
.:. .. fV1 ::;z)~) ~~~-
' ! (:'-l l ."'' 

COOBlllEHJ1H 
. OB'hE.l(J1HEHHOrO 

. J1HCTJ1T.YTA. 
H.l(EPHhiX:. 

'l1CCJIE.l(OBAHJ1t1 
lly15Ha· ·.' 

.. ,..,_ ,,.._.. ~----.~!"- .,.. . ~.<--./~~,~~ • .;;, ._, •· 

\ 

·( 

·.• 

4367 

1.'. 

B.-M,MaJI·b~eB~ r .H.PeMH~OB,.· C.K.~MHpHOB 
I' 

'" 'r·: 
'. 

-t" 

',,· 

C ;llPOJ13BOJihHhiM qJ1CJIOM OKTETOB 
.• 

-'.· 

·'I • )"' 

. ' ., 

· ... 

· ... , . 

·' 



' .. 1 
. I 

P2 - 4367 

B.M.MaJib~eB, r .H.PeMH30B, C.K.CMHpHOB 

CTATHCTHqECKHA BEC COCTOHHHH 

C llPOH3BO~bHMM quCROM OKTETOB 

H ,l);EKYllRETOB 

OM.s;JH 
SYISJIHOTEKA 



B npoueccax MHO)!<eCTBeHHoro pO)!{Jl8HIHI aapoHOJOI npn BbiCOKHX 8Hepymrx 

'IHCnO 'I8CTHU B KOH8'IHOM. COCTOHHHH M0)!{8T 5b!Tb O'I8Hb 5onbiiiHMo Ka)!{)l8H 

qacTnua npnHaane)!{HT yHnTapHoMy MynhTnnneTy: oKTeTy nnn aeKynneTy, ITo-

8TOMy B 05IIIeM cnyqae ¢H3H'IeCKOe COCTOHHHe npeACTaBn~eT npHMOe npo

H3Be)leHHe npOH3BOnbHOro 'IHCna OKTeTOB H )leKynneTOB, 

J13B8CTH0 1 'ITO ITpHMOe npOH3Be)leHne HBnHeTCH npHBOAHMbiM H MO)!{eT 

5biTb pasno)!{eHo B pHA Kne5IIIa-fopaoHa no Henp'nBOJlHMbiM npeacTaBneHHHM, 

onHCb!B88MbiM AnH TpexMepHoit YHHMOJlynHpHOH YHHTapHOH rpynnbi B CXeMe 

fenb¢aHaa/1/ TpOitKaMH 'IHCen [ h 1h 20]. 

/2/ 
B HeKoTopbiX TeopeTH'IeCKHX Moaengx , CBH3aHHhiX c paccMoTpeHneM 

noao5HbiX ¢nsn.qecKnx cocToHHnit, npeanonaraeTcH, 'ITO aMnnnTyaa peaKunn 

)lHaroHanbHa no [ b1h·!i 0 J. H He 38BIICHT OT OCTanbHblX yHHTapHbiX HH

)l8KCOBo 3TO 05CTOHTenbCTBO BbiHy~)laeT HaC )lnH Bhl'IHCneHHH npoeKUHH ¢n-

31I'I8CKOrO COCTOHHHH1 COJl8p)!{81IIero npOH3BOnbHOe 'IHCnO OKT8TOB H AeKynne

TOB1 npeanO)!{HTb HOBblll peuenT, 0H COCTOIIT B 38ITIICH CT8THCTII'I8CKOrO Beca 

(KBaapaTa npoeKUHH) COCTOHHHH C npOH3BOnbHbiM 'IHCnOM OKT8TOB H )leKyn

neTOB B BH)le BOCbMHMepHOro HHTerpana no napaMeTpH'IeCKOMy ITpOCTpaH

CTBY rpynnbl SU( 3) • 

BocnonbsyeMcH nsBeCTHoil B Teopnn rpynrr Jln TeopeMoil/6/. ITycTb G -ane

" Me HT rpy'nnhr, 

[ hi h2 0] 

D (g) - onepa'rop KaKoro-nn5o ee npeacTaBneHnH, a 

)( 

onepaTop 

- xapaKTep HenpHBOJliiMoro npeacTaBneHHH [ h
1 
h 2 0 ] • 

" 
Toraa 

p lht'h20J 
- ' npoeunpyroiiinil B8KTOphl ITpOCTp8HCTBa 1 B KOTOpOM 

" aeilcTByroT onepaTopbi D (g') · , Ha noanpocTpaHCTBo, npeo5pasyroiiieecH no 

HenpiiBOJlHMOMy. npeacTaBneHnro [ h 
1
h \l 0 ] , nMeeT Bna: 
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"( ) (hhO) (hhO)" 
P hth2o =N t 2 fx* I 2 (g)D(g)dg, (1) 

rne N [h1 hzo] 
:- pasMepHOCTh rrpencTaBneHIHI [ h 1 h 2 0 ] • B paccMaT-

pHB8eMOM cnyqae BeKTOpb! A SIBn51!0TCSI tPH3H'<JeCKHMH COCTOSIHHSIMH 1 CO.llep-

)K8IIIHMH IIpSIMbie IIpOH3Be,lleHHSI 'OKTeTOB H ,lleKyrrneTOB 0 T,e, 

A 
m 

n 
n 

( 2) 
1 [ 2101 I I I I z y I > I [ 300 ] ; I i I j z y j > • n 

1=1 J=l 

rne Ik,Ikz·• yk - H30CIIIIH 0 ero TpeTbSI IlpOeKUHSI H I;HIIep38pSI.ll, 

K -oil 'I8CTHUhlo 

CnenoBaTenhHo, cTaTHCTH'IeCKHil Bee BeKTopa A B rrpe,llCTaBneHHH 

[h 1 h'4 0] paBeH 

\<[h h 0]\A> \
2 

=<A\ ;[hlh2o] \A>. 
1 2 

(3)' 

noncTaBnSISI (1) B (3), rronyqaeM .llnSI KBa,llpaTa rrpoeKUHH BeKTOpa A 

H8 IlO.llllpOCTpaHCTB0 0 rrpeoopasyromeeCSI ITO HeiipHBO,llHMOMy IIpe.llCTaBneHHID 

(h 
1

h
2

0], OCHOBHOe COOTHOllieHHe 

m n 
\<[h h o] 1 n n \[210] ; 1 2 

I= 1 i=1 

[h. h 0 ] 
1 2 

=N 

D 
[ 300 ] 

... ~ .~ 
n n 

fdg x* [h1hzol 

(g) • 

2 
I I y > I [ 300] ; I I y > I "" 

I lz I j jz j 

[210] [210] '[aoo] (4) 
( g ) D ( g) ••• D ( g) D 

y1,yl y,y ~~'~1 
m m 

(g) ... 
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r.Qe 
[2to] [210] 

D (g)"' D 
Y Y Ik I k y k ' Ik I kz y k 

k. k z 

OKT9THhi9 1 a 
[ aoo] 

D.f ,of (g)~ 
e e 

-.QeKyrrneTHhie .QHaroHanhHhie D -<jlyHKUHH. 

l.JT06bi HCIIOnh30B8Th COOTHOII19HHe ( 4) .Qmi KOHKpeTHhiX paC'IeTOB 1 

Heo6xo.QHMO HM9Th orrpe.QeneHHYIO rrapaMeTpnaaUHIO rpyiiiihi SU( 3) Bhipa:>Ke-

[ 210] 
HHH .QnH 0 I, I . (g) H 

H aneMeHTa o6~eMa dg. 

0 [aoo] ( ) 
. l .l g 

MypHaraHoM/3/ rrpe.Qno:>KeH crroco6 rrapaMeTpnaaunn n106oii: - n -Mepaoii: 

yHHTapHOH rpyllllhi, l1CIIOnh3YH 8TOT M9TO.ll 1 nerKo 38IIHC8Th THn:H'IHhiH ane

M9HT rpyllllhi SU ( 3) B 8-rrapaMeTpH'I9CKOM 1IpOCTpaHCTBe B BH.Qe 

(5) 

r.ne 
10 I 

e 0 0 

d(o
1 

,82 ) ~ 0 e 
·io

2 0 

( 6) 

0 0 e 

-Ia 
cos0

1 -e ~inO 1 0 ( 7) 

U (O,a )~ sinO cos0
1 

0 
12 1 2 . I 

0 0 
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a npeo6pa30BaHIHI U 13 'II U 23 

Hble MaTpiiUbi 

Bhtpa>KeHbi '!epea U 12 II nepecTaHOBO'I-

(1,2)=(: 
o· 

cneJlyiOIUIIM o6p~aoM: 

1 

0 

0 :) (2,3) •. (: 

U (<t>,a )=(2,3)U (<I> ,a )(2,3), 
13 1 I 12 I 1 

0 

0 

1 
':) 

U .(ill ,a ) =(1,2)(2,3)U (.P ,a )(2,3)(1,2). 
23 . 2 3 12 2 3 

( 8) 

( 9) 

( 10) 

Ha BOCbMII napaMeTpoB, aaJlaiOIUIIX TO'IKY B napaMeTpii'IeCKOM npocT

paHCTBe rpyUUbi SU (3) , Tpii: cfl I ,81 '<11 2 JIMeiOT CMblCJI UOJIS!pHbiX 

yrnoB c o6naCTbiO onpeJleneHIISI (0, rr/2) ; ocTaBIUIIecSI USITb: 8 ·,8 ,a , , t 2 I 

a:~, ,aS MOI'YT 6biTb OTO>KJleCTBJieHbi C 83TMyTaJibHbiMII yrnaMII II o6JI8CTblO 

II3MeHeHilSI (0 1 211 ) • 

06IUIIfi 9JieMeHT rpynllbl B COOTHOIUeHIIII ( 5) ·aanucaH B BJIJle Up01I3Be

)leHIISI HeCKOJibKIIX COMHO~~Tenefi. 3TO 3H8'11IT, 'ITO JlJISI HaXO>KJleHilSI Hellpii

BOJliiMOI'O npeJlCTaBJieHIISI 9JieMeHT.a rpyllllbl JlOCTBTO'IHO onpeneniiTb MaTpllUbi, 

npeJlCTaBJIS!IOIUIIe Ka>KJlblfi II3 COMHO>KIITene:ii, II aaTeM IIX nepeMHO>KIITb. 

PeuenT Bhi'IIICJieHIISI MaTpii'IHbiX aneMeHTOB nepecTaHOBO'IHhiX MaTpiiU 

( 1, 2) II ( 2,3), a TaK>Ke nuaroHanbHO:Ii MaTpiiUhi naH l.JaKoH II MollliiHCKIIM/4/. 

3neMeHTbl TIIlla U t2 ( 8 
1 
a) npiiHaJlJie?KaT UOJli'pynne SU ( 2) 1 ll09TOMY 

ux npeJlcTaBneHIISI coBnanaiOT c npencTaBneHIISIMII aTo:li nonrpynnhl 
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t/2(p-q) 

u ( e ,a ) ~ D ; (-a, -2 e, a ) I 

12 m I m 
( 11) 

1 
r.Qe I = y( p - q) - ll30TOITHqecKHH CITHH, a m = r - i ( p + q) - TpeTbSI 

np09KllllS! ll30TOfillqecKOI"O CllllHa B COCTOS!Hllll p q > B cxeMe fenh¢aa-
r 

.Qa. 

ITpo.QenaB aecna)!{Hhie, ao yToivmTenhHbie Bbiqncneann:, MO)!{HO nonyqnTh 

.QHaroaanhHbie oKTeTHbie n .QeKynneTHbie D -tPYHKunn. Oan npnae.QeHbi B npn

na)!{eHHSIX I , II 

3a.Qaqa o BbJqncneann . xapaK!repoB aenpHBO.QllMbiX npe.QcTaBneanfi [ h h 0] 
,. 1 2 

pemaeTCSI .QOBOnhHO llpOCTO. YJ3B~CTH0 1 qTQ xapaKTep cyMMbl npe.QCTaBneHHH 

paBeH cyMMe xapaKTepoB, a rrpSIMOI'O npon3BeneHHSI .- rrpon3Be.Qei!HJO. noa-: 

TOMY .QnSI llHT9peCyJOill9I"O HaC npe.QCTaBn9HIISI .QOCTaTOqHQ 3HaTb pa3n0)!{9Hll9 

ero aa aneMeHTapHbie npe.QcTaBneHHSI n Bbipa)!{eHne AnSI xapaKTepa aneMe~c~,

Tapaoro npe.QCTaBneHnSI - TpnnneTa. 

Ecnn. Bbipa)!{eHne nnSI xapaKTepa TpnnneTa X B napaMeTpnqeCKOM 

npocTpaHCTB9 rpyiTITbl H3B9CTH0/5/ 1 T0 1 llCITOnh3YSI pa3n0)!{9HllSI 

8 

10 

fo 

27 

3 X 3 1, 

3 X 3 X 3 - 2(3 X 3}+ l, 

S X 3 X 3 2(3 X 3)+ 1 1 

3 X 3 X 3 X 3 - 3 X 3 X 3 

( 12) 

3 X 3 x·3 ll, T • .Q. 1 

nei"KO rronyqHTb rrapaMeTpH30B8HHbl9 Bb!p8)!{9HllSI .QnSI XapaKT9pOB COOTBeT

CTByJOmllX npe.QCT8Bn9HHH 

[2to] 
x =x· x* -1, 
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. ] 3 x [330 = <x*) -2·x ·x* + 1, 

[ 420] 

X 
2 2 3 3 =x <x*> -x -<x*> • 

ll3) 

T.JTo6bt Bbi'UICniiTb 9neMeHT o6'heMa rpynnht, ncnonbsyeM MeTOil MypHtt

raHa/3/ • DyCTb B OKpeCTHOCTII naHHOI'O 9neMeHTa BB81l8Hbl TaKIIe napaMeTpbl 

rl. 'ITO 
'1'1 • 

u + ~ = ,\ • ( i = 1 ·• .... 8 ), 
a cp I I 

rne ,\ 
1 

- MaTpiiUht fenn-MaHHa. Torna sneMeHT 

8 

dg=Ildcp 
1=1 I 

Dmi moooii: apyroii: napaMeTp!I3aUllli «<ll 

dg= 
D ( cpl) 

D («l> ) 
j 

8 

II d «l>l 
l=l 

( 14) 

o6'heMa rpynnht 

( 15) 

j"" 1, ••• 8 ) nMeeM 

( 16) 

OnpenennTenb D ( cp ) I D ( «l> ) 
I j 

siBmieTcSI onpenennTeneM MaTpiiUbi ne-

peXOila OT aU /a«l>j K aU ;a cp i . n, cnenoBaTenbHo, oT u+ 1.£. 
a«t>.t 

+ au 
K U -- = ,\ 1 • 

a c/11 
8 

, +au 
MaTpliU U - ( 

aq,j· 

Do9TOMy B llanbH8lllll8M HaM OCTaeTCSI Bbl'IIICniiTb 

j=1, .. ,8), pasnoRm.Tb nx no ,\ 1 

8 

, I 



.,:-, 

( 17) 

M HailTM onpenennTenb MaTpnuw ai 

OnHaKo, ecnn ne{icTBoBaTb yKaGaHHhiM cnoco6oM 1 To KoHe'IHbiil peGynb

TaT HBnHeTCH O'I8Hb CnO*HOll 8-MepHOll M8TpMU8ll 1 orrpeaenMT8nb KOTOpOH 

H8B03MO*HO rrony'IMTbe llnH yrrpOIII8HMH paC'IeTa 6binO MCITOnb30B8HO cneayJO

III88 o6cToHTenbCTBo: rrpeo6pa3oBaHne 
' 

(1S) 

rae V - n106aH yHM'(apHaH Ma'(pMU81 XOTH M. M8HH8T MaTpMUY HO He 

M8HHeT onpenennTenb. Mbi Bbi6pann V MaTpnuy TaKMM o6pa3oM, a MMeHHo, 

V =U d , 'IT06bi MaKCMManbHO yrrpocTMTb Bhi'IMcneHIIH. B 3TOM cnyttae 
:u 

aneMeHT o6'beMa rpyiTITbl MO*HO Bhi'IMCniiTbe 0H IIMeeT BIIa 

( 19) 

11TaK, B 8-n'apaMeTpii'leCKOM rrpocTpaHCTBe rpyrrrrbi SU( 3) HaM na-

B9CTHhl aMai'OHanbHhie · OKT8THhl9 M aeKyrrneTHbie 0 -cpyHKUMII ( np1In0*9HIIH 

M II ) , Bbipa*eHMH nnH xapaKTepoB npencTaBneHIIil ( 13) M Bhi'IMCneH 

aneMeHT o6'beMa rpyrrrrhi ( 19). C neaoBaTenbHo, aana'Ia o Bhi'IMcneHMII cTa

TMCTM'IecKoro B8C8 COCTOHHII.sJ;1 Coaep*aiii8I'O rrpOII3BOnbH08 'IMCnO OKT8TOB 

M nemynneToB, npnBeneHa K Bhi'IMcneHMJO 8-MepHoro MHTerpana ( 4) no napa

MeTpMtiecKoMy ITpOCTpaHCTBY 3-MepHOll yHMMOaynHpHOll YHMTapHOll rpyiTITb! 1 

T.e. rronHOCTb!O pemeHa. 
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3a o5cy:lKneane saTpoHyTbiX snech BorrpocoB aBTOpbi 5naronapHbi B.C.Ea

pameHKOBY H Y'I8CTHHK8M pyKOBOllHMoro HM C8MHHapa, 

Dpim'o)l{eHHe I 
llnaroaanhHbie OKT8THbie 0 -!lJyHKUHH 

[2101 I(Z8t+8z> 2 1 .-Haa+a2-cl 
D = e lcos8

1
cos <I> cos<l>

2
--e sin28

1
sin2<1> 1sin<l>

2 
I, 

p ,p .I 4 

D 
[210] 1(8 +28 ) 

= e t 2 1 
-t<aa+a2-a1> 

I cos8
1 

cos<l> 
1 

• cos
2 

<1>
2 

- 4 e sin28 
1
sin<l> 

1 
sin2<1>

2 
I, 

n,n 

[210 1 
· 0 -o .... o ...... .... . .... 

[ 2101 
D + :k+ :k, 

=D*[21o] 
n,n 

D [ 2101 
=-=·-.... ..... 

"' D * [210 1 
p, p 

Ho.~-o2' 
"' e . cos 2 e 1 cos <I> .I cos <I> 2 

[2101 [2101 
D ,o * 

·-:k-.:k- :k+ .:k+ 

[ 210 1 . t 1 . . 2 2 
D :ko :k9 "' -;i-1 cos( a

3 
+a

2 
-a 

1 
)sinO 1sin2<1> 1sin2<1> 2 - 3sin <I> 1 sin <1> 2 + 

, 

' 2 2 + cos 2 e 1 ( 1 + cos <I> I ) ( 1 + cos <1>2 ) I , 

[210 1 l 
D A , A = '- 4 I 3 cos ( a 3 + a 2 - a 1 ) sine I .• sin 2 <I> 1 • . sin 2 <I> 2 + 3 cos 2 e I • 

• sin 2 <I> 
1 

• sin 2 <I> 
2 

- ( 3 cos 
2 

<I> 
1

- 1)( 3 cos2 <1>2 - 1) I . 
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I 
I 

BpHnbJKeHHe II 

.UuaroHanhHhie .u~xynneTHhie D -¢YHKUHH 

[ 300] 3 18 3 3 
,D. (g)= e 1 cos (} 1 • cos <I> 1 , 

N*++,N* ++ 

[ 300] 8 8 
D (g)= e

1
<
2 

1+ 2 > I cos ·(} (l-3sin2 (} 1 )cos2 <1> 1cos<l> + 
N*+,N*+ I · 2 

1 -I(U3+U2-(!1) 
+ 2 e sin2(} 1 sin2<1>1 sin'<l>_2 1,, 

( ) 
, te81 + 282> 2 2 

g = ~ . I cos(} ( 1-3 sin (} ) cos <I> cos <I> 2 + 
1 1 

[ 300] 

D *- *N. ,N 

, 318 
(g)=e 2 

2 
sin (} ·

1 
• cos (} 

1 
sin <I> 

2 2 . 2 if. 
•. cos <I> 

1 
• ~in <I> 2 + -cos (} 1 cos <I> 1 ( 1--3 sin . <I> 1 ) cos '¥ 2 l , 

[ 300] 
D (g)= I cos201 • cos2<1> • cos2<1> + cos(a3 +U2-u1)sin elsn2<1>1. 
~* o. ~* 0 1 2 
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[3oo] -1< 8 -8 > Hu'3+u.,-u1> 2 D ( g.) = e 1 2 I - 3 e· M sin 0
1 

cos (} 
1 

• sin Jll 1 x 
k*-. :£*-

X sin ell 
2 

COS 2 ell 2 + cos2 0
1 

COS ell1 • COS ell 2 ( 1- 3 sin 2 ell 2 ) } 

[ aoo] -H 8 1+2 82> 
D · (g)= e · 

=*0 '=*0 . 

. 2l(U3 +U 2-U1) 2 2 
l3e sin 0

1 
cos0 1 sin. ell 1 x, 

- ·-
1(U3 +U 2-<71) . 3 

x cosell1 • sin 2 ell 2 +; e sin201 • sinell 1(1-3cos ell1 )s~n2ell 2 + 

+cos 0 t • cos ell 1 ( 1-3 sin
2

ell 1 ) cos 
2

ell 2 l r _ 

- [ 300 ] 
D . (g) 

5*-, S:*-
=e 

-1(28+8> 
' . 1 2 2l(u3+u2. -u1 > • 2 

3 e sm 0 1 • cos (} 1 X 

l(U +U -U) 
' • 2... • 2,.. ... J... 3 2 1 
x stn -v1 • stn -v 2 • cos-v 2 + e 

2 

. 2 
sin 20 sin2ell sin ell ( 1-3 cos ell 

1 1 2 2 

2 2 
+ cos 0 1 cos ell1 cos ell 2(1- 3 sin ell 2 ) l 

(3oo] 
D n.n 

-31(8 +8 ) 31(U +U -<1 ) . 

( g) = e 1 2 I - e 3 2 1 
sin 

3
0 sin 

3 
ell • sin 

3
ell + 

' 1 1 2 

12 



2t(a +a -a ). 
+ 3 e 

3 2 
I sin2 8 

1 
sin 

2 <I> . cos <I> 
I I 

sin 2 <I> 2 cos <I> 
2 

-

t(a3 +a2 -a 1 ) 

3 e sin 8 sin <IJ COS 
2 <IJ sin <IJ COS 

2 <IJ + COS 
3 

<IJ I 
I I 1 2 2 
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