilx tjlopMtjlaKTop 

k 1 , a npn aoapacTaHIIII ·sHepnm CTpe 

iimOn(p)= On( 
p ->oo 

B aaKnJO'!BHIIe npnBeAeM BhipaJKeH 

tjlyHKUIIII rpiiHa llpll' 6onbWIIX 3HB'I9HIISIX 

-llcnonb30BaTb tjlopMynhJ (27) 11 (30a), : 

11 ncnonbaysr MeTOA nepeaana, nonyqaer 

imf(p) .. const 
ex] 

IToAo6noe noaeAeJine cornacyeTcsr c TP' 
/11 12/ 

KanbHblM TeOpiiSIM ' • 

Hcnonbaysr tjlopMyny (26) 11 cooTa 

JK9HIISI Ansr wapOBblX tjlyHKUIIll:, MOJKHO y1 

Ullll rpnHa y6bJBaeT B o6naCTII 6onbWIIX 

~6., noKanbHhl9 HenepeHOplll 

( 0611111ll: 

06wnll: cnyqall: noKanbHhlX 11 aenm 

t;l9HCTBIIH 6e3MBCCOBblX- CKanSipHblX 'IBC1 

paapa6oTaH yHIITapHblll: MeTOA nocTpoeH 

npocTpaHCTBe, ITpoaeAeHHbJe ·abJWe IICCl 

MeTOA Ha cnyqall: noKanbHbiX Henepenop 

HbiX -.'!aCTIIU c Maccoll: noKosr, oTnii'!Holl: 

B o6weM cnyqae ABYXTO'!e'lnyJO tjl: 

M9 6eCKOH9'1HOrO pSIAa no CT9ll9HSIM np 

'IBCTIIUbl ,1_ ( x) 

_ 12 I 13 



(1T p~) n-2 

! (n-2)! 

P- m n) 2n-5/2 

p >> nm· 

, n ,..L 
m 

I~' ·- ··· , n >> 1 

• 
(30a) 

(306) 

(30B) 

c aaanorlPIHbiMH oueaKaMn noBeneHnSI nc
/14/ 

qacTnu (eM,, aanpnMep, ), 

noBeneane npn6nn~eaaoro ¢aaoBo-

c noBeneaneM TO'IHOI'O ¢aaoBoro o6~eMa, 

~eHJibili ¢a30Bblli o6~eM CTpeMHTCSI K Hy-

CT.i'IJIOB.HTCSI BHOnJie llOJISIT!IbiM, ecnn c¢op-

H8 SI3biKe ¢opM¢aKTOpOB, .llnSI 9TOI'O paCCMOT
(-) 

CKanSipHOli '18CTIIUbl ~ (x) B o6naCTII x2 >0, 

KoopnnHaT, rne x"" 

m (2) 

--H
1 

(mt) 
81Tt 

t, o I 

(31) 

npu6nn~eHHe (5) paBJIOCHnb!IO BBeAeJinro 
~> · · w-m 

Y ~ (x) ¢opM-¢aKTOpa ( "ik"t ), .lleliCTBll- . 

dk. w-m -twt 
-( --)e 
2w I k.l 

-lmt 
e 

-i----
2 2' 

(Zzr) t 

(5), noaTOMy ¢a30Bblli o6~eM 

(32) 

(28), IIO C BBeAeHHeM- HeKOTOpOI'O ¢opM-

dk, . 
--G (k ,k , .. ,k ), 

cu l 2 · n (33) 
. I 

/ 12 

rne 

G < k
1 

,k 2 , .. , k > , n g < k >, 
n 1=1 I 

g(kl>=v 
Wj-m 

w
1 

+m 
k =vk !l 
·I I (34) 

npn HOpOI'OBbiX '9Hepi'HSIX ¢opM¢aKTOp g(k I') y6biBaeT K8K nepBaSI CTeneHb 

k 1 , a npn B03p8CT8HHII ·aHepi'HII CTpeMIITCSI K eAHIII!Ue, 0Tcrona cnenye.T: 

limn n ( p) "" n n ( p). (35) 
p ->oo 

8 3aKnJO'IeJine npnBeneM Bblpa~eHHe nnSI ·aCI!MHTOTHKII MHHMOli 'laCTH 

¢yHKUHH -fpnHa np~i 6onbiiiHX 3Ha'leHHSIX aaepnm. .llnSI ee Bbl'lll~neHHSI MO~HO 

.HCHOnb30B8Tb ¢opMynbi (27) H (30B), 3aMeHSISI CYMMY B (27) llHTerpanOM 

u ncnonbaySI MeTon nepeBana, nony'laeM: 

2 1/a 
exp(3(K -%-> I 

im f (p)"" const (36) 
P a 

nono6Jioe noBene~l!e cornacyeTcSI c Tpe6oBaHHSIMH, npen~SIBnSieMhiMH K no
Ill 12/ 

KanbHbiM TeOpHSIM ' , 

l1cnonb3YSI ¢opMyny (26_) H COOTBeTCTBYIOIIIHe aCHMHTOTI!'IeCKHe Bbipa

~eHHSI AnSI 1118p0BbiX ¢yHKUI!li, MO~HO y6eAHTbCSI, 'ITO pean~HaSI '18CTb ¢YHK-· 

UHH rpuHa y6biBaeT B o6naCTH 6onbiiiHX 3H8'1eHnli aHepi'llH, 

'· 
~6. JloKanbHbie aenepeaopMnpyeMbie 8aanMonelicTBHSI 

( 06111nli cnyqaJ.i ) 

06111nli cnyqali noKanhHbiX n aenoKanbHhiX HenepeaopMnpyeMbiX BaanMo-

• • 6 _; 6 131 T 6 J;tellCTBI!ll e3M8CCOBbiX CKanSipHbiX '18CTHU H3y'laHCSI B pa OTe i aM - bill 

pa3pa6oTaH YHIIT8pHblli MeTOA nocTpoeHI!SI ¢yHKUllll rpi!Ha B HMnynbCHOM 

npocTpaHCTBe, npoBeneHHble ·Bbiiiie nccnenoBaH3SI noaBonSiroT o6o6IIIHTb aToT 

MeTOA Ha cnyqali HOKanbJibiX Jienepe!IOpMnpyeMbiX B381!MOAeliCTBllli CKangp

llbiX .'18CTHU C M8CCOli UOKOSI, OTni!'IHOli OT HYHSI, 

8 06IIIeM cny'lae ABYXTO'Ie'IHyro. ¢YHKUllro rpnHa MO~JIO aanncaTb B ¢op

Me 6ecKoiie'IHOI'o pgna no cTeneHSIM nponaraTopa cBo6onaoli cKangpaoli 

'18CTllUbl Mx) 

13 

., 



F . ( x) = i 'i c ( n ). [- i g 2 ~ ( x) 1 n 
o6 n=<l (37) 

I'Ae KOS<jl<jJIIUIIeHThl C (n) nnst noKanhHh!X B3811MOAeiiCTBIIll YAOBneTBOpS!IOT 
/11-13/ 

ycnOBIIIO 

t/n 
fim I c (n) I = 0 • 

(38) n -ooo 

HccnenoaaHne aonpoca o nocTpoeHIIII <jlyphe-o6paaa <jlyHKUIIII (37) Ha'IHeM 

onstTb C npenaapiiTenhHOI'O paCCMOTpeHHS! <jlyHKUIIH q; o6 ( x) 

· oo 2 . n 
<Ii· (x)=i ~ c(n)[ig Mx)1. (39) 

o6 n=<l 

Hcnonh;:!Yst np116n11)KeHne ( 5) n npoMe>KyTO'IHyro perynnp11aan11ro, nepexonnM 

K HMnynhCHOMY npOCTpaHCTBY! 

- o6 = 
¢ (p)=i ~c(n)K" fd 4xelpx 

K n=2 

exp( -my' -x 
2 
+i£ 

2 • 
X -1£ 

(40) 1 '. 
per 

·. PaccMOTpiiM He<jlii311'IeCKYIO o6nacTb p 2 < 0 • Bht6epeM CIICTeMy KOOPliiiHaT, 

rne p =I 0 1 p I ·• Depexonn K eaKn11noaoii MeTpiiKe 11 .11HTerp11pyn no yrnaM, 

nony'!aeM 

-06· 2 m 
00 

n 
00 

-2(n+l>-(n+2)r IPI -
¢ (p) =(2rrK) - ~ (-K m2

) c( n+2) fdr r e J (-r). (41) 
K IPin=<J f . ,I m 

3necb f - napaMeTp o6pe3aHIIS!. 
. /3/ . 

Teneph, cnenyn pa6oTe , aoccTaHOBIIM aHaniiTII'!ecKyro <jlyHKnnro 

X ( z 
1 
r) , pery nnpayro B npaaoii nonynnocKOCTH Re z > 0 11 non'IHHS!JOIIIYIOC st 

ycnOBHS!M ( Z = X+ iy ) 

I x< z • r ) I < B e A I z I (.Re z > 0 , A> 0 1 B > 0) 1 (42) 

<11-olyl 
l)((iy,r)l <Be (-oo<y<oo, E >0) 1 . (43) 

14 

no ee 3Ha'IeHHstM X ( ·n 1 r) B aanaH 

x {n~thdn+2 

Dony'leHeyiO <jlyHKUHIO aaniiiiieM B Bl 

X ( z I r) = c ( z + 2) [K I 

C nOMOIIIh!O STOll <jlyHKUHH, IICnOnh3 

Til nnn if, ?6 ( p) cnenyroiiiee IIH1 
K 

- o6 2 m-a-t"" 
¢ (p)=-i2(11K) - f dzc(z+2) 

K . I P l-a+foo . .. S 

3To npencTaaneHIIe yno6Ho TeM, '11 

nnpnaan11!6 II nonOJK~Th C = 0. 

C npyroii CTOpOHhi1 ycnOBIIS! 

BOCCTaHoaneHHe <jlyHKUIIII 'X ( z I r r 
stBnsteTCS! a·eCbMa B8)KHhlM Ka'IeCTB( 

(41) K ( 46). 

Docne CHS!TIUI npoMe)KyTO'IHOi1 

(46) Mhl npiiXOAHM K IIHTerpany, K 

(23)). Tenepb _JMO)KHO aep!iyThCst K 

BHOBb. 11Cri01Ih3yst <jlopMyny ,(12). 3: 

Bhi'IIICneHHst IIHTerpana no z • ·E 

o6nac.Z.11 p 
2 < 0 

- . 2
00 a [ 

f o6·( p) =- 2(17K) ~ -I c(v +2)......: 
n=<l av 

-1 p2 . J 
P [(1- >-'2] II 
-2~ - .m2(2 +v) 2 . V=n 

AHanHTH'IeCKOe nponon)KeHne <jlyHKU 

npOXOAIIT.COBepiiie~HO HAeHTII'IHO n 

paCCMOTpeHHOMY B TpeTbeM II 'leT 

CMh!Cna llpHBOAIITh anech 9TH pa 



2 , n 
(-ig ~(x)], (37) 

Ji:&IX B38l!MOAefiCTBHll YAOBneTBOpSI!OT 

=0 • (38) 

~ypbe-o6paaa ~HKUHH (37) Jla~lieM 

JiHSI ~yllKUHII q; 
06 

(X) 

n) ( ig 2 ~(x)] n• (39) 

owvTO'fHV!O perynSipi!38UHI01 nepeXOAIIM 

e lpx ' [ exp(-my-x
2 
+i£ 

2 • 
X -1£ 

(40) 
n 

] .. 
per 

p 2 .( 0 , Bbi6epeM CHCTeMy KOOpAHH8T1 

OBOll MeTpHKe II -IIHTerpnpySI no yrnaM1 

f c ( n+2) ~r r - 2
(n+ ~ -<n+2)r J d.£lr), ( 41) 

£ . . I m 

HOBIIM aHanHTH~eCKyiO ~YHKUIIIO 

OCKOCTI! Re z > 0 II nOA~HHSIIOIUY.IOCSI 

>0, A>O,B> 0),· 
. (42) 

<y< 00 £ > 0). _.(43) 
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no ee a!la~eHHSIM X ( n', 0 B ·aanaaaori nocn.enoaaTenbHOCTII Toiieic n =0-,1,2, •• : 

-r 

x{n,i)=c(it+2}(Km.2 _;._] 
r 2 

(44) 

flony~eHJiY!O ~YHKUIIIO. aanniUeM B BI!Ae: 

-r . 
e z 

X ( z, r) = c( z + 2) [K m 2 ---:2 ] • 
r 

(45) 

C nOMOIUb!O 3TOll ~YHKU1111 1 HCnOnh3YSI ee CBOHCTBa ( 42 f II ( 43) 1 MO)IOIO Haft-

- o6 
Til JlnSI ¢ , ( p) 

K 

cneJlyiOIUee- HHTerpanhHOe npeJlCTaaneHHe: 

o6 -a-t "" ( 2) z "" 
¢ (p)=-i2(1TK)2 ~f dzc(z+2) Kffi I drr-2(z+t~-<z+2)J cllir). 

K I P l-a+loo sin " z £ 
1 

m 

(46) 

3TO npeACTaaneane YJl06Ho TeM, ~TO n03BOnSieT CHS!Tb npoMe*yTO~HyiO pery

nSipH3aUHI<i If nonO*I1Tb £ = 0, 

C npyroil. cTopoHb1
1 

ycnoBHSI ( 42) 11 ( 43) o6ecn~~HBaiOT onaoaaa~aoe 
' ( ) ( ) /15/ ·-

BOCCTaHOBneane ~yHKUIIH X z , r no ee 3Jla~eHHSIM X n, r .- 3To 

SIBn~~TCSI BeCbMa BS*HhiM Ka~eCTBOM npQUeAYI:Jhl- nepeXOAa OT npeACT~~.rie.HHSI·~:-
(41) K (46). 

flocne C!lSITHSI npoMe*yTO~HOll perynSipH3aUHII B npaBOll ~aCTII ~OpMyrihi 

( 46) Mhl npi!XOAIIM K I!JiTerpany 1 KOTOpblll yiKe 6bin Bhi~I!CneH paaee ( CM, 
. -

(23) ) , Tenepb MO*HO BepHyTbCSI K IIHTepecyiOIUeii !laC ~yHKUHII f 06 ( P) ,' 

BHOBb. I!CnOnh3YSI ~OpMyny ( 12), 3TO MO*HO cnenaTb KaK AOi ·TaK II nocne 

Bhi~ncnelli!SI. HHTerpana no z 

o6naCTII p 
2 < 0 

, -B peaynhTaTe nony~aeM JlnSI !le~nan~ecKoii 

- - ·2 .. a 
f 0 6(p)=-2(1TK) ~ -1 c(v+2) 

' -ndl av 
P-1 [(1-· p2 >-¥2_1 II 

2 J,l 2 1/2 
[K(m2 (2w)- p~]fl-(2w)2 m~ . 

p r(2v+ 1} 
(47) 

-21-'-2 m2(2+v)2 1/=n 

AHWHTH~ecKoe nponon*e-Jlne ~yllKUHH f 
06 

( p) no P 
2 

• B o6naC1'b p
2 
> 0 -

npOXOAHT COBepwe~HO HJleHTII~HO npOAOn*eHI!!O ~YHKUIIH f(p) II f (p). 

pacCMOTpeHHOMY B TpeTbeM II ~eTBepTOM naparpa~aX, floaTOMY lie HMeeT 

CMhiCna llpi!BOAI!Tb _3AeCb 3TH pac~eThl, 
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~I 

1,: 
;'j 
'I 
i 

YKaJKeM B aaxnro'!eHHe, KaKHM ycnoa~SIM .AOnJKHhi y.AoaneTaopSITh .. xos~ 

<fJHUHeHThi c ( n) , 'IT06hi 6hma o6ec~e'leHa :BoaMoJKHOCTh O.AH03Ha'IHoro. aoc

cTaHoaneHHSI <flyHKUHH x (z, r) c Tpe6yeMi>IMH HaM caoil:cTBaMH rro ee aHa'le

HHSIM X(n,r) , KaK IIOKa3aHO B pa6oTe 
131 , STO ycnOBHe. MOlKHO aanHCaTb 

a <flopMe 

n .. oo (48) 
---- k 1/n 
fim n !c(n)l ."'a(r), 

I'.Ae a ( r) - HeKa.ll <flyHKUHSI OT r , a k y.AoaneTaopSieT ycnoaHro 

0<k;S2. (49) 

CpaBHHBaSI ycnoane ( 48) c ( 38), nerxo y6eAHThCSI
1 

'ITO paccMoTpeHHhle 3AeCb 

HerrepeHOpMHpyeMbie B38H_MOAeilCTBHSI S!Bn.IIIOTCSI noKanbHblMH, 

§7. 3axnro'leHHe 

npoBeAeHHOe HCCneAOBaHHe SIBnSieTCSI eCTeCTB9HHhiM o6o6meHH9M Me-

TOAOB, llpeAIIOJKeHHbiX paHee aBTOpOM AnSI. OIIHC8HHSI HerrepeHOpMHpyeMbiX 

B38HMOAeil:CTBHil: 6e3MaCCOBbiX '18CTHU /l-3 /, Ha cny'lail: '18CT';U C OTnH'IHOil: 

OT. HynSI Mace oil: IIOKOSI. To 11pH6nH*eHHe, KOTOpoe 6hinO HCIIOnh30B8HO llpH 

IIOCTpoeHHH !flyHKUHH fpHHa B HMIIYnhCHOM 11pOCTpaHCTBe
1 

HaH6onee HHTe.pec

HO C TO'IKH 3peHHSI 11p8BHnhHOI'O K8'19CTB9HHOI'O OIIHC8HHSI IIO.BeAeHHSI !flyHKUHH 

fpHHa B paanH'IHhiX o6nacTSIX rrepeMeHHoil: p 2 • B To JKe apeMSI rrpli 6.onb-

lliHX 3Ha'leHHSIX SHepi'HH IIOnyqaeTCSI H XOpOmee KOnH'IeCTB9HHOe OIIHC8HHe 

<flyHKUHH fpHHa, npH SHepi'HSIX lK91 6nH3KHX K 110pOI'OBOil:
1 

peaynhTaTbl nony

~aiOTCSI HeCKOnbKO 38HHlK9HHhlMH, 

Pa3BHTb!il: M9TOA llpHM9HHM K OIIHCaHHIO AOBOnbHO lliHpOKOI'O Knacca 

noKanbHhiX HenepeHOpMHpyeMblX B38HMOAeil:CTBHil sneMeHTapHb!X 'laCTHU H 

YAoaneTaopSieT Tpe6oaaHHSIM 1 rrpeA~.IIBnSieMbiM K TeopHH c. yHHTapHoil: S 

MaTpHueil:. 

B aaxnro'leHHe aaTop 6naroAapHT npoilJ • .Ll.H. BnoxHHUeBa aa HHTepec 

K pa6oTe· H A-pa r.B. EilJHMOBa aa rrone3Hhie o6cyJKAeHHSI. 
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KaKHM ycnOB~HM ttOnJKHbl YtlOBneTBOpHTh-. KOsifl-

06ec~e'JeHa B03MOJKHOCTb Ot!H03Ha'JHOrO_BOC

C Tpe6yeMblMH HaM CBOikTBaMH no ee 3Ha'Je- _ 
/3/ - -

B pa6oTe , STO ycnoane MO}KHO aanncaTb 

_ - 1/n 
c(n)j _=a(r), 

{48) -

or r , a k y,~:~oaneTBOpHer ycnoBHro 

< k s 2. 
{49) 

38), nerKO y6ettHTbCH, 'ITO paCCMOTpeHHble 3,1:leCb 

HBn.IIIDTCSI noKanbHblMH, 

ecTecrBeHHhiM o6o6meHHeM Me-

'IacTl!U c.oTnH'IHoif 

•H5nHMeHne, Koropoe 6b1no ncnonb30BaHo npn 

Ka'JeCTBeHHoro OlliiCaHHSI llOBetteHHSI ljlyHKUHH 

p 
2 

• B To JKe BpeMSI npn 6.on~>
xopowee Konn'IeCTBeHHoe onncaHne 

K noporoBo:lf, peaynl>TaTbi nony-

K OllHCaHHro t!OBOnbHO WHpoKoro Knacca 

BaanMo.QeifcTanii sneMeHTapHbiX 'IaCTHU H 
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