
COOBlUEH11H 
OB'hE,a11HEHHOrO 

11HCT11TYTA 
H,ZJ;EPHbiX 

11CCJIE,aOBAH11H 
Jly6H 

~ 
:11: -:11: • 

P2 - 4362 

J1.8.IloJiy6apHHOB 

BAPHAU110HHYH IlPHHUHil 

J1 HECOXPAHHIDmHECH OOEPATOPY 

1969 



P2 • 4362 

• 
} 

J1.8.0oJiy6apHHOB 

BAPJ1AUJ10HHUA UPHHU~U 

J1 HECOXPAH.HIOIQJ1EC.H OUEP,\TOPU 

f~~~~;~>:.:~ ~;t~'7> l 
~~~~~~~~~-.. ~-~ 



§1. B B e 11. e H H e 

llpH OIIHCSHHH AHHSMHKH KB8HTOBO-MeXaHH'I8CKHX CHCTeM HapSIAY C COX

paHSIIOU{HMHCSI BSlKHOe MeCTO 38HHM810T HeCOXpSHSIIO!l\11 8C51 orrepaTOpLI, HaiipH

Mep, HQ6liiOJJ.aeMLie KOOpJJ.HHST, yrna paCCeHHH 5I ( rrepe)[aqH), 8HeprHH OTJJ.ellb

HhiX 'ISCTHU B peaKUHHX, IIOliSipH38UHll H T,JJ., C 8KC repHMeHT81lbHOll TO'IKH 

3peHHSI rrpeJJ.CT8BliSIIOT HHTepeC npeJJ.CK838HHSI 0 paCIIJeJJ.elleHHSIX 8THX BeliH

qHH B TOT HliH HHOH MOMeHT BpeMeHH ( 60llbUJell 'I8C1 b!O IIpH t ~ oo ) " 

B rrocneJJ.Hee BpeMH B TeopHH rronH HecoxpaHHIOmfleC51 onepaTopbi npHo6-

penH OC06biH HHTepec B Cl3513H C HapyrneHHLIMH YHHTSJlHOH H K!Ip81IbHOH CHM

MeTpHSIMH /1 I 0 nnH rrocneaHeil., HarrpnMep, xapaKTe lHbl HecoxpaHSIIOlliHeCSI 

rrCeBJJ.OBeKTOpHbie TOKH H 3apSIJJ.bi. 

B KBaHTOBOii ( H KnaccuqecKoii) TeopHH nol!SI cc xpaHHIOmHeCSI onepaTo-

pbl II01IY'I8IOT C IIOMOU{biO BapH8UHOHHOrO IIpHHUHIIa K· IK CJieJJ.CTBHe COOTBeT

CTBYIOU{HX HHBSpHaHTHOCTeH narpamKHSHa /2,3/, 

BapnaUHOHHbiH IIpHHUHII MO)Kf!O HCII01Ib30B8 Tb T lKlKe H JJ.liSI IIOlly'IeHHSI 

uecoxpaHSIIOIIIHXCSI orrepaTopoB H ypaBHeHHi1 JJ.BHlKeHHl: JJ.ll51 max. TaK, eure B 

1937 r. M.A. MapKOB 
141 

rrpHMeHH11 TeopeMy 3. HE Tep K 3aJJ.a'Ie o J.mpa-

KOBCKOM 81IeKTpOHe, J.IBillKyll{eMCSI BO BHelllHeM ::meKTpOMarHHTHOM none, H 

IIpHllle11 K HeCOXpaHHIOlllHMCSI Tef!30p8M 4-HMIIY1IbC8 H 4-MOMeHTa KOliH'IeCT

Ba J.IBHlKeHHSI 8118KTpOHHO-H03!1TpOHHOrO II01ISI C COOTI>eTCTBYIOlllHMH ypaBHe

HHSIMH llBHlKeHHH. llpH 8TOM HCII01Ib30B8118Cb 1IOpeHU-!t HBap!Ial!THOCTb narpaH

lKif8H8, 

l1CTQqf(HKOM HeCOXpa!!SIIOU{IIXCH orrepaTOpOB MOr~ T CIIYlKllTb. rrpeo6pa30-

B8HHSI ( BapHSUiflf), He OCT8B115110lll!IC JiarpamKHaH H!H .apHaHTHb!M, 11 ono6HLie 
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BapHaUHH paCCMaTpHB9nHCb B TeOpHH KBaHTOBaHHhlX DOneR illBHHrepa /5/, 

0HH, KaK DOA'lBpKHYTO TaM, BBAyT K ypaBHBHH51M 3Anepa, rrepeCT8HOBO'IHb!M 

/4/ COOTI!OlllBHH51M H K pi.J:InH'IHJ,JM Ol1Bp8T0p8M, HBCOXp8H51IOIUHMC5!, K8K H B , 

H3-3a I!pHCyTCTBH51 B IB!llHHX none A ( HCTO'IHHKOB), fenn-MaHH H fleBH /1/ 

pa3pa6oTanH rrpneM B >lBOA8 COXpaH51!01UHXC51 BBKTOpHhiX H HBCOXp8H51lOIUHXC51 

ITCBBAOBBKTOpHhlX TOKOB C !lOMOWb!O rrpeo6pa30B8HHA C 38BHC511UHMH OT X 
/L 

napaMeTpaMu, Hapyllll !OIUHX HHBapHaHTHOCTb narp8H)KU8Ha, 

BapH8UHl1 rronei1, He OCTaBnHIOllUlB narpaH:>K H8H HHBapHaHTHbiM, 9KCrrnya

THpOBHnHCb TaK)KB B pa6oTaX /6/ An51 BOCCTaHOBnBHH51 BHA8 narp8H)KH8H8 

H An51 BhiBOAa 

9THX ycnosui1 (cBoerc poAa "aaxouon coxpaHeHu51") ua roronoro narpau:>Kua-

Ha, 

0TMBTHM, 'ITO ypaBHBHHH ABH/KBHHH An51 IIBKOTOphiX H8COXp8H5l!Olll!IXC5! 

onepaTopoB B TeopnH rronH (n TOM 'lncne AnSI penHTHBHCTcxoro orrepaTopa 

17/ 
rrpoexunn crrnna) pac:Marpnnan EHnhlHHUKH-EupynH • 

B §2 uacToHmei1 pa6oThJ sapuauuoHHI>Ie MBTOAhi, pa3BHTJ,Je B 1915-1918rr, 

r. flopermeM, Ll. fnnbflepTO~I, ct>. Knei1uoM, r. Bei1neM n 3. HeTep 
12 •31 

An5! HHBapnaHTHOCTei1 narpaH:>KHaHa, pacnpocTpaHHIOTCH 11a cny'lai1 npeo6pa-

30Banni1, HB OCTaBnHK IUHX narpami<naH HHBapH81!THbiM, B peaynhTaTe B03HH

KaJOT HeCOXp8H5!10lUHB< :51 onepaTOpbl If ypaBHBHII51 AB!IIl\BHI15l AIT5! HHX ( BMBCTO 

38KOJIOB COXpaHBHII51 I lOA IIHBapH8HTHOCTH), H a me BHHM8HHB 6yABT. COCpBAO

TO'IBHO HCKITJO'!HTenhH• > Ha 3 aM K H y T bl X CHCTBM8X B381IMOAeiiCTByJO!llHX ITO

ne A, XOTH Taxoi1 ITOAXOA rrpHMBHHM H K cny'laJO 1Ip!ICyTCTBII5! BH8lllHHX 11011BA, 

f1pHBBABM ITpHM(·p Toro, 'ITO rronyqaeTCH, f1yCTb narpaH)I<HaH OITHCbJBa

BT CllCTBMY n rrpOH3 IOnbJiJ,JX B3allMOABi1CTBYJOIUIIX none if cp1 ( x) ( i = 1, • •, n ) • 

p 8CCMOTpHM npeo6pa::oBaHI15l qla3 38p5l:>K8HIILIX none if, 'JBTblpBXMBpHblB CABH-

f'li ll apa!llBHII51 Ka>KACf'O ITOIT5l B OTABITbHOCTH ( i = 1, ., . , n) 

1) *cp (x)=[ia q- cJJ, +u>, (x,d -X d, +S ~ ))cf> (x), 
I I r.. r.. A p r.. p p 1\ r..p I 

( 1 ) 

r pn j 1- i , 

rAe 
i 

q -3apHA IT0115! c,l>
1 

, S , 
I r..p 

- ero CDI!HOI3b!B M8TpHUhl, a a • cA. H 

- rrapaMeTp!>l rneo6pa30BaHHH (He 38BHCH!lli!B ) • TorAa AnH 
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Ka)l{)lOPO IlOJISI IlOJIY'HIM CBOH BeKTOp TOK8 j 1 (X) 1 CBO. i TeH30p 4-HMilYJib-

1 ~ 
Ca T,u.v (x) H CBOH TeH30p 4-MOMeHTa KOJIH'IeCTBa /lBIOKel H51 M~liA (x)- !10 n 

HeCOXp8HS!!OillHXCSI orrepa TOpOB \I =,, 1,,,, n } • .LJ.JIS! Ka)KL!C H H3 8TH X BemPIHH 

H3 narpaH)I(HaHa cneayeT cooTneTCTBYIOillee ypannenue LlBH)I(eHHSI. nonHbie 

BeKTOp TOK8 j (X) 1 TeH30p 4-HMI1YJibC8 'f ( x) H TeH30p 4-MOMeHT8 
~ ~v 

KOJIH'IeCTBa LlBH)I(eHHSI 

I 
H M ~vA 

n I 
j ( x) = 2 j (x), 
~ i=l 11 

M ~v A (X) 8LlllHTHBHO COCT8BJI51IOTC il 

n I 
T (x)= 2 T (x), 
~v I= 1 ~~' 

(2) 

a "ypaBHeHH51MH llBH)I(eHH51" llJI51 HHX 6yllyT LlH<jl<jlepemma 1bHbie 38KOHbi COX-

paHeHH51 

(a)' a T (x)=O (6), 
~ /LV 

() M ,(x)=O (n), 
II /Lt.'/\ 

(3) 

ecnu BCSI TeOpHSI B UeJIOM HHBapHaHTH8, KaK 06bi'IHO, C l'HOCHTeJibHO !1peo6-

pa30B8HHH <jla3 3apSI)I{el!HbiX rroneii. H rrpeo6pa30B8HHH HEOllHOPOLlHOH rpyllllbl 

nopenua Hall BCeMH !10JI5IMH 0/lHOBpeMenno. AnanorH'IHO . J836HB8IOTCSI Ha ne

coxpaHSIIOIUHeCSI '!aCTH H npyrue orreparopbi ( KOTopbie H < aMH MoryT ne cox

paHSITbCSI l101l06HO IlCeBllOBeKTOpHbiM TOKaM). 

§3 IlOCBS!IlleH KOHKpeTHhlM IlpHMepaM rrpeo6pa30BEHHH, OTHOCHTeJibHO 

KOTopbiX narpan)l{uan neunnapuanTen. PaccMoTpeHhi CllBJirH, npamenuSI, pac

TSI)I{eHHSI, Co6CTBeHHO KOH<jJOpMHbie rrpeo6pa30B8HH 51 H <jla~ ·OBhie rrpeo6pa30Ba

HHSI. B §4 o6cy)l{/l8IOTCSI 6ecKoHe'lno Manhie npeo6pa30B£ HH51, renepupyeMbie 

necoxpaHSIIOillHMHCSI orrepaTopaMH. B §5 KpaTKo 3aTponyT Bonpoc o crreKTpax 

co6cTnennwx 3Ha'lenuil. orrepaTopon 4-uMnynbca. HaKonel, B §6 aan npHMep 

rrpeo6pa30B8HHH C napaMeTpOM-~yHKUHeil., 

§2. Bapnaann noneii, oneparopbi H ypaBHeHH£ aBH)I(eHH!ii 

1. PaccMol'pHM H3MeiieHHe narpaH)I(Hana 

L ( R 4) = I d 4 X 5:' (X) 
]{4 

5 

(4) 



( R-\ - mo6aSI 'ICTLI JCXMCPH8SI 00118CTb) 38 C'ICT KBKiiX YI"'OllHO B8PH8l.lliH ITO

liCK X), H3 KOTOpblJ. COCT8BIIeHa lliiOTHOCTb f' ( x) , flarpaHlKHSH He rrpearro

naraeTCSI lfHBapHai!TJILIM OTHOCHTellbi!O 3THX BapHaU!fH, I13MelleHUe llarpaHlKHB-

118 MOlKHO 38IlHC8Tb CIICllYIOlUHM o6pa30M: 

(5) 

B '18CTHOM CJiy'lae, KOf'llB f' (X) 38BHCHT OT IlOIIeH cp( x) II TOIIbKO OT HX 

rropBbiX rrpou3BO/lllbiit iJ 
11 

¢ ( x), 

8* £ (x) ~ [ 
aS' o* P a£ o*a ¢ l (6a) --· ( + 
cJ¢ cJ(a, ¢) p. 

as:.' aS' a~' 
1 o* ¢, 

=
0

11 ~ a<a. ,-;;)"o*¢ + ~ [ a 
¢ iJ¢ p. cJ(afL cp) (66) 

fl 

!"')le CYMMa oepeTCI: IlO BCeM IIOIISIM II BCCM KOMIIOHCI!TBM K8lK)lOI"'O I101ISI1 

/;). 

/3/ o* (cJ cp(x)) 
fL 

8* cp (X) ~¢ ' (X) - <p (X) , 

V\3BCCTHO, 'lTC HepeXOil OT IlliOTHOCTH 5'_' (X ) 

i'(x) =i'(x) ~a f (x) 
fL /L 

a (o*¢(x)), 
fl 

K IWOTHOCTII 

(7) 

(8) 

He HJMel!HeT nuHaMI KY (n 'laCTHOCTII, ypaBHCfHIIl 1\IIHii<l~IIHI!), Bap11auas1 rrrroT-

HOC Til -~' (X) 

( 9) 

x) N\ 1.1 6yi\f.Hvt u< uoJth30BLt'f'b t}JOpMdillf.3M "HOK<tJI.bHhiX" BLlfH1A.Unii 8 ., :l , TaK 

'ITO /li!A<C CCJ!II !-llfll1/li!IIH I!01ICH liHAyi.lHf'OBilHI•I Hpeo6pa30BilHH>IMII KOOptlHIIa"l' 

(X /l. • x /~ ·- X I' 1 ix I' ) , MOlKIIO 3a6b1Tb 00 3"1'0M II r'OnopHTb HCKJIIO'II{TOJlb-

1!0 0 llpeofipncJO!:tiii!SIX I!OJICH, 3KBIIB8Jl<:l!TI!(.Iii <~OpMa111!3!1.1 "cy6CT81!IU!0118Jib

l!I•IX~ nnpnaUI!ii rpe6yeT OJli!OOpCMCHllOr'O p;lCCMOTp<~HI!Il napV.CIIll!il: II01Ieii 

( npyroil: <f'op>.ll,!) I! B<lp!!MUiil: KOOpiUH!aT, 
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2, J1 CXOAHbiM AnH Bb!BOA8 IIHTepecyiOUU!X HaC C OOTHOlllemu'i. ITOCay)I{IIT 

TO>KAeCTBO 0 * f (X) = 0 * 2 ( x), C neBOH II rrpa 30H '18CTSIMII KOTOporo 

ITOCTYITIIM ITO-p83HOMy, Ecn11 B neByiO ero '18CTb ITOAC18BIITb B8p118UHIO o*~(x) 

B !jJOpMe (66), rrony'IIIM OCHOBHOe TO)I{AeCTBO 

a~ as: -a v c x l + l [ -- - a 1 o * ¢ = o * f c x l + a o * f c x > , 
11 11 ¢ a¢ 11 aca ¢> 11 ,t 

11 

( 10) 

rne 

v (x) =-k as: o*¢ -o*f (d. 
11 <Paca¢> 11 

11 
( 11 ) 

¢yHKUHIO f l1 H 1 cneAOBaTeabHO, A068BOK 0 * f l1 Mb! MO)I{eM Bbi6H:p8Tb 

ITO CBOeMy yCMOTpeHH:IO ( paBHblMH HyniO IWH HeT) II HC IIOab30B8Tb AnH rrepe6-

paChlB8HH:H 4-AHBepreHUllH ll3 o*f(x) (ecnll T8KOBhle llMeiOTCH) B neByiO 

'lBCTb TO>KAeCTBa ( 10), 

B o6meM cny'!ae, Korna f( x) 38BRCHT oT 6oi ee BbiCOKHX rrpon3BOA-

HhiX II One if, Bb!pa>KeHHe ( 66) ll IIeB8H '!8CTb TO>KABCTBc ( 10) HMenH 6bi T8KyiO 

>Ke CTpyKTypy: AHBepreHUllH rrniOC nRHeHH8H KOM6llH8liHH 3HIIDpll8HOB x) 

3. To>KnecTBo ( 10) MO>KHO crieuRanH3RpoBaTb rrp rMeHHTenbHO K pa3nll'I

HbiM 'l8CTHbiM tjlopMaM B8pll8UHH, HarrpllMep, OAIIH B8)!<HbiH Knacc B8pH8UHH -

rpyrrrra rrpeo6pa30B8f!HH rroneif C n He38BH:CllMb!MH ITOCTOSIHHb!MH (He 38-

BHCHlUHMH OT X l1 rrapaMeTpaMH , Korna 

o*cb(x) = l f. X .(x), 
i=l 1 l 

( 12) 

H TO>KAeCTBO (10) rrpeBpamaeTCSI B n TO>KAeCTB 

as: a~ -a v (x)+l[ a lx -:f (x) 
11 111 <P ~ - 11 a c a ¢ > 1 = r 

11 

( i = J , ••• , n), 
( 13) 

x)3AnepH8HOM iunrr "Bhlpa>KeHHSM flarpaH>Ka") H83hlDtmT Bhlp8>KBHHS 

rJS! - rJ
11 
-~ , CTomuee B neBOA "'BCTH ypaBHSHHI 3Anepa ( 14), ll ero 

rJcf> acall¢l a)! af . . a£ 
0606IUSHHB ....,..-:-- rJ 1 ~ 1 () rJ J(J J cp)- • • • HB CIIY"'BH, KOr):la 

a<p I "'"1/Pl J1 v j1 v 
r(x) coaep>KHT 6onee BhlCOKHe IIpOH3BOAHhle rronefi. 
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rae 
1 1 = _a_< a* f +a 

11 
a* c fL l. 

af , 

Mo)!(HO TaK)!(e ~ 3Bne'Ib cneJJ.CTBIHI H3 TO)!(L\eCTBa ( 10) nn51 npyroro Ba)!(

Horo Knacca Bapnau!A- rpynn npeo6pa3oBaHnA c napaMeTpaMn, KOTopwe 

CYTb <jlyHKUiili OT X 11 • OpnMepbi TaKHX npeo6pa3oBaHHH - Kann6poBO'IHbie 

npeo6pa30BaHH51 B sneKTPOJJ.HHaMHKe c OJJ.HllM napaMeTpoM-cpyHKUHeH A ( x), 

npeo6pa30B8Hll51 HHre-MHnnca /B/ c TpeM51 rrapaMeTpaMn-<jlyHKUll51Mll n o6we

KOBapHaHTHwe npe06(830B8Hll51 B o6meA TeOplill OTHOCHTenbHOCTll C 'IBThlpbM51 

napaMeTp8MH-<jlyHKUll51Mll -~ (x) (x' =~ (x)). 
fL fL 11 

4, Y'IeT ypaBH!HHA 3Anepa 

_il!_= 0 
a(a ¢ l 

fL 

B neBOA '18CT!i T0)!(/].1 !CTB8 ( 10) npeBpawaeT ero B JJ.H¢<jlepeHU!i8nbH08 COOT-

HOlll8Hiie 

-a V (x) ,8* f'(x) +a o*f (X). 
1111 11 11 ( 15) 

EcnH o6e 'laCT!i (IE) npO!iHTerpnpoBaTb no o6nacTn R 4 li liHTerpan OT 

4-JJ.nBepreHUiili cneB11 3aMeHHTb cornacHo TeopeMe faycca-OcTporpaJJ.cKoro 

liHTerpanOM no ITOBe]IXHOCTll S o6naCT!i R 4 , nony'IHM COOTBeTCTByJOWee 

liHTerpanbHOe COOTHClll8HHe 

-fda 'I (x) = f d4 
X (o* f'(xJ-\.a, o*f, (x)J. 

s 1111 R r r 
( 16a) 

4 

nn51 cneunanbHOA o6naCT!i R4 • 3aKnJO'IeHHOA Me)!(JJ.y LIBYM51 rrpocTpaHCTBeHHO

noA06HbiMii noBepXHOCTSIMii a 1 li a 
2 

, np!i 06bi'IHOM npeJJ.nOn0)!(8HiiH 0 

JJ.OCT8TO'IHOM y6biB8HIIi nonefi H8 6eCKOH8'1HOCT!i COOTHOlll8Hll8 (16a) DpllMBT 

BHA 

o-2 
-G(a J+ G (a )= f d 4 x[8* f' (x) +a 8*f (x)], 

~ 1 11 11 
a 

( 166) 

1 
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rae 

G (a) = J d a V ( x L 
J1 J1 a 

( 17) 

O'IeBHilHO, H3 (15), (16) HJIH H3 (13) aHanorH'IHbie C<•OTHOIIJeHH5l cnenyJOT 

M5I V 111 (x) H G 1 (aL 

B OTJIH'IHe OT TOJK):leCTB ( 10) H ( 13), KOTOpbre BI IITOJIH5l!OTC>I II pH mo-

6oM Bbr6ope rroneii ¢ ( x) , cooTHOllleHll5l ( 15) H ( 16), KaK 5lCHo H3 crroco-

6a HX ITOJiy'leHH5l, TOJK)leCTBeHHO C06JI!O)l8!0TC5l TOJibKO B TOM CJiy'lae, eCJIH 

ITOJI5l cp (X) CYTb perneHH5l ypaBHeHHll 3finepa ( 14) x). pI 3yMeeTC5l1 3TH COOT

HOllleHH5l MOJKHO Bb!BBCTH H3 ypaBHeHHH 3finepa HB38BHCHM0 1 eCJIH KaKHM

JIH60 o6pa30M Bbi6paTb V
11 

(X) • C 3TOH TO'IKH 3peHH5l rnaBHOe, 'ITO naeT 

B8pH8UHOI!Hblll ITpHHUHIT l- onepaTOpb! V )1- (X) CooTHcweHH5l (15) H (16) 

HMe!OT CMhiCJI ypaBHBHHH J:1BHJKeHH5l JlJI5l onepaTOpOB V (:) H G (a) ( 8H8JIOrH'l
(1 

HO J:1JI5l V
111

(x) H G
1 

(a) ). 

5. YcTaHOBHM CB5l3b co cny'laeM HHBapnaHTHOCTeii, TeopHIO H83biBaJOT 

HHB8pHaHTHOH OTHOCHTeJibHO Jl8HHbiX BapH8UHH 1 eCJIH 

'ITO BcnencTBHe npoH3BOJibHOCTH o6nacTu R
4 

0 * f ( x) = a g ( X ) " 
11 11 

paBHOCHJ :bHO 

( 18) 

( 19) 

.Unll MHOrHX BHyTpeHHHX CHMMeTpllH g = 0 ( CTpora5l HHB8pH8HTHOCTb), B 
11 

IIpOTHBHOM CJiy'lae rOBOp5lT 06 HHB8pH8HTHOCTH C TO'IHCCTb!O JlO 4-JlllBepreH-

UHH /9,1 O/. B cnyqae, Korna npeo6pa3oBaHH 5l noneii ~ HnyunpoBaHhi npeo6-

pa3oBaHH5lMH KOOp)lHH8T X ;l = X l1 + 0 X J1 If BCe ITOJI5l Hpeo6pa3y!OTC5l OJlHO-

BpeMeHHO, g
11

= -S' ( x)ox
11 

xx). 

XI YpanneHnSI 3I1nepa MO>KHO y'IHThmaTh 11 B npanr.rx qacTSIX TO>KJICCTn (10) 
llJIH (13). 0DHBK0 HBTpHBHBJlhHNB COOTHOWBHIIH l10JIY'Il!OTCSI TOJibKO B TOM 

cny'Iae, Korna B nenoA n npanoA 'IBCTHX aTo nenaeTCJ no-pa3HOMy. 

xx) B .. 6 3TOM cny'Iae TIOD CTporon liHBBpHaHTHOCTh!O ITCHIIMB!OT 0 palllBHHB B 

HYJih cy6cTaHUIIOHaJihHOA napl!BllHH OL-L'(R~)--L(R 1 
- J d 4 

X' "t' '(x ') -- J d ·'x .t' (x) -- J d 4 
X I [ 1 I rl ( 0 X ) l I''( X ') - .i'( x) I ~ r d 

4 
X I ,')< .t'( x) r 

n; R 4 H. 1 /1 fl H t1 

R ~ - o6nacTh R 4 B nepe" eHHhiX x 
1
, 
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nnR HHBapHBHTiOCTeH COOTHOllieHHR (15) H (166) ITpeBp8lli8IDTCR B AH$-

$epeH!lHBnbHbiH II HH"erpanbHhiH 38KOHhl COXpaHeHIIR 

(20) 

(21) 

(ITOApa3yMeBaeTCR 1 ITO o*f/L (x) Bh!OpaHa paBHOH - gJL ). npaBA8 1 An.ll 

ITpeo6pa30B8HHH C ITapaMeTpaMH-<flYHKllH.IIMH OT X }1. COOTHOllieHHR (20) H (21 ), 

BOOOille f'OBOpR, He RE nRIDTCR HaCTO.IIlliHMH 38KOH8MII COXpaHeHHR1 liOCKOnbKY Co

Aep)K8T ITpOH3BOnbHbl;! <flyHKllHH ( ITapaMeTpbl). i1CKniD'JeHHe rrapaMeTpoa-<flyHKllHH 

( HaiTpiiMep, C ITOMOillbiD paano)KeHH.II HX B pRAhl T9unopa ITO CTelleHRM X/1 ) nH

waeT neay10 'laCTb 120) <flopMbi 4-naaepreHllHH. OaHaKo, ecn11 rpyiTITa c rra

paMeTpaMII-<flYHKllll.ll v!H II MeeT ITOArpyiTITbl C ITapaMeTp81\,fH-KOHCT8HT8MII1 TO 

cpellll T8KIIX cnellCTHIIH (20) H8HllYTCR COOTBeTCTBYIDillHe 38K0Hbl COXpaHeHHR 

Bllll8 (20). 

PeaynbT8Tbl f 0 HHB8PH8HTHOCT.IIM OLinH CYMMHPOB8Hbl B TeOPeMaX 

8. HeTep /
2
/, ITepBl R H3 KOTOpblX yTBep)KnaeT, 'ITO H3 HHBapH8HTHOCTH Teo-

piiH OTIIOCHTenbHO rpyiTITbl ITpeo6pa30B8HHii C n KOHCT8HTHbiMH ITapaMeTpa-

MH cneayeT n TOIKlleCTB1 Bblp8)K8IDillHX n He38BIICHMb!X nHHeii.RblX KOM-

6HH8llHH 9HnepHaiiOB 'lepe3 AIIBepreHUIIHo 8TO - O'leBHllHOe CneACTBHe TO)K

AeCTBa (13) ( H er> o6o6rneHHH) H ycnoBHR IIHB8pH8HTHOCTH (19). 8Topa.11 

TeopeMa 3. HeTep noCBRilleHa cnencTBH.IIM aa TO)KnecTaa ( 10) ( H ero o6o6-

meuHii) ITO,[{ HIIB8pH8HTHOCTH OTHOCUTenbHO ITpeo6pa30B8HHH C napaMeTpaMH

<flyRKUH.IIMH: ecnH ncPp8H)KH8H HHB8pH8HTeH OTHOCHTenbHO ITpeo6pa30B8HHll 

c n ITapaMeTpaMH-<flyHKUHRMH A) X) , ITpH'I8M 6eCKOH8'1HO Manwe ITpeo6-

paaoaaHH.II coaep)KaT ITpouaBOAHhie A1 (x) 

o*<b()) ~ i 
i ~.:: 1 

(22) 

TO IIMeeTCR n niH efiHblX 38BHCHMOCTefl Me )KAY 9iinepH8H8MH H HX ITpOH3-

BOllHhiMH ,[{0 m -ro ITOp.IIAKa BKniO'II!TenbHO. l.(To6hl B 9TOM y6eJUfTbCR1 cne

nyeT 38MeHHTb 0 * f B IIpaBOH '18CTH TO)KAeCTBa ( 10) ITO ycnOBHID KHna-
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pH8HTHOCTII (19), ITOJ!OlKIITb o*£ 11 =-g/1 

rro oqepeaH ang j = 1,. .. n • 

CTOHT OTlvJeTHTh, "'TO BTopag TeopeMa 3. HeTep He HC"'eprrbmaeT scex 

cneacTBHH CIIMMeTpllil 3Toro T11rra. PaccMoTpeHHbre Km•HHOM 12 I 11 s pa6o

Tax16• 
111 

rrpiiMepbr HnmocTpllpyiOT 6onee o6mee yTsep)KAeHIIe: B rrperuwno

lKeH1151X BTOpoli TeopeMbi 3~ HeTep rrniOc rrpearronolKeHII!·, "'TO f'(x) coaepiKHT 

I1p0113BOAHhle rroneii JlO f -TOM BKJ!IO"'HTeJ!bHO, HMeer MeCTO ( f+m + 1 ) n 

TeH30pHbiX TOiKAeCTB illl51 ITJ!OTHOCTH S:.'(x) II ee !1p0113!10L\Hb!X, .ilng !l.OK838-

TeJ!bCTB8 ITOCJ!e y"'eTa B (10) yCJ!ORI!~ HHB8pHaHTHCCTH (19) II BLI6opa 

q,yHKUHII A1 (x) 

' X 

Bhl6HparoTCH B BIIAe pa3JIH"'HhlX CTerreHeH 

, •• ~, - JlO tf tm) -roil BKJ!IO"'HT8J!bHO X) 
ll 

TaK, B CDHHOPHOH 3J!8KTpOAHH8MHKe CJ!eACTBHHMH K8JIH6pOBO"'HOH IIHB8-

pH8HTHOCTII ( owru napaMeTp A( x) ) HBJI5IIOTCH Tpn TOiKJ .ecTsa 
161 (r = m = n= 1): 

af' - a f' + [ a .S:.' -a a [......:::.::::-cjf -cjl ---1 11 ac a cjJ > ac a ~) a cjJ v 
11 ll 

a£. _:::....:::..__ + 
a ca A ) 11 I! 

as: 
----:~ 0~ 
il(a A ) 

L' ll 

as: -. a.Cf. as: 
cjf-v [--a --h o, a ifj v aw f) 

I! 

B To lKe speMH sTopag TeopeMa 3. HeTep aaeT oaHo roiKnecTso: 

a(il ao as: ao -as: a(' a [__::__-a __:_..:..·'--~-1 -ie [-·--a ;.. I!,& +ie cjJ [---a ---~-1 
11 a A ,, a(d A ) clr/J v aca, 0 l a(!; v aca 0) 11 (/ ll l l' 

KOTOpOe eCTb O"'eBI!AHOe CJ!GACTBHe Tpex rrpeAhlAYlllHX, Ho Hl!X )Ke Elhl TC'KD

eT TBKiKe 38KOH COXpa<JeHII51 TOK8 (ITOA ITOAI'pyrrrry C II3JWMGTfJOM-KOHCTfll!

TOH A = const ) , 

x) 
T.e. 3TH rpynnLt lla~>T KOHe'lnoe 'li!Cno orpaHH'lOHI!i, CBH3oi't 1 a He 6ecKo-

He'!Hoe, KaK MO)KHO 6I>tno 6bt O)KKJ\BTL. 

1 1 



KaK ITOK838HO E 
16

•
101

, 11HB8pi18HTHOCTI1 OTHOCI1TeJibHO rrpeo6p830B8H11H 

C rrapaMeTp8MI1-tPYHK li151MI1 ,CJIY)K8T orpaHI1 1'IeH1110 "!11CJI8 CHI1HOBblX CTerreHeH 

CB060J:lhl ( 11CKJIJO'!eH11} l Jl11WH11X KOMITOHeHT liOJieH), 3Ta pOJib npeo6pa30B8HHH 

COXp8H He TC 51 11 TOT' 1\8 

6, OrrepaTopLr ''11 

BI1Jl liJIOTHOCTeH ~~ (x) 

Korna narpaH)KI18H nepecTaeT 6J,JTh 11HBapHaHTHbiM 
161• 

( x) 11 G(a) orrpeneneHbi HeonuoaHa'!HO, Bo-rrepBbiX, 

M8H518TC51 OT rrepe6paCNB8HI1>I 4-UHBepreHUHH 113 npa-

BOH "!8CTI1 TO/KJ(8CTB1 (10) B JieByJO, 3TOT Hp0113BOJI CB>I38H C TeM, 'ITO 

ITJIOTHOCTb Jl8I'p8H/hl1 9H8 orrpeneneHa C TO'-IHOCTb!O 110 4- A11BepreHUHH, 11 B 

KOHe"ll!OM C"leTe C TaM, 'ITO BCe orrepaTOphl OITpeneneHhl C TO'IHOCTbJO AD 

YH11T8pHhlX rrpeo6pa3C B8l!HH /5/, tPOpM8JlbHO 1Ip0113BOJI ycTp8H51eTC51 Tpe6oBa

H11eM, 'IT06bl BCe Bhl )8/K8HI151, rrpeUCT8Br!MbJe B rpOpMe 4-UHBeprel!UHH, 6biJIH 

CKOHU8HTpHp0!38Hbl B Jl8BOH '-18CTH (10) (JlJI51 COXp8H51JOWHXC51 orrepaTOp0!3 !IpH 

8TOM crrpaaa ocTaHeTC51 uynb). OnHaKo rrpaKTH"!ecKn: B 93 6yayT rrepeHOCI1Tb

C51 mrmb O'ICB11LlHI,Ie :\HBepreHun:n:. Bo-aTophiX, rrnoTHOCTH v
11 

( x) orrpenen51-

IOTC51 H3 ( 10) BblpmKaHHeM ( 11) JIHWb C TO'-IHOCTbJO AO 1IpOH3BOJlbHhlX Bhlp8-

/K8HHl! X JL • T8K11X, 'ITO a j1 x,l = 0 "8BTOM8TH'!8CKI1". 6ea y'!eTa ypaBH8H11H 

ABHMBHli51 (TpusuanbfWH rrpouaaon). IToA 3H8KOM 3-MepHoro n:HTerpana no 

ITOBepXHOCTH B (16a) 11JIH (17) T8KHe Bb!p8)K8Hli51 ):(8IOT TpeXMep!!bl8 AHBep

f'BHUHli n: rro8TOMy, Boo6we roaop51, BKnana He BHOC>IT, B-TpeTbHX, Hecoxpa

H51JOlll11i1c51 onepaTOp 'J (a ) CTpOHTC>I ITO Bb!6paHHOi1 f!JIOTHOCTH V ( x) !!BOA-
I'-

H03H8'IHO: 11MeeTC51 l\ HO/KeCTBO B03MO/KHOCTei1 Bb!60pa 13 ( 17) ITpOCTpaHCTBeH-

HOfiOJ:l06Hoi1 f!OBepXH)CTr! a , Beaymux K paaJIH'!HbiM onepaTopaM G (a). 

3TO COOTBeTCTByeT "OMy, 'ITO 38 pa3BHTI1eM (JlHH8Mr!KOi1) Mbl MO)!\eM C!le

AHTb ITO p83JIH"!HhlM BpeMeHHfiOA06HblM Haflp8BJ18HHHM, ilJI51 COXp8H5110lll!iXCH 

onepaTopoB cornacHc (21) TaKoro npon:aaona HeT. 

§3. npHMepbl 

a) CAB 11 I' r!, ( 6paTHMC>I K CliHHOpHoii 8Jl8KTpOAIIH8MHKe C liJIOTHOCTb!O 

narpaH/KHaHa 

i'(x)=--la 
~ fl 

A a A +i A 
V/11/ fl/1 

(23) 
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I'Ll0 tP (X) - LlHpaKOBCKOe CnHHOpHOe none, a j JL = i e ~J Y /L 1/J . B Ka'!eCT-

Be nepBOI'O npHMepa BapHaUHH paCCMOTpHM 6eCKOHe'-IHO MaJILle npeo6pa30Ba

HH 5J CL!BHI'a IIOp03Hb noneH A fl ( x) H t/J (X) H COOTB8"CTBYlOlllHe BapHaUH H 

5:_' (X) 

o*A (x)=-c d A (x), 
IL 1/ I/ /1 

o* A 
S.'(x)=c a c-A.a,A a,A )-j c a A 

1/ 1/ L 1\ p '' p IL !! !J 11 

O* s.'(x)=C ri 
t/J v 1' 

[~(yiJ+m)\~l-A 11 ',,a,,i
11
"i c iJ" 

f! 1' !J I' 

(24) 

(25) 

3neCb C v - 6eCKOHe'-1110 MallblH napaMt}Tp, flOCJICilHCe I LlptL>I<811118 IIOJIY'ICJIO 

C y'leTOM ypanHeHIHl JlHpBKa, flOllCT8BJHI>l J3l,Jp8JI\8!11HI JUJ;! /)* .f n upaByJO 

( ) ~~ 1} J 'lBCTb COOTI!Oll!e!IH51 15 1 BLI6Hpa5l B nepBOl\1 CJiy'-lcl8 0 ., f =- C -r ,A r \ A , IL {L 2 A p 1\ p 

a BO BTOpOM 0* f l1 = U , IIOJJy'-laCM IlJIOTHOCT!I ( COT'JJaC HO ( 11)) ll COOT-

B8TCTBY!Oll(Ue "ypa!IH8llll51 LlBHlK8J!H5l" B <jlopMe 

T A=l<r'J AJJ A,+a A,a A, -a J A,a A,), a TA ~-i a A 
11'' 2 I' 1\ v 1\. 1' 1\ I' ,, ILl' p ,, p P, I' IHI IL 1/ IL (26) 

.~ 0 
'I' 1 - -

T = - c t/1 y a V' -a rf' y t/1 +t/J y a r/1 - a 0 y t/1 ) a T = i a A 
Ill' 4 I' v 1/ IL c 11 1/ c v c 11 c > I~ IL 1' I' I/ JL 

(27) 

A rj1 
CyMMa 8THX rrnoTHOCTeH T

1
H,= T 111, +TILl-' coxraHSJeTc>~, T,e, y!loB-

neTBOp5IeT ypaBnemno (36). CTpOH HHTerpaJib!ILJe BemPIHHLJ no peuenTy 

( 17) X) 1 TIOJiy'IaeM 4-!ii\1IIYJibCbl 8JI8KTpOM8I'HHTHOI'O H 8/18KTp0111IO-IT03HTpOH-

HOI'O none~! p A H p t/J H ypaBH8Hil5l I1BHJI\8HIH1 JlJ!H I HX : 
Jl v 

X) 3neCb B K8'leCTBe a H3 MHOlKeCTBa Il03MO>KHblX B bl6pana IIOBepXHOCTb 

x 0 =cons! • npH rrpeo6paaonaaHnx flopeuua P ~ H I' ,r/; 6ynyT necTH ce6>1 

K8K 4-BCKTOpb! 1 eCllll COOTBeTCTBeHHO npeo6pa30BbiB8Tb llOBCpXHOCTb a 
Hey'IeT 3Toro B eTa poll liHTepaType ( CM., HarrpHMep, 1 21 , cTp, 346) uen 

K aaKJilO'IeHHJO o neneKTOpHOM xapaKTepe 4-uMrrynbca f 1~ • CM. KpHTHKY 
n 1131 
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A A d A -
P (x

0
)=-i JdxT (x), -P (x 0 )~- fdx j (x)a A (x); 

v 4 v d xo v 11 v 11 (28) 

d tjJ ... 
--P (x 0 )= Jdx i (x)a A (x)" 
d v v v v 

X 0 

(29) 

A t/J 
TaKHM o6pa3oM, oneparopbi Pv 11 P v H3MGHHIOTCH co npeMeHeM, HO non-

A t/J 
Hbii! 4-HMnynbc Pll ' P l! f P 11 coxpaHHeTCH. 4ro6bl cuenaTb HBHoi! Ka-

n116poaoqHyiO 11HB8pi8HTHOCTb nonyqeHHhlX ypaBHGH11H, 11X npeo6pa3yiOT f 4 / 

ITyTeM Dpl16aan€H111l K o6e11M qacTHM ypaBHGH11H (26) 11 Bhlqi1T8H11H 113 o6e11X 

qacrei! ypaBHGH111l ( n) 4-AI1BepreHUI111 a (i A ) ' a T8KlKe yqera 38KO-v v v 
Ha coxpaHeH11H ToKa all j 

1
,,; 0 • B pe3ynbTaTe nonyqaiOTC'il cnenyiOIUI1e 

ITnOTHOCTH, 11HT€f'pa;IbHhl€ BGn11qi1Hbl 11 VDflF\HPIHI<I~ 

1A A a j" A ~ T + ill A 
' ill F 

f1V Ia v /1 IIV vv (26') 

0 tjJ tjJ 
j" vv =Til'" - i V Av' a v1 vv =- i 11 Flu; (27') 

A <\ 
K v ( x0 ) =- i f dx l

4 
v ( x), 

d A 
-K (x )~ fdxi F 
dx

0 
v 0 · 11 vv (28') 

_d_ K tjJ < x ) ~ - r dt i F 
d X 0 V 0 . /l /LV 

(29') 

3neCb B ITp8BhlX qacrHX ypDBH€H11H CTOHT o6o6meHHhl€ Bhlp8lK€HI151 nn'il CHnW 

!lopeaua. 

TaKIIM o6pa3on, nnH 3aMKHyroi! CI1CTeMbi none~i MeTOA aapbHpOBaHHH 

l!Onei! ITOp03Hb ITpHB•!n K TGH3opy T tv ( 11 :r t,, ) TOf'O lK€ Bl11la, KOTO

pbll1 noJiyqaK)T np11 11JyqeH!111 L\BiOI<GHIIH L\11p8KOBCK0£'0 8neKTp01!8 BO BIIGWHGM 

::~neKTpoMaf'HIITHOM 10ne 141 • 3aMeTHM, qro M.A. MapKOB 
141 rrp11MeHHII 

BapnaUHOIII!hlfi IIpHHllHII AnA narpaHlKIISHa, B KOTOpOM B OTnHqne OT (23) 

oTcyrcraoaan nepBbl i! qneH (none A 
11 

cqnranoCf_, DIIeWHnM). H HTepecHo, 
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A !>. d A -
P(x

0
)=-ifdxT· (~). -P (x

0
)=-fdx i (x)a A (x); 

V 4 V d XO V /l II /l (28) 

d 1/J .... 
--P (x

0
)= fdx i (x)a A (x). 

d v ll v ll 
X 0 

(29) 

A !/J 
TaKf!M o5pa30M, oneJarophi Pv f! P v f!3MBHHIOTCH co npeMeHeM, Ho non-

A ~; 
Hhlll 4-f!MITYnbC pl/ o p l/ + P ll COXP8HHBTCH. 4ro5bi cnenaTb HBHOll Ka-

llf!6pOBOqHyiO f!HB8pf8HTHOCTb rronyqeHHhlX ypaBHBHflii, HX rrpeo6pa3yiOT ! 4 / 

ITyTBM ITpf!68BilBHHH < 06Bf!M qaCTHM ypaBHBHf!H (26) H BhlqHT8HHH f!3 06Bf!X 

qacreii ypaBHBHHH (:n) 4-nf!BBpi'BHUHfl a (i A ) ' a T8K)KB yqera 38KO-
Il ll v 

Ha coxpaHBHf!H ToKa a
11 

i ll ~ 0 • B pe3ynbrare rrony•IaiOTC5I cnenyrowHe 

ITilOTHOCTfl, HHTerpal bllb!B BBilf!qHHbl fl VD!lRflPfltr<f~ 

~A A a ~A= T + ill A 
' ill F 

ll~-' llV v ll IW Ill/ (26') 

1/J 1/J 1/J 
:J ll~-' Tlw -ill Av, a ll~ll~-' =-ill FIll/ (27') 

A •• A 
K v ( x

0 
) ,. - i f dx ·J 

4 
, ( x) , 

d A 
-K (x >= fdxi F 
dx

0 
" 0 · ll Ill/ 

(28') 

_d_ K 1/J ( x ) = - [ d"t i F 
dx 

0 
v 0 · ll JlV 

(29') 

3necb B rrp8Bb!X qi}C1'HX ypaBHBHf!ll CTOHT o6o6IIlBHI!biC Bblpllli<BHHH .CIIlH Cf!llb! 

flopeHua. 

TaKf!M o6p1130~, AllH 3/lMKHyTOii CHCTBMhl rroneii MBTOA Bapbflp0B8Hf!H 

l!OilBll ITOp03Hb ITpfiB( n K TBH30py T ;f, ( H ::r t11 ) TOI'O )1{8 BIU\8, KOTO

pbll1 TIOJiyqaroT npf! f!:lyqeHHif ABH!KB!H!H AI1p8KOBCKOI'O 31lCKTpOUa BO BI!BWHBM 

31lBKTpoMarHHTHOM uone 
141 • 3aMBTHM, qro M.A. MapKos 

141 rrpHMBHHn 

BapH8UHOHI!blll IIpH!!U If! All51 narp8H)Kif8H8, B KOTOpOM II OTilllqlfe OT (23) 

o'l"cyrcrsosan rrepBLI i qneH (none A 11 CqHT81lOCb BIIBW!IliM), Y! HTBpBCHO, 
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pHaHTHOCTH TaKoro narpaH*HaHa, Koraa o6a rronH Bap,HpoBanHCh oaHOBpe

MeHHo. lleno B TOM ! 4 / 1 "'TO XOTH HHB8pH8HTHOCTh fi BeaeT ITO TeOpeMe 

3. HeTep K TO*aeCTBY THITa (13) C rrpaBOH "'BCThiD H)nh, HO 8HnepHaH anH 

A af . 
rronH Jl. B aToM cnyqae paBeH He HyniD, a TA = J Jl. • 3THM rroaxo-

Jl. 
aoM TPYaHO BOCITOnh30B8ThCH anH 38MKHYTOH CHCTeMbi rroneH. 

LJ:TO KacaeTCH TeH30pa J' A 1 TO MO*HO ITO {838Th, "'TO OH nHIIIh p.v 

HecymeCTBeHHO'{Ha 8BTOM8TH"'eCKH COXp8HSIIDIIIHeC~ I HnH Coaep*BIIIHe 

ap. A Jl. "'neHbl) oTnH"!aeTCH OT 
c. A 1 

rrnoTHOCTH ~ p.v = z-CFp.A FvA + 

+FvA Fp.A - i 8p.vFA/ Ap ) , KOTopyiD B nHTepaType ITpHH~rO C"'HT8Th TeH30pOM 

aHeprHH-HMrrynhca aneKTpoMarHHTHoro rronH, aa*e rrpi HanH"'HH B3aHMoaeH

CTBH~. 

B o6meH TeOpHH OTHOCHTenhHOCTH 1 pa3aenhHO B.tph!ipysr "MaTepHanh

Hbie ITOnH" H "MeTpH"'eCKHH TeH30p" g iW , MO*HO ITpi HTH K TeH30py 4-IIM

rrynhca "MaTep!i!i" H K rrceBaoTeH3opy 4-HMrrynhca r~aBHTaUHOHHoro rronH. 

flycTh ansr rrpocTOTbi "MaTep!i!O" rrpeacTaBnsreT CKal HpHoe none ¢ ( x) H 

IInOTHOCTh narpaH*HaHa HMeeT BHa 

1/2 
¢ a 

13 
¢ + P. 2 

<J ¢> 1 g (30) 

rae g -aeTepMHH8HT M8TpHUbl II g II v II r yf3 - c HMBOnbi KpHCToljlljlenH 
2 r a ffl/ 

BTOporo poaa, 8 a - rpaBHT8UHOHH8H KOHCT8HT8 CB~3H • 06paiii8HCh 

K cneayiDIIIHM rrpeo6pa30B8HHHM rroneH H COOTBeTCTBYIDIDHM H3MeHeHHHM IInOT

HOCTH narpaH~118H8 

v 
8*¢ =-c a rf>, 

v 

(31) 

(32) 

H O"'eBHaHbiM o6pa30M rroa6Hp8H 0* f Jl. T8K 1 "'T06bi HCKn!O'IHTh aHBepreH-
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UHH H3 rrpaBOH ~8CTH (15), IIOJiy~aeM IIJIOTHOCTH H ypaBHeHHR aBHMeHHR 

B ¢opMe 

1 A.p 
--a g 3"< -~.., 2 v A.p '~-' 

(34) 

af3 1/2 a{3 
3aecb ' = g g 

JlV 
, a T ecTb 

05bi~HbiH CHMMeTpH'IHb H TeH30p 4-HMIIYJihC8 " M8TepHH", OepBOe H3 IIOily'IeH

HhlX ypaBHeHHH MOMHC 38!IHC8Tb B BHUe 

JlV 
, HJIH V T = 0. 

J1 

TeHaop eCTb COXp8HRIDIDHHCR K8HOHH~eCKHH 

TeH30p 4-HM!IyJibCa 38MKHyTOH CHCTeMbl rpaBHT8UHOHHOI'O H CK81IRpHOI'O 

rroneH, 

5) B pam e H HR. AHanorH~Ho paccMoTpHM BapHaUHH, rrpeacTaBnRIOIDHe 

5eCKOHe~HO M81lble BJ:ameHHR IIOJieH A}l H t/J IIOP03Hb. 

8*AJ1=wA.p[(xA.ap- xpaA.)AJl+ 811A.Ap-oJ1pAA.J, D"'t/J=U; 

8*A
11
=o, 8*t/J~:o [x,a-xa,+.L.a, ]t/J. 

A.p 1\ p p 1\ 2 1\p 

TeM Me rryTeM, ~To ~ Bhime, rrony'IHM B Ka~eCTBe rrnoTuocTeH H ypaBHeHHH 

UBHMeHHR UJIR HHX: 

A 
M d) A [ ( x a, - x, a ) A + 8 A , 

J1V A. J1 p v 1\ A ' p pv A 

-8 A ] _ _l_·(fl .. ~x -8 x)(aA 
pA- v 2 ~-"'' v J1V 1\ p 

A 
a M , =- j (x a,- x,a )A - jv A,+ .jA. Av 

J1 JlVA J1 V 1\ 1\ V J1 1\ 
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~ - . 
M f1VA = 'P y,.,. [XV a A -X A a v + fa v A '] Y' 

a M ~ = j (x a - x a )A + j A - j A 
p. p.vA p. v A A v p. v A A v 

nnoTHOCTb M 1/J 
p.vA 

14/ 
H ypaBHeHHe anH aee TaKMe 6wnH rrony~eaw B anH 

cny~aH saewaero rronH A 11 " 

B) K 0 H tjl 0 p M H bl e IT p e 0 6 p a 3 0 B a H H H • p aCT S M e H H H. llnH 06CyM

AeHHH KOHtjlOpMHbiX rrpeo5pa30BaHHR BMeCTO rrnOTHOCTH (23) yao5Hee B3HTb 

rrnoTHOCTb 

£ (x ) = - ...L F F + j A - ~ ( ya + m ) 1/J 
4 p.v p.v p. p. 

PaccMaTpHBaH paCTHMeHHH rroneil A (x) H 1/J ( x) 114.' rropo3Hh: ,.,. 

8* A = c < 1 + x a >A ,.,. ,.,. 8 *1/J = 0; 

8* £ = (a <- l x F , F , ) + ( i ( 1 + x a) A ; 
A /l 4 /l V 1\ V11. /l /L 

8* A = 0 ,.,. 

(35) 

(36) 

(37) 

( f - 5eCKOHe~HO ManbiH rrapaMeTp, H B IIOCneaaeii: CT JOKe y~TeHO ypaBHeHHe 

llHpaKa), IIpHXOAHM K rrnOTHOCTHM H ypaBHeHHHM ABHMeJ:HH : 

VA=F (1+xa)A - ..l.x F ,F \'a VA=-i (Lxa)A 
p. /lV V 4 /L VI\ VI\ /l /l V V (38) 

avi/J=-m'¢~+iO+Xa)A. ,.,. ,.,. v v (39) 

17 



Terrepb CHOBa o6paTHMCSI K o6meil: TeOpHH OTHOCHTenbHOCTH H IlO.[IBepr

HeM rrnOTHOCTb narpilH)I(HaHa (30) rrpeo6pa30BaHHSIM 

JL 
o*¢=fx a !I, o*g =a; 

JL JL v 
(40) 

(41) 

3THM IlyTeM rronyqa( M cne.[lyiOUIRe IlnOTHOCTR H ypaBH9HHSI t:IBH)I(eHHSI: 

V~=~pp a pep /'a A¢ --t x~'-( g43 aacpa {3 ¢ +P.2¢¢)g
1
/

2
; 

fl. 1 p af3 1 2 p I/2 a v,~..=--a -pa ¢(2+x a>~ --211 ¢¢(4+X aP)g ; 
JL '!' 2 a f3 p 

( 42) 

r) Co6cTBeH.ro KOHtPOPMHbie 

/14/ I! f' 
rr p e o 6 p a 3 o B a H H Sl, B aToM cny-

'lae Bapuauuu A fl. , 1/J I!MeJOT BI!LI 

8*A =a It/a -2x (xa)-2x 1 A -28 (xA)+ 2x A I. n*ifJ -0; 
f1 l' !/ v v 11 JlV IL l' 

8 * S:' = a I (l [- Tl ( X 
2 8 - X X ) F, F '~ 11 + a 8 * A ; 

A f1 v fl'' f1 v "P "t' I' I' 
(44) 

I>* S:' =-8* t/J l(ya,m)t/J-iey ~,A ]-j 8'A-
,j1 I' f1 I' f1 

-a ./. [x2 a -2x (xa)-4x -y (yx) J[(yd+ m)~J-iey t/JA l-2(ax)mi/Jt/J= 
v ~ l/ / v tJ fl IL 

=- 2( <IX) m t/J~ - j I>* A • 
f1 f1 

(45) 

18 



3)leCb av -oeCKOHe'lHO ManbiH napaMeTp, a o* AIL •. B nocneJlHeM Bbipa

~eHHH JIHWb coKpaweHHoe ooosHa'leHHe. B nocne)lHeii crpoKe y'lTeHo ypaBHe-

1 2 
HHe nHpaKa. BbiOHpaSI o*fl1=av-:r< X ojlV- xl1 xv) F>..p rAp B nepBOM cny-

qae H D*f
11

"' Q BO BTOpOM, HaXOJlHM 11JIOTHOCTH H COOTBeTCTBYIOWHe ypaB-

HeHHSI JlBH~eHHSI BHJl8 

(46) 

vi/J= (f y [x 2a -2x (xa)-2xv-Y (yx)] lj.J 
jlV IL v v v 

(47) 

0TMeTHM 0 'ITO CyMMapHbie IlnOTHOCTH V = VA + V 1/J 
11 11 11 

H 

TO~e He COXpaHSJIOTCSI! 

a 11 v 11 = -m 1/J t{I , ( 48) 

HO IlpH •m"' 0 3JieKTpOJl11HaMHKa CTaHOBIITCSI KOH¢opMH•> HHBapHaHTHOli H 3TH 

COOTHOilleHHSI npeBparuaiOTCSI B 3aKOHbl COXpaHeHHSI X), f OCKOJibKV 06ill8SI TeO

pHS! OTHOCHTeJibHOCTH HHB8pii8HTH8 OTHOCHTenbHO JII06hlX rrpeo6pa30B8HHli KO-

OpJlHH8T1 B TOM 'liiCJie II OTHOCHTeJibHO KOH¢0pMHbiX 1 IlJI(•THOCTb v'¢ + V ~ 
K8K BHJlHO H3 ( 42) II ( 43) 1 COXpaHSieTC Sl, 

Jl) <l> a 3 o B hie n p eo 6 p a 3 o BaH H SJ. B Ka"'ecTI.e rrpHMepa ¢a30BhiX 

npeo6pa30B8HHH paCCMOTpiiM 1Ipeoopa30B8HHSI SU ( 2 ) ·X Sl J ( 2 ) , f1yCTb IIJIOT

(crrHH 1, HOCTb narpaH~HaHa rrocTpoeHa H3 Tpex noneii: BeKTop~ oro p ~ 

H30CIIHH 1), IICeBJlOBeKTOpHOf'O .a I ( CllHH 1, H30CIIIIH 1) H 
11 

·rrceBJlOCKa-

JIS!pHOf'O cp I ( CIIHH 0, H30CI1HH 1), II HMeeT BHJl 

x) ~aKT KOH~OpMHOH HHB8pH8HTHOCTH 3!leKTpOUHH8MHKH ~ TeOpHH C B38HMO-

!leHCTBHSIMH g </> 
4 

1 gtf y5 1/J </> II Jlp, rrpH HyJieBbiX M8CC8X BCeX IIOJieH 

coo6meH aBTopy B.VI. OrHeBeUKHM B rrepHon COBMeCTHoi pa60Tbi Hall cTaTh
efi /14/ 
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I 

I 
' 

1 I I 1 I I 

f ~ - 4 FJlV FJlV - T G JlV G JlV 

2 
m 1 

-? (p/.L a u 
(49) 

3.oecb HCITOJJb3YIOT ~SI CJJe.Qy101UHe COKpaweHHhle 060BHa"'eHHSI: 

, V 
11

a ~a a - y a 1 ¢ 1 

r !1 !1 

a y H - KOH::TaHTbl CBSI3H. 8eJJH"'HH8 a ( CK8JJS!p H H30CK8JJS!p) - COK-

paweHHOe o603H8"13HHe HeJJHHefiHOfi KOM6HH8UHH, ITOCTpoeHHOfi H3 H 

onpe.oenSieMoA coorHoweHHeM 

a2 + ¢1 ¢ 1 = f 2 

( Mo.oenb renn-MaH Ha H J1eBH I 1 I). Ee3M8CCOB8SI "18CTb ITJJOTHOCTH HHBapu-

8HTH8 OTHOCHTeJJbHO cne.Qyi01UHX KHpaJJbHbiX SU ( 2) X SU( 2) - npeo6p830Ba-

urxM • 

o*¢ 1 =y£ 1i"-ai ¢'-yf3 1 a, 0 * a ~y {3 I cp I , 
(50) 

C napaMeTp8MH ai H f3 1 - 4JyHKUHSIMH OT X fl , lln.SI ITOJJy"'eHHSI TOKOB 

.oocTaTO"'HO orpaHH~HTbCSI no.orpynnoA c rrapaMeTpaMH-KOHCTBHTaMH. BapbH-

py.SI non.SI a If cp I , ITpHXO.OHM K CJJe.Qy101UHM TOK8M H ypaBHe-

HHHM .OBH.lKeHHSI: 

I I 0 8*a =8*¢ = , 
!1 

I 
1) 8* p = 1£ 

!1 ljk 

8 ~ f =y 2£ I j k £ 

I k I n k I n 

mn a m [ F p.v a ll a v + G p.v p ll a v + ?ll ¢ p ll ¢ ), 
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. Cpl I 

J 11 
as: 1 k cpl r a _ --- y, p k - Y' F p , a j =- -- 8 * f' ac a 1 > ljk v u k 11 v " 11 11 a - p 

11Pv 'f 

k 
1 a a 2)8*a
11

=Y'Iik i 11 8* p 1 =8*¢ 1 
= o, 

11 

<•> 1 0 k In kj 2 k[ I I j 8* <>--=Y< ' a [Fa a -G p a -y' a a aV ¢ -¢ V a 
a ljk imn m p.v 11 v p.v 11 v ljk i 11 I 11 

(a)j a f' k I 

J = - Y' a = yc G a 
11 aca a~) ljk v ljk p.v v 

11 

a . (a) f 
11 J 11 

3) 8* rp I 

= Y' I i k a 
k rp 8*p 1 =8*a 1 =0 

11 I' 

_!__ 8*a f'' 
ao f 

co 2 Ink 0 k I 
8~<>--=-y < ' a V rp p rp +Y"' a. a (aV rp -¢ V a), 

'I' ljk jmn m 11 11 ljk J 11 11 11 

< </Jli ..i!..!.._ Y' ·k 
. -- I IJ 
J 11 - aca <P > 

k 

rp = yc t i k 
v <P 1 <P k a .c¢' r = _ !_ _ 8* f' 

11 ' 11 J 11 ao f ¢ . 
11 

E) a, = 0' f3 I f. 0 

1 p a 4) 8* p =y ( . i 11 
11 IJk 

8*a 1 =8*¢
1 
=0, 

11 

1 t k 1 kn fnk tnk 
8*£=--Y'. f3.F G +y2c. '- f3 (F a p +G a a +V ¢a cp ), 

p 2 t, k J I'" 11" IJk Jmn m p.v 11 v p.v 11 v 11 11 

<pli 

j 511 
as: k 1 k c P' r a " 
--- Y' a = Y' F a , a j =- -- 8 ' .5:' • aca '> ljk v ljk p.v v 11 o 11 af3 P 

11 p v f 
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5) 8* p I =8* cp I= 0, 
f1 

2 i 1 V k 
- Y < 1; k {3, ( a '' f1 ¢ -¢ a) p , 

f1 f1 

.(a)j af k 
J =---- 'f p 

5 f1 a( a a I) I j k V 

= < G I k 
y lj k flV p V ' 

f1 v 

6) 8*¢
1 

=-Yf3 a, b*a=yf3 cp 1
, 8* p

1 
= 8* a 

1 
=0, 

· I I' f1 

8*_,_£=-/c c 
k I k I I 2 I 

f3 a"¢ V ¢ -y 2 < f3 p (aV ¢ -¢ V a)+m fy/3
1
¢ 

'P ljk jnn 

<¢>; 

j 5 f1 

m f1 f1 ljk j f1 f1 f1 7T 

. <pll 
= J 

(a) I 
+ j BeKTopHLtil TOK 

f1 f1 f1 

. <</>ll 
J I' coxpaHReTCR, a rrceanoaeK-

• . I __ 
1
. (pll 

TOpHblll J 5 fl - 5 fl 

HCWeHHIO PCAC 

·(all 

+ J ·'I' + J. <cpll 
5p. 

a . ' 
f1 J 5 f1 

-m~ f ¢ 
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(52) 



ll 

§4. HecoxoaHHIOW!feCH orreoaTODbi KRK rPHPnr. rnnhr 

Ecnu rrorrpo6oBaTb Bocrronh30BaThC~ orrepaTopaMi P 
I' 

A pljJ 
/1 

K A 
' !' 

K¢ 
!' KBK reHepaTopaMU, TO C ITOMO!llbiO rrepeCTaHOB )'IHh!X COOTIIOWeHUH 

(53) 

( OCT8/lbHbl8 KOMMYTBTOpbl ( BHTHKOMMYTBTOpbl) paBHbl I ymo) rrony'IHM cne-

nyiDmue 6ecKoHe'IHO Manhie rrpeo6pa30BaHu~: 

A 
l'i A

11 
(x)=ic,,f P

1
, (x

0
), A

11 
(x)] =-cJi,A

11
(x) ~ 8* A 

!l 

'§ a A (X) ,- i c [ p A (X) 'a A ( x)k-c a () A (X) - c j (x) f o* () A 
4. Jl l/ l/ 0 1 JL I/ [I 1 fl l /l 4 fl 

- A 
l'i If; ( x) = i c ,, I P v (x 

0 
) , If; ( x) I = 0 

If; 
8 A (X) = i c [ p (X ) ' A (X>]= 0 

I' v v o I' 

If; 
8 () A (X) - i c r p (X ) ' rJ A (x) I = c j (x) 

4 11 v v o 4 11 4 1' 

8a A (x) -ic [K"(x ),rJ 
fl I' l' 0 I 

= 8* A 
I' 

f l'i*rJ A , 
,, I' 

(54) 

(55) 

l'i.j;(x),oic IK\(x J,0(x)l--iec A .jl(x) f,. ll*y(x), (56) 
I' fl ll V l/ 
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i c
1
) 0 o* A,.,. , 

8 .;, ( x) 
t/1 

i c l/ [ K fJ : X 0 ) 'l/1 ( X ) 1 -c (d -ieA )!/J(x) f8* .;, 
v v J' 

(57) 

T aKH M o6pa30M, HeCC XpaH >!IOlUIJeC>l onepaTOpbl He BCerna reHepHpyiOT HCXO.Q

' HLie npeo6pa30BaHH >1. K 3TOMY iKe BbiBOLIY MOlKHO llpHli TH, paCCMOTpeB nepe

CTaHOBO'IHhie COOTHOUBHH>l LIJl>l onepaTOpOB pA (x
0

) H p .j1 (x) 
l' l' 0 

B:vtecre c TeM >~CHO, 'ITO oneparophl 
p ,\ 

m ll 

= 0; 

(58) 

II paBHJlb HO BOCI1p0ll3BO-

Jl>IT IICXOLU!hle TpeXM.,pHbiB npeo6pa30lli!HHH, ll 6eCKOI!e'li!O MLlJlLIG, H KOHE''l-

II Lie. 

To, 'ITO HCXOJlHde npeo6pa30llaH!l>l BOCllp01!3BOLI>!TCH He TO'IHO, CBH38HO 

C TeM, 'ITO 06Cy)J{):l[IE MLIG Bapl!aUI!ll He eCTb C-'li!CJla, lln>! C - 'lllCJlOBblX Ba

pllaUHli rpe6oBaHue, • To6LI HecoxpaH>JKllllHec>J oneparopLI renepl!poBaJIH HMeH

Ho I!CXOJlHJ.Ie npeo6p.!30B8HI!H, 3KBHBaJieHTHO CT8HJlapTHOil llpOUellype K8HO-

HH'leCKOrO KB8HTOBa!I!H (illBHHrep /5/), 

§5, 3JMe'WHlle 0 C/IeKTpax C06CTFleHHHX 3H8'JeHHii 

Ee3 llOTepH 06LtHOCTH nepeCTaHOBO'IHWM COOTHOWBHH>IM (53) ilJI>l noneli 

All u t/1 MO)!(HO y,lOBJIBTBOpHTb, npencTaBHB x) 

x) 
06oaHa'IeHHSI 11 KOMMeHTapHu CM, B DpHno:>KeHHH I. 
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e 
t 

[a (p,t) t 1 (-p,t) 1 , (59a) 
I' I' 

:t I -( 2rr) -2 d p 

\; 2/pi-

I 1{-: ..... 
e I p : l --a (p, t I t a ( - p, t) 1 , 

fl fl 
(596) 

tY (X) 3 J -:r -~-
- 1 px ... _. 

(:?cr) dpe ,=.::..;,..~ [ b(p,s,t) u(p,s) c 
1 (-p,s,t) Cu 

1
(-p,s)). 

(60) 

3necb onepaTopbi ylllf'JTO>~<eH11H 11 po>~<neH11H rroA'-111IHnoTc 51 rrepecTI1HOBO'-IHL>IM 

C OOTHOllle H115IM 

I b(p,s,t), b
1
Cq,s', t) I =I c(p,s,t), c 1 (q,s',t) I ~ o "'& (p-q) (61) 

a OCTanbHble KOMMY fLlTOpbl (aHTilKOMMyTaTOpbl) paBHbl H) Jl!O, 

ll -
noncTaBnHSI pa3nmi<eHHSI (59) 11 (60) s orrepaTop 3EpHJla Q =-!fdit[,',,y.,0] 

A .;; 
11 B orrepaTopr,J P (28) ll P (29), rrony'-!ael\t ,, J! 

Q.p(t) •• e rd~ L
1 

<b" (p ,s,t)b(p,s,tl-c
1 

Cp,s,t)c(p,s,t), 

--T·~ 

( m ~ 1, 2,3 ), 

(62) 

(63) 

P~~ (t)~ )dpp"',~f-~ 1 (p,s ,t)b(p,s,t)" c
1

('p,s,l lc(p,s,t~, (65) 

</; J P (t)~-_l_ dp L (b
1
(p,s,t)d b(p,s,t)tbCps,t)o b\p,s,t)+ 

0 2 1 1 4 4 
·"'~.,--,__:_ 

2 3 

t c p,s,t)() c p,s,l)tc(p,s,t)d c (p,s,t) ~· l·c~ - c- ..... + _.,. J 
.j 4 
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(66) 

ie 

J - ~ ~ } dk ... t .... - ... - ----===- " 
11 

( k, t) + a / -k, t ) .l.[ w( p ' k ,t ) y w( p, t)] , 

vz!rl ' 2 11 

rne o6o3Ha'Ieno 

w(p,t)= ~ 
1
(>(p,s,t)u(p,s)+c+(-p,s,t)C liT (-p,s~" 

s=--,-
~ z 

B nocnenHeM awpa*EHuu (66), nony'IeHHOM H3 nepaoro c noMOWbW ypaaneHuH 

J1upaKa1 OCT8HHCb TOllbKO K8HOHI!'!8CKU HC38BHCUMbl8 nepeMeHHb!C, 

113 Bhi[)8*CHUH (62 )- (65) HCHO, <ITO OllC[)8TO[)hl ~ ~~ p ~\ p t 
p ~ p A. t- p <;; p .\ o6nanatOT B TO'IHOCTH TCMU li\C C!lCKTp81\1U 1 'ITO 

m rn m 0 

ll B CBOOOL(!IOM CllY'I<IC, 3ro CriCJlYC~T 1!3 nepeCT8HOI30'1llb!X COOTHOW8HUti (61) 

(Mbl Hl'HOpHpyeM liP'~llCT8E\JWHUH 1 OTriU'IHhl8 OT npencTaBUCHI!H cf>oKa), Qqe-

BU[lHO, 'ITO IIIJU yqe' C HCOIIpenerielltJOii 1\ICT!Jf!KH Cl!eKTp p" 
0 ITOJIO*HTCriCI!, 

J3 TO '1\C BpCI\IH1 CCJ:H IIC o6palltaTbCH K 11/lH808TI!'ICCKOii f'l!llOTC38 1 TPYllHO 

'ITO-n1!60 CKEl38Tb 0 CITCKTpC orrep~ Topa 

rponHIWM!tKH, y,1ac1 C>I cornacoBhiBaTb cneKTp 3Heprnn c rjln3H'IGCKUM rrpu 

HOMOHU! Teopn!! 1I8p<'ll0pM!!pOBOK ll anaa6aTH<iCCKOll 1'11riOTG3L1, YpOBHI! CBH-

3i:tHHL.!X COC fOHHI!ii ).OpOIIlO OllpCJlE'Jl>IWTCH B HCpGriHTHBI!CTCKOI\1 Upll0llH*8-

l!HH: CT!JOI'OC ypaBl!C me iliiH CIH!3<1l!IJ[,JX COCTQ;lf!Hii, CJIPJ1YWll1CC 1!3 TCOpHII ITO

H5!1 - ypm.1He1me Eer c-Conni!Tcpa - MOli<HO npnol!llli<CHHO cnccTl! K ypanHeHuw 

Wpe~wHrepa H 3Tl1\I I:yTel\t IIOJIY'HITb npanunbHbifi cneKTp aToMa BO!lopona 11 T,n, 

nepeXOL[H K 00il8C 'O'Illhll>.l anrrpOKCIII\IAUH HM, ~!OA\HO Flbl 'IIICill1 Tb TOI!KYW I! 

CBCpXTOHKYlO (ri3t\Ji)OJICKHi1 C)UllH') CTpyKTypy ypOHI!Cli ClTOMa B0{10p0Jl8, 

X) 

frpaHO:\!Cflll8 lUll! !18T C11l1UlOaTl1'I<?CKO.H l'HIIOTP38 ;1H>l IW!fi!Of'O KOHKpeTHO

f'O n.:~mr:vtonQiicrmrlf - no!lpoc orKpt.!Th!ll, CM. nrll1no!KPI!He 11 
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§6, npiUtep llpeo6pn30B8HHH C I18paMerpov-r/JyHKUHeii 

Bhtwe Mbl paccMarpuaamt npeo6paaoaaHHst c napaME rpaMII-KOHCTaHTaMH, 

Tenepb o6paTHI\tCH K npeo6pa30BBHIIstM c napaMerpoM-¢yHKUIIeii: - K KanH6-

posoqHbiM npeo6paaoBaHHstM: 

o*A (x)~a :\(x), 
11 11 (67) 

narpaH>KIIaH .S:' 'oc .5: - .l M 
2 

A A 
2 11 /1 

C f Bll!l8 (35) I:eiiHB8pii8HTeH OTHO-

c11renbHO HIIX: 

-a ( M 2 A A ) + M 
2 

A a A (68) 
11 11 11/1 

Cnenyst npouenype §2 11 Bbt6Hpast o* f = M
2 

A A 
/1 . /1 

, rronyqaeM 

2 
V (x) =a ( F .'\) + (a F - M A + j ) A, 

/1 II /1!' II 11/1 /1 /1 
(69) 

ni060ITblTH0 0 'ITO nocne y'leTa ypaBHeHHH !IBHJKeHl! Sl nne THOCTb VJ/ x) OK a-

3biBaeTCSl paBHOH HyniO C TO'lHOCTbiO !10 nepBOI'O qneHa, KOTOpb!H COXpaHst.,. 
2 

eTcst 'aBTOMaTH'leCKH"'. CnenoBaTenbHo, ypaBHeHIIe ecTb npocTo 0 =-M Aa A 
It 11 

3TOT BblBO!I YCIIOBI!Sl a A = 0 COOTBeTCTByeT B8pf!8Ul!OHHOMY MeTOAy, 
11 /1 

pa3BI!TOMY B /6/, 11 THnHqeH nnst acex TeopHii paccMarpunaeMor-o TaM Tllna, 

B TOM '!HCIIe II nnst Kl!panbHhlX (HaHpl!Mep, C II8I"'p8HJKIIEHOM (49)), 

npunoJKeHue I 

+ 
0'leBHAHO, qTo paanoJKeHIIeM (50a) orreparopLI a JL H a J1 eme He 

OnpenenstiOTCSl ( IIX Hellb3S! OTAeiiiiTb npyr- OT npyi'a). C 3T 1M rrp01!3BOIIOM 6opo

IIHCb1 Harrpl!Mep, rryTeM Ol"'p8Hl!'leHHSl 06118CTII IIHTei'pl!pOB8HHSl ITO p rronyrrpOCT

paHCTBOM BCeX 3Ha'!eHHH P/lB/, 'ITO HeKOB8pii8HTHO na>Ke B TpeXMepHOM 

CMb!CIIe. Bht6paB alA /L B BI!Ae (596), Mhl pacnopst/lHIIIICb 3THM rrp01!3B01lOM 

rro-npyi'OMy, B TeCHOM COOTBeTCTBIIII CO CB060AHl>IM cryqaeM, 0pH Bh!KniO

"IeHllll B38l!MOAefrCTBIISl onepaTOpbl alp, t) II a
1
1
L(p,t) OAH03H1l'IHO nepexo-
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!HIT COOTBeTCTBeHHO B a (p)e-ti"Pit II a+{p)e tl"tlt , I'Ae a (p) 
11 ll ll 

II a+ (p) - 06bi'IH ,re CB060AHbie onepaTOPbl YHII'lTO)KeH1151 II PO)KJleHII51, To, 
/(. 

'ITO BBeAeHIIe a qt, t J n a ~p, t) He conp51)KeHo c HacumwM, 51CHO ll3 en e-
ll ll 

AYIOl!lero. nepBOHa'lanbHO llMeeM 

C TpeM51 yCnOBll51MI1: 

........ 
ipX 

(n.l) 

(n.2) 

( nepBbre JlBa rapaH"npyiOT apMUTOBOCTb A ( x) n A ( x) ) • BBOJl51 He3pMn-
ll 11 

TOBbl onepaTOpbl 

[A (ji, t) + _i 8 (p,t)] 
ll I"PI ll 

(n.3) 

n Bblp8)K851 OTCIOAa A ("p, t) n 8 ( p, t) '-!epe3 a Cp, t) n a+ ( -P, t), rrpnxo-
ll ll ll ll 

JlllM K (59), rne rr~pBbre nBa ycnoBU51 (D.2) y'lTeHbi rronHOCTbiO, a o TpeTb-

eM ( HecymecTBeHHOl1 Jln51 HaC 3JleCb) HY)KHO ITOMHllTb: 

a [a 
4 

([1,4) 

0T all (ji,t) + - ) a JP, t MO)KHO nepeHTll K COOTBeTCTBYIOWllM "KOOpJlll-

q ("p,t)= 
ll v 2 "PI 

p (p,t) =- i ~[a (p,t)-/ ("p,t)] 
ll 2 ll ll (n.5) 

none A (x) n ero BJleMeHHa51 
ll 

rrpon3BOJlHa51 A (x) cnenyiO!llllM o6pa30M Bbrpa-
f1 

)K810TC51 'lepe3 KOOpA~H8TN q (p, t) n nMnynbCbi p (p, t): 
~ ~ 

,A.(x)=(2rr)-
3

/
2
1
2

fdpei"PX"j[q Cj),t)+q (-p,tll+-1-·-[p (p,t)-p (-p,t)]}, 
11 J l 11 11 I irl ll 11 

(n,6) 

-.1/2 ¥ ··- { 1 ()A (x)=(2rr) ! pe 1
'x l!il[-q (p,t)+q (-p,t)] + i[p Cp,t)tp (-p,t)] • 

4 11 .!. • 11 ll ll 11 
(n,7) 
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B bipalKeHHe ( 60), ITono6Ho (59), eCTb pa3nolKeHne ITO ITOnHoil cncTeMe 

u /15/ 
QJYHKUHH 

u(p,s), (s =-..1. j_) 
2 2 

c- 'IHCnOBbiX ITOnOlKHTenbHO- H OTpHU8TenhHO'l8CTOTHl IX perneHHH CB060):I

HOrO ypaBHeHHSI llupaKa B p - ITpencraBneHHH c aHepru•)il cu = ,./ p 2 + m 2 

C- MaTpuua 3apSIAOBoro coiTpSilKeHHSI, a T o6o3Ha'!aer :.mepauu10 rpaHcno 

HHpOBaHHSI. TipH Bbi'IHCneHHH (62), (65) H (66) HCTIOnb3~!0TCSI CBOHCTBa op-

TOHOpMHpOBKH 

uCii,sly u(p,s)o-vCp,s')y v(p,s)=o ,;uCp,s'ly v(p,s)~vCp,;' ly u(p,s)=O, (TI.8) 
4 ' St:' 4 1 

BBeneHne oiTeparopoB yHH'ITOlKeHHSI 

pO)I\JieHHSI a+ ('p,t) b
1
('p,s,t) H ct(p,s,t) 

11 

a 11 Cp,t),bCi:s,t) H cCp,s,t) H 

IT03BOnSieT rOBOpHTb 0 COOTBeT-

CTBYJO!lleil OITepaUHH N -yiTopHJIO'IHBaHHSI (oiTeparopN < KpecToM paciTona-

f'a!OTCSI cneBa OT OITepaTOpOB 6e3 Kpecra) • 3THM ITyTe .1 yiTOpS!JIO'IHBBIOTCSI 

OITepaTOpbl, OTHOCSI!llHeCSI K OJIHOMY MOMeHTY BpeMeHH. 

llovrne OIToeneneHHSI N -ITPOH3BeneHHSI rail3eH6eo:'oBCKHX oiTeoAroooB 

/1 I I E 
o6cyJKnanHCb B • me onHa B03MOlKHOCTb cnenyer H3 pa3no;.KHMOCTH rail-

3eH6epf'OBCKHX OITepaTOPOB ITO in - IWH out -oiTePaTona 1 1 non 51 /18/ 

npHllOJI<eHHe II 

EcnH orpaHH'IHTbCSI TOnbKO CHnbHbiMH B38HMO):IeHC1 BHSIMH 1 TO 3KCITepH

MeHTanbHbiH ciTeKTp Mace ycTpoeH, KBK Ha puc. a). no IeBhie reopnu o6bi'l

HO crpoSITCSI raK. CITepBa 3aiTHCbiBaJOT CBo6onHhiil raMHnb roHHaH H 
0
( rr, K,.,) 

1 

KOTOpblH ITO TIOCTpOeHHIO o6nanaeT CITeKTPOM THITa a) 1 a ~.aTeM ( ITpOH3BOnbHO) 

Bbi6Hp810T B3aHMOJleHCTBHe V. H C'IHT8JOT, 'ITO ITOnHbiH raMHnbTOHHaH H 0+ V 

ITOCne nepeHOpMHpOBOK CHOB8 HMeeT cneKTp THI18 a). 
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l ""..- 3.., 

2..,, 2.., 

"' .. "' 

0 0 0 

a) 6) B) 

a) - 9KCITBpHM9HTaJ1bHhlA CITBKTP Mace 1T -MB30HOB ( BaKyyM, OllH0-

1T - MB30HHOB COCTC HHHB, Ha'IHHa!OlUHACH C 

- Me30HHhlX COCTC·HHH:ti, • •• ) ; 

2m11 HBITpBphlaHwA CITBKTp uayx-

TT 

6) - aHanor B>CITBpHMBHTaJlbHOPO CITBKTpa ll1151 CJ1y'Ia51 0/lHOMBpHbiX 

MoneneA; 

a) - CITBKTp, < •Tae'Ia!OIIIHA ITOTBHUI!anaM 2) II 3), HHlKIIHB ypOBHII CMB-

lUBHLI ITO CpaaHBHIII l C 6), a aepXHHB 3aMSHIIJli!Cb HBITpepLiaHblM CIIBKTpOM, 

06CyllHM C 91'Cfi TO'IKH 3pBHII51 0/lHOMBpHhiO MOilBJ1H 0 ITpH'IBM orpaHH'IH~I-

CH CJ1y'IaBM 0/lHOPO ITOIIH. 3neCb ace, KaK a "HaCTOHlUBA" Teopnll: 

narpaHlKI!aH: L ~ f d t 5:' (t); 

ITJlOTHOCTb naq aHlKI!aHa: 5:'(t) ~ _l.p 2
- ~ m 

2 
<f> 

2 
+ V ( <j>) 

2 2 
, rne V( ~~) -

a3aHMOilBACTal!e; 

a 5:' • 
p(t) ~ --="' ; a;p '~-' 

OJIHOapeMBIIHbl l rrepeCTaHOaO'IHhiO COOTH0ll1Bl!H51; ( <j> ( t) , p( t) ]= i ; 

a i' . ) l . 2 m2 0 

raMI!JlbTOHI!aH: H = -.-¢- f =- c/> +--,-- ~""- V(¢); aq) 2 ~ 

ypaBHBIIHO nalllKBHIIH: _i!.! __ a_ afl! ~-'cf, -m 2¢ + ~ ~ Q, 

aq, at a;p d¢ 

!·!3 ypaaHBHIIH /lal!lKBHIIH CllenyeT, a qaCT!IOCTH, 'ITO PaMI!IlbTOHI!aH COX

dll 
j)8H51BTC51, -- = 0 , JlnH 0Tb!CK8H1151 CITBKTpa P8MI!JlbTOHII8!!8 Tpe6yeTC51 pe

d t 
UIHTb ypaaHSHIIB Ha C06CTaBHHblB 3Ha'IBHif51 

., 
1 a" m2 2 l-- --+-¢ -V(rf,}]<ll= E<P, 
2 a¢ 2 2 

KOTopoe Mhr 3amrc 111n B rrpencTaaneHHII, rne ¢ JIIIBPOHallbHO, 3TO - C8MOB 

06lllBB Jli!HBAHOB 11 l<jJ<jJepe!!UHallbHOB ypaal!BIIHB BTOpOPO IIO[H!/lK8, 
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PacCMOTpHM neCKO/lbKO ypannenuli, HMeiD!UHX TO'IH"' e pewenuH 
1191• 

(no TepMHHOIIOl'HH Teopuu nonH): V(c/>)=0 , 
m 

~ho - ypnanenue Jl/IH <jlynKl!Hft 3pMuTa co cneKTpoM E- 7 ~ 0, m , 211)13 m, ... , 

uao6pa>KeHHbiM na pHc. 6). 

m 2 2 m 2 -gcp 2 
2) -¢ - V(¢) ~-(e -1) 

2 2 g2 
( noTeiiUHan Mopca), 

CneKTP B aToM cnyqae HMeeT JlHCKpeTHyiO 'laCTb E ~m(, tl)-L(n ,l)~ 
2 2 2 

/IOKa 
m 

<--;-fn= 0, 1. .• , 
g 

(puc. B)). 

H nerrpeptM\eH lla'IHI!a51 C 

CneKTP cnona !MeeT JlHCKpeTHYID 

'laCTb 

g2 
- (n + 
4 

1 
a, Ha'luHal! C n + l = 

1 2 l 2 
""""2) - -j<n + 2) ' 1 j 2 noKa n + -- <- m 

2 g" 
g2 

+-
4 

HenpepbtBen. 

4)V(¢)=~ 
2¢ 

. B aToM cnyttae cneKTP JlHCKpeT€ H n cocTOHT na 

nByx cepuli 1201 x): 

' 1 + ;-;-:--s_ l 
4 

, E _ .,v'"' m [ 2f t-1 - f ; , .!_ I . 
·-· 4 

5) Anl'ap~lOHH'leCKHli ocuunnHTOp V( ~)) ~.- -}- 'P' 
D paMKUX TeOp!IH II03MYI1!011Hlt, KOTopaH aaeT / l9,21 / 

pace MaTpunaeTc >1 

VITaK, IlhJ6op Il3<li!MOAeilcTnHH Hao6yM n oAHOMepHOM ~JIY'Iae, Kal< npann

no, HCKa:>Kae•r CITOKTp, nepeHOp!v!UpODKQMII C!laCTil flOIIOlM!I HC! HE'Hb~HI. 

nocKO/IbKYr OJ1HaK0 1 IIO 3aJ[flHIIO~IY CT!CKTpy, COJ:tepJKCl HC'MY HIICKflC'l'liYKl 

'!aCTb, ypaiHWIH!O BTOpOPO rropHJIKil I30CCTUH8BllHBtl8TCs:t H;)OHII03Hd.tfHO 
/22/ 

x) B /!!)/ (cTp, 15G) OCT<iBJle!Ia TOnbKO OHHil llJ ffi!X, 
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TO B llpHHUIHie, KpOMe rpaBH6HHSI 3ifnepa ( "cBOOOAHOrO ypaBH6HHSI.,) 1 MO)I(HO 

IlOCTpOHTb ApyrHe ypaB 16HHSI C TeM )1(6 Cll6KTpOM ( "ypaBH6HHSI C B38HMOA6HCT

BHeM"). HeoAH03Ha'!Ho•:Tb TaKoro copTa HllliiOCTpnpyeTCH B3aHMOAeiicTBHHMH 

2) II 3) 1 KOTOpb!e C T< 'IHOCTbiO AO rrepe0003H8'16HHH KOHCT8HT A810T OAHH n 

TOT )1(8 Cll8KTp, 

B hiAenenn:e Aorry :THMbiX KnaccoB B3an:MoneiiCTBHH ( B Ayxe pellleHHfl 

o6paTHOH 38A8'1H lliryp ..18-nHyBHllllfl 
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