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B nocneaHee BpeMsr BeC&Ma umpoxo o6cy)KlJ.aeTcsr B03MO*H,OCTb IIJHIMe

HeHnS! llllCIIepCHOHHbiX Ilp8Biln CyMM K 8Hannay 3KCIIepnMeHTani:!HbiX ll8HHbiX 

o ce'leHnsrx npoueccoB cnnbHbiX B38HMOlleiicTBHil: 11 - 31 • .nnsr ~opM¢axTopa 
rr - Me3oHa B pa6oTe 141 BnepBbre 6brno nony'leHo npaBnno cyMM: 

oo In I F ( t) I 
J dt > 0' ( 1) 

KOTOpoe CO)l€p)KHT TOnbKO MO)lynb lflopM!flaKTOpa B lf!H3H'leCKOil: o6naCTil IIpO-

uecca: 

.e+ + e- ... rr ++ ,- (I) 

n noaToMy MO)KeT 6hiTb npoBepeHo onhrToM, B HacTosrrueil: pa6oTe. Mbi yc-

T8HOBHM HeKOTOpbie HOBbie IIp8BHna CYMM )lnSI F( t) 

xo 3Ha'leHHR ero Moaynsr B ¢nan'leCKHX o6nacTSIX rrpouecca (l) H npouecca 

pacceSIHH sr 

(II ) 

06CyllHM T8K)Ke B03M0)KH0CTb 3KCIIepHMeHT8nbHOil: npoBepKH ~HCIIepCHOHHOI'O 

COOTHOIUeHHSI )lnSI lf!OpM!flaKTOpa, 

8H8nHTH'leH B KOMIIneKCHOil: nnOCKOCTH t 

c paapeaoM oT )J.O +oo t 0 HeKoTopoe 

nonOlKI!TenbHOe 'li!Cno, IlocpeACTBOM OT06palKE!HII51 

vl.+ t/to -v1-t/4m! ( 2) 

+vt-t/4m~ 

3 

.. 



· Mbl npeo6paayeM IInOCKOCTb B 9JlHHif11Hbiil Kpyr H nono:>KHM F ( t ) = f ( e ) . 
TaK KSK .PYHKUHSI f (e) aaanHTH'IHa B Kpyre I e ~ < 1 • H f(O)=F(O)=l, 

TO na TeopeMhi Heceaa 151 cneJlyeT, 'ITO 

2
( In I f ( e 1¢ ) I d ¢ ~ 0 • 

0 

BoaapaiUaSicb K cTapoil nepeMeHHOil 

.. lniF{-t)ldt 
I 

I 0 
t .J ( t + 4 m 2' ) ( t - t ) 

TT 0 

+ r 
4m2 

TT 

, Mbi nony'IHM npaanno cyMM 

In I F(t) I dt _::o.(3) 

tJ(t-4m 2 )(t+t 0 ) 
TT 

Ecnn B o6nacTH t < 0 £PopM!lJaKTop F ( t) MeHbJIIe ennHHUhi, KaK aTo nMe-

eT M9CTO )lJISI IIpOTOHa, TO rrepBblll lrHTerpan B ( 3) 38B9Jl0MO OTp!rUaTeJieH. 

D 09TOMY IIO cpaBH9HirlO C rrpaBHJIOM CYMM ( 1 ) COOTHOllleHHe ( 3) HaKJI8Jlbl-

BaeT 6onee )!{9CTK!re orpaHH'I9HHSI Ha IIOB9Jl9Hir9 IF ( t) 1 rrpn t>4m
2

• 
'IT 

0TM9THM, 'ITO Mbl He nenaeM HHK8KHX IIp9JlfiOJI0)!{9Hlill OTHOCHT9JibHO IIOB9Jl9HliSI 

F ( t) rrpn t ~ oo • B noKaJibHOfi Teopn~r rronsr HHTerpanhi B ( 3) a6comoT-

HO CXOJlSITCSI /6.7 I. 
.Upyroe rrpaanno cyMM rronytiaeTcsr KaK cnencTBne TeopeMbi KapneMa-

na /B/ J;locpeJlCTBOM OT06p8)!{9Hirll 

1- J 1-
t + t 0 

TJ(t,t)= 4m
2

+t ~ 11 0 

1 + v 1-
t + t 0 

4m 2 +t 0 TT 

w =J"l(t,t
0

) • 

{4) 

C HeKOTOpb!M t 0 .:: 0 Mbi rrpeo6pa3yeM rrnocKOCTb B rrpaBblii 9Jl11Hir'I-

Hhifi rronyKpyr, rrp~rtieM pa3pe3 t > 4m2 
- TT 

rrpeBpaJIIaeTCSI B rrpaByiD enlrHirti-

ayro nonyoKpy>KHOCTb, a lrHTepaan t < - t 0 npeapamaeTCSI a cerMeHT 

[- i • i 1 Ha MHHMOil OCiro flonO>KHM F ( t) = g ( w ) • B cnny TeopeMbi 

KapneMaHa 

rr/2 . 
f In I g ( e 1 <P) I cos <P d <P + fin I g ( i x ) I ( - 1

- - 1 ) d x ~ 0 . 
o . o x2 . 
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BoaapamaSICb K CTapofi nepeMeHHOfi , Mbi nony'IHM 

2 
4 m

11 
+ t

0 In 1 F( t) I d t + J In 1 F( -t) 1 .p(t, t 
0

) dt; r 
2 ) 1/2 ( t + t ) 3/2 . to (t-4m o 
TT 

2 4m 2 

TT 

rne 

<f>(t,t
0
)=[ • -ll - d77(t,t 0 ) 

77(t,t
0
) 2v'f!(t,t 0 ) dt 

TeopeMa KapneMaHa 6bma rrpnMeHeHa B pa6oTe /8/. OnHaKo c 

JIIee rrpaBUJIO cyMM B 9TOH pa6oTe C0Jl9p)!{l!T BKJI8Jl OT HeHa6mo, 

naCTH 0 < t < 4 m 2 
, u rroaTOMY ero HeJib3SI rrpoBepw 

- - TT 

p aCCMOTPIIM T9II9Pb B03MO)!{HOCTb 9KCIT9PIIM9HTaJibHOH f!PC 

CllOHHoro cooTHOJIIeHnsr nnsr F ( t ) • Pann rrpocTOTbi rrpen 

F ( t) orpaHH'IeH H II03TOMY YllOBneTBOpS!eT .QIICIIepcHOHHOMy COOTH< 

C OJlHIIM Bbi'IHTSHI!eM; 

F(t)=l 
t 

+--
Im F ( t ') 

[ d t' . 
2 

1T 4m ir t'(t'-t) 

H aJIIll paccy)KJleHnsr nerKo o6o6IUHTb Ha cnytiaii nncrrepCllOHHor: 

C DPOH3BOJJbHblH "'!JCJ>OH Bb]'ll1'!'1:.\Hiii1 

f1p11 t < 0 nonmKI!M: 

a np11 

x=-t/4m
2 

11 

'>'0 

F( t) -1 
G (X ) , 

Y=t'/4m 2
, 

TT 

1 Im F (t , ) = H ( Y ) • 
TT t ' 

Torna IU!CIIepCIIOHHOe COOTHOJII9HH9 (7) M0)!{9T 6b!Tb H8IIHCR 

TerpanbHoro ypaBHeHHSI CTHJibTeca: 
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~llOlKHM F ( t ) = f ( ~ ) . 

< 1 I H f ( 0) = F( 0)= 1 I 

) . 

'IHM npaBHllO CyMM 

F(t)\dt 
------.::0-(3) 

Hblll8 8JlllHHUbl 1 K8K STO liMe

( 3) 38B8AOMO OTp!IU8TeneJI. 

COOTIIO!ll8JI!le (3) H8Kl18llhl-

e IF ( t) I npu 

!HIIM OTHOCIIT81lbHO ITOB8Jl8HIIH 

>I nHTerpanhi B (3) a6conJOT-

encTBHe TeopeMbi KapneMa-

(4) 

:OCTb B npaBblll 8Jli:IHII'I-

paruaeTcn B npaByJO eAHIIII'I-

maeTCSI B cerMeHT 

w ) • B c~:~ny TeopeMbi 

-1)dx~O. 

803Bp8lll8S!Cb K CTapoli nepeMeHHOH 1 Mhi nony'IHM 

2 

In I F( t) I d t 
---------- + J In I F(-t) I ¢(t~t 0 ) dt _:: r., 

(t-4m 2 ) 112 ( t + t ) 312 · 'o 
11 0 

(5) 

rne 

(6) 

TeopeMa KapneMaHa 6bma npHMeHeHa a pa6oTe 181. 0JJ.HaKo cooTaeTCTBYJO

ruee npaBHllO cyMM B STOll pa6oTe COJJ.ep.lKHT BKJ18JJ. OT H8H861l!OJJ.8eMOli o6-

ll8CTH 0 < t < 4 m 2 
, H ITOSTOMY ero HeJlb39 npoaepi:!Tb OITbiTOM, 

- - TT 

p 8CCMOTPIIM Tenepb B03MO.lKHOCTb 3KCIT8PIIM8HT8llbHOM ITPOB8PKH Jli:ICITep-

C!IOHHOI'O cooTHollleH!IB JJ.Jln F ( t ) • Panll npocTOTbi npeanono.lKIIM, 'ITO 

F ( t) OT'p8Hii'IeH H I109TOMY YllOBlleTBOpS!eT llHCnepCiiOI!HOMy COOTI!OWei!HIO 

C 0/l.I!HM Bhi'IIiT8HiieM: 

t 
F<t>=1+- r 

1T 4m ~ 
TT 

ImF(t'' 
d t' . 

t'(t'-t) (7) 

H a!lll:l paccy)KJJ.eHHH nerKo o6o6muTb Ha cnyqal1 JJ.!lcnepc!IoHHoro cooTHO!lleHHn 

C JlP0113BOJlbHbiH "!HCJ\OH BbJ'lH"!'aHH.i'! 

npH t < 0 110/lOlKiiM: 

x=-t/4m 
2 F(t)-1 

G (X ) , (8) 
TT 

a rrpH '>0 

Y=t'/4m 2 
Im F(t ') 

=H(y). , 
(9) 

TT 11 t ' 

Torn a Jli:ICIT8pCI:IOIIHOe COOTHO!ll8HH8 ( 7) MO.lK8T 6b!Tb H8ITHC81IO B B!IAe HII

TerpallbHOI'O ypaBHeHHH CTl!llbTeca: 
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I' 

I· 

G (X) J 
0 

H ( y) 

l 10) 
d y , 

X+Y 

npH'l:eM HCKOMBR ~YHKUHR non~Ha ynoBneTBOpRTb ycnOBHID 

H(y)==O npn O<y<1. ( 11) 

TaK KaK F ( t ) orpaHH'l:eH, cornacHo npeanono~eHHIO, To H ( y) 

KBaJlpaTH'l:HO HHTerpapyeMa B HHTepBane [ 0 , 00 ) 

T cymecTByeT perneHne /9/ 

H (X) "' -
1- sin 1T ( - X 
1T 

d 

dx 
) G(x)"" 

H ang ypaBHeHHR (10) 

( 12) .. 
1 ! (-l)n 

d )2n 

(udx. [yxG(x)] 

11Vx n=o 2n! 

TaKHM o6pa3oM, HMeeT MecTo npaBuno cyMM 

d 
sin " ( - t --)( 

d t • 
-4m 2 <t<l1, 

1T - 1 ( 13) 

a npn · t > 4m
2 
1T 

Mbi 1\iO~eM onpenenHTb Im F(t) nocpencTBOM ~opMynhi 

1m F( t) ., t sin 
17 

( _ t _d ) [ 1 - F ( - t) 

dt 

(14) 

3Hag lm F '< t) Mbi MO:>KeM HaiiTH Re F ( t) npa t > 4 m 2 , H, cne-
- " 

JlOBaTen&Ho, I F ( t ) I • C npyroii CTopoHhi, I F ( t) I npH t > 4m2 
- " 

MO~Ho onpenenHTb HenocpencTBeHHO Ha naHHhlX no nonHhlM ce'l:eHHRM npo

uecca (I) • CpaBHeHHe aTHX peayn&TaToB rroaBongeT rrpoBepHTb nHcrrepcaoH-

aoe COOTHOIIIeHHe nng F ( t ) • 

6 

CooTHOIIIeHHR ( 13) H ( 14) coaep:>KaT rrpoH3BOllHbie Bcex 1 

F ( t) Ilp!f t < 0 • noaTOMy IlpHMeHeHHe 9THX COOTHOIIIeHHi 

TenbHO, BMeCTO peiiieHHR B BHJle ( 12) MO:>KHO ,IIOnb30B8TbCR llP 

HHeM, nng 9TOH uenH paCCMOTpHM npeo6pa30B8HHe Jlarrnaca tlJy. 

K ( u) = ( e -u y H ( y) d y • 

0K83blB86TCR, 'ITO npeo6pa30B8HH6 nannaca ~YHKUHH K ( U )· · COBnana 

G (X ) 

G ( x) ( e-:rur~ ( u )d u 
0 

noaTOMY MO:>KHO onpenenHTb CHa'l:ana I< ( u) 'Iepea G (X) nyt 

ypaBHeHHR Jlarrnaca /9/, a aaTeM Bbipa3HTb H ( y ) 'l:epea K 

pencTBOM ananorn'l:Holt ~opMynbi, B peaynbTaTe nonyqaeM: 

2 A z ~e 
Im F(t) lim ·1 

2 
f L ( 

4m 17 z ) dz J d.;. 
A->oo 

rne 

L(u) .. lim 

A-+oo 

.Jz -A r l 1 e- + _1_) 
2 

2 d A 1 oo 4m z z 
-f [1-F(- u )] 3/2 f 

21T 0 U z -A 

z 1.; 

rqe+-1-) 
2 

d.;. 

BMecTo 3Ha'l:eHnii nponaBOllHbiX Bcex nopRAKOB OT t~JopM<lJaKTopa 

t < 0 niJHM9HeHHe COOTHOIIIElHHfi (17) II (18) Tpe6yeT TOnbKO : 

'IeHHii aToro ~opM~aKTopa npn Bcex · t < 0 
npaBOfi 'l:BCTH (17) non~eH o6palll8TbCR .B Hynb npH 

~e 

• 0TMeTIIM, 'ITO 

O<t<4m 2 
- - 1T 

oo d A z 

lim f L (a z ) ~ J ----'--- d { "' 0 
A->oo 0 ,fz -A rlif;+-1-) . .,. 

nnR Bcex a > 1 . 
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(10) 

>Bii!O 

( 11) 

O!.lliiOJio)KeHniO, To H ( y ) 

~) II .lliiR yp8BH9HHR (10) 

( 12} 

-
G ( x) ] 

( 13) 

ocpencTBOM ljlopMynhi 

-] 
(14) 

) rrpn t > 4 m 2 , n, cne-
" ' ( t ) I rrpn t > 4 m 2 

- 7T 

I IIOJIHbiM Ce'I9HHRM rrpo-

~eT rrposepHTb ancrrepcnou-

COOTHOlll9HHR (13) II (14) CO.Ilep)KaT !IpOH3BO.IlHh19 BC9X IIOpRLlKOB OT 

F ( t) !Ipf! t < 0 • floaTOMy IIPHMeHeHne STHX COOTHOlll9HHi!: 38TPYilHH-

TeJibHO, BMeCTO pellleHHR B BHL19 ( 12) MO)KHO .IIOJib::iOB8TbCR llPYI'HM pellle

HHeM, nng a Toil: uenn paCCMOTpHM rrpeo6pa30B8HHe narrnaca cpyHKUHH H ( y ) 

00 

K ( u ) = ( e -u y H ( y) d y • 
( 15) 

0Ka3biBBeTcSI, 'ITO rrpeo6paaoaaHKe nannaca ljlyHKU1111 K ( u )· coarranaeT c 

G ( x ) 

G ( x) ( 16) 

IToaToMy MO)KHO orrpenennTb cna'lana I< ( u) 'Iepes G ( x) rryTeM pellleHnR 

ypasuennSI narrnaca /9/, a saTeM BbipasnTi. H ( y ) 'lepes K ( u ) rroc-

pencTBoM ananorK'IHoli <flopMynbi, B peaynhTaTe rrony'laeM: 

Im F(t) = lim 
4m

2 
z A 

JL(---"-17-)~ f 
A .. oo ,/z -A 

rne 

L(u)=lim 

A->oo 

1 00 

-I [1-F(-
277 0 

4m 2 Z d Z A Z If, 
" > l -___,- r 
U Z 

3/2 -A 1 
roe+-> 

2 

( 17) 

. ". 
d.; •• (18) 

BMeCTO 3H8'19HHH !IpOH3BOL1HhJX BCeX IIOpR/lKOB OT cfJopMcfJaKTOpa IIPH K8)1(JlOM 

t < 0 IIPHMeHeHne COOTHOllleHHH (17) II ( 18) Tpe5yeT TOJibKO 3H8HHR 3Ha-

'lenni!: aToro cfJopMcfJaKTopa rrpn acex < 0 
rrpaaoli 'IBCTK ( 17) nonlKeu o6pamaThCSI B aynh rrp11 

00 A 
If, 

dz z 
lim f L (a z) .r 

A .. oo 0 ,! z -A 1 r<i~;+-> 
'-

nnSI acex a > 1 . 

7 

• 0TM9THM, 'ITO HHTei'paJI B 

O<t<4m 2 

- - " 

df, = 0 

(19) 
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B aaKmo'leHHe aBTop Bbipa)l(aeT 6nar'oJlapHOCTh npocpeccopy A. H. Taa

xeriHJl3e aa HHTepec K paooTe. 
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