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§1. BB ell e H He 

CTpo6neMbI, CBSl38HHbie C Hal!H'!HeM ynbTpacjmoneTOBbIX paCXOA!IMOCTeii 

B KB8HTOBOH TeopHH 110l!SI 11PM l!OK8l!bHOM B38HMOllelicTBHII, S!Bl!SIIOTCSI 0CII0B

Hb!MH npH ¢opMyl!HpOBKe nocneaoBaTel!bHOH H caMocornacoBaHH0li TeopHH. 

CTpH TaK ll83bIBaeMbIX nepeHopMHpyeMbIX B38HM0lleliCTBHSIX yaanocb ycTpa

HHTb paCX0llHM0CTH, nepeonpeaenHB K0HCTaHTY CBSl311 H M8CCbl '!8CTIIU. Oa

HaK0 ycTpaHeHl!e pacX0lll!M0cTeli B MaTp11ue pacceSIHIISI MeToll0M nepeaop

Mllp0B0K He CHl!MaeT TpyllH0CTeli Teop1111, T8K ({8K 6ecKOll8'1110CTII II3 MaTpll'I-

Baal!Mo "eH·cTBl!Sl/ l / H BCSI Hb!X aneMeHTOB nepeXOllS!T B narpaHlKll811 ,.. nocTa-

HOBKa aaaa'lll KBaHTOBOli Teopnn 110l!SI C narpaHlKl!aHOM B3811MOll8ilCTBIISI HO

CIIT 1103TOMY llOBOllbHO yCl!OBHbIH xapaKTep, Eon~e 1'oro, OCTa8TCSI 60l!b1I!Oli 

Knacc HenepeaopM11pyeMb1X Baa11MoaeiicTB11li, rae aTy nporpaMMY 11e yaanocb 

ocymecTBl!Tb ( Hanp11M'ep, cna6b1e B3_81!MOllelicTBIIS!, B3811MOll8HCTBl!e BeKTOp-,

HbIX 6030HOB C HyKl!OHaMI! II T.a.) OllHIIM 113 cnoco6oB ycTpaHeHUSI pacxoan

MOCTeli S!Bl!Sl8TCSI BBeaeaue aenoKal!bHOCTII B38llMOllelicTBIISI, npll 3TOM CB0-

6oi:rnoe none C'll!TaeTCSI l!0K8llbHbIM. 4>uaH'!eCKOH l!lleeli, nel!<aIUefi B OCHOBe 

3Toro 110/lXOlla, S!Bl!SleTCSI npe1ll10l!OlKeH11e O TOM, '!TO B M8llbIX np0CTpaH

CTBeHHO-!lpeMeHHblX o6naCTSIX B03MOlKHbl apyr11e BIi/lb! _11p}l'll!HHOl! CBSl311 B. 

OTllll'!l!e OT Tex, KOTOpbie xapaKT8pHbl lll!SI 6onblI!UX M8CII!Ta6oB npocTpaHCTBa 

II BpeMeHI!, 

B pa6oTaX 
12

-
51 

Obll!a nocTpoeHa HenoKallb/J8SI Moaenb lll!SI cKanSip-

Haro 110llll, Yll0Bl!8TBOPS!IOIU8S! YCllOBIIS!M YHIITapH0CTII II MaKponpll'IIIHHOCTII. 

CTpellCT8Bl!SleT IIHTepec 06061UIITb 3TY MOllel!b Ha cny'!ali qiepMIIOHHblX nonel! 
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II paccMoTpeTb B ee paMKax cnaobJe B3811MOAeilcTBIISI. 3necb Mbl orpa1111q11MCSI 

TOnbKO nellTOHHblMII 11poueccaM11, 

§ 2, nocTaHOBKa aanaqu 

B KaqecTBe narpa11JK11a11a cnaf5oro aaanMonei!cTBl!SI MbI Bb1011paeM of5me-

npHHSITOe YHHBepcanbHOe V - A B38HMoneilcTBHe, TaKHM of5paaoM, 

L ( x) = L ( x) + L ( x). 
0 In 

3necb Lo ( x) - OObJqffbli! - narpaHlKHBH CBOOOAHbIX none ii, a 

G .+ 
L In (x ) = -=:: j J 

y2 w w 

jw =iii O'l'.+'1' 0 'I' , . a V µ a vµ 
I, 

0 = y (1+;: )", 
a~ a ~ 

rne G_- H3BeCTH8SI KOHCT8HTa CBS13ll cnaf5oro B38HMOAeiicTBHSlx/. 

«l>opManbHO S -MaTpnuy MOlKHO 38IIIIC8Tb B Bl!Ae T -nponaaeneansi: 

S = T exp I i f d x L 1., ( x) I , 

xi 
MeTpHKa Bb1opana cneny10m11M of5paaoM: 

(
10 0 0) 0 -1 0 O I 0 

g µv = 0 0 -1 0 . ' yo= ( 0 -I ). 

0 0 0 -1 

r =( -~ ;o} 

( 
0 -1) 

~ = -I O 
0 

4 

( 1. 1) 

( 1,2) 

( 1,3) 

nocne paanOlK8Hllll S -MaTpllUbl 110 KOHCT811Te CBSl311 ll _ nepexona K 

N -nponaaenen1110 orrepaTopos rron11 1(1 ( x) IIOllBSITCll xpouonor11qeCKll8 

csepTKII 011epaTopos 11on11 'l'(x). lfTO f5yneT IIOHUMST_&CSI IIOA HIIMH? l13B8CTHO, 

qTO nponaraTop CBOoon110R 'IBCTHUbl 

';. ( x) ip<y) =< 0 I T(l(I a (x) i p<y)) IO > 
( 1.4) 

He 011pene11e11 npH COBll8A8IOillllX apryMeHTax X II Y • no9TOMy B llpa-

BYIO '18CT& ( 1.4) MOlKIIO nof5aBUT& n106y10. KB83HnOKan&HYIO ,f,yHKUHIO.·· npen-

11onolKHM,, 'ITO c11pasennnea cneny10ma11 ,f,11anqecKa11 r11n0Teaa, 

np111m111111anhHO uen&asi: 1111qero cKaaaT& o 11oaene11m1 qacTnu 11a nocTa

TO'IHO M811blX 11pocTp8HCTBe11110-apeMeHI1blX paccTOllHHIIX, 

3To 03118'18eT, 'ITO B npaay10 '18CT& ( 1,4) MOJKHO nof5aBIIT& of5of5me1111y10 

,f,yHKUHIO Ka/3 ( x-y ) ua 11onxonmnero Knacca 11en0Ka11&11blx ,f,y11Ku11ii, 
/5,6/ 

paCCMOTpemiblX B • 11 TaK, IIOCTy1111pyeM, '!TO 

( 1.5) 

S
0 

R =i<O I T('I' (x)ivR(y)) IO>+ K a<x-y). 
r Up a ,-, · a 1~ 

TaKHM of5paaoM, nof5aaneuue B 11po11araTop 11en0Ka11b11oli: of5of5me1111oi! qiynK

111111 oauaqaeT, 'ITO B cxeMe llOCTpOeHIISI S -MaTpl!Ubl 110 Teop1111 ·B03MYllte-
/1/ 

· 1111il B MeTone 6oron100oaa aoa11nKaeT 11po11oaon npu 011pene11e111m panua-

uuo1111b1x 011epaTopoa npH coarrana1011mx apryMeHTax, Korna caMa T80pHSI 

cquTaeTcSI 11en0Ka11&1101!, 3TOT npouaaon cymecTayeT nnsi acex pan11au1101rnux 

011epaTopoB BO ncex nopsinKax TeopHH noaMyme1111li:, onnaKo nnH ycTpa11emrn 

YllbTpa,f,HOli8TOBblX pacxoi:tllMOCTeil npu coxpaaemm y1111Tap110CTII TeOpllll ll0-

CT8TO'IHO llpOBeCTII ll3M8H8Hl!e IIHlllb B nporraraTope cnof5on11oti '18CTl!Ubl, 

8 3TOM COCTOl!T no11011imTe1Ibllblii nocry11a·l' T80pllH, 8b1oop Ka~(x-y) 

Mbl KOHKpeTH3npyeM 118CKOflbKO II03AHCO nocne nepexona K OBKnH/lOBOll MeT

p11Ke, B HMilYnbcuoM npocTpaucTne 11011y'l11M: 
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C m+yp 2 2 ? 2 
S (p_)~., . +[A(-p,m)+ypB(-p",m )] 

m·-p2-,c 

v,(-p2,m2)m +ypV2(-p2,m2) ( 1.6) 

m2-p2-i, 

V l ( - m 2 ,m 2 
) = 1 • 

/5 6/ · Kai, llOK838110 B 
1 

1 Mo:11rno T8K nono6paTh onepaTOpbl KafJ (x-y ), 'IT06bJ 

qiyuxmm V l (-p 2 ,m2
) 11rpan11 ponh 06peaa101uero ifiopMlj,aKTopa B psrny Teop1111 

B03MY!UClll!il, "T.e. 'IT06bl cxonum1Cb u11Terpanb1. COOTBeTCTByJOIUl!e nJ06b!M 

rpaq,aM cJleilnMalla, II 6bmll BblllOnHellbl Tpe60Ba1111.11 y11nTap11ocTII II MaKponpn-

'IIIHIIOCTII, Jl8Kn8llb1B88Mble 118 S -MaTpnuy Teop1111. 

B paMxax STOil Teop1111 Jl8MH- 6ynyT nony'lellbl nonpaBKII K BpeMe1111 lKll3HII 

µ -Meaoua II K suepreTH'ICCKOMY cneKTpy sneKTpOIIOB npn 

BO DTopoM l!OpllnKe Teopun B03MYIU81111H, 

§3. BTopo1i nopSlllOK Teop1111 B03MYlll8Hllii 

/J -pacnane 

npu Dbl'IHCneHJIII IIOllpllBOK DToporo 110pSlllK8 Teop1111 B03MY!U81111il B 

cn06h1X naanMoneilcTBIISJX noa1mxaeT a0n0qa 011penene1111S1 TaK uaa1,1aaeMoii 

qiepMIIOHIIOil neTnn. COOTBeTCTBy101Ueii nHarp8MMe cJleiim,1a11a, IIOK838HHOH 

Ha pnc. I, 

>c< 
Pnc, I. 

B paMKaX 11enoKBllhllOil Teop1m 8MllnllTYllB, COO,TBCTCTBY!Olll8SI &Toil nuarpaM

Me. smnsieTcn xopomo onpenenenuoii nem1qn11oli. Bb1'!11cn11M ec. 06oa11a'!11M 

6 

'ICpea p cyMMY BllelllllHX HMl!ynhCOB, BXOlUHIU!X n TO'lKYo Ton:.a COOTBeT-

I 
CTDYJOIU8Sl STOH llHarpaMMe 8Mll/lllTYll8 OIIIIChlD80TCSI cnenylOIUIIM 11111orpanoM: 

ipx "' 
Il(p)=ife S (xJll 

t I 
@S 0 (-x,m )dx, 

, 2 (3.J) 

rne 0 - a11aK npsiMoro npoH:csnenemrn, 

CymecTBCHHOii '!CpToii 11enoxanh11oli TeopHII SIBJUICTCSI 11eo6xon11MOCTb 
_ /4-8/ 

paccMaTpnnaTb eo B T8K Haai.rnaeMoli enxnnnonoii tjlopMym1poBKC • KaK 
15,6/ 

IIOK838110 B I tjlopMijiaKTOpbl V (-p11
) nonlKHbl 61,1Tb UC.:JbJMII ,jiyHKUl!SI-

Mll nopsinKa 21 < p < 1 ll JlOnlKHbl y6blB8Tb llpll Re p 
2 

.. _; ;,., KaK - , 
V(-p 2 ) ·= 0( _l_ '),o->2 nnsi yno6CTB8 6yneM C'Ilt'HlTb1 'ITO HMllynbC 1 OT 

(p2)1 - 2 
KOToporo 38DUCIIT TI (p) , 11pOC'IpancTB8HllOIIOll061lblii, CymecT·ByeT pery-

, ~/ , 

l1Slpll381;!HOJIII8SI npoue/lypa • KOTopasi nenaeT (3.1) CXOllSllllllMCSI, Ona no-

3BOlJSl8T nepoiiTII K OBKllllllOBOH MCTpllKC, ITpn 3TOM nocnc 11cco6cTBCIIJIOro 

npencnhnoro nopexona nony'IHM cxo1fameec11 nupaJKemie nns n ( p): 

rne q 

-iqx 

TI(q)=-fe 
C C 

S (r) X S 
r 
e 

r . (-x)dx, 

CDKllltJlOB BCKTOp1 CB!I38Jlllbll1 C p COOTIIOIIICHHCM 

p2 =-q 2 (p2=p2-p2, q2=q2 +q2), 
0 4 

(3.2) 

l I k· x 
V (k 2 m 2 )m +iykV (k 2

m
2

) 
1 • 2 ' 

(3.3) 
l C 
-S 

j 'e 
(x,m )=-- f dke 

( 221)4 m 2+ k2 

3necL y - MaTp!IUhl spMIITODhl I! IIOll'Il!IISIIOTCSI CODTIIOIUCIIIIIO➔ 
➔"' ➔ • ( 0 -u 

yk=yli +y k, •• y =I .. 
4 , 0 0 y y -ty y 

µ V V µ 
w ,,., 

), y 4 = y O • 
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/6/ 
KaK IIOKaaano B • U3MCl!el1Ublii cornacuo ,popMynaM ( 1.5) II ( 1.6) 

qiepMIIOHllblii nponaPaTop s •. ( x) B QBKllll/:IOBOM x- 11pocTpa11CTBe 3a-
e 

IIl!Cb(BaeTCSI cnenYIOIUIIM o6pa3oM: 

c [ X 2 S (x) = V 1 (-)m 
r f2 

-V2 ( x
2

) a] DC (x), 
f 2 e 

(3.4) 

PJ:le . Vi - 11eKOTOpble qiyHKlllIII, f - 3.'leMe11Tap11aS1 nmrna·, xapaK;epnayro-

maH ne11OKa111,11ocT1,. Mbl paccMaTpnnaeM cny•1aii, KoPna V 1 = V 2 , T.e, 

Pne 

s 
,;, 

X::J C 

(x)=v ( -)S, (x), 
f2 e 

_l_ S ( x) 
i .e 

_l __ f dk 
(2")t 

-lkx 
e 

m + i yk 

m z+ k 2 

v( t) 

O(ta) t ➔ 0, 

-GC\G) 

1- O(e 

a> _;J 
- 2 I 

t _,NI 

(3.5) 

(3,6) 

( 3, 7) 

a G( -./t) = max (-./tv'a -h(a)) Pne h(a) - TO'll!l,tii nopst/:IOK ,j,y111<u1111 
a>O I 

V ( k 
2 

) • Han6onee npocTue ,j,opMy1tb1 nonrra IO'l'CH npn rrpocTeilumM Bh16ope 

4'y1IKUIIII V ( e½-) : 
x2 

V ( f2) 

O(t) = 

f 2 
= 0 ( 1--), 

x2 

t > 0 , 

0 t < 0. 

8 

(3.8) 

B sToM cnrrae 

2 e 2 
V

1
(k2,m2)=T [J

2
(ke )K

0
(mC)+ K

2
(mf )J

0
(U )], 

( 3.9) 

( 2 2) V
2 

k ,m = 
· a 2 *' [ la (ke ) K l(m e) + K /me ) rl (k f ) l • 

3nech 

k=-./k 2 ,Vl(-m 2 ,m 2
)=1. 

Cornacno (3,5), (3.2) MO>KHO nepenncaTb B mme 

[l ( -a/3,µv q) = - J e I qx 

2 C 
2 X ) C v (--)S./3 (x,m

1 
s. (-x,m 2 ). 

f 2 a µv 
( 3, 10) 

x2 
ITpennonoxmM, 'ITO qiyHKUHSI .:; ( p-) o6nanaeT 1111Tepp11pyeMoii npo11anomwl'1, 

ToPna nnsi 11ee MOll<HO 11an11caTh cnenyromee npencTannemre: 

rne 

2 2 2 00 
2 y2 y2 . y 2 

v (_!_) =-fdy 0(1--)v(-)v'(-) 
f2 £2 0 x2 e 2 f2 

f ( 'I) 
e2 

2 00 2 y2 y 2 . 
=-f dy 0(1- -)f ( -), 

f2 0 X 2 f 2 

o6nanaeT cneny10llll1MII CBOftCTBaMII 

{ 

2 a'- 1 ) O(x 

f ( X) = -G(yx') 
. ) 

O(e 

rrpn 

npn 

9 

X ➔ 0, 

X -Jo oo • 

( 3.11) 

(3. 12) 



nonCTSBIIB TO)Klt8CTBO ( 3 0 13) 

S.:(x)0s:(-x)= j dm 2 0
2

(m 2 )[m
1
@m

2 
+mi<S)aA

2
(m 2 )-A

1
(1/)a(9ma-

Cm1+ml2 - (3.18) 

-C(m
2

) a0i - B(m 2 )m2 !Grµ JA~(x), 

rne 

lkx 

C J J A (x)•-- e dk m 

(2,r) 2 

KI (myii:2 ) 

m (2ir)4 m2 + k :r 

02(m2 )= iry>..(m:r,m12.m:2) 

2m 2 (2ir )3 

y;:i 

,\ ( Z I , Z 
2

, z
3 

) e Z ! + Z: + Z ~ -

-2z
1
z

2
-2z1 z

3 
-2z,z

3
, 

m2+m2-m2 __ , 2 m2-m2+m2 __ 1 2 
• B 

i\(m~m~,ml) 

12m 4 
A e 

I 
2m 2 

A = 
2 

C = l_[ m ~ (m;-m22 )2 

3 m 4 

2m 2 

2m2-m22 J m - l • 

2m 2 

(3.14) 

( 3.15) 

(3. 16) 

n ( 3 04) n ( 3. 10), npouuTerpupoean no x ii_ a11anHTH'18CKH npononlKHB-

WHCb B o6naCTb p 2 > o, nony1111M 

n (p) =1€)ID + r /lrv\,,/1 n + ~; n + 
-I ~ 2 p2 3 1€) ~ D 4 + L€)ID 5 • 

yp2 . yp2 
(3. ]7) 

10 

,. 

i 4 

N 2 2 N 
DI =mlm9Jdy2!._r(L) I d 2 02(m2)m2 

·o f2 2 ~ m f (m,+,m/" m 2 -p2 -i, 
go • 

00 y 2 y 2 oo 
2 

0 / m 
2 

) m
4 

c 
D2 =f dy 2 -;;-f(f) f d m ----- [- g 2 - (B+ .£.. )f J 

o . f· 2 (m1-t1nz>2 m 2_ P2 -i, 12· 4 o 

"' 2 2 "' 0 ( m2) m 4 

D =-fdl-Y-rc..L> fdin
2 2 cg 

3 o f2 F (m+mJ:I 3(m 2-p:i..i,) 2 

D4 
5 

l 2 

m 
I oo 2 y 2 oo 

2 
() (Jl'i! ) m 3 

+.2..fdy 2 Lf(-)f dm 2 
· A2g 1 ,. 

-2o 1' 2 f 2 cm+m1 m2 -p 2-it 1 · 
I 2 

gn = 1n+2 (py) Kn (iry)-ln(py) Kn+2 (my). 

( 3. ]7) 

( 3.18) 

H3 (3.18) DllltllO, 'ITO Ko3¢q,11u11ellTbl DI - a11amJTH'leCK11e q,yHKUHII OT P
2 

C pa3pe3OM_ 118 neliCTBJJTenbllOi! ocn, IIB'IIIIIBJOmllMCSI_ B TO'IKe p2 = (ml+ m 
2 

)2 

n yxonBmllM n nonO)KIJTenbnyro 6ecK011e'l11ocTb. npn cTpeMne111111 I' -o O 11a1160 -
1 

nee ClJnbHO 6ynyT paCXOAllTbCSI D1 II D 2 , KaK e _ ( CM0 llpllnOlK8Hll8) 1 

D 4 11 D5 6ynyT pacxonnThCll nnneiiao, a D3 - norapmjiMH'leCKII no l'. 
' Bb1paJKem1e ( 3.17) nnB neTnn MOlKIIO 11cnonb3OBaTb B 11p0113BOnhHOi! 

'1eTb1pexq,epMIIOflllOll Teop1111. B cnyqae cna6bIX B3811MO.Qei!CTBlll1 OHO 3BM8TJIO 

ynpOCTIITCB: nepnblil II nBa nocnemrnx 'lnCHOB Bhllla.QyT. Ecm1 orpaJIH'IIITbCSI 

nnarpaMM8MII, B KOTOpblX ecTb uei1Tp!lllllbll1 nponaraTop, TO B pe3ynbTaTe 

nony'lnM cnenyJOmyJO q,opMyny nnsi ll ( p): 

TI(p) =r"0rl' M(p2) + i<qv N (p2), 
p 

11 

( 3. 19) 



rne 

m2 
"" y "" dx 2 -

M(p 2 )= -----fdyyf(-) f _ I (x -1) [l 0 (p vf)K (yxy)-
32(21r)2t; O f! I X -pm-If m 2 

(3.20) 

2 
_ (x-1) (x+2) - - ,r=: -

-Ko(yxy)l2(pmyy)] + 9x [l,(pmy'y)K2 (y'xy)-K,(vxy)l2(pmyy)]I, 

N (p2),,; m2 "' 
72('1.trh 2 

0
f dy yf(..l'._) 

m f 2 m 

2 

{
"" (x-lJ {x+2) 

dx--.,......- x 
X -p 2m-i£ 

x[I (p yy)K (,J";i)- K (y'xy) I (p yy)]. 
2 m 4 2 4 m 

H11Terpanbl aarmca11b1 B 6eapaaMepHblX enn11nuax, a fm =f • m 

( 3.21) 

llpm=:!p2• 
m 

Bbl'Il!Cne1me (cM. rrpllnOlK8Hlle) M (p 2
) 11 N(p 2

) B 11penrronolKe111111 ManblX 

fm(fm«l) 
2 2 

naeT rrp11 p < m 

2 m2 SF(-1) P.: 2 P:U , 
M(p )= ---[ -- + (1- --) fnf +2(1- -)F (0) -2 + 

16(2,r)2 £2 3 m 3 
m 

4 2 1 
2 1 2pm-3Pm + ol 

fn(l-p
2

), +p +-2-+ 
m 3p 3p! 

m 

N{ P 2) = 

rne 

m 

m2 

[-iJ!fn f! + 2p 2 (1- F '(O)) +2 - -
2
- -

24(2,rf 
m p2 

m 

4 2 
p -3+ P2 

m ___..:;..m fn (1 -p 2 ), 

3p 
2
m 

F(a)=fdyf(y)ya 
0 

m 

12 

(3.22) 

(3.23) 

I 
l 

-11 
11 
ti 

I 

!. 
:' 
' i 

IJ 
i1t 

I, 

)' 
i 
I 

I. 
Ii 
I, 

3aMeTnM, qTo, xoTn Bennqnffbl F (a) , BXOllRIQlle B (3.22) .ll (3.23), 

II aaBIICRT OT KOHKpeTHi>ro Bb16opa ¢opM1jiaKTopa, 110 ace 01111 IIOpRi:tKa en11u11-

Ublo lleiiCTBl!Tem,110, cornacuo (3.12), <jiyHKl[IIR f( x:) 6bICTpO y6bIBaeT 
• f 2 

C pocTOM x 2 Ha paCCTORHIIRX rropRi:tKa sneMeHTapuoii nnHllbl f T.e. rrpn 
1 

2 
t = +> 1·. nosToMy nnH a>- 3, 110 ne oqe11& 6on&wnx, 11MeeM 

f 

1 a l a 20-1 
F(a),,,fdtt Ht)';,fdtt O(t ) .. O(l). 

0 0 

4>y HKUHII M ll N .nerKo a11annT11'1eCKII rrponomKHT& B o6nacT& l> m 
2

• 

fipn 3TOM H81l0 ·-rroMH~Tb, qTo <jln311'18CK8H 8MllnllTYll8 RBJIR8TCR 3H8'1e11neM 

a11an11TH'IeCKOii <jiyllKl[llll 118 eepx11eM 6epery paapeaa B rrnOCKOCTll P 2 
• MmIMbie 

'ISCTII <jiyHKUllfi M(p 2 ) .H N(p 2 ) OK83blB8IOTCH paBllbIMII: 

lmM~ <l-m
2

)

3 

1921rp 4 
lmN 

(p2 -m 2) 2(p 2+ 2m2) 

96,rp 4 

(.3.24) 

KaK BllllHO 113 ( 3. 17) II ( 3. 18), rnaBll8H pacxoi:tUMOCTb, KOTOpaH IIOHBIITCH 

llpll f
2 ➔ 0, HSXOllllTCH B Koa¢¢mtHe11Te M. 

§3. Pacrran 11 - MeaoHa 

3nec& Mb1 paccMoTpllM pacrran _ I-' -Meaona 

µ ➔ e+vl-' "' +v 
e 

Bbl'IHCnHM anepreTll'IeCKllfi Cll8KTP aneKTpOHOB BO BTOpoM IIOpRnKe Teop1111 

aoaMymemrii II oue1111M aepxHIDIO rpamruy aneMe11Tapnoii nnnHbI xapaKTepn'."" 

3YIOIQeii nenoKan&HOCTb B3811MOlleiicTBllllo llnarpaMMbI, COOTBeTcTBYIOllllle 

I-' -pacrrany, 6ynyT IIM8Tb Bllll 

l 
/1~e 

~ 
~

e_ 
Ve 

e 

,,,, ~ 
P11c, 2, 

13 

e 

~~ 
_µ ~ 



BneneM cnenyromne 06oaHa•ieH11S1 IIMITynhcon 'JacTmt: p - JIMnynbC 

µ -MeaoHa, _k I - 11Mnynhc snCKTPOHa, k 2 - aneKTpOIIHOI'O aHTlll!CilTpllH0, 

k3 - IIMITynbC MIOOIIIIOI'O HeihpllHo, k=.k1 + k2=P-k3.O'ICDHJlHO, k2 < m 2 µ • 

MaTpll'IHbll'i aneMeHT, COOTBCTCTBy10muil pac~any, aam1meTCSI cneny10mHM 06-

paaoM: 

i G - -
M=i'J(p-k

1
-k.-k

3
)---1-(v O v )(v O V= ) + 

. • ( a,f ,;/2 e a /l V µ a V8 

( 4.1) 

+_Q__(vOv )(VO v., )[Oail (k,m,)Op +Oa. Il (k,m )0{3 
2 ~ a µ 11 {3 v, /4' vp,oµ ., po µv vp,oµ µ po 

µ e 

Ba.11B mnypb1, OKOH'JSTenbH0 ·nony'JIIMI 

2 
. G G ] 

M = ,'J(p-k -k -k ) _I_[-= fl +--=- f 1af3f 2af3 • 
1 2 3 (Z..f -./2 aa -,/2 

rne 

r · = cv+ 
la/3 :e 

- - + 0 V }( V + 0 RV ), 
a µ "µ ,-, Ve 

(I) ~ (2) 2 2 2 2 
f? R=e.Rf + f =2Rl-l6[M(k.,m )+M(k ,m )]-.a,., -Up 2 k2 2 -Up e µ 

k k 
-8[N(k 2 ,m 2 )+N(k 2 ,m 2 )]I + ~ 16[N(k 2 ,m 2 ) + N (f1 ,m 2 

)] • 
e µ k2 e µ 

14 

(4.2) 

(4.3) 

(4.4) 

l 

l 
jl 

1! ,., 
,J 

3necb II nanee 6yneM npeHe6peraTb- Maccoil aneKTpoHa no cpanHe1m10 c ero 

a11epr1reil1 T.e; neane 6yneM C'IHTaTb ee (Macey)· paBHoll 11yn10. flpn Bhl'IHC

neHHH nepoHTH0CTJJ pacnana npocyMM11pyeM no cmrnaM aneKTpoHa II HeiiTpnn~ 

11 ycpenHHM no cnnny M10011a. HTaK, 

11n11 

3 i'J(p-k1-k2-k3) dk dk dk31 G2I !flaa I + 
dW= 3 I 2 s (217) 

G
3 < o 2 k k <2> · 

+ ---:r;r l Re f 2 I I f I + ~ Re ( f 2 I f a f * ) ] , 
2 y 2 • 1aa k 2 I a,-, I ro 

,') (p-k,-k ll-k 3 )dk, dk2 dk3 I G2 4(k k )(pk2) + 
dW = ..::.._::.:__:_.:__:_--:----- 1 a 

(Z,r) 
5 

k 10 k 20 kao p o 

(4.5) 

G3 

+ -,/2(217 )2 [8(k ,ka )(pkz )m2µ(-
16F(-1) 

f2 
+ (.i.k3 -1) l'n {' + 2-2F'(0)+ k 

2 
(-3- 2

F10} 
3 µ µ µ 3 1 ,, 

8 a l'n k2 kt • 2 2(4.6) 
+...-(-fnf + 1,6-ZF'(0)- __ µ_+-+O(kµ ))(m2 k 2 (kk )-2m (kk )+ 

.;, µ 2 4 µ Iµ I 

. 2 2 2 2 2 
+4(pk

1
)(pk)(kk

1
)-2k (pk

1
)-2k (pk)(kk

1
})+O(£ fn f )]I. 

µ µ 

flpot:1enan HC06XOllHMbIC HJ1Terp11ponamrn, nony'IIIM cneKTP aneKTp0HOB pac

nana, He aaB11csimuii OT cn11na M100na: 

G
2 

m
5 

6G 
2 

__ ..;.µ __ ,,2(3-2,)+ mu [- 16F(-1},:?(3-2,·) + 
( 

.... , - 4 f2 
12 21T, -./2('!:r) I' 

W(,)d,::;; 

(4.7) 

l'n f 2 
+ __ µ_(-9, 2 +8, 3 +3/ )H 2 (2-F'(0)) H

3 (Z,__.i_f'(0))+, 4 4
3

F'(0)+ 
9 6 3 

+ 0 (, 
2 fn ,) ]I d,, 
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r.i:1e £ = 2k
10

/ mµ - OTHO1Ue1111e aHeprnn aneKTpona k 10 K ero MaKcnMan&-

11O B03MOlKHOil a11epr1m mµ /2. fiapaMeTp G, axonsnu11!l: B narpa111K1iaH B3a-

1111.wneiicTB11n, ue nnnneTcn cjm31!'1ecKoil: KOHCTaHToii can311. lleno a cneny10-

/9/ meM • Ha OllbITe Mb! 113MepneM neKOTOpbiO tjJII3H'!eCKlle nenH'lllllbI. HaaoaeM 

8TII nemI•IHHbl ycnoBIIO ce'!eHIIHMII II o603H8'1IIM qepea a A 'a 6' a D ' •••• 

Uenb Teoplll! COCTOIIT D TOM, 'IT06b1 rrpenCK838Tb pe3yn&TaTbl OllblTOB 

E, B •••• ecnu orr&IT A nan ce•1emie a A • C npyroii cTopo11u, 3118!1 nar-

pa111K11a11 naan:-.wneiicTDIIH L In , MOlKIIO Bbl'!IICnHTb nenH'lllllbl a i '!IICTO MaTe-

M8Tll'IOCI{I[. B pe3yn&TaTe IIOIIC'leTOB rrony'IIIM B TOOpllll D03Myme1111!l:: 

aA =UA (g,m,() 
k' A 

::E G ak (m, £ ) , 

k=n 
A 

(4,8) 

a =a (G,m,c 
.6 ·6 k= n 6 

.k r, ) _ i G a (m, c , 
- k 

............................ ·-·· .. ······-·· .. ·····--· .......................... . 

rne qepea c 0O031l8'!OHbl s11epreTll'IOCKI!e II npyrne 11epeMe1IHbIO, OT KOTO-

pblX MO)KOT 38BIICOTb CO'IOHHe. 8 paccMaTpnnaCMOii 11en0Kan&HO!l: TeOpllll 

BCC BOJlll'Illllbl a 
A 

a a , ... 
I'! B 

naIOTCSI B B1111O psinon ( 4.8) 110 napaMeTpy 

G, 11p11•10M K8)!(Ablll 'iJIOII psina KOHO'!ell, ¢II311'10CK8SI KOIICTSHTa CBSl311 Ha-

X O/:IIITCH 113 OllblTB, onuaKO coneplllel!HO ueSICHO, 113 K8KIIX Ollb!TOB 11ano 

ec onpenem{Tb • M&1 M()lKOM 110 onpenenCIIIIIO C'IIIT8Tb, 'ITO cji11311qecKan KOII

CTaUTa TaKona, '!TO D OflblTO A rrpu onpencneHHbIX 3H8'1OIIIIRX 11epeMOllllblX 

f = C 0 113MepHCMaSI nenll'IIIHB a A panna 

u =G 
A 

n 
A oo k A 

l:G ak(m,£ 0 ). 
k=nA 

( 4.9) 

CnenonaTen&110, qiopMyna ( 4.9) smnneTcSI onpen~ne1111eM cp11a1PIOCKDii 1co11cTa11-

Tb! CDSl31I G, , Ha (4,9) 110 Teopnn D03Myll!elllrii MOXC!IO 11af1T11: 

G = i G k a k ( m , c 0 ) • 
k==I r 

( 4. 10) 

16 1 
I 

• 

TToncTaB11S1sr aaTeM ( ~.10) n ( 4.8), rrony'lnM: 

a 
A 

.. 
k = A = l: G a ( m, c , c 

. • k 0 
k=nA 

k =6 

) '. 

a =I G a (m, c, c ) 
6 r k O 1 

k=n6 

( 4. 11) 

Hcxonsr 11a Bb11UecKaaam1oro, 110 O11peneneHn10 · 6yneM C'IHTaT& 'ITO ¢i1a11qecKaSI ,, 
KOHCTaHTa CBll311 cna6b1X B38lll\.tOAOilCTBllil TaKona, 'ITO 11onHaSI nepoHTIIOCTb 

pacnana µ -MeaoHa onpenenneTcSI Ton&Ko 010: 

w 
·G 2 m5 

r ~ 

192 ir 3 

( 4.12) 

CnenyeT eme paa nonqepKHYT&, 'ITO nposon11Masr HaMu rrepenopMnponKa 

IIHKaK He C8113alla C rrpo6neMoil ycTpa11e1111SI yn&Tpa<fmoneTOBbIX pllCXO/lllMOCTeii, 

cymecTBYIOlllllX .8 OObl'IllblX 11e11epeHopMllpye¥&IX TOOpl!HX, a HBnllOTCSI llpOCTO 

rrpouenypoii ncpexona OT 11e,fi11auqecK11x napaMeTpon, KDTDP&IMH xapaKTep113yeT

CS1 narpaJOKll8H naa11~10neiiCTB1rn, K peanbllblM cjiuan'leCKIIM KOIICTaHTaM, KOTO

pble peanblIO ll3MepHIOTCSI Ha Ollb!Te. nocne TaKoil 11epe11opM1IpOBKII 11epe11op-

MllpOBal!HblO 8MllnllTYAbl D rrpenene f ➔ 0 ' KOHe'IHO, pacXO/lSITCH. 3TO oaua-

qaeT, 'ITO ane11.1e11Tap11aH nmma I'. K8K II G, , TllK.IKO SIBllSIOTCSI ¢1wn-

qecKHM napaMeTpOM, KOTOpblii MO.IKOT 6&1Tb ll3Mepen B Tex nnn llllb!X 8KClle• 

pllMel!Tax. Cpan11e1111e C nony'IOIIHOil nepOSITHOCTbIO 

w 
G 2m ~ 

t + 
24(2ir)3 

G3m7 
_ _.,./'--[- SF(-1) 2 

is{2 cz" f e 2 - o,4 l'n e µ + 9 - 3,6 F , co) J 
/l 

( 4.13) 

naeT CDSl3b MO.IKAY 38T~80'If!Oii KOIICT8IITOii Q u 11epo11opM11ponamroii G, 
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G =G, -G: 
m2 

fl [-
3y2(2rr)2 

16F(-1) 

f2 
/L 

-0,Sfnf; + 18-7,ZF'(O)]. (4.14) 

3aMeTnM, 'ITO CBBab M8lKll.Y G,. H G KOH8'1H8 B HenoxanbHOli TeopHH. 

noncTaBJJsrn ( 4.14) a ( 4. 7), · HaxonnM: 

W ( d d , = W d d Z, 
2 
(3 - 2 d 

.4G m 
2 

+ r I' fnf 2 
3y2 (Zrr)2 I' (-6,6,2 + 6,4, 2 + 

.+ 3c 4 + 
lZG, m 

2 

___ fl __ [, 2 (1,4F '(0)-4)+ c 3 (5...l - 3F '(O)) + 

y2(Zrr/ 
6 

+ ,c 
4 2 

3 
F '(0) + 0 ( c fn c) ]I • 

Ma 3KCil8pHM8HT8 naaeCTHO, 'ITO nepoBTHOCTb pacnana MIOOHB 

W = W + h W = 10 
6 

( _l_ + 
3 2.2 -

-3 
2-10 

4.8 
-1 

cex 

( 4.15) 

Ma ycnoDJrn, 'ITO nepBhlli qnen n ( 4.15) aepuo onncbmaeT cneKTP, cnenyeT, 
hW "' -3 

'ITO nonpaDKB nom1rna 6b)Tb MeHbUJe OTIIOCHTenbHOli OUJH6KII -w- = 10 • 3To 

naeT 

1 5 
-<m•lOlO 
f - ,, .r > 2.10- 13.10-10

5 
CM. ( 4.16) 

ITonyqe1111asi oueHKB roaopHT O TOM, '!TO BbJCUIHe nonpaDKH K cneKTpy MeKTpo

HOD D fl -pacnane Hll'ITOlKHO ManLJ B!JnOTb no O'181lb MBnbJX aHa'leHHli MeMCII

TBplloli nnHHLJ f. Ba>1rno nonqepKHYTb, 'ITO 3TOT peayn&TaT nony'ICII nocne 

npoaenemrn nepeuopMllpODKH KOIICTBHTbl CBS13H. HaM rrpencTaDnBeTCSI, 'ITO 

18 

TaKaB nepenopMupoDKa ·1:i'on>K11a 6bJTb rrponanenena, nocKonbKy na axcrrepuMeH

/10/ Te Mb! naMepsieM G, • a ne G • B cnyqae 061,1qnoii ouemm .anB 

f 
llO fsa 

B (4.15). 

• -7 . 
nonpBDKll K CllCKTPY 6yneT IIOpHllKB 10 OT rrepnoro •mena 

Ilp11noJKe1111e 

HaiineM, 11arrp11Mep, Koa<M,11u11e11T M ( k 2 • m ) 
/L 

KOToporo: 

nm, k2 < m 2 
fl • 

ann 

lll(k2,m 2
),. 

µ 

m~ 00 

32(2 21 )21'2: /dy y f(.!..) 
,, f 2 

"" (x-1/ f dx I --2-I_I 0 (k/Lyy )K
2 
(vx'y )-

, X -k /1., ,, 

-:<
0 

(yxy)J (k yy)] + (x-l)(x+2) 
2 µ 2 

9(x-k )x 
/L 

(IT.I) 

(lcK2-l2Kc)I. 

Bu•mcmn.t 3TH JIHTerpanu D DllllC PBllll no CTCDCIIBM f ::, nocnonb30DBBIDIICb 

cneayJOIIUIM npeacTaBnem1eM nnsi ¢y11Ku1111 .Max-Do11anbna K 
0
(x): 

X 22 + n 
()" -an+ioo dz(-) 

K (x) = -: " J 2 
n 4i -a--foo r(z+J)nz+n+l)sin 2r.z 

n 

-(n+l)<-a <-n 
n 

PaCCMOTpllM 

~ "" b-tf 
]~ = J dy y f (y /£ 2 

) J dx --. 
0 11 1 x-k· 

/l 

"' °" 
= r dy y f (y /f 2 

) I dx [ X + k 2 -2 + 
0 1 µ 

lo(k
1
,yy )K2 (yxy)e 

(k2 -1)2 
- 11--] I (k {y )K (/;y). 
x -k2 0 /1 2 

µ 
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< n.2) 

( n.s) 



npu noMomu npoCTO BLIOO/lHMOii <j)opMynbl 

f K,n(µv'x )xm. = mt (m-1:n)! u :: 2 mh-1+1 
u ---J=D • I K J· /l ml-n-J+I m-n-J+l 

·m-n+J+t 

(11Vu) 

· uaxonuM: 

J =f dy y f (y !(') I { k VY) [ - 2- K (fi) + ( k
2 

-2) ~ K (,fy) + 
2 0 /l 0 /1- • ,- 3 . /l y O • 

+ 

vY . 

k2 (k 2 -l),r 
fl /l f 

z+J 00 k2m 
(.l'...) t --dz 
4 m",,o z-m + 1_ K (,/y) (k 

4
-k 

2 -01= 
fi'. flfl 

00 

}: 
,..,,,0 

4i c, r'(z +O ['(z +3)sii trz 

- k f 2n f 3 
( ..:£L!_ ) IT fl f 

2 I Zic, 
(n!) l! 

( L j1z+3F(z +n ,-t 2)dz 
2 . 

r'(z + 0 r'{z +4)sin 
2

11 z 
+ 

cn.4) 

cn.s) 

2 2 2 
+ kp.(k 11-1),rf/L 

f 2z+2 oo k 2m 
(-) F(z+n+2> t --f 2 m=D z-m l-

f 2zH 
,r(k ~k2-l) fa (2) F(z+n1-1) 

/l /l fl f----- -
ii c2 r<z+l)['(z+3) sin

2
11z 

2i 0 1 llz+ l)['(z+2}sin 211z 

2 2 
(_k/l-:"2) IT f /l_ '(4') 2

z F(z+n)dz 

f 2 
0 o [' (z +Osin 2 '7z 

rile qiyHKUIHI 

F{z 1-n+p) = fdy f(y)y z+nl-P , n> 0, p > 0, Rez > 1, 
0 - - -

{n._a) 

SIBIISieTCSI anamu·uqecKoli B flllOCKOCTII II llMee·r flOlllOCa B TO'IK.'.lX z = -(n I-

+ p + Zu + m), 

tta puc, 3, 

r,1e m = 0, 1,2,,, H 2F(0) = 1, 
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KoHTyp C n flOKa3aH 

(•) 

CH 

-( .. ft) 

Pnc. 3 

Basin BLI'leTLI, nony'lallM B npe1mono)KeHJm, 'ITO f 
11 

<< 1 , 

2 
2 2 2 ( k µ-0 2 

J 2 =16F(-1) + f l'nf + f [ ---''--- l'n(l-k )-3,4 + 
/l .,/l /l k2 fl 

fl < n. 7) 

+ 3 ,2k 
2 

+ 2 F' (0)( 2- k 2 ) ] + 0 · ( f 
4 

f n f 
2 

), 
fl µ µ µ 

Jlm1 11pyr11x HHTerpanoB HBXO/lHM: 

(x-1) 2 k2 f 2 . 
J =jdyyf(y/f 2

)1
2

(k yy) J dx 
O O /l /l I 

- /lfl 4 2 --K
0
(,/xy) =--+O(f l'nf ) 

X -k 2 • 2 . µ µ , 
µ 

00 00 2 

J = f dyyf(y/f 2 )I (k ,/y) fdx (x-l) K (yxy)= 
t 

O 
µ 2 µ 1 x-k2 t 

fl 

.k
2 f 2

[-3t'nf 2
+6-6F'(0)+6/k2 -6/k

4 

/l/l µ µ µ 

+ o < r• rnr 2 
> • µ µ 

3(k
4 

-3+ ..3__) 
kt Ml'n(l-k 2 )+ (IT.8) 

fl µ 

"" 2 "" (x-1)2 - t 
J =f dyyf(y/f )1

4
(kflfi) Jdx --K (,/xy)=O(f ), 

o /l I x-k 2 
2 /l 

µ 
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ITo,ncTaamrn ( IT. 7) II ( IT.8) B ( IT. 1), nony,mM ( 3.22). TaKIIM *e o6paaoM 

MO]l{l!O HailTII N ( k 2 , m 2 ) np11 mo6bIX. k 2 • 
µ 
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