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§ 1. B B e .a e H H e 

UenbJO aacTosuueA pa6oTbi SIBnSieTcSI, HMeSI cTauHoaapaoe pemeaHe aeKoTo­

poA KB8HTOBOMeX8HH'I9CKOil: 38Jl8'1H 1 Jl8Tb nonHyJO, H8CKOnbKO 3TO B03MO)KH0 

B KB8HTOBOlt M9X8HHKe1 HHciJopM8UHIO 0 BpeMeHHOM npOT9K8HHH onpeaeneHHOI'O 

sTHM pemeaHeM npouecca. 

Ha¢opMaUHJO o apeMeHHOM npoTeKaHHH npouecca nony'laJOT, cpaBHHBaSI 

3TOT npouecc C napannenbHO H H938BHCHMO HJlYlUHM STanOHHbiM npoueccOM 

( '18Cbi); Mbl JlnSI JlOCTH)KeHHSI CBOeil: uenH .SIBHO BBO/lHM ''18Cbi' B KB8HTOBO­

M9X8HH'I9CKOe paccMoTpeaHe. TaKoe BBeaeHHe npH6opoa, cny*amHx anSI nony­

'19HHSI onpeaeneHHOil: HHciJopM8UHH1 npH )KenaHHH H3Bne'lb STY HHciJopM8UHIO H3 

pemeHHSI KB8HTOBOM9X8HH'I9CKOA 38Jl8'1H - 9CT9CTBeHHO JlnSI KB8HTOBOil: Mexa­

HHKH (KaK HayKH 06 H3MepHMbiX BenH'IHHax): ORO HCUOnb30B8H01 B '18CTHOCTH1 

B ll8HHOM faltaeH69PI'OM o6~SICHeHHH 06P830B8HHSI '18CTHUelt fiPOSIMOnHHeil:HOI'O 
11/ 

TPeKa B KaMepe BHnbCOHa (eM., HanpHMep , CTp. 242), KOTOpoe SIBHnOCb 

OTUp8BHOil: TO'IKOA Hamero p8CCMOTp9HHSio 

B 112 Mbi nocTpOHM HeKHil: ( TpHBHanbHbiA) MaTeMaTH'IeCKHA annapaT 

anSI H3Bne'I:9HHSI HHTepecyJOmeil: HaC HHciJopMaUHH (TO eCTb anSI H3MepeHHSI Bpe­

MeHH). B §3 nocTpoeHHbiil: annapaT a Ka'l:eCTBe npHMepa npHMeHeH K aaanHay 

npouecca ynpyroro pacceHHHSI qepea aonro)KHBymee xaaaHcTa6HnbHoe cocToSI­

HHe: oa noaaonSieT "BbiaenHTb' IRa o6mero noToKa pacceSIHHbiX 'ISCTHU 'laCTH­

Ubi1 3aaep)K8BUIHeCSI H~ KB83HCTa6HnbHOM ypOBHe. 

C 6onee o6meil: TO'IKH 3p9HHSI MO)KHO CK838Tb1 'ITO §3 COJlep)KHT KBaH­

TOBOMexaHH'IeCKOe oUHcaaHe aecTa6HnbaoA 'ISCTHUbi. B aame paccMoTpeHHe 

HeCT86HnbH8H '18CTHU8 BXOJlHT TaK1 KBK ORa npoSIBnSieT ce6SI B OJlHOM H3 

OfibiTOB fiO ee 06Hapy)KeHHIO; HeonpeaeneHHble aenH'IHHbl THna 'BOnHOBOA !jlyHK-
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UHH aecTa6HnbHOil: .'ISCTHUbi"' He BXOaSIT B Harne paCCMOTpeHHe 1 B OTnH'IH9 

/2/ /3/ 
OT aecT8UHOH8pHbiX paCCMOTpeHHA THIIa § 16 HnH 

§2. H.sMepeHHe BpeMeHH 

2.1. B Ka'leCTBe rrpouecca 1 B KOTOpoM Mbl 6yaeM MepHTb BpeMSI 1 B03b-

MeM rrpouecc Boa6y)KaeHHSI aayx aTOMOB1 pacrrono)KeHHbiX a TO'IKax A 1 H 

~ ~ 

A 2 • 'IBCTHUeil: C HMIIyn&COM p • 

Tiocne HCKnro'leHHSI BHyTpeHHHX CTelleHeil: CB060ahl COOTBeTCTByrowaSI 

aaaa'IB CBOaHTCSI K OTbiCKSHHID peweHHSI ypaBHeHHSI llJpeaHHrepa 
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qt n D , KpoMe qt 00 , HS 6on&WOM paCCTOSIHHH HMeiDT BHa paCXOaSiwei!:CSI 
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BOnH&I, 8CHMIITOTHK8 <flyHKUHH qt oo eCTb cyMMa IInOCKOil: H paCXOASiweii:CSI 
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f n - aaeprHSI n -ro B036y*lleHHOI'O COCTOSIHHSI STOMa. llnSI HSWHX uenell: 

MO)KHO C!"'HT8Tb IIOTeHUHan V CKOnb yl"OilHO cna6&IM1 TOraa HCKOMOe pewe-
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Beaae nanee M&I, '1To6&I yrrpocTHTb <flopMyn&I, 6yaeM orrycKaTb saeprHH CBSl-

3H t n • lJHcno IlepexoaoB B oaay CeKyHay C B036y)KaeHHeM n
1 

H n 
1. 

COCTOSIHHD STOMOB A I H A 
2 

OllpeaenSleTCSI !pOpMynoa 

':I ~"' 277 fiB' r;~ l)(_P_ + 
dt 2m 

d 8 p, ( 2) p2 
( +t ----) 

0 1 n2 2m ( 2 77 ) ll 

rae MaTpH'IH&Ill: sneMeHT H' rrony'laeTcSI Ha ( 1) aaMeaoA Kpall:aero cneaa 

Siapa K a a e 
-tt't 1 

COOTB8TCTBeHHO IIOpSiaKy cneaoBSHHSI IIOTeHUHanoB 
~ 
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MaaecTHo, 'ITO rrpa p I A 2 -A 11 ~ oo OTHOCHTenbH&IA BKnaa HHTep«<Je-

peHuHH aayx 'lneHoB H3 (1) B 'I:Hcno rrepexonoa, orrpeaenHeMoe <f!yHKUHeA (1), 

CTpeMHTCSl K Hynro, TBK 'ITO B 9TOM rrpeaen&HOM cny'lae a sa i''lneHa H3 ( 1) 

CTSHOBSITCSl OpTOI'OHBnbHbi, TO 8CTb OIIHCbiBSIDT B38HMHO HCKniD'ISIDWHe IlpO­

UeCCblo <I>H3H'IeCKH 9TO COOTBeTCTByeT TOMy, 'ITO B YK838HHOM npeaen&HOM 

cny'lae rrepBblil: ( BTOpoA) 'lneH B ( 1) OIIHCbiBSeT rrpouecc, B KOTOpoM CHS'Iana 

BOa6y)KaaeTCSl aTOM A 1 (A 2 ), a IIOTOM A 2 (A 1 COOTB&TCTBeHHO) • 

TaKaSl HHTeprrpeTaUHSl paa6HeHHSl ( 1) SIBnS19TCSl TO'IHOA IlpH p A 21 .oo j anSI 

KOH9'1HbiX 3H8'19HHi!: P A 21 CT9119Hb ee llOCTOB9pHOCTH OllpeaenSleTCSI yrrOMSlHYThlM 

BbiWe OTHOCHTenbHhlM BKnaaoM HHTep<flepeHUHH llBYX 'lneHOB ( 1) B 'IHCno· rrepe-

x/ 
XOaOB • 

x/ 
Ha npHBbi'IHOM H3biKe: yTsep)K)leaae, 'ITO caa'lana soa6y)K)laeTCSil nep-

BbiA aTOM, a IIOTOM - BTOpoit, TepHeT CMbiCn, KOI'Ll8 paCCTOHHHe Me)K)ly 8TO­

M8MH CTSHOBHTCH TOI'O JKe IIOpHLIKS, 'ITO anKHS BOnHbl 1/ p HnH p83Mep 8TOM8o 

00HHTHH 'paHbWe' H 'n03JKe' B KBSHTOBOI MexaHHKe TO"'IHOI'O CMbiCna He 

HMeiOTo 

5 



llanbHeii:rnee p~3BHTHe 3TOH XOpOillO H3BeCTHOH HHTeprrpeTBUHH pa36He­

HHSI ( 1) H SIBJISieTCSI rrpellMeTOM Harne A pa60Tbi: llOCTHI'HyTbiH rrporpeCC CO­

CTOHT B TOM, 'ITO ITOJiy'leHbl Bbtpa>KeHHSI1 HMeiOIQHe CMbiCJI MaTpH'IHbiX aneMeH­

TOB rrpouecca, HaTipHMep, B036y>KileHHSI 8TOMOB A 1 H A 2 , IlpH llOIIOJIHH­

T<mbHOM ycnoBHH, '!TO MC>KilY B036y>KileHHeM 8TOMOB A 1 H A 2 IlpDillJIO 

speMSI, He MeHbrnee .naaaoro. 

2.2. 'LfT06bi y3H8Tb 0 CKOJibKO BpeMeHH IIpOXOilHT OT B036y>KileHHSI 8TO-

M8 A I llO B036y>KileHHSI aTOMS A 2 , Mbl BBelleM B paCCMOTpeHHe COBep­

IIICl!HO aeaaBHCHMbiii: oT rrpe>Kaero rrpouecc soa6y>KileHHSI aToMos, pacrrono>KeH-

... ... x/ 
HhlX s TO'IKax B 

1 
H B 

2 
, qacTHUeil: c HMIIYJibCOM k • CooTseTcTsy-

IOillYIO BOJIHOBYIO <flyHKUHIO (eM. ( 1)) 0603H8'1HM cp; IIOil06HO {3) 6y.neT 

cp' =cp'(Bt B2)+cp'(B2B t). 

HMIIYJibC k Mbl B03bMeM HSCTOJibKO 6oJibiQHM, 'IT06b~ IlpHCYill8SI rrpo-

ueccy B aeorrpellencHHOCTb speMeHH 6bma cymecTBeHHO MeHbrne, qeM llJISI 

rrpouecca A , Macey '18CTHUbl COpTa B Mbl 6ylleM C'IHT8Tb T8K>Ke 60JibiiiOH1 

TaK 'IT06b! k -> oo , M -> oo , v = .!__ = cons! • 
Il M 

CosoKyrraoCTb rrpoueccos, rrpHBO/:Uillli!X K soaoy>KJleHHIO aTOMOB A A El B , I 2 I 2 

MO>KHO OIIHC8Tb enHHbiM ypaBHCHHf!M llJpe/li!Hrepa 

"2 .. k2 _,. _,. -+ -+ ... -t _. _., 
[--.L:._+ --+Vei-A )+V(x-A )+ U(y-B )+U(y-8 2)-E] K(x,y)=O, 

2m 2M I 
2 

I 

B KOTOpOM rrepeMCHHbie llBYX IlpOUeCCOB, CCTeCTBCHH0 0 p831lCJISIIOTCSI, TBK 'ITO 

liHTepecyiOmag HaC ll068BKA K K IlpOCTO paSHa K , = IJ' , cp , • C llpyroii: 

CTOpOHbi
0 

MO>KHO 110JIY'IHTb rrpellCT8BJieHHe K , , IIOJ1b3YS!Cb llBYX'18CTH'IHOii: 

<flyHKUHeJ:!: fpHHa 
.... .... 

l(at+fh ' 
daadsfJ e 1 

f 
fJ2 

K (~ , .... y' E)= 
a2 

i ( 
( 217 )6 

- --- + E - ---
2m 2M 

x/ LfT06bi pa3JIH'I8Tb '18CTHUbl1 Boa6y>KJl8IOIQHe aTOMbl A 1 , A 2 H 
BTOMbl 8 1 , 8 2 ( Mbl C'IHTaeM 9TH '18CTHUbi COBepweHHO pa3HbiMH) 1 Mbl 

6yaeM H83biB8Tb HX '18CTHU8MH COpTa A HJIH 8 COOTBeTCTBeHHO. 
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Tax&M nyTeM IC ' RpellCTaBIISieTCSI B BRile CyMMhl llBa.ttUaTR 'leThlpex 

'IJieHOB BRQa 

.. .. .... .... .... :t .... .... ... ... ... ':t: .... ... ... .... 
fK:(x-xl,y-yi)U(yl-u:I)K(xl-x2,yl-y2}lT(y2-ui)K(x2 -xa ,y 2-ya 

1(-;t.+ t¥!) 
.... .... .... .... '" '" .a a V(x -A lKrt -'l ,y -y )V(x -A )e d x d, y ••• d -y 

a 2 a "' a " " 1 a 1 1 " 

{ cp. · { 1)); cyMMa 6epeTCSI no aceM nepecTaHOBKaM a TO MOB A 1 , A 
2

, B 
1

, B 
2 

). 

2.3. Mhl yTBep>KtlaeM, 'ITO Ka>KiloMy 'lnesy · 9Toro paano>KeHHSI cooTaeT­

cTayeT TaKol BpeMeHHOI IIOpSIIlOK B036ylKileHR51 aTOMOB, B KaKOM ORR 3aiiR­

caHhlo Kax R np&BetteHHaSI Bhlrne RHTepnpeTallRSI paa6ReHRSI { 1), same yT­

aep>KtleH&e SIBIISieTCSI TO'IHhiM TOJ1bKO B npettene 6on&mRX BeliR'IRH pA
21 

H It B ~~ • 0HO OCHOB8HO Ha TOM, 'ITO { B 9TOM npettene) 1) OTHOCHTen&­

Hhla BKnatt HHTe~peHilHB Mell!:lly 'lnesaMR nony'lessoro paano~eHBSI paeea 

synro, 2) 'lllcno nepexottoB, onpettenSieMoe KalKJlhiM 'lnesoM ~3110:lKeJUtg, 

COBDattaeT C BenB'IRHaMR, COOTBeTCTBY~illRMB Hamel BHTepnpeT81lRRo 

2.4. 'LfT06hl DOilC'IBT8Tb 9TH BeJ1B'IBHhl0 3aMeTRM, npe)I(Jle BCero, 'ITO 

MaTpR'IHhll aneMeHT H ' (A A ) ttaeT v ( d u I dO ) u I A 2 
2 1 A A A 12 

nepe-

xottoB B ceKyHilYi attecb u A I A ~2 - ·TeneCHhiA yron, IIOil KOTOpb!M 'BH-

ttes' BTOpoA aTOM R3 nepeoro. 

OT MaTpB'IHbiX aneMeHTOB 

XI 
npeT81lBB cnell:yeT o~JUl8'II:I 

A 2 B 2 B 1 A 1 R B 
2
A2A 

1 
B 

1 
npR Hamel RHTep-

duA (lA 
v --- 2 

A dO Al2 

da8 
VB "d(l 

•a 
82 

12 

max [ 0, + ( T -T ) ] 
- A B 

nepeXOllOB B CeKyHllY COOTBeTCTBeBHOi 3lleC& TA 
A a 
VA .r • • 

B:u 
v 

XI D.aARM BbiBOll 9TOI cjlopMyJiblo HcXOllHOI BOJIH9 COOTB9TCTByeT 8B­

caM6n&, COCTOSIDlRA R3 nap '18CTRilo 3TOT 8HC8M6JI&. MO>KHO MbiCnRTb X8X UOTOX 

"18CTRII copTa A C RMnyn&COM p R UOTOX '18CTRII COpTa 8 C RMnyn&COM k 

B TOM lKe npocTpaBCTBe, npR'I~M X8l!Ul8SI '18CTRII8 COpTa A 'cxpenneBa BRTO'IXOI' 

c OABOA R3 'IBCTRII co pTa B. KonaqecTaesso noTOx xapaxTepaayeTcSI TeM, 'ITO 3a 

speMH At 'lepea ABBHyiO nnol!laAxy 1 c.;;. p , HOpMan&BYIO x p, npoxoART 
V 4 V 8 d t A t 'IBCTRII co pTa A, TaxRx, 'ITO RX 'napTHepbi' npoxo.asT ApyryJO 

38ll8BHYIO nnOIIlBllKY TOA JKe nnODl8llR1 HOpMan&HYIO X k , B Te'leHRe apeMeBR OT 
t llO t+dt C MOMeHTa Ha'lana OTC'I~Ta RHTepaana At( t -nto6oe ci»RXCRpOBaB­

H09 'IRCno). TorAa aa OABY cexyR.ay npoRa~AlleT v v ~ ~T cny'laea aoa-
" B dO A~2 

(eM. npOllOJI>K9HRe CHOCXR H8 cne.ay10mel CTpaHRU9} 
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llnSI MaTpH'IHhiX aneMeHTOB ·A 2 B 2 A 1 B 1 H B2 A2 B 1 A 1 aaanorH'IH8SI 

lf>opMyna nony'laeT~SI aaMesoA !f>axTopa max [ 0 , ± (r A- r8 )] Ha min [r A ,r 8 ] 

B npuno*eHHH noxaaaao, 'ITO noac'I~T 'iHCna nepexoaos no !f>opMyne suna 

( 2) aeAcTBHTen&Ho npusoaHT x TaKHM peayn&TaTaM. MaTpH'IHhle aneMeHThl 

B 
2 

B I A 
2 

A I aaJOT 6eCKOHe'IHOe 'IHCnO nepexoaoB ( H60 BpeMH Me~y B03-

6y~eHHeM 8TOMOB B 1 H A2 MO*eT 6b!Tb nJ06hiM1 H no 8TOMY BpeMe­

HH cneayeT npocyMMHpoBBTb). HsTep!f>epeanHH 6ecxoHe'IHhiX MaTpH'IHhiX ane­

MeHTOB 1-'le*aY co6oA H C KOHe'IHbiMH OK83b!BaeTCSI KOHe'IHOA. 8 '18CTHOCTH1 

anSI OTHOWeHHH BKnaaoB B 'IHCnO nepexoaoB OT HHTep!f>ep~BilHH M8TpH'IHhiX 

aneMeHTOB A 2 B 2 B 1 A 1 (npH T A> r 8 ) H A 2 B 2 A 1 B 1 K BKnaay OT 

A2B:J31AI nonyqaeTcSI senH'IHHa nopSiaxa , 
0 ( r / min (A 

21 
, B 

21
)) , 

rae r - paaMep STOMa (cp. C aaMe'IBHHeM B CHOCK8 Ha CTp.· 5). 

2.5. Ton&xo B cny'lae ManocTH aToA senH'IHHhl npennaraeMaH H&MH HH­

TepnpeTallHSI paa6H9HHSI ( 3) HMeeT CMbiCno 

O'iHBH.ttHo, s e!Ile 6on&weA cTeneHH aeo6xo.ttHMhiM anSI npuroaaocTH sa-

meA HHTepnpeT81lHH ycnOBHeM SIBnSieTCSI ManOCTb . ( 11pH T A > T B ) 'IRena nepe-

xoaoB OT B 2 A 2 A I B I 110 cpaBHeHHIO C 'IHCnOM nepexoaoB OT A 2 B 2 B I A I • 

llnSI KOHe-'IHhiX 3H8'1eJUIA p A 21 'IHcno nepexoaos OT B 2 A 2 A 1 B 1 npH 

r > r 
A B 

OTnH'IHO OT Hynst. 3TOT peayn&TaT HBnH8TCH 6eCCf!4b!CneHHhiM 

C TO'IKH apeHHH HameA HHT8p11p8T8UHH H nHWb CBHaeTenbCTByeT 06 ee orpa­

HH'IeHHOA 11pHrOaHOCTHo 

6yJ~meHHSI STOMOB A 1 H A 2 • TSKHX, 'ITO '18CTHilbl-118pTHepbi nponeTHT 'lepe3 

nnOWSllKY 1 CM2 ( KOTOpyiO Mbl Bbt6epeM OKOnO STOMa 8 I ) 38 BpeMSI T, HS'IH­

HSSI C MOM9HT8 B036y>KlleHHSI A 1 To9o 
dUA UA du 8 u 

V V -- --- --- __:_a_ T 
A B dO A 2 dO ~ 

I~ 12 

cnyqaeB B036y>Kll9HHSI STOMOB A 1 , A 2 , TSKHX1 'ITO '18CTHilbl-118pTHepbl B03-

6yJ~mSIOT o6a aToMs B 1 H B 2 , npH'I~M B 1 - s Te'leHHe speMeHH T 
nocne A 1 • Tenepb, ecnH r A > rs H T > r A- r 8 , TO B 'ISCTH cny'la-
es 8 2 6ylleT B036y>Kll8TbCSI nocne A 2 , 'ITO He COOTBeTCTByeT Ham eft HH-

TepnpeTSilHH MSTpH'IHOI'O aneMeHTS A 2 8 2 8 I A I : OTC10ll8 nony'laeTCSI 

<jlaKTOp max [0, r A -r 8 ] • 

8 

---'--

§3. PaccesaHe ~epea KBa3HCTBQHOHapHH• ypoBeB.& 

flycT& Tenep& 'I&CTHilhi co pTa A paccexsaJOTC.H Ha noT.eRnxane W (-;). 

3allleRHM B OOPMYne 112 aBYX'IaCTH'IHYIO cso6oaHYIO clJYHKilHIO oacnoocToaHelllls 

lf>yHJtllHeA 

... 

Kw(1,y ,1 1 
... 1 
,y1 , E)•--f 

( 2rr)
8 

'i'+ -> + R ...... ... (x) 'I' (t )* l,_..(y-yl 
a 1z 1 e a a 
~ /32 d a d f3 , 
2m -1M+ i l 

E 

a HCXOARYIO nnocJtyJO BOnDy peweHHeM + 1f ... <1> 
p 

aana'IH pacceHRH.H aa 

• r~ > noTeRilxane 
x/ 

, xoTOphiA Mhl 6yneM npennonaraTb noJtanHaoBaa-

BhiM OJtOnO TO'IKH -; • 0 H HM9101IlHM AOni"O*HBYIIlHA ltB83BCT81lBOB8pBbiA 

yposea&. 

flocne T8KHX H3M8H8BBA lf>opManH3M 'H3MepeBH51 BpeMeliJI' 1 DOCTpoeB­

HhiA B 112, Henocpe.ttcTBeHHO nepeHOCHTCH H8 paccMaTpKBa8MbiA cny'laA: H 88 

STOT paa paanB'IHhle MaTpH'IBhle aneMeHThl sana ( S) oproroaam.Rbl npyr 

.ttpyry ( B TOM *e CMbiCne, 'ITO B 112) H aaJOT 'IHCno DepeXO.IlOB1 COOTBeT­

CTBYIOIIl99 HaweA BBTepnpeTaQBHe Mbl Be 6yneM 3.1l9Cb npOBO.IlHTb BC9X 

rpoMoanxxx BhiKnanox H orpaHH'IHMCH nHWb nonc'I~OM 'IRena nepexonos oT 

M8TpH'IBOI"O aneMeHT8 A 
2 

B 
2 

B 
1 

A 
1 

B HaH6onee HHTepeCHOM Cny'!:ae, KOI".Il8 

r 
~B ~ + ... llSnbBeAweM 110B8ll06SITCSI cnellyiOWBe CBOICTBS 'I'YBKilHH Y ( x ): ...... 

+ lpx lpr 

Y ... ( ;) ,. e + f( IJ) e / r. , 
p 

f(B>-I. 
t 

:~tBr<P> 
e 

21 8f(p) 

e -I 
------(2f +l)P• (cosO), 

2ip a:. 

-218t (-p) 

•e 
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saeprHH aaneTa~mHx qacTHU 6nHaxa x peaoaaaacaoA H apeMH, aaTpaqHaae-

Moe qaCTHUeA A C HMrrynbCOM p Ha rrpOXO)KJl9HH9 paCCTOHHHH OT A, 

ao pacceHBa~mero ueHTpa H OT pacceHBa~mero ueHTpa JlO A 2 , M9Hbllle, 

qeM apeMH, He06XOJlHMOe qaCTHUe B C HMrrynbCOM k , qT06bi npoftTH paCCTQ­

HHHe B 21 

A I +A 2 

u 
A 

< 
B:u 

UB 
(5) 

ITpH T8KOM COOTHOlli9HHH rrapaMeTpOB qHCnO rrepeXOJlOB, orrpeaenHeMoe paCCM8T­

pHB89MbiM MaTpHqHbiM ·sneMeHTOM, C ToqHOCTb~ JlO BenHqHHbi, OI'OBOpeHHOft 

B KOHU9 §2, onpeaenHeTCH qaCTHU8MH, 38Jl9p)I{8BlliHMHCH Ha M9T8CTa6HnbHOM 

ypOBHe. J1MeeM 

2M a a 2 2 

A 2 B 2 B 1 A 1 = 
( 2 rr) 6 

J clax d
8

x 2 d Y 1 d Y:~ "lp+(1l* Jd 3 a 
I q ~ 

3necb 

ylll 

~ .... +...,. +_,. ..... -+ + .... 
3_ (X 2- A 2) qJ a (X 2 ) lp a (X I ) * V (X I -A I ) 'I'; (X I 

X 

- tb;~ .... ..... t{Jy21 .... -+ tk;l 
e U(y

2
-B

2
)e U(y

1
-B

1
)e 

a2-p:a h2-k2 all- P2 
--- + - if ) ( - i E ) 
2m 2M 2m 

{3 = k + 
:I -a 2 p 

2m VB 

10 

l 

TIOJlCT8BHB C~Jl8 

f d 0 (a ) 'I' + ( i ) 'I'+ <t ) * 
a 2 a 1 

ta(x1 + x2)+2t8e<a·> 

[ e 

+ ... + ... 
H aaMeHHB 'I'P(x 1 ), '1'1 (x2) 

... ... 
<2 e + 1 >Pe <-

X 1 X lJ -
X 1 X lJ 

- TT I, 

e 
+ k.c - (-) 

a 2 A A 
2 1 

ta<x 1 -xlJ> 

(e +k.c.)] 

rrnOCKHMH BOnHaMH ( ITOCKOnbKy paCCTOHHHe 

OT pacceHBa~mero U9HTpa JlO 8TOMOB A I H A 2 cqHTaeTCSI 6onbWHM), 

npeJlCT8BHM M8TpHqHbiA sneMeHT B BH)le: 

.. M 
3 3 d a· 

d3 X I d X ll d y 1 y 2 ( 2 f 

B A A 
A2BliBIAt=- 16 ,a I 

le 

3nec& 

21 2 I 

ta(x 1 +x 2 >+2t8eca> ta (xi - x lJ) 

all - q lJ 

2m 
- if ) ( 

-lt;lJ 

- e 

IJ2-p2 

2m 
-if) 

... 
Z ,. e 

... ... 
U(y -B )U("y 

2 ll 1 
-B )e 

1 

~.... ... ... 
-I q "lJ ... A ) v (X 1 

V(x 2 - 2 e 

... ... 
-+ lpx 1 

-A 
1 

)e 

... ... 
A1A2 -100 

+l)Pf (-->fda 
A

1 
A

2 
_, 

z e tyu{J I' 

...... 
lky1 

113 aceA CYMMbi no f Mbi •OCT8BHnH ll'OnbKO OllHH 'lneJi - TOT 1 

)lnH KOTOporo ljlyHKUHH exp [ 2i 8 f (a) ] HMeeT 6nH3KHA K aemeCTB9HHOI 

OCH non~, H60 TOnbKO 3TOT qneH cymeCTBeHeH JlnH Jl8nbHeftlllero. nnSI rrepBO-
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ro qneHa a ~HrypHhlX cxo6xax cennoaast TOqxa (cp. aHanorHqHhle BhlKnanxH 

a npano*eHaa)ecTb a o • m vB 

CornacHo (5) a0 < p, Tax qTo ( npe h .. k ),qT06hl ne~pMRpoBaT& 

KOHTyp HHTerpaDRR DO a B KpRByD CTaDROHapHOA ~a3hl, Bano nepeceqh 

non DC a "" p f ~YHKDRR exp [ 2i 8 t (a) 1 . ( HaDOMHRM, 'ITO OH ne*RT 

B HH>KHeA nonynnocxoCTR R p .. p e ) • BTopoA qnes B ~RrypHhlX cxo6xax 

He HMeeT DOnJOCa DpR a= p e , a ero cennOBast Toqxa - ewe 6ne>Ke K Ha­

qany, os uenHKOM onpenenaeTCH axnanoM KPHBOA cTauHosapHoA ~aahl. HTax, 

axnan nomoca a "'Pf B HaW MaTpRqBhlA sneMeHT paBeH: 

2 t +I 
... ... 

M2 x 1 x2 --'-f dx dx dy dy Z p (- }{-21ri )C 
16 17 

a 1 2 1 2 
821 A 1A 2 t X X 

1 2 
( 6) 

2 2 
p - Pe 2m 2m 

exp I i(x +x )p f + iy (k + > I -----· 1 2 21 2mv p2 -q2 p 2 -p 2 B t t 

3nech C - Bhl'leT ~YHKDHR exp [ 2i 8 t (a) 1 npH a= Pf • HeTpynHo 

aaMeTRTh, 'ITO I exp I II MO>KeT 6b1Th npencTaBneH a .Bene: 

I expl I 1 = e-At/2 

rne 

Pf 
A=- Jm - KOHCTaHT8 pacna~a, 8 2m 

812 At+A2 
t=e.----

VB VA 

HaRMeHhwee Bp9MH, DpOB9.1l9BHOe 'laCTHUeA Ha MeTaCT86RIU>HOM ypOBHe. 

12 

flonyqeHHbtA MaTpH'IHb1A sneMeHT naeT cnenyDmee 'IHcno nepexonoa a enH-

HHUY BpeMeHR: 

v 
do A 1 

A dO 

0 

All 
1 

-1 -At 
A e v 

B 

OA 
2 

All 
2 

d oBI 

dO 

3.1l9Ch BB9.1l9HO 0603BaqeHHe 

0' 
Heynp. 

=41T(2f+l) 

2~ p 2(-

417 f 

uBa 

82 

... ... 
X 1 X 2 

x 1x 2 

I c I 2 

2 2 ll ' ll ll 
(p -Repf ) +(Jm Pe > 

(7) 

CpaBHHM (7) c ~opMynoA nna 'IRena nepexonoe, KQTopoe cne.llyeT o>KHnaTh 

DpH Hamel HHTepnpeTaURH (oHa HaxonHTCH MeTonoM, ODHCaHHbiM B §2). 0xa-

3biBaeTCH0 'ITO o6e ~pMynbt coenanaiOT, ecnH C'IHTaTh, 'ITO aenaqasa o 
121 

Heynp. 

HMeeT CMbiCn nonsoro C9'19HHH po>KneHHH aecTa6HnbHOA '18CTHUbl 

/2/ 
OTMeTHM Tax>Ke, 'ITO ( 6) naeT o6bt'IHbtA cneKTp aanoanaawero aany-

'19HHH 

... ( • q2- p 2)-2 f . 

Mbt He yqna exnana H qacna nepexonoe oT cennoBbiX Toqex. OnHaxo 

STOT BKnan HMeeT TOT >Ke nopstnOK BenH'IHHbl ( H TO >Ke DpOHCXO>KneHH9) 0 'ITO 

H BTOpOA 'lneH ~OpMynhi ( 3.£1) B DpHnO>K9HHH; Y'IHTbiB8Tb ero - 3H8'1HT BbiA-

x/ ) 
TH 38 npenenbi TO'IHOCTH, KOTOpyiO naeT Balli M9TOn ( CM. T8K>Ke KOH9U § 2 • 

3B.KIIIO<reHHe 

HTaK, CT8UHOH8pHOA KB8HTOBOA MeXaHHKH nocTaTO'IHO nnst ODHC8HHst npo­

ueccoa, Cyiii9CTBeHHO 38BHCstiiiHX OT apeMeHH. floCKOnhKY CT8UHOHapH8st KBSH-

x/ <llopManbHbJII y'I~T axna.aa ce.anoBblX TO'IeK naeT "aesxcnoaeHuHanbHblll 
pacnan•/41. 
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TOBaR Mexaaaxa Tecao CBHaaaa c aecTauaoaapaoA, ecTecTBeaao o•aQaT&, 

~TO peayn&T8T~ ODRC8HRH 38BRCHmRX OT BpeMeHR npoueCCOB MeTOQ8MR CT8-

UHOH8pHOA R &eCT8UROH8pHoA KBBRTOBOA MeXBRHKR He MoryT 6~T& B38RMHO 

npoTRBOpe~RB~. nocxom.xy, OQR8KO, STR MeTOQ~ BeC&Ma pa3nR~H~- B03MO._. 

RO, npeQCT8BllReT RHTepec Q8T& QOK838Ten&CTBO STOI"O YT.Bep.QeRRH. 

B 3axn~~eaae aaTop xoTen 6~ no6naroaapat& npo~. R.A.CMopoaaacxo­

ro, COBMeCTHO C KOTOp~M Bbipa6oTaRa 0CROBH8H RQeg RBCTORmeA CTBT&R, 

H np~. M.A.Mapxoaa 38 IIOCTOR.IIR~A RRTepec K pa6oTe; OR 6naroQapea 

Tax•e B.H.Banyeay R M.H.Wapox:oay 38 o6cy~eaae. 

llpBR011C9BBe 

Mbl orpaaR~RMca noac~l!TOM ~Rena neQE!xoaoa oT MaTpR~a~x sneMeRTOB 

A:IB:IB1A1 H B:IA:IBJ A 1 B ax BRTep~peanaa. TpRBR8ll&RbiMR npeo6paao-

BBHHRMR nony~aeM 

3Ltec& 

J = f 

a a a a 
A B B A M 

f 
d x 1 d x 2 d y 1 d y

2 - ---:1 :1 1 1 
16 ,.,.a i ][ y 

21 21 
-+-+ -lq x

2 -+-+ 
-+-+ -+ -+ lpx 1 V (x:l -A :I )V(x 

1 
-A

1 
)e e 

..... ... ~ ... 
-lfyl -+ -+ -+ -+ lkyl 

U(y 2 -8:1 )U(y 
1 

-8
1 

)e e 
J • 

ada exp[iax 21 +iy21 yk2 + : ( p2-a ~+id 

a.2_ P 2 

2m + 
f2 - k2 

2M 
- i£ }( 

2 2 a -p -2m 
-·i £ ) 

B npeQene. k ... 00 ' M ... 00 ' v B • CO-t 
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{ 1.n) 

.. L 

J = f 
a d a exp [ i p x :at + i k y 21 

+i'l'(a)] 

all -qll all- pll 
-- -id (------if) 

2m 2m 

<PyHKUHR IJI ( a ) eCTb 

'I' ( a.) = ( a - p ) x - y 
21 21 

all_ P 2 { 2.n) 

2m VB 

oaa HMeeT c,eanosy10 TO'IKY rrpH a =a = m v x / y • BenH'IHHa RH-o B 21 lll 

Terpana J cymecTBeHHbiM o5pa30M 38BHCHT OT PSCIIOllO)KeHHR ao OTHO-

CHTenbHO rromocos a = P H a = q • bcna rA > r • TO a 0 .>a ; P q B p 

B 38BHCHMOCTH OT BellH'IHHbl q IIpH 3TOM MQ}I{eT 6biTb nH60 a q < a 0 , 

na5o a q > a
0 

• B rrepsoM cnyqae, 'IT06bi ae~opMHposaTb KOHTYP HHTerpa-

UHH B KOHTyp CT8UHOHapHOfi: lj:Ja3bl lj:JyHKUHH exp ( iiJI (a)) , KOTOpbifi: IIpOXO­

JlHT qepe3 TO'IKY ao , HSQO rrepeCe'lb JlB8 IIOlllOC8 , a q H a P , STO 

JlaeT 

J = IT i (2m)'~ { exp [ i 'I' ( q) ] - exp [ i 'P ( p) ] 

qll - pll 

2 IT a exp [ i 'P (a ) ] I( p x21 + k Y21> +v o o le 
i'P"(a

0
) (a2 -p2)(a:l -q2) 

0 0 

= Jl + J 2 . 

nepBbiA 'lll~R npaaoA 'ISCTH {3.il), J1 , KBK ~YRKUHR q, 

q .. p M8KCHMyM, IIlHpHH8 KOTOpOI"O onpeJlenaeTCR ycnOBHeM 

p 2- q ll 
----(rA-r 8 ) ... 1 

2m 

15 
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~• I 1!!1 '!I"!!"!!"""" 1 WI JJ 

(cooTHomeHHe HeorrpeneneHHOCTH nnB sHepruu H apeMeHu). Ecnu paccTOBHHB 

x 21 H Y Ill H BpeMeHa r A • r B rrporrOpUHOHanbHO H HeorpaHH'l:eHHO 

B03p8CT810T1 TO lliHpHHa MaKCHMyMa CTpeMHTCB K Hyn10; MO>KHO ITOK838Tb
1 

'ITO rrpH 8TOM 

I J 12 ., ( 2m) 4 217 3 8 ( f 2 -lc2 l r A - r B 
1 (4.n) 

m 

Terrepb paCCMOTpHM BTOpOA 'lnea rrpaBOA '18CTH (3.n) - BKnaa OT TO'IKH rrepe­

aana. Tax xax 

x21m 121 

- = ---. 
a 0 VB 

TO 8TOT 'lneH 06.SI38H CBOHM rrpOHCXO>KJl9HHeM rrapaM 'IBCTHU A H B , 

rrponeTBIOWHX paCCTOSIHHSI A 
12 

H B 
21 COOTBeTCTB9HH01 38 OaHHBKOBOe 

BpeMB ( TBKHe 'IBCTHUbl B03HHKBIOT B CBSI3H C rrepepacrrpeaeneHHeM 8HeprHH 

rrpH H3MepeHHH BpeMeHH ; rrepepacrrpeaene}IHe 8HeprHH He H3MeHBeT CKOpOCTH 

'l:BCTHUhi B , Tax xax 8HeprHB ee Mv: 12 O'leHh aenuxa). 

Bxnan BToporo 'l:neHa (3.n) a (4.n) a paccMaTpuaaeMoM rrpenenbHOM 

cny'l:ae HC'l:eaaeT; anB KOHe'l:HhiX 3H8'l:eHHA r 

HMeeT rrpH q = P 

1 

( p X 21 

A 

ITOpSIJlOK BenH'l:HHbl 

t'12 
v 

A 

312 2 

(2) {1-(rAirB) 
r 

B 

C POCTOM q OT 3Ha'l:eHHSI q =p BenH'l:HHa 

T 
B 

OTHomeHue J I J 
2 I 

2 
>10-rBirA). 

I J2 I J 1 I aoapacTaeT, 

HO He HeorpaHH'l:eHHO ( rrpH q -+ a O 
) 1 KBK 8TO ITOK83biBaeT ( 3.n) 1 a llO 

aenH'l:HHbi rropBJlKa e}lHHHUhi ( !llopMyny ( 3.n) rrpu q "' a 
0 

6onee TO'IHOA) • C llBnbHeRmHM pOCTOM q ( q > a
0

) 

OK83hlB89TCB rrpaaee KpHBOA CTBUHOHapHOA 4la3hl C 

cne}lyeT 3aMeHHTb 

non10c a q B ( J.n) 

H He rrepecexaeTc.SI 

KpHaoA HHTerpauuu B rrpouecce ee coBMemeHH.SI c C • 

16 

B CBB3H C 8THM OTHOUI9HHe J 21 J 1 C pOCTOM q OT q • a 0 6biCTpo 

cTaHOBHTCSI O'l:eHb ManbiMo BepHeMCB K MaTpH'IHOMY aneMeHTy ( t.n). noll-

CT8BHM B J 

..... ..... ... ..... ..... 
x =A + ~ I x -A -(x -A ) l A I A , 

21 21 2 2 1 1 21 21 

y = B + 
21 21 

.... .... 
Y2 -s2 -<r -8 1 ) l B 2/B 21 

H B 
'I' ( a.) - x = A , y "' B 

21 21 21 21 

Torlla 

M 
fda x 1 

8 3 3 

A2BliB1Al= d X 2 d y l d y 2 
3 . 

1671' •AnB 111 

... ... -1J 1 t 'c1: 
2 

- A ...... 2 > -lq(x
2 ... 

e V (x-+ -A )e 
2 II 

...... , -+ -+ ... ... ... titA 
1 
-t~A-+~ -lp (x 1-A 1) 

lp(x -A ) ... I I 

e v r:, -A
1 

)e e 

... ... 
_, ec-; 

11
-a.} · ... 

......, ............ ... lk (yll -B
11

) 

e U(yll -B le 
2 

... ... ... ... ... ... -+ ......, ....... 

-lk '(y -B ) ... tk(y -B ) lkB
1
-tfB 2 

e 1 1 u<; I I J , 
-B I) e e 

3necb J' OTnH'l:aeTCSI OT J aaMeHoA x21 ... A21 •Y21-> Bill H He 38BH-

no KOTOpbiM rrpoH3BO}lHTCSI HHTer-
...... ...... ...... ...... 

CHT OT nepeMeHHbiX X 2 • x 1 • Y2 • Yt 

pauuB ; ; ' = p A I A , ~lc' =k ~ 1 I B 21 • 
21 21 

noacTaBHB nony'leHHOe Bbtpa)l(eHne 

M8TpH'IHOrO aneMeHTa B !llopMyny 'IHCna rrepeXOilOB 

2 2 Jc2-r2 
~ = 217 f I H 'I 2 8 ( p -q + ) 
dt 

daq dar 

(217) 6 
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L 

I. I ._.,¥ ·~' .. 

c y~~TOM (4.n) rrony~aeM (4). ~opMyna anH 
A 2 8 3 At B 

1 
BbiBOaHTCH 

ABBA H ABAB • aaanorHqHo. OcTaHoBHMCH rroapo6aee aa HHTep~epeHUHH 

nocneaaHlt MaTpHqHbilt sneMeHT rronyqaeTcH Ha ABBA , B qaCTHOCTH 0 3BMe -
HOi!: J 1 B tflopMynax ( l.n), ( 5.n) Ha 

J, = e 
I 

i(px+ky) 
I -e 

2 - k 2 
p ---iy --rmv

11 

q 2 - p 2 

(rrpe r < r ) • nanee CneayeT Bbi~HCnHTb HHTerpan A B 

K 

00 

:1 2 
fd 3 qd 8 f8<..L.::.1 

2m 

ly 
2 

"'/f(q)dq 
0-e 

q2- p 2 

k 2 - f 2 
+ ----) J '* J 

2M 1 

lx(q-p)-ly 

-
) e 

2mvB 

q2- p:l 

-I 

B HHTepecyiOmeM a·ac <::nyqae X-t>oo,y-.oo 

aenSieTCSi Manolt OKpeCTHOCTbiO TOqKH q = p ; 

~.;, 2p(q-p ). T8K qTo 

aenHqHaa sToro HHTerpana orrpe­

B STOlt OKpeCTHOCTH q ll - p 2 "' 

-t<x> 
K,.f(p)(ds 

v 
ly 8-.!!.. 

I -e "'a 

2os 

e 

VA 
I( x-y --~ s 

VB 

2os 

-1 
+ Q • 

TaK KaK HHTerpan HcqeaaeT, TO BenHqHHa K orrpeaenHeTCH tflaKTOpOM Q 

6onee BbiCOKoro rropHaKa ManocTH. 
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