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1.· B a e n e H n: e 

B nocnenHee apeMn: HHTeHCHBHO paaaua~eTcn: n: ycnewHo npn:MeHn:eTcn: 

K OITHCaHHIO 8KCnepHM9HTanbHblX ll8HHblX M9TOA a;jxj>eKTHBHblX narpaHlKH8HOB
1 

'18CTH'IHO imaapn:aHTHblX OTHOCHTenbHO Henn:Hel!Hb!X KHpanbHhiX npeo6paaoaa
/l-10/ 

Hn:li rpynnbi SU 2 x SU 2 , coneplKaiUn:li anre6py TOKOB 11 noaaomi-

romn:l! O'leHb npocTo aocnpon:aaonHTb ee peayni>TaTbi. HenHHeliHLie peann:aaun:n: 

/1/ KHpanbHOll: rpynnbi SU- 2 X SU 2 lla'lann: H3y'laTb rropCH II npyrn:e 8BTOpbl 

HeCKOnbKO neT H838ll 0 HO HC'19piTbiB810IUee HX OITHC8Hile 6binO llll!IO Bal!H6ep
/1Q/ 

I"OM • EcTeCTB9HHa MHOI"O'IHCneHHOCTb pa60T0 ITOCBHW9HHhlX TeopHH a¢~eK-

THBHblX narpaHlKH8HOB B paMKaX KHpanbHOI! rpynnbl S U 3 X SU 
3 

Hnll 
I 12-201 /20/ • 

U 3 x U 8 • Kon~>MaH n: np. noKaaann: aalKHYIO o6myro TeopeMy, 

cornacHo KOTopol! HennHeliHhie peann:aaunn nro6ol! KOMnaKTHol! can:aHoli nony

npocToll: rpynnbi nn, nnHeapuayromnecH Ha .3ananuol! ee nonrpynne, onpenenHJOT

cn: Ot:IH03H8'1HO, C TO'IHOCTbiO AO H9CYIU9CTB9HHOI"O nepeonpeneneHHH 6a3HCHhlX 

~yHKUHI! nonn:. 

B HaCTOHIUel! pa6oTe Henn:Heli:Hble peann:aauun KHpanbHhiX rpynn nccneny

IOTCH M9TOAOM npOH3BOllHIUIIX :jlyHKUIIli (Mil¢ HH:lKex/) C .1piiBne'leHII9M HHTep
/22/ 

nonn:un:oHHbiX- nonltHoMoB Cn:nr,aecTpa-narpaHlKa • B cnny aneKBaTHocTn 

x/ B HecKon~>Ko HHoli tflopM e Mll<ll npHMean:ncH n' 1211 nnn: BbiBOlla Henn:
Heitaoll: cnn:aopHoit. peann:aaun:u o6meKoBapnaHT!Ioli rpynnbi a o6meit Teopnu 
OTIIOCHTenbHOCTII. 
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38AB'le,., STOT MeTOA OK83bJB8eTCll KOHCTpyKTHBHbiM 0 II03BOillleT llBHO rrepe

'lHCilHTb BCe HenHHefiHbJe peanH38UIIH II s<fl<fleKTHBHO C HIIMH pa60T8Tb 0 IlpH'leM 

6e3 ysenH'leHIIll CilOlKHOCTH OH IlpHMeHSieTCll K rpyiiiiBM SUn X SU n 

H U n XU n rrpn mo6oM n • IJ03TOMY ReT H8A06HOCTH ClleUHBilbHO BhiAe-

illlTb n = 2 Hill! 3, 

B pa3aene II pa6oThi BKpaTue H3naraeTcSI Mflct> H nccneayiDTCll sa-

pHBUIIH rrom1HOMOB CHnbsecTpa-narpaHJKa H co6cTseHHhiX 3HB'l8HIIfi MaTpHUht, 

OIIHCb!BBIOlllefi Me30llbl 0- , Ilpl! HenHHefiHhiX Ilpeo6pa30B8HIIllX KllpBilbllblX 

rpyrrrr, 

nanee, B pa3aene III rrpoBOAHTCll aHani!3 aem!HefiHhiX peanH38UIIfi 

KHpBilbHOfi rpyllllbl U xU 
n 

Ailll IJCeBAOCKBilSlpllblX Me30HOB rryTeM pa3-

pemeHHll rpyiiiiOBbiX COOTHOill8HIIfi MelKAY Ilp01!3BOAlllllHMII <flyHKUHllMI!, Aaa

illl3 IJOK83bJB8eT0 'ITO AilSI 3TOfi rpyiiiibl CyllleCTByeT Tpll He3KBHB8ileHTHbiX 

Knacca aem!HefiHhiX peanii3BUHfi,' Hanll'lHe Tpex KnaccoB aesKBIIBaneHTHhiX 

p8811H38Ullfi y rpyiiiibl U n xU n CBll38HO C TeM, 'ITO OHB He rronyrrpOCT8ll 0 

H rroa'lepKHBaeT BBlKHOCTb ycnoBHll rronyrrpocToThi B TeopeMe KonbMBHa, 

/20/ -
Becca H 3yMIIHO • K rpyrrrraM THIJa u n X un 3T8 TeopeMa aerrpiiMeHIIMa, 

B pa3aene IV paCCM aTpiiBBIOTCll II SIBHO rrepe'lHCillliOTCll Bee H811H-

HefiHble peailH38UHII KHpBilbHOfi rpyiiiibl SU n X SUn Ailll rrceBAOCKBilllpHblX 

Me30HOB. Bee oHH sKBHBaneHTHhi MelKAY co6ofi 11 oTnll'lBIOTCll 3aMeHofi rro

neBhiX rrepeMeHHhiX, KoTopyiD MOlKHd SIBHO yKa3aTb, 

Me3oHHoe caMoconpSIJKeHHoe rrpeacTaBneHHe SIBnSieTCll KniD'leBbiM, H c 

ero rroMOlllbiO B pa3aene v H3Y'lBIOTCll H811HHefillblC rrpeo6p830B8HHSI KBap-

KOB 'l' B rpyiiiJBX SU n X SUn H Un X Un , KOTOpbte He coaeplKBT M8Tpi!-

Ubi y 5 
H OCT8BilSIIOT HHB8pH8HTHblMH BenH'lHHbl BHAB 'l' 'l' • flpOH3BOAlllllHe 

iflyHKUHII Ailll Hem!HefiHhlX IIO Me30HHOMy IIOiliO KBBpKOBbiX peanii38UIIfi IIOily

'leHhl B SIBHOM BI!Ae, H OHH OIIpeaenlliOTCll IJp01!3BOAlllllliMII iflyHKUllllMII l:tnll 

IJCeBAOCKBilllpHb!X IIOilefi, floK838H0 0 KBK CTpOHTb B TepMIIHBX IlpOH3BOAlllllRX 

· <flyHKUIIfi KOB8pH8HTllbJe I1p0113BOAHbJe, 

3H8HIIe HeniiHefiHbiX peanli38UIIfi Ailll KBBpKOB aaeT B03MOlKHOCTb 8BTO

M8TH'leCKH 38IIHCbiB8Tb Hem!HefillbJe peanH38UHII Ailll ill06bJX apyriiX IIOnefi 

( HBIIpHMep, Ailll OKTeTa 6apiiOHOB B rpyrrrre SU 3 x SU 3 
11 TaK aanee). 
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II. MeToa rrpollaBOAHmnx iflyHKUHfi 

B sToM pa3nene Mhi Bb!BeaeM ocnoBHbiC coo"IHoweanSI Mfl¢1 tmpaJibHhiX 

rpyrrrr u- xU 
n n 

IIOilrpynrrax U n 

II SUn X SUn , nl!fleapli3YIOlllliXClT0 COOTBeTCTB9llll00 Ha 

ll sun • KnpanbH8SI rpyrrrra su nxSUn onpeaensreTC51 

anre6pofi nn2 "H30TOIIH'lecKliX" T, 

(i=1,2, ••• n -1}. 

II "8KCH8ilbHbiX" A renepaTOpoB 

a) [T
1 

,Tk ]=iCJkf T£ ;81 [T 
1
,Ak]=iC lklAf ;b)[A 1 ,At]=iC IJI't,(~-1) 

c lkf - CTpyKTypllbie KOHCTBHTbl rpynnw SUn 

KupanbHall rpynrra UD X un coaep~T noarpynny su·nxSUn 

n aae uaaapnaRTHbie A6eneBbi rroarpynnbi U 1 - B aeA ao6aB1!HIOTCll reae-

paTOpbl To ll A0., KOMMYTIIpy;omue CO BC9MII reaepaTOpBMII, renepSTOpbl 

T I , T O KOMMYTIIpyiOT 0 a 

'leT HOCTll P , 

flo aaanorHH c rpyrrrroA 

3pMHTOBbJX n X D MSTpliU r I 

[r 1 , r k ] = 2 i C Jkf r f 

A I'A 0 SHTIIKOMMyTIIpy!OT C OII9pBTOpOM 

SUs MOlKHO BBeCTII COBOKyiiHOCTh n 
2

-1 

2 
c ayneBbiMH wnypaMH 11 r·o = Y-;;- ~ 

Sp ( r 1 r I ) =2 8 II 
(2.2) 

KnpanbHbte rpyiiiihi U xU H SU X SU liMCIOT OCHOBHYIO n n 

CSMOCOIIpSllKeHHYIO Jlei!IIHefiHyiO peam!38UI!IO Ailli IJCeBilOCK811SlpHbiX Me30HOB0 

3H8HI!e KOTOpOit II03BOilReT 38IIHCbiB8Tb Heni!Heit!Jbie peanii38Ullll KHp8ilbHbiX 

rpyrrn ansr apyrnx rronen:· CaMocorrpHlKeHHhie aennneitHbte rrpeacTaBlleHnsr 

SUn X SU n peanu3yiOTCll liB HeiipiiBOlli!MOM SUn MYilbTHIIneTe IJCeB-

AOCK811Slpllb!X Me30HOB P
1 

(i = 1,2 • • n -1) · '> Basnc rrpeACTaBneHliSl rpyiiiib! 

U n COAeplKHT TBKlKe CHHrneT p 0 • 06pa3yeM 3pMirTOBy MBTpnuy 

e = fP1r 1 

Koit" su,. (nnn 

TOrAa 11HifJirHI!Te3RM8ilbHOe npeo6p830BBHI!e "Ir30TOIIIr'l9C-

U 0 ) llilll Me30HOB e 38IIHilleTCSl B BHae: 
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~, 

af3 ~ 
i 
2[{3.~ 1 (2,3) 

{3 =I. {3 1 r 1 - apMnToBa MaTpnua napaMeTpoB npeo6paaoBaHnsr; HennHeliHbie 

npeo6pa30B8HiiSI MaTpiiUbl ~ YA06HO OnliCbiB8Tb C noMO!UbiO npOII3BOASI!UIIX 

·,PyHKUiili. XapaKTepncTii'IecKoe ypaBHeHne apMiiTOBOli n x n MaTpiiUbi ~ 

I!MeeT n BemecTBeHHbiX KOpHeli A I • A2 •••• A n. o6paayiOIUIIX cneKTp 

MaTpllllbl ~ • EyneM C'II!TaTb1 'ITO cneKTP HeBhlpoJKAeH, T,e,. A 1 f A k 

np11 i f. k. Ecn11 '!IIcnoBasr ,PyHKUIISI F (A l onpeneneHa Ha cneKTpe MaTpii-

Uhi ~ , TO MaTpii'IH8Sl !flyHKUIISI F ( ~) BCerna MOlKeT 6b1Tb p~3llOlKeHa no 

iiHTepllOIDIUIIOHHbiM nonliHOMaM flarpaHlKa-CI!nbBecTpa Z (~ ) 1 liMeiOIUiiM 
~ /22/ I 

n-1 cTeneHb no ~ 

F(~l= I. 'F (A~Z 1 (~), 
!=I 

z I(~)= 
(~-A 1 Il ... (~-A 1_ 1 Il(~-A 1 +1 ll, .. (~-An Il 

(A I-AI).,,( A! -A !-1 )(AI -A 1+1 )., • (A I- An) 

noni!HOMbl z 1 

n 

·I. z = 1 
1=1 I 

o6naAaiOT npoeKUiiOHHbiMII CBOliCTB8Mii 

Sp Z 1 = 1 z! z k = a lk zk 

noneaao noMHiiTb, 'ITO Korna MaTpnua ~ nnaroaanbHa, To Z1 (~) 

( 2.4) 

(2,5) 

( 2,6) 

eCTb 

MaTpnua, y KOTopoli eAIIHCTBeHHblli OTllli'IHbili OT Hymi 8/leMeHT paBeH 

eAI!Hl!Ue ll CTOl!T Ha nepeCe'leHiill i - CTpOKll If i -ro CT0/16Ua, 

Tenepb aan11meM n 2 -napaMeTpn'!ecKoe IIH.PnHnTeanManbHOe npeo6-

paaosanne MaTpl!Ubi ~ B M8KCIIM8llbHO o6IUeM BI!Ae: 

a ~ = £ ( F o Z a Z o + G · o Z Sp ( Z fa)), 
a k, f=l kL k L kL k 

(2.7) 

6 

• i 

rne a -apMiiTOBa n x n MaTpnua napaMeTpoB npeo6paaoBaHIISit F kf ll Gkf 

-npOli3BOASIIUiie !flyHKUIIIi 1 npOii3BO/IbHbiM o6pa30M 38BIICSIIUiie OT C06CTBeHHb!X 

3Ha'!eHIIfi A I • A 2 • • • • • A n 

C y'I~TOM TOJKAeCTBa 

MaTplillbl ~ ( llllll OT Sp ~, Sp ~ 2 
... Sp ~ n). 

Z 1 a Z 1 "' Z 1 Sp ( Z 1 a ) (nnsr KaJKAoro 

Mbl 6e3 orpaHI!'!eHiiSI 06IUHOCTii MOlKeM C'lliTaTb F k k. =0 B ( 2, 7), 

HaM noaano6srTcsr cnenyiOIUiie scnoMoraTenbHbte yTBepJKAeansr: 

A) Ecnn paseHCTBo: 

n 

I.b Sp(Z a)=O 
k=l k k 

( b k - '!ncna) 

(2,8) 

( 2.9) 

If MeeT MeCTO AilS! np0113BO/IbHOfi MaTpiiUbl a, TO C He06XOAiiMOCTbiO npn 

Spa.=O,bl=b 2 =···=bn, anpn Spaf.O, b 1 =b 2 =···=bn=0. 

npoBapbllpyeM COOTlioweHl!e ~ = :£ Ak Z k 
k=l 

a ~ =I. <a .A z +A a z >. 
a k=l akk kak 

0K83biBaeTCSI B03MOlKHbiM SIBHO onpenenliTb Bapl!aUiili ·.aa A k' aa Zk 

npn aeni!HeliHOM npeo6paaosaann ( 2. 7). 

Bapbllpysr paseHCTBa ( 2,6), nony'IIIM cncTeMy ypasaeanfi 

n 

I. a z 1 I =I 
0 sp az 

1 

a z 1 z k + z 1 a z k = a lk a z k 

0 

E) 06mee perneane cncTeMbi ypasaeanfi ( 2,11) nMeeT . Bnn: 

azl =I,'(Hikzlazk -HkiZkaZ I) 
:;II ' 

npn nponasonbHOfi ,PyHKUIIII H 1k • 

7 

( 2 •. 10) 

,. 

( 2 ... 11) 

( 2.12) 



¢opMyna (2.12) noanonsreT cnenaTb yTnep*neHne: 

B) Ecnn MSTpnua e npeo6paayeTCH no HennaeltHoMy 38KOHY (2.7), 

TO COOTBSTCTBYIOlllSS rrpeo6p830B8Hlle xapaKTSpllCTll'ISCKllX KOpHel! MSTpllUbl e 
HMSST BHJ::t: 

8 A 
a 1 

n 

l: G Sp ( Z a l • 
k=l lk k 

)lel!CTBHTCnbH0 0 H3 ( 2.-:12) cneayiOT COOTHOlllCHllli 

Sp( z k 8z 
1 

> = o; Sp ( e8 Z l = o 
I 

npn nro6htX i ,'k = 1 ,2, •• n • V!MeeT MSCTO KpSCllBOe TOlKLlSCTBO 

A ~ sp<ez
1 

>. 

( 2.13) 

( 2~--14) 

( 2.15) 

BSpbHpysr KOTOpOe H llCITOnb3YH ( 2. 7) H ( 2.14) 0 AOK83b!B88M crrpaBeannBOCTb 

( 2 ... 1 3). Terre ph nerKo noKa38Tb cnenyromee yTnep*Aeane: 

r) EcnH M8TpHU8 e npeo6paayeTCH IIO 38KOHY ( 2. 7) 0 TO COOTBST

CTBYIOlllSS npeo6paaoBaane nonnHoMOB CnnbBSCTpa-narpaH*a nMeeT Bnn: 

n F lk 
8 z ;. l: ' ( --- Z1 a z 
a 1 k=l A -A k 

lvf I I k 

Z a Z ) 
k I • 

III. HennHel!Hbie peanH38UHH KHpanbHOll rpyrrrrbl u n X un 
ansr ITCSBAOCKSnllpHbiX MC30HOB 

( 2. i 6) 

B naHHoM.-paanene c rroMOlllbiO Mn¢ orrnchtBaroTcsr HennHeliHhte peannaa-

unn KHpanbHOl! I'pyrriibl U X U ansr ITCCBAOCKSnHpHbl~ M830HOB e, nnae-
. n 

'apH3YIOlllHSCli HS 'H30TOITll'ISCKOl!' ITOAI'pyrrrre U n • 

8 

'\ 

;~ 
' I 
ll 
' 

Coxpaasrromasr '!i:!THOCTb caMoconpsr*CHHasr peann3aunsr rpynrrht U xU 
n 

anSI M830HOB e ( Sp e f 0 o6pa3yeTCH nnHC!iHbiM U npeo6pa3oBa-

HHSM ( 2.3) H HSnllHCHIILIM KHpanbHblM rrpeo6pa30B8Hll8M ( 2. 7) • 3pMllTOBOCTb 

rrpeo6pa3oBamm ( 2. 7) aaKnan~>~naeT a a F kf n G kf ycnonnsr: 

* * F = F 
kf fk 

G =G 
kf kf 

npeo6pa3oBaane (2.7) coxpaasreT 'li:!THOCT~, ecnn ~yHKUllH 

6yayT 'I~THbiMll 0 TSK KSK P gp-t =-e , PaP-!=- a 

(3;1) 

Fkf H Gkf 

npeo6pa30B8-

HHH (2.3) H (2.7) yaoBnCTBOpliiOT rpyiiiTOBbiM ycnOBllliM (2.1a) H (2.16) IipH 

nro6biX F kf • G kf IT09TOMY AnSI TOI'0 0 'IT06bi (2.3) H (2.7) 6blnH pea-

nn3aunel! KnpanbHol! rpyrrrrht U X U HS06XOAllMO H AOCT8TO'IH0 0 'ITO-
n 

6bt nnsr nro6htX aByx rrpeo6pa3oBaanlt ( 2. 7) c rrapaMeTpaMH a 1 n a 2 

ynoBneTBopsrnacb CK060'IH8H onepaunsr Co~yca nn: 

(8 
a2 

8 
a! 

- 8 
at 

8 
a2 

>e=.!...[[a ,a 1 Le1 
4 2 

B COOTBCTCTBHH C rpyrrrrOBbiM ycnOBllCM ( 2. 1B) o -

Aaanna rpynrroBoro ycnoBnsr ( 3.2) npn Sp a f. o n npn Spa= 0 

(3.2) 

IipOBOAHTCH OAHHSKOBOo Mbl IIOACTSBnHeM Bbtpa*eHHC ( 2. 7) B CK060'IHYIO 

onepaunro (3.2) n, rrpnMeasrsr ~opMynht (2.13), (2.16) Mn¢,npn y'li:!Te cooT

aomeansr ( 2.8) nony'IHM aKBHBaneHTHyro rpyrrrroBoMy ycnoBHIO ( 3.2) cncTeMy 

ypaBHSHHl!: 

Fkf -Ftf 

A -A 
k 

F kt -
Fkf-Fkt 

A f-At 

9 

1 ( 
Ftf =4 Af -A kl (3.3) 

(k =I f f. t =I k ) 

~ . ~-------· ------



~ 
a Fkf G kt- G l't 

j=l a A 
G -F 

Jt kf + 
j Ak-A f 

2 

+<8 -8 l[ Fkf I 0 rrpn Sp a f= 0 

tk tf + 4. <A k -A e >l ~ 1 
Ak-Af 

-' kf npn Sp .a = 0 

(Gkf -Gkt )(Fl't -Ftf l~O 

~-< aGkf aGkt 

~GJf) 
j 

0 npn Spa ~o 

J=l -a;:- G j jt 

(3.4) 

(3.5) 

(3.6) 

( s kf - s kt l npn Spa-~ 0, 

nosmneHne npOH3BOnhjlbiX .PyHKunil r kf , s kf npn Sp a~ o smnneTCR cnea-

CTBHeM yTnepJKaeHHR A)· (2.9). Jlnn Toro 'IT06bt HennHeilHoe npeo6pa3oBaHne 

(2.7) npu Sp a ,f 0 RBnRnOCb KHpanbHbiM npeo6pa30B8HIIeM rpynnbt U xU , 
n n 

Heo6xoai!MO II aOCT8TO'iH0 0 'IT06bt !IpOU3DOaSIII(I!e 4JyHKUIIH F kf 
II G kf 

yaosneTBOpSinll CIICTeMe ypaBHeHI!i! ( 3,3) -( 3,B) 0 nony•IeHHOe HlllKe 06IUee 

pemeHne cncTeMbi ypaBHeHnfi ( 3,3-3.6) npn Sp a ,f o pemaeT .Bonpoc Knac,... 

cn.PnKaunn HemmefiHbiX peann3aunfi KIIpanbnoll rpynnbt U xU 
n 

!J.nSI, ncenao-

CKanHpHb!X Me30HOB 

8HTHCHMMeTpH'iHOH 

~ • npn G kf ~ 0 HMeeTCSI TOnbKO oaHO · pellleHne C 

F kf ~ ± +- (A k -A e ) . KOTOpoe He rroaxoanT no 'i~T-
HOCTIIo 

06mee • CHMMeTpii'IHoe peweHne ypasneHJ.tSI ( 3.3) orrpeaenSieTCSI cnc-

TeMofi rrpoH3BOnhHhiX .PYHKUHfi fk( A 1 , A2 ... A (k~I,2,,.nl 

I 
F kf ~ 2 ( A k - A f l ct~ 

10 

r k- r e 
2 

(3.7) 

·.~ 

!f>yHKIIHH F kf 

cnyqae .pynKIIHH f k 

4JyHKIIHil H 

HBnSieTCS! 3pMIITOBOH ( 3,l) H qeTHOH 0 n03TOMY B 06IUeM 

o6pa3yiOT CHCTeMy II3 n pa3nH'illbiX BeiUeCTBeHHblX 

fk (-A 
1
,-A

2 
•• -A 0 l~ -f k (A 1 ' A 2 ' "' A n ). 

0TMeTHM 0 'iTO npn 38MeHe 

UHS! KOpHel! A ;. A 2''" An 

H3Mei!SieTCS!o B U n xU n 

k ... rp k=f 'k + F rae F - CHMMeTpH'iii8S! !j>yHK-

He38BHCHMb!MH ( SIK06HaH 

BIIa npOH3BoaSIIUeil 4JyHKIIHH F kf ( 3, 7) He 

Mbl MOlKeM C'IHT8Tb 4JyHKUHH f k ( A 1 • • • A n ) 

D(f
1

,f 2 •• f
0

) 

D(A 1 ,A 2 ... AJ 
;;o ) • noacT8BHB pelllei!He 

( 3. 7) B ypanHeHne ( 3.4) npn Sp a I= o, nony'inM 

ark ar e ( 3.8) 

~ ( --- ---l G ~ 8 -8 
~~~ a A aA 11 kt & • 

l l 

Y'iHTbiBaR cno6oay 3aMel!bi f k ... rp k ~ f k + F , pacmennM ( 3.8) Ha 3KBH

nanei!THbie ypanHennn: 

n a (f k+F ) n arp k 
~ G "' ~ -- G =8 + a 
1~1 aA lt J=l aA It kt 

J I 

rae a t npOH3BOnbHOo JlonyCTHM 0 'ITO SIK06HeBa M8TpHU8 

BbtpolKJleHa, Toraa peweHneM ypaBHeHHH (3.8a) 6yaeT 

a A n a A r 
G =--•-+a ~ --

rt a¢ t t ~1 a</> k 

1 ~11 I a A e 

(3.8a) 

ne-

(3.9) 

a ·Ak arpk -r 
rae II II = II ---II . PeweHne ann G k nony'laeM noa-

a¢ e aA e e 
CT8HOBKOil BbtpalKeHHR ( 3,9) B ypaBHenne ( 3,6) npH Spa ,f 0, C y'leTOM 
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TOre, 'ITO 

2 2 
a Ak a .\k 

a¢ e a¢, a¢ • a¢ e 

a.\k n aAk 
G f =---+Co:£-, 

k a rf>e m=l a¢ m 

G 
a.\ k 

kf a</> e 

n a.\ n a.\ 
I ---LI --

•=' a¢f n=l a¢ e 

B + I 
0 m,r::::t iJ¢ r 

a.\m 

(3.10) 

(3.11) 

B 0 , C 0- ITOCTOHHHbie, PemeHI!H ( 3,10), ( 3,11") Up!! 

nepenncaTb B anae: 
C f. - ...!_, B f. 0 MO lKHO o n 0. 

a.\ k 

c =-; <~>e= 
kf a¢ e 

C 0 n 

</>---I¢ f 1+nC0=1 r 

<1> e+ ~ sp e 
0 

JlnH pemeHnH ( 3.10) 

(3.12) . 

JlnH pemeHnH ( 3.11) 

CneaoaaTenbHo,. KllpanbHaH rpynna u n X u n !!MeeT lliiiPOKIIii Knacc 

HennHeiiHbiX peanHaaunii ( 2.3), ( 2. 7) JlnH Meaoaoa, nponaBOJlllllllle ,Pyaxunn 

KOTOpbiX: 

Fe=.J....<A -Aelctg 
k 2 k 

rk -re 

2 

ah 
G =~--

kf are 

onpeaenl!IOTCl! Cl!cTeMoii na n 
HeaaBIICI!MbiX, BellleCTBeHHbiX, He'!eTHbiX 

( 3.13) 

.PyHKUIIii f k ( A 1 ••• ,\ n ) 

pnny 
llnll rrpeacTaBneHI!ll (3,13) MOlKHO ITOCTpOI!Tb MaT-

U!e'l =I exp(-i y f )Z , 
k=l 5 k k ( 3.14) 

12 

: ~' 

npeoopaayromyrocH no· mmeiiaoMy npeJlcTaBneHiiiO U n xU n 

( 3.15) 
0 iy5 

of3u<e'>=.2..[f3,u<e'll; 8 u<e'>=---la, u<e'>l 
2 a 2 

Eonee Toro,_ecnH HeKoTopaH MaTpHua U(e'l npeoopaayeTcH no npeJlcTaB

neHHIO (3,15) aa c'!ElT npeoopaapBaHHii THna (2.3), (2.7) caoero MaTpH'!Horo 

apryMeHTa e, TO npH Sp a f. 0 MOlKHO yTBeplKJlaTb: 

1) MaTpHua U ( e'l smnHeTCH yH!iTapaoii 11 MOlKeT obtTb aanHcaHa B 

BHJle u<e'> = I exp !-iy r l z , 
k 5 k k 

rae f (,\ , •• A ) - HeKoTopaSI CIICTeMa 
k I n 

lf!yHKUIIii; 

2) 

3) 

1 
F kf =-r(,\k -Ae lctg 

~ ark 
""---G =0 
l=' a A 1• 

l 
kt 

r k -re 

2 
( 3.-·16) 

TaxnM oopaaoM, npeoopaaoaaHHe (2.7) aon11111o obiTb xnpanbHbtM npeoo-

paaoRaaneM Tnna ( 3.1 3) rpynnhi U n xU n • Tenepb l!CHO, 'ITO ace He-

nnaeiiHbie peannaaUI!II Tllna ( 3,1 3) Kl!panbHOii rpynnbi Un XU n JlnH Meao-

HOB e KaHOHH'!eCKH . 9KBI!BaneHTHbi , Paanii'IHbie peannaaunn Tnirq 

(3,13), onpeaenl!eMbie COOTBeTCTBeHHO CIICTeMaMI! HeaaBI!CI!MbiX <jlyHK!lHii 

f (A ••• ,\ ) 11 T ( ,\ ••• A ) , CBl!38Hbi aaai!MHo-oaaoaHa'!Hoii aaMeHoii 
k 1 n k 1 n 

nepeMeHHbiX nonH: 

U!e'l=U(ll; f (,\ 
1 

••• A l=f (,\ 
1 

••• A ). 
k n k n 

( 3.17) 

npnBe)leM HeCKOnbKO '!aCTHbiX npHMepOB KHpanbHbiX npeof5pa30BaHHii THITa 

(3,13): 

) /1,2,5,7/ 1-iy e 
a paunoaanbHal! Monenb u = 5 , f = 2 arctg A 

1+iy5e' k k 

1 
~ e' = 2 <a +e'ae'l. 

(3,-18a) 

1 3· 



6) aKcrronennnanbnag Moaenb U = exp (- 2 i y 
5 

~), f k= 2 .\ k 

n z aZ I k k 
o ~ =2k e:.~ <"- - "- e> a • tg k 

B) /6,7/ 
a -Moaenb u ...j I - ~ 2 

+ i y ~ ; f =- arcsin .\ 
5 k k 

s ~=-Lla .vi-e 1 a 2 

MaTpnuy U ( ~ l MOlKHO pa3nennTI;i na aBe qacTII: 

n 

U(~)= a(~l+iy P(~) = k( cos f -iy
5

sin 
5 k=l k 

rrpeo6pa3yiOIU!IeCR B COOTBeTCTBIIII C o6o6weHHOH 

) z 
k k 

117/ 
a -MOilellbiO 

o ·.a =--l.(a ,PI 
a 2 · o P =- ~ 1 a, a I 

a 2 

rrpn KnpanbHhiX npeo6pazoBaHIIRx ( 3,13). YKa.lKeM, qTo 

n 

/) ( k f k 
a k=l 

n 

) = :r Sp ( Z a ) = Spa • 
k=l k 

( 3,186) 

( 3,18B) 

( 3,19) 

(3,20) 

( 3,21) 

BepneMcg Tenepb K pewennRM ( 3.10, 3,11) anH G kf rrpii c0 =- _!_ 
n 

B 0 =0, onpenenRIOWIIM llBa HeaKBIIBaneHTHbiX ( 3,13) Knacca HeniiHeHHbiX 

peann3aunll KnpanbHOll rpynnht 

qae I 
F kf = 2 ( .\ k -.\ f l ctg 

,,..···:~·~ 

U xU 
n n 

<Pk-<Pe 
2 

14 

AnR Me3onoB ~. B nepBoM cny-

~; 

I' 

I~ 

!. 

t 

\t' I 
I 

it. 
f 

Gkf 
a.\k a.\k I n a.\k 

---;,-.,.----"' -- -- k --- . acp f a f f n =I a f m 
(3,22) 

3aecb cp · =f - .L :i f e e n i-=t r rae f k - CllCTeMa He38BIICI!MbiX lj>yHKUIIH, 06paT-

noro rrepexoaa ne cymecTByeT, TaK KaK nenb3R orrpeaeniiTb n 
. n 

lj>yHKUHH f k qepe3 38BIICIIMbi9 lj>yHKUHII cpk(kcpk=O). 
k=l 

Pemenne ( 3.106) anH G kf npn B 0 =0 onpeaenReT 

IIHTepecHbiH Knacc HennHeHHbiX pean!I38UIIH rpynnbi U n XU n : 

Gaecb 

F kf = + ( A k- A f l ctg cp k- cp £ 
2 

aAk 
eke=~"' ~-a r e 

k~';:~ 
=I a f r m=l a f f 

a.\ m 

k--
m,=l ar 

A = .\ - ~ Sp ~ 
k k n c/>k=fk .2. i f 

n r=l 

He38BIICHMbiX 

ewe oaiiH 

( 3,23) 

Hcno, qTo C ITOMOWbiO A k ,cp k Henb3R ITOCTpOllTb MaTpnny, rrpeo6paay-

rowyrocg no npeacTaBnennRM (3,13) n (3,22), Peaniiaaunn (3,22 ) n ( 3,23) 

npiinnnnnanbHO oTnnqaroTCR OT peami38UIIn ( 3,13) TeM, qTo anH nnx neBo3-

MOlKHO nOCTpOHTb M8Tpnny U (,~), 

HOMy 38KOHY ( 3,15) npn Spa f= 0. 

npeo6paayroruyrocg no nnnellnoMy Knpanb

.UellcTBIITenbn·o, nenb3R ynoBneTB.opHTb 

ycnoBnro (3,16), TaK KaK B peanii3aunRx (3.22) n (3,23) det II G kf II= 0 • 

OpiiMepoM peann3aunn ( 3,22) npn f k = 2 arctg .\ k 6yAeT: 

I ' I ' 2 
oa~ =2<a +~a~)- 2 -;,_{I+ ~ )Spa. ( 3.24) 
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3arri!IIJeM TaKlKe pe·a/II!38UIIIO ( 3,23) rrpll r k= 2 arctg A k 

0 e =.!...<a-+eae>-
a 2 

1 +e 2 
( 3,25) 

Sp (a +e 2 
a ) • 

2(n +spe 
2 

l 

3necb Sp e f= 0 , Sp a f. 0 , OilH8KO Sp o a e = 0, 

0TMeTIIM eme OilHO B8lKHOe OT/III'II!e pea/II!38UI!ll ( 3,22) t ( 3,23) OT pea-

/II!38UIIII ( 3,13), 

nycTb rrpeo6pa30B8HI!e (2,7) I!MeeT IIHBapl!aHT I(A 1 , A T''A n ), 

Torna 1!3 ycnosnll o a I = 0 rronyqaeM rrp11 Sp a I= 0 

( 3,26) 

~ iJI 
I=I~Gik 0' (k=l,2 ••• n). 

nnll peannaaunn ( 3,13) det II G kf II " 0, 1103TOMY I = COiist • B TO lKe 
n 

speMll peannaaun.11 ( 3,22) nMeeT ennacTBeHHbill nasapl!aHT 'I = ~ r (A ••• A )1 lo=lk In 

(3,23) ennHCTBeHHbiM IIHB8p1!8HTOM liB/Il!eTCll I = Sp e , a il/Ill peannaaun11 

npeo6paaosasmll ( 3, 23) aerrocpencTBeHHO cBll-EecmrrypoBOCTb (Sp 0 e = 0) a 
3biBaeT nx c aennaeliHbiMII peannaai:tnliMII KnpanbHOll SU X SU 

IV. Hennael!Hble peannaaunn Kllp81IbHOll rpyrrllbl sun xSU 

il/Ill rrceBilOCK8/IllpHbiX Me30HOB 

EyneM l!ccnenosaTb aennael!Hbte peanl!aaul!n KllpaiibHoll rpyrrrrht S U xSU 
n n 

Ha ncesnocKanllpHbiX Meaoaax e rpyrrrrhi SUn <spe=ol: 

oj=i--[,s.e1 (Sp,S=O) ( 4,1) 

· o e = ~ ( F 
0 

Z a Z 0 + G . 0 Z Sp ( Z 0 a )) • 
. a ~f,.l kL.k L JU. k L 

<spa = Ol 
(4,2) 
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06o3H8'111M KOpHII 6ecmrrypOBOl! M8Tpi!Ubl e 'lepea Am, ( ~ A = 0 ) • 
=I m 

B rpyrrrre SU X SU CyTb 
n 

npo1!3BOil.llllllle ljlyHKUllll F kf n G kf 

ljlyHKunn OT A m n Ha Hnx HaKnanhtBaiOTCll Te lKe Tpe6osaHI!.II apMIITOBOCT 

n 'leTHOCTn, 'ITO n B rpyrrrre U n xU 

paseH HY/1100 OTCIOJl8 cnenyeT0 'ITO ll 

IIIrryp MaTpllUbl e JlO/IlKeH 6 biT 

Sp 0 a e = 0 , T,e, Ha 11pOll3BOJllllllYIO 

ljlyUKUHIO 
G kf cnenyeT aanolKnTb ycnosne 

(4,3 

~ G 0 =G , 
k=l k L 

rne G lie 38BHCHT OT IIHileKCa f' ll MOlKeT 6b!Tb OT/Ill'IH8 OT HY/1.11
0 

T8K 

KaK Spa = o. C npyrol! cTopoHbi , rrpn Sp a = o rrpeo6paaosaane ( 4,: 

He MeH.IIeTCll llpll 38MeHaX 

Y''IHTb!Ball aTo, n rronarall 

G kf' -+ G kf + G k rrpn III060M G k • 

G k = - ~ f. G kf , Mbl 6ea orpaHn'leHnll o6mno. g;,, 

CTII MO)I{eM C'IHT8Tb 0 'ITO 

a) i; G kf =O 
lo=l 

6) ~ G =0. 
Y..t kf ( 4,4) 

CKo6o'IHall orrepaunll nn s rpyrrrre SUn X SUn 381111CbiB8eTCll B TO'IIIOCTH 

TaK lKe, K8K ll B . U X U n , II naeTCll TeM lKe COOTHOIIIeHneM ( 3,2), 

Paapelllall era, rrony'laeM Jl/IH F k f n G kf' CllCTeMy rpyllllOBbiX ypas-

neanll { 3,3) -( 3,6), s KOTOpoll cnenyeT TO/IhKo aaMennTb A 
1 

na A 
1 

Y'CJIOBIIll { 4,4) COOTBeTCTBYIOT Bbi6opy r k f'=O, s kf' = 0 nnH rrpona-

BO/IbHbiX ljlyHKUllll B ypasneHI!liX ( 3,4) II ( 3,6), 

Y'p8BHeHne { 3,3) Jl/IH rpyllllbl SUn X SU n CHOBa HMeeT OJlHO o6me 

pellleHne : 

I cp k -cp f' 
Fkf'=2<Ak-Af'lctg 

2 
(4,5) 

3necb cp <A ... A l-n 
k I n 

semecTBeHHbiX, He'leTHhiX ljlyHKunll. ·KopHn A 
1 

, 

A 2 ••• An nnHeliHo aaBI!CllMhi, rroaToMy det II 
•iJ¢ 
__ k_ II = 0, He3aBHCIIMO 
aA e 
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nnweM TaKlKe pe.ann3aunro (3,23) npn f k=2arctg A k 

8 g=..!...<a-+gagl-
a 2 

1 +g 2 
( 3.25) 

Sp (a +g 2 
a ) • 

2(n + Sp t 2 
l 

l6Cb Sp g f. 0 , Sp a f. 0 , OJlHaKO Sp 8 a g = O. 

0TM6TIIM eme OJlHO BalKHOe OTJIII'III6 peann3aUIIfi (3,22), (3,23) OT pea-

J3aUIIII ( 3,13), 

nycTb npeo6pa30BaHne (2,7) IIMeeT IIHBapnaHT I(A I' A ~··An), 

>rna n3 ycnoBnSI 8 a I = 0 nony'!aeM npn Sp a f. 0 

:£ iJI 
l=I~Glk 0, 

, 
(k=l,2 ••• n ). 

( 3,26) 

n11 peann3aUHII ( 3,13) det II G kf II .f 0, noaTOMY I = coxist • B To lKe 

peMSI peanii3aUIISI ( 3,22) IIMeeT ennHCTBeHHhlli IIHBapiiaHT 'I = '! f (A ••• A )1 l=l k I n 

(3,23) eJliiHCTBeHHbiM HHBapnaHTOM S!BnSieTCSI I =Sp g. nn11 peaniiaaUIIII 

npeo6pa3oBaHIIll (3,23) aenocpeJlCTBeHHO CBS!-iecwnypOBOCTb (Sp 8 g = 0) a 
biBaeT IIX c aeniiHel!HbiMII peaniiaaunSIMH KIIpanbHOll SU X SU 

n 

IV. HeniiHeliHbie peam13aUHH KIIpanbHOli rpyiiiibl SUn xSU 

JlJISI IICeB)lOCKanHpHbiX Me30HOB 

EyneM IICcnenoaaTb neniinel!Hbie peaniiaaUIIII KIIpanbuoll rpynnhl S UnxSUn 

1a nceBJlOCKanHpHbiX Meaonax g rpyiiiibl SUn (Spt=O): 

8j={-[f.l,g] (Sp f.l = Ol ( 4,1) 

n 

8 g = :£ ( F £ Z a Z £ + G . 0 Z Sp ( Z £a )) • 
· a ~y,.1 k · k n k 

<spa = Ol (4,2) 

16 

0603Ha'!IIM KOpHII 6ecwnypOBOl! MaTpiiUbl g '!epe3 A m, ( :£ A = 0 ) • 
=f m 

B rpynne SUn x SU _ cyTb npoii3BOJlSI!Iliie lflynKUIIII F kf II G k£ 

lflyHKUIIII OT A m II na HIIX HaKnal(b!BaJOTCSl Te lKe Tpe6oBaHIISl apMIITOBOCTII 

II 'lilTHOCTII0 'ITO II B rpynne U n X U 

paaea aynro, oTcrona cnenyeT, 'ITO II 

illnyp MaTpiiUbl e llOnlKeH 6b!Tb 

Sp 8 a g = 0 , T,e, aa nponaBOltSI!Ilyro 

lflyHKUIIIO G kf cnenyeT aanolKHTb ycnoBIIe 

n 
(4.3) 

:£ G o=G , 
k:l k L 

rne G 116 aaBIICHT OT llHl(eKC8 £ II MOlKeT 6b!Tb OTnll'!Ha OT aynSI, TaK 

KaK Spa = 0. C npyrol! cTopoahi , npii Sp a = o npeo6paaoaanne (4.2) 

G kf -> G kf + G k npn nro6oM G k • ne MeHSieTCSI npn aaMenax 

Y'lllTb!BaSI aTo, II nonaraSI G k = - ~ :£~ G kf , Mbl 6e3 orpaJIII'!eHnSI o6mno-y;,, 

CTll MOlKeM C'lllTaTb1 'ITO 

,; 
:£ G 

1=1 kf =0 
a) 6) :£ G 

&.1 kf 
=0. (4.4) 

CKo6o'!HaSI onepaunSI flii B rpynne SUn xSUn 3aiiHCb!BaeTCSl B TO'IHOCTII 

TaK lKe, KaK II B -U _ X U n , II JlaeTCSl TeM lKe COOT!IOllleHneM ( 3,2), 

Paapewag ero, nonyqaeM AnSI F k £ II G k£ CliCTeMy rpyiiiiOBbiX ypaB-

ueuiill {3,3)-{3,6), B KOTopol! cnenyeT TOnbKO aaMeHHTb A 
1 

na A
1 

Y CJJOBIISl ( 4,4) COOTBeTCTByJOT Bb!6opy r =0, s = 0 
kf kf 

JlJJSI npona-

BOJ!b!Ib!X lflyHKUIIfi B ypaBHe!IIISIX ( 3,4) II ( 3,6), 

Ypaanenne ( 3,3) llJ!Sl rpyiiiibl sun X su n 

pewenne : 

CHOBa HMeeT OllHO o6mee 

3necb 

A2 

F k£ = t< Ak - A£ l ctg. cp k - cp £ 
2 (4.5) 

¢ <A ••• A l-n 
k I n 

BemecTBeHHhiX, ne'!eTHhiX ljlynKunll. Kopnn A 
1 

, 

detll 
'iJcp 
__ k_ II = 0, He3aBIICIIMO 
aA e 

A nnael!no aaBHCIIMhi, noaTOMy 
n 
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i 11 ,, 
!! ,, 
!! 

i 

! 
! 

:I 
'I 
j! 
~ I ,, 

1 :1 
. II 

.I 
I 

. f 

:.,:1; 
: l 

I i! ., 

I 

~ 

oT Bbl6opa <flyHKilHli </> k • Pemeane ( 4.5) ilOIIycKaeT aaMeHy </> k -+ if,.k =</> k + F, 

rile F - mo6aSI <lJyHKilHSI A I ••• '. An • noilCTaHOBKa pemeHI!SI ( 4,5) B 

ypaBHeHI!e (3.4) lip!! ilOIIOnHHTeiibHhiX yCIIOBIISIX (4,4) il8eT HaM ypaBHeHHe: 

n a - na</> 
l: --(</> -F}G :l:--k-G 

j=l a A k jt j=l a A jt 
J I 

0 
kt 

..L. 
n 

(4,6) 

Ha -YPBBHeHHH ( 4.6) BHJUI01 'ITC' iliiH 6ecmrrypoBhiX KllpanhHhiX rrpeo6pa-

30B8HHli rpyiiiihl SU X SU 
n 

6e3 orpaHH'IeHHSI 061IIHOCTH MOmHO IIOIIOmi!Th: 

n 

l: </>k ( A I ' ... A } = 0 
k=l n 

(4. 7) 

Ypaanenne (4,6) rrp11 ilOIIonnnTenhHhiX ycnoBIIHX (4,4), (4,7) HMeeT 

eiliiHCTBennoe pemenne iliiH G J : 

aA k 
MaTpnna II ---11 

a¢ e 

Gkf = 
aNk 

a¢e 

( 4,8) 

- OilH03H8'1HO orrpeileiiSieTCSI K8K TaK H83biBaeMaSI 

a¢ /22/ 
rrceBil006paTHaH MaTpnna K HKo6neaol! MaTp!!ue II ~~- CneiloaaTenb

aA e 
H0

1 
HeiiiiHeliHble peanH38IlHH KHpaiibHOli rpyllllbl SU X SU iliiSI Me30HOB 

n n 

orrpeileiiSIIOTCSI eilHHbiM o6pa30M IIO <flopMynaM ( 4,1) 1 ( 4,2) IIpH 

F.o=..!.<A .... 2 k 
A fl.ctg 

</> k-</>e; 
2 

Gkf 

18 

aA k 

a¢ e 
(4.9) 

·•,1' 

rile n </> k ( A I • .. An} - CIICTeMa BeiiieCTBeHHbiX, He'I(\THblX $yHKU!!li1 illlll 

pbiX l: </> k ~ 0 • DnH Kamiloro rrpeilCTaBneni!H SU x SU TIIIIa I 
· kRl ·n n 

Momlio eili!HCTBeHHblM o6pa30M IIOCTpO!!Th MaTpHilY 

n 

U(~}= Iexp(-iy </> }Z , . 
1<=1 6 k k 

rrpeo6paayiO!llyiOCSI IIO III!HelinoMy rrpeilCTaBneHI!IO ( 3,15); 0TCIOilB cneil 

K8HOHII'IeCK8SI 3KBIIBaneHTHOCTb BCeX ReiiiiHeliHblX pe8IIII38Itllli KHpa!IbHC 

rpyllllbl SU n X SUn_ nllneapllayiO!llHXCH na IIOilrpyrrrre su n' Cyme 

OilH03H8'IHbili rrepeXOil OT rrpeo6pa30B8HIIli THIIa ( 3~23) Kllpa!IbHOli u 
n 

rrpn Spa-= 0 K rrpeo6pa30B8HIIHM ( 4,9) rpyiiiibl SU xSU llocT. 
n 

Bbl'IIICIIJ!Th $yHKilllll F kf II G kf iliiH rrpeo6paao~aniiH (3,23) 11 B 

'IeHHbiX BbtpameRHHX 38MeHIITh ,\ I Ha .A I • IIpii'I(\M T8KIIM CIIOC060M 

no rrony'IIITh Bee rrpeo6paaoBanHH ( 4,9) •· 

npiiBeileHHbie Hllme IIpiiMepbl KllpanhHbiX !Ipeo6pa30B8HIIli rpyiiiibl 

SU xSU rrony'IeRbi na rrpeo6paaoaan11l! ( 3,23) 

1 1+ ~ 2 
2 o ~ =- (a + ~a~ - Sp ( ~ a }} , 

a 2 n + Sp ~ 2 

3ileCh 
2 n 

</> = 2 arc tg A - - I arctg A n 
k k n r,.. 1 < 

/14/ 
Ha -B03MomnoCTh rrpeo6paaoBaHIIH ( 4,11) yK83biBanocb BonKOBbiM 

1 
/19/ /15/-

naaoM 11 Bel!uoM 11 3yrranKoM , 3KcrroneaullanhllaH MOilenh: 

-21y5 ~ 
1 

n Ak -Ae zkaZ f~ 
oa ~ =2 k.r=l tg(A k-A e> 

U =e 

n 

B SU xSU 
n n 

ananore - u -MOilenll rrpn </> = -arc sin A + ..!. l: arcsi 'n 1 
k k n m=l 

IIOIIY'IIIM rrpeo6pa30B8HIIe: 
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r aaMeHy </> k -+cf>.k=</>k+F, 

lOBKa pemeHHSI ( 4,5) B 

t) naeT HaM ypaBHeHue: 

L. 
kt n 

(4.6) 

BbiX KHpanbHhiX npeo5pa

•5mnocTn MOlKHO IIOflOlKHTb: 

(4.7) 

IX (4.4), (4,7) HMeeT 

(4.8) 

KBK TBK HB3biBBeMaSI 

acp . 
II ~I· CnenosaTenb

aA e 
X SU /lflSI Me30HOB 

n 

( 4.2) IlpH 

(4.9) 

r 

I 

I 
l 

1 

rne n cp k ( A I • •• An) - CHCTeMa BemeCTBeHHbiX0 He'l(\THbiX ljlyHKUHll
0 

/lflSI KOTO-

pb!X. ! cp k a 0 • llnSI KB}!(/lOrO Ilpe/lCTBB/leHHSI SU X SU THIIB ( 4,9) 
Jtal ·n n 

MO}!(HO enHHCTBeHHbiM o5paaoM rrocTpoHTb MaTpnuy 

. n 

U ( ~) = ! exp ( -i y cp ) Z 
kal ti k k'' 

(4,10) 

rrpeo5paayromyrocSI no nunellHoMy rrpencTaBneHHIO ( 3.15) ... 0Tcrona cnenyeT 

KBHOHH'leCKBSI 3KBHBaneHTHOCTb BCeX HenHHellHbiX peanH3BUHll KHpBflbHOll 

rpyiiiibl SU n X SUn. nuneapnayromnxcSI Ha rronrpyrrrre SU n• CymecTayeT 

O/lH03HB'lHblll rrepeXO/l OT rrpeo5pa30BBHllll THIIB ( 3,23) KHpBflbHOll U n XU n 

IlpH Spa-= 0 K rrpeo5pa30BBHHSIM (4,9) rpyiiiibl SU xSU llocTBTO'lHO 
n 

Bbl'lHCflHTb ljlyHKUHH F kf nnH rrpeo5paaoaaHHSI (3.23) u B pony-

'leHHbiX Bbipa}!(eHHSIX 3BMeHHTb A 1 HB ,A 1 • IlpH'l(\M TBKHM CIIOCo5oM MO}!(

HO IIony'lHTb BCe Ilpeo5pa30BBHHSI (4,9),' 

npHBeneHHbie HH}!(e IIpHMepbi KHpanbHbiX rrpeo5pa30BBHHll rpyiiiib! 

SU n x SUn rrony'leHbi H3 rrpeo5paaoaanuli: ( 3,23) 

3necb 

8 ~ = ...!. (a + ~a~ -
a 2 

1 + ~ 2 
----- Sp(~ 2

a )) • 
n + Sp ~ 2 

2 n cp k = 2 arc tg A k - - ! arctg A f • 
n 1:\:1 

(4.11) 

/14/ Ha B03MO}!(HOCTb rrpeo5paaoaaHHSI ( 4,11) yKa3biBanocb BonKOBbiM , MaK!jlap-
/19/ /15/. 

naHoM H BelluoM n 3yrrHHKOM , 3Kcnonenuuanbnast MO/lenb: 

U =e (4.12) 

B SU xSU 
n n 

n 

ananore -" -MO/lenu npu cp = -arc sin A + ...!. ! arcsi 'n A 
k k n m:::r:l m 

rrony'lHM npeo5paaoBaHue: 
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i" 

i 
.I' 

:! 

'l 
i 

., 

~ 
r 
li 

~. 

8 e-=-2...(ay'1-e- 2 
·a 2 ' 

Sp(a.y' 1- e- 2 ). ( 4,13) 

HemmeifHbie peannaaunn (4,9) KHpanbHOll SU x su 
n n 

He HMeiD HHB8p118H-

TOB,"dTO CIT~AyeT H3 TOrO ~8KTa, qTo eaHHCTBeHHhlM HHB8pH8HTOM npeACT8B-

neHHn (3,23) nanneTcn , Spg. 

KnpanbHbie npeo6paaoaaHnn KBapKOB 

PacCMOTpeHHbie BbiWe C8MOConpnJKeHHbie HenHHeliHbie peanH38UIIH' Kll

panbHbiX rpynn A8IDT B03MOlKHOCTb nOCTpOHTb HeniiHeftHbie peanH38UIIH rpynn 

U
0 

X U
0 

II SU 
n 

X SU 
n ann apyr11x MynbTHnneTOB rpynnhl SU 

npoH3BOASII!lHe ~yHKUIIII paanHqHbiX HenHHeHHbiX peanii38UHli rpynnbi 

u xU 
n n 

( 3, ·13), ( 3;22:.23) H peannaailnll rpynnhi SU
0

xSUn 

( 4,9) 38nHCb!B8IDTC.SI OAIIH8KOBOo 3TO aaeT HaM B03MOlKHOCTb p8CCM8TpHB8Tb 

HenHHeHHbie peanii38UIIH AnSI n - KOMnoHeHTHbiX KB8pKOB OAHOBpeMeHHO 

ann rpynnbi U n x U n II AITSI rpynnbi SUn X SU n 

rae 

8{3'P=.Lf3'P 2 . 

8 'l' =ill>(a,e-,)'l', 
a 

1 n . 

II> ( a , e-) =-.- l: ( II> _ 0 Z k a Z 0 + R 0 Z k Sp Z:f a ) • 
1 k,f= 1 kL L kL . . 

( 5,1) 

(5.2) 

3aecb IIJ kf • R kf - npOH3BOASII!llle ~YHKUHH AnSI KHpanbHbiX npeo6p830B8HHli 

KB8pKOB, np11qeM B Cllny TOlKAeCTBa. ( 2,8) MOlKHO cqiiT8Tb, qTo IIJkk = 0 • 

B (5,2) He BXOAIIT M8TpHU8 Y 
5 II Mbl 6yaeM Tpe60B8Tb BbiiTOnHeHHSI 

oqeHb YA06HOrO AnSI nOCTpOeHHn HHB8pii8HTHbiX narpljHlK118HOB ycnOBIISI, qT06bi 

aennqnHa iii 'l' 6bina HHB8pii8HTOM npeo6p830B8HIIn ( 5,2), llnn 9Toro He-

06XOAHMO H AOCT8TOqHo,., qTo6bi: 
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~~··-------~--__,_ ~=- _ _, ___ , --· 

( 

II> * =-II> 
kf fk 

R * =- R 
kf kf 

llnSI COXpaHeHHSI npOCTp8HCTBeHHOH q~THOCTH ~yHKUHH IIJkf H R kf 

6b!Tb Heq~THbiMII ~YHKUIISIMII OT CBOHX apryMeHTOB A I 

npeo6p830B8HHe (5,2) SIBnSieTCSI KllpanbHhlM npeo6p830B8HIIeM 

U n X U n 11nn rpynnbi 

( 8 
a 

I 

8 8 
a 

2 
a 

sun X SUn , ecnn 

8 l'l'=...![a 
a 

1 
4 2 

,a 
I 

] 'l' 
2 

AnSI nro6biX ABYX npeo6pa30B8HIIli (B,2) •. AHanll311pyS1 ycnOBIIe ( 5,4) 1 

ecTeCTB.eHHo, cquTaeM, qTo none g npeo6paayeTCSI no KHpanbHO~ 

Tllna ( 4,9) COOTBeTCTBYIDI!left. Kllp8ITbHOli rpynnbi, 8 BapH8llllll 8 A 
a 

onpeaenSIIDTCSI ~opMynaMI! ( 2,13) 11 ( 2,16). 

CucTeMa rpynnoBbiX ypaBHeHI!li AnSI npouaBOASII!lHX ~YHKUI!ll II> 

HMeeT cneayromnll BIIA: 

ll>kf-ll>t£ 
-----F 

A -A kt 
k t 

~~>ke-~~>kt 

A£- At 

~~>kf F·ke 

A -A£ 
k 

__!_)(8 .-8 
4 tL tk 

) -

Fk£ 
+(R -R 0 )(1l> 0 + l=O 

kt Lt kL Ak-A·e 

F tf - II> kt II> tf = T 

t,.: k,.: u 
n all> kf G 
l: . -- jt 

J=l aA l 
+ 

k f £ 

,.. aa kf 
"-'(--G 

J=l a A l jt 

a Rkt G ) = 0 
-- Jf t ,.: £ • 
aA l 
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- Sp(a...j I- e 2 
), {4.13) 

u 
n He nMe~ nnaapnan-

'hiM llHBapnaHTOM npeACTaB-

BapKOB 

nnefiH&Ie peann3aunw Kn

!HefiH&Ie peann3aunn rpynn 

IneToB rpynn&I SU 

u peann3aunfi rpynn&I 

lllbl SU n· x SU n 

3MOlKHOCTb paCCMaTpllBaTb 

KBapKOB OAHOBpeMeHHO 

{ 5.1) 

{5.2) 

'a ). 

•an&HbiX npeo5pa3oBannfi 

:qnTaT&, qTo <1> kk = o , 

~eM Tpe5oBaTb Bbmonnennn 

Pf!HlKnanoa YC/IOBHH, qTo5&t 

laHI!H {5.2). llm1 STOI'O He-

f 

I· 
I 

( 

j 
I 
I 

I 

<I> * =-<I> 
I<£ 1'k 

R * =- R 
kf I<£ 

{5.3) 

llnn COXpaHeHUH npOCTp8HCTBeHHOfi q~THOCTll ~yHKUllll <IJkf ll R kf AOnlKHbl 

5b!Tb aeq~THb!Mll ~yHKUHHMll OT CBOHX apryMeHTOB A I 

npeo5pa30BaHUe (5.2) HBnHeTCH Kllpanbllb!M npeo5pa30BaHUeM I'pynnbi 

nnn rpynn&I sun x sun , ecnu 

(8 
a 

t 

8 
a - 8 a 

2 2 

{5.4) 

Ann n~5biX ABYX npeo5pa3oBaHnfi {B.2); Anann3npyn ycnoane {5.4)
1 

Mhi1 

ecTeCTB_eHH0 1 cqnTaeM 1 qTo none. e npeo5pa3yeTcn no Knpan&HoMy 3aKony 

Tnna { 4.9) cooTBeTcTBy~men. Knpan&nofi rpynnhi1 a aapnaunn 8 >. a k 
II 8 Z 

a k 

onpeAenn~TCH ~opMynaMn ( 2.13) n { 2.16). 

CncTeMa rpynnoBbiX ypaanennfi Ann npon3BOAHIUHX ~YHKunfi <I> I<£ n R kf 

nMeeT cneAy~ntnfi ann: 

+ (Rkt -Rft )(<l>kf + 

Ft£-<l>kt<l>t£"'4 

t~k~ f-f.t 

+ 

i < aa I<£ G 
1=~ a>. 1 1t 

a akt 
---G e > =o 

a>. 1 1 
t ~ f . 
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{5.5) 

{ 5.6) 

{5.7) 



I" 

I, 

!, 
I' 

I· 
I 

Cl!cTeMa ( 5, 7-5,9) !!MeeT eni!HCTBeHHoe ni!Hel!noe pemeHI!e <I>. 
0 

= + ~; 
l<L -2 

R kf =;!: + 8kf • KOTOpOe He IIOJlXOJli!T IIO 'liiTHOCTI!o 0T6pOCIIM T8KlKe 

llMeiOmee oco6ennocTb pemen11e 

<I> 
I£ 

F kf 

A -A 
k f 

..L ctg = - 2 
fk -f f 

2 

H3 ypaBHeHI!ll ( 5,6) BI!JlHo, 'ITO Jlnll nel!CTBI!TenbHbiX <I> kf 

(5,8) 

ljlyHKUI!ll R kf 

MOlKeT 6b!Tb TOilbKO Jlel!CTBI!TenbHOl!, 0cTaeTCll OllHO .pemeHI!e ypaBHeHI!ll ( 5,5) 

<I> I£ = 7 tg !....L=!~ 
4 

(5,9) 

Ono Bel!leCTBeHH0 1 II IIOSTOMy ljlyHKUI!ll Hkf IIO ycnOBIIIO ( 5,3) o6pamaeTCll 

B Hynb, IIpll'liiM II pi! R kf = 0 peweHI!e ( 5,9) JliTll. ciJ kf YllOBneTBOpl!eT ypaB

HeHI!IO ( 5,6), B ljlopMyne ( 5,9)f k- CIICTeMa ljly!jKUI!l! 1 onpenenl!IOI!li!X Kl!panbHOe 

npeo6pa30B8HI!e Me30HOB ~ B COOTBeTCTByiOI!lel! PHYlliTe, 

Harrpi!Mep, rrpeo6pa3oBaHI!IO ( 3,18a) rpyniibi U xU 
n 11 rrpeo6paaoBa-

HIIIO ( 4,11) rpynnbi SU X SU 
n COOTBeTCTByeT peani!38UIIH (5,1,2) JliTll 

CIIIIHOpOB IIpll 

<I> = kf 
Ak-A f ( 5 •. 10) 

2(1 +AkA f + ..jU+ A: )(I+ A~ l 

B. rpynne SU 2 X SU 2 IIpeo6pa30B8HI!e HyKITOHOB N, COOTBeTCTBYIOI!lee IIp01!3-

BOJllll!lel! ljlyHKUIIII ( 5,10), CBOJli!TCll K 

8 N = ..l.[ IT ,a] N 
a 4 

( IT -IIIIOHH8H M8Tpi!U8) (5,10a) 
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r 

0TMeTI!M1 . 'ITO B SU 
3 

xSU 
8 

Me30Hbl BXOJlliT. 6onee CITOlKHbiM o6pa30M1 !: 

nenlmefi:no, 3nag rrpeo6paaoBaHI!H (5,1), (5,2) nnll crrllnopoB 'P a (a =1,2 

Mbl MOlKeM 8BTOM8TI!'!eCKII 381li!Cb!B8Tb Heni!Hel!Hble peami38UIIH Kl!panbl 

rpynn na ni06biX CIII!Hopax 
1p od, .. 

ab ••• 
rpyrrnbi n 

su 3arrllmeM, na 

neni!Hel!Hbie npeo6pa3oBaHI!ll 6aplloHoB B b 
a 

B Kl!panbHbiX rpyrrrrax 

8 B =l..[fl, B] 
tl 2 

B peanl!aaUI!liX ( 3, .13) rpynnbi 

8 B =i[cl>(a,~),B]. 
a 

11 ( 4,9) rpyrrrrbi U xU 
n n 

SU xSl 
n 

nnll KOTOpbiX orrpenenena n11nel!no npeo6pa3yiOI!lal!Cll MaTpl!ua U ( ~) (3, 
171 

( 4,10) 1 Mbl MOlKeM KBHOHI!'!eCKIIM IIpeo6pa30B8HI!eM 

. nepel!TI! 

tfr u -Y, 'P ~ I, exp ( ..!... y f ) Z 'P 
k=l 2 5kk 

K mmel!noMy rrpencTaBneHI!IO nnll KBapKoB tfr 

8 tfr'=.Lf!tfr 
tl 2 

8 tfr =...!.. y a tfr • 
a 2 5 

Bocrronb30BaBWI!Cb 3aMenofi: ( 5,12), neTpynno narr11caTb KoBap!IaHTHYIO 1 

BOilHYIO Clli!HOpHOPO IIOITll 'P : 

y, 
n w =<a + u a 

IL IL 

npeo6pa3yiOI!lYIOCll rrono6no non10 'P : 

IL 

_y, 
u ) 'P • 

8 a( D IL 'P ) = i <I> (a .~) D IL 'P • 
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'HOCTI!, 0T6pOCIIM T8KlK9 

(5,8) 

«f>yHKili!H R kf 

10 peweHue ypaBHSHHH (5,5) 

(5,9) 

cnoauro ( 5,3) o6pawaeTcH 

~kf yaoaneTaopHeT ypaa-

1, onpeaenHrowux KHpanbHoe 

IlYnne, 

1 n x U n 11 npeo6paaoaa-

'T peanuaaunH ( 5,1, 2) anH 

( 5,10) 

, COOTB9TCTBY10Wee npOH3-

)I!HaSI M8Tpll!l8) (5,10a) 

I 
I 

I 
I 

r 
I 
I 

r 

0TM9TIIM1 . 'ITO B SU 
3 

xSU 
8 

M930llbl BXOaliT 6onee CnOlKIIblM o6p830M1 B9CbM8 

uennuefiuo, 3HaH npeo6paaoaaHHSI (5,1), (5,2) anH cnuuopoa 11' 
8 

(a -1,2, •• n), 

Mbl MOlK9M 8BTOM8TII'19CKII 38nHCbiB8Tb HenHHefiHble peami381lHH KHpanbHblX 

rpynn Ha nro6biX cnnHopax 11' cd' • • rpynnbi SU n 3annweM, HanpHMep, ab ••• 

HennHefiHbie npeo6paaoaaHIIH 6apuoHoB B ab a KHpanbHhiX rpynnax 

o B =..!...(jS ,B] o B =i(~(a,e),B]. 
j9 2 a 

( 5,11) 

B peanuaaunHX ( 3,"13) rpynnhi n (4,9) rpynnbi SU n X SUn, U xU 
n 

anSI KOTOpblX onpeaeneHa nHHefiHO npeo6p83YIOW8SICS! M8Tpllll8 U (e) (3,14), 
171 ( 4,10) 1 Mbl MOlK9M K8HOHII'19CKIIM npeo6p830B8HH9M 

-Y. u 11' 
n 

= :£ exp ( l.. y f ) Z 11' 
k=l . 2 6 k k 

(5,12) 

. nepefiTII K nnHefiHoMy npeacTaaneHHIO anst KaapKoB 1{I 

( 5,13) 
o 1/J=..!.y a 1{I. 

a 2 6 

Bocnonbaoaaawucb aaMeHofi ( 5,12), HeTpyauo HanncaTb KoaapuaHTHyro npoua- , 

aoa11y10 cnuHopHoro nonS! 11' : 

y, -Y. 
n w ~<a + u a · u > w • 

p. p. p. 

(,5.14) 

npeo6paayrowyrocH noao611o nonro 11' 

o a( D p. 11' ) = i ~ (a ,e) D p.lp • ( 5,15) 
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~-

Tenep!> nerKo aanncaTb paanH'IHbie HHnapnaHTbi aennaeliHbiX peannaannlt 

THIIa ( 3,13 ) H ( 4,9) KHpanbHbiX rpyrrrr: 

+ 
sp <a u a u l ; 

. p. p. 'Py D 'I' +m 1W'l'; 
p. p. 'If 

- ~ -~ -Sp [ B y ( a + U a U ) B) + m S p B B 
p.p. p. B 

H CTpOHTb HHBapHaHTHbie narpaHlKHaHb!, 

( 5,16) 
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