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BseneHae 

He BnOnHe npHBOJlHMble npeneTaPneHHSI HeKOMnSKTHOli rpynnbi, KSKOBOli 

HBnHeTCSI rpynna nopeHUS, paeeMaTpHBSnHeb B pa60TSX /l,2 / (eM. TSKJKe/3/), 

I'Jle, B 'ISeTHOCTH, 6binH npHBeJleHbl see npeneTaBneHHSI e KOHe'IHblM 'IHenoM 

HenpHBOJlHMbiX KOMnOHeHT. Bee npeneTaBneHHSI TSKOI'O BHJlS 6eeKOHe'IHOMepo-

Hble H HeyHHTapHbie. 

Llo HeJlSBHei'O lipeMeHH e'IHTSnOCb, 'ITO KOMnaKTHble rpynnbl MOI'YT 

HMeTb TOnhKO KOHe'IHOMepHble npeneTaBneHHH, 9KBHBaneHTHble YHHTSpHbiMo 

OnHaKo, KaK BbiHeHanoeb, 9TO naneKo He TaK. B pa6oTax 14•5 •6 •7 1 noKaaa-

HO, 'ITO KOMnSKTHble rpynnbl THna U( D) MOI'YT HMeTb 6eeKOHe'IHOMepHbie 

HeyHHTSpHble npeneTasneHHH. 3Ta B03MOlKHOeTb eBSI38H8 e TeM, 'ITO KOM-

nneKeHbie paewapeHHH anre6p rpynn U ( n ) H U(p,q) npH p + q= n 

eosnanaiOT. 

8 HaeTOHllleli pa6oTe Mbl nOKaJKeM, 'ITO TSKSSI KOMnaKTHSSI I'pynna KSK, 

HanpaMep SU ( 2 ) , MOJKeT HMeTb He BnOnHe npHBOJlHMble npeneTasneHHH. 

B nepsoM naparpa$e paeeMaTpasaeTeH npHMep TaKoro npeneTasneHHH. 

Bo BTopoM naparpa~e naaa Knaeea~aKaUHH seex npeneTasneHHA anre6pw 

rpynn SU(2) npa aanaHHOM 12 = s( s+l) , npH'IeM s - na6o uenoe, na-

6o nonyuenoe HeOTpauaTenhHoe 'IHcno. HaKoHeu, B nocnenHeM, TpeTbeM 

naparpa$e npaseneHbi HeKoTopbie npennoJKeHHH HaC'IeT HHTerpapyeMoeT!f 

aalineHHbiX npencTasneaali. 
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1. MoMeHT Kona'ieCTBa nBinKeHHA 

KaK aasecTao, onepaTopbr MOMeHTa KonaqecTsa nBa)l<eHHH 

M e-1( Z 
11 #111 p fl 

a 
a zp 

( 1.1 ) 

o6paayJOT 6aaac anre6pbr I"pynnbr SU ( 2) • B !jlaaaqecKHX paccMoTpeHHHX 

Ol!epaTOpbl ( 1.1 ) J.i?ACTBYJOT B KOHe'IHOMepHOM llpOCTpaHCTBe, B KOTOpOM 

peanaayJOTCH YHHTapHbre npencTasneHHfl I"pynnbr SU(2) (una S0(3) ). liei"-

KO, onHBKO, 38MeTHTb, 'ITO eCnH paCCM8TpHB8Tb Mil K8K na!jl!jlepeHUHSnb-

Hble OllepaTOpbl, He Tpe6yJOillHe 3pMHTOBOCTH 0 TO o6naCTb HX OllpeneneHHfl 

OK83blB8eTCfl HSMHOI"O lllHpe. 11 MeHHO 3TO II eCTb !1pOCTp8HCTBO M ( 3 ) BCeX 

l!O'ITII Beane AH!jl!jlepeHUHpyeMblX !jlyHKUHil OT TpeX api"yMeHTOB, 0'!eBIInHo, 'ITO 

B 3TOM npocTpaHCTBe peanl!ayeTcH HeKoTopoe 6ecKOHe'IHOMepaoe npencTaB-

nea11e ani"e6pbr SU(2) (ani"e6py 6yt:teM o6oaaa'!aTb 'lepea SU(2) ). liei"-

KO l!OK838Tb, 'ITO 3TO llpet:tCTaBneHI!e ani"e6pbl IIHTei"pllpyeTCfl no I"no6anb-

HOI"O npeACTSBneHI!fl I"pynllbl BO BCeM llpOCTpSHCTBe M<3l • liT06bi Ao-

K838Tb 3TO yTBep)l<t:teHHe CHS'lana l!epei!neM K l!OnHpHblM KOOpAHHSTSM B 

!jlopMe 

z =rslnx IXISx 
1 I 2 

z
2

,.rsinx
1

sinx
2 (1.2) 

z
3 

"'rmsx 1 . 

KaK H3BecTao, nocne aTOI"O reaepaTopbl M 11 ' OK83biBSJOTCfl !jlyHKUHSIMII 

TOnbKO OT l!OnHpHbiX yi"nOB X 
1 II X I • J1 KpOMe TOI"00 ecnH eme CAe-

naTb npeo6paaosaaae 

-lx IDS X -( -1 )k 
Y k .. e 2 ---!.1 ___ _ 

k - 1.2 (1.3) 
sin X I 

(9TO npeo6pa30BSHHe 6binO l!Ony'leHO B pa6oTe /8/), TO I"eHepaTOpbl llpHMYT 

cnet:tyJOmHA sll:n 

4 

..,. 
I . . 

.. i 

~ 

I" Lie 

a a 
J+ ·-I --; J 

t•1 a :vt 
.1. ya-L_; 

k•J k Clyk 

a 
Jo -- I 

k•1 

J+ =M1 +1M
2

; J_•M
1

-IM
2
;J

0
•M

3 

a 
yk ·-;--

" y k 

O'!eBHLIHo, 'ITO npocTpaHCTBOM onpeaeneHHH onepaTopos ( 1,4) HBnae• 

!jlyHKUHil OT LIBYX apryMeHTOB, 

liJOt5yJO MSTPKUY u , npHHaaneJKalllyJO rpynne su (2) t M4 
l!IICSTb B BHLIQ 

a2 a 
U•v'l--+ia ..._.f_ 

4 11 2 
p•J..2.3, 

rt:te a l1 - B91ll9CTB9HHbl9 napSM9Tpbl 0 a 

a 2 =a 2 +a 2 + a 2 
1 a 3 

0603Ha'IHM 'lepea U Y k cneayJOmee BbipaJKeHHe: 

u yk li! 
u u Yt •·

0
12 

0 a1 Yt • 0 u 

I" Lie U H - MSTPH'IHbie aneMeHTbl MSTPHUbl ( 1.5). Tenep& nycT& f 

npoHaBon&aasr !jlyHKUHH a~ npocTpaHCTBa M t2l • OnpeaemrM onE 

T u r c Y k ) .. rc u-1 :v k ) • 

liei"KO aaMeTKT&, 'ITO onepaTop T u aaaaeT npeacTasnealie rpynn 

B npocTpaHCTBe Ml I) • Bbi'/:HCnsrH reaepaTopbl aaaaoro npeacTa! 

y69lKLI89MCSI1 'ITO OHH COB!IaLISJOT C ( 1,4). TaKHM o6pa30M
0 

Kame YTB4 

HHe LIOKaaaao. 

Tenep& B npocTpaHCTse M
12

' peanHayeM 6a3HC u•m (y) 

neTBOpHIOillHA cneayJOillHM ypaBH9HHSIM 
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I. MoMeHT KOnH-tecTea .QBH>KeHHII 

BeCTHO, orrepaTOpbl MOMeHTB KOnH'!eCTBB .QBH>KeHHH 

a 
a z P 

M =-i£ z 
f1 fll/ p " ( 1.1 ) 

3HC anre6pbi rpyrrrrhi SU ( 2) • B lj>H3H'!eCKHX paccl)<loTpeHHHX 

1,1) U~IICTBYIOT B KOHe'IHOMepHOM ITpOCTp8HCTB81 B KOTOpOM 

yHMTapHble rrpeacTaeneHMH rpyiTITbl SU( 2) ( HnM so (3) ) • ner-

aaMeTMTb, 'ITO ecn11 paccMaTpMBBTb M 
11 

KBK .QM!j>lj>epeHUManb-

bl, He Tpe6yJOWMe 3pMMTOBOCTH 0 TO o6naCTb HX orrpeaeneHHH 

H8MHOro lllMpe, VI MeHHO 3TO II 8CTb rrpOCTpaHCTBO M ( ll BCeX 

.QM!j>lj>epeHUMpyeMbiX lj>yHKUIIII OT Tpex apryMeHTOB, 0-teBH.QHO, 'ITO 

paHCTBe peanM3yeTCH HeKOTOpoe 6eCKOHe'IHOMepH08 rrpe.QCTaB-

bl SU(2) (anre6py 6yaeM o603H8'18Tb '!epea SU(2) ). ner-

'ITO aTo rrpeacTaeneHHe anre6pbi HHTerpHpyeTCH ao rno6an&-

eneHHH rpyiTITbl BO BCeM rrpOCTp8HCTBe M(3l , l.{To6hi ao-

TBep>K.QeHHe CH8'!ana rrepei!.QeM K ITOnHpHblM K00p.QHH8T8M B 

z =rslnx rosx 
I I 2 

z 2 ~rsinx 1 sinx 2 ( 1,2) 

z 3 -=roosx
1

• 

, rrocne aToro renepaTopbi 

nHpHbiX yrnos x 
1 H x2 

M ll OK83b!B810TCH lj>yHKUHHMH \ 

• l1 KpoMe Toro, ecnn ewe c.ne-

30B8HHe 

-h: alS X -( -1 )k 
yk .. e 2 ___ ..;.1 ___ _ 

sin X I 

k .. L2 ( 1,3) 

30B8HHe 6binO rrony'leHo B pa6oTe /8/) 1 TO reHepaTOpbl IIpHMYT 

ll. 

4 

_. 

~ 
{ 

a a 
J+ ·-! ---; J 

k••. a y k 
- ~ y•_l_. 

k • 

I 
J ·- I 0 

t•l 
t•l a Yk 

r.ne 

J+ •M1 +iM
2

; J_•M
1

-iM
2
;J

0
-M

3 

yt 
a 

a Y t 
(1,4) 

O'!eBH.QHo, 'ITo rrpocTpaKCTBOM orrpe.neneKHH orrepaTopos (1,4) HBnaeTCR M' 1' 

lj>yHKUHII OT .nsyx apryMeKTos. 

n106y10 M8TpHUY u , rrpHHall.neJKamyiO rpyrrrre SU ( 2 ) , MOlKHO aa-

IIHC8Tb B BH.Qe 

Cl2 (1 

Ue..j1--+ia --1!... 
4 ll 2 ll • 1,'-3· 

(1.5) 

rAe all - semecrseKH&Ie rrapaMeTp&I, a 

a 2 •a• +a 2 +a 2 
1 a 3 

06oaHa'IHM 'lepea U y t cne.ctyiOmee B&IpaJKeKae: 

u yk I! 

U 11 yk +·UII 

u.l Yk + u .. ( 1.6) 

r.ne Un -MaTpH'IK&Ie sneMeKTbl MaTpau&I (1.5). Tenep& nycT& f(y)

npoH3BOn&HaR WHKUHH aa npocTpancrsa Mtal • Orrpe.nenHM oneparop 

-I 
Tuf(yk)•f(U yk). 

( 1.7) 

nerKo aaMeTHT&, 'ITO onepaTop T u aa.naeT npe.ncTaenealie rpynrr&I SU(2) 

s rrpocTpaacrse Ml 21 • B&I'JHCnHR reaeparopbl .nannoro npe.ctcTasileKHR, 

y6eJK.Q88MCH0 'ITO OKH COBII8.Q810T C ( 1.4). TaKHM o6pa30M
1 

HSWe YTBeplK.Qe-

KHe .QOK838HOo 

Tenep& s rrpocTpaKCTse M 
1 
ll peanaayeM 6aanc u ( y ) , y .nos-. ., 

neTsopHIOWHil cnell.ylOWHM ypasaeKHRM 

~ 
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i 
I, 

i 
'~ 

J u (y ) = m u ( y) 
0 am am 

( 1,8) 

J 2 u (y)=s(s+l)u (y). 
am em 

llnH onpeneneHHOCTH 6yneM C~HTaTb, ~TO 11 - uenoe HeoTpnuaTenbHOe> 

J+ J_ +J_ J+ 
J2 "' + J ~ HBngeTcg onepaTOpOM Ka3HMHpa BTOporo nopM-

2 
Ka rpynnbi su ( 2) H3 nepBoro ypaBHeHHg nony~aeM 

u = y-m f ( u), 
am 1 ern 

rne u ~ l H Torna H3 BToporo ypaBHeHHg nnH f am ( U) 

yl 
~a eM 

u(u-1)2 f~'m+(m+l)(u-1) 2 f'am-s(s+l)fam .. o. 

nocne noncTaHOBKH 

f (u) =(u-l)a+J v (u) 
am am 

nony~aeM runepreoMeTpH~ecKoe ypaBHeHHe 

u(u-1) v~·m +l£2(s+l)+m+llu-m-ll 

+ ( s + m + 1 )( s + 1) v am = 0 · 

v. 
am + 

( 1,9) 

nony-

(1.10) 

(1,11) 

TaKHM o6pa30M, 6a3HCHbie BeKTOpbt uam HMeiOT cneny!OIUHA 

BHn ( Bbi6paHbl TaKHe peweHHg ypaBHeHHg ( 1,11) 1 KOTOpbie He conepll<aT To

~eK B9TBneHHg BbiWe BTOporo nopMKa): 

a+t 
u .c y-m(n-1} F(s+m+l,s+1.1+m,n) 

am am 1 
m > 0 

( 1,12) 

u .. c y-mulml(u-l)a+tF(s+lml+l,s+1,1+lml,n) m<O. 
am am 1 

6 

.-

'j 

~~ 
'I 

HMeg B Bnny, ~To 

2•+1 2•-1 F(s+m+1,s+1,1+m,u) .. (-1) (u-tf F(-s,m-s,l+m, 

BHnHO, ~TO peweHHe ( 1,12) He HMeeT TO~eK BeTBnCHHg, TaK Kal 

1+m,u) gBngeTCg nonHHOMOM no U CTeneHb aToro n' 

Ha s -IQ , Korna 0~ m~ s H - s, Korna m > 1. 

Hcnonb3yg ( 1.12), MOlKHO Bbi~acnnTb neAcTBHe onepaTopoJ 

L 
Cam 

u J+ 11 am 
Cam+! 

(ll+m+l) (1-m) 

1 + m 
•m+J m;::O 

J+ u am 

J u am 

J_ u am 

C~HTag, ~To Bee 

=m 

=-m 

Cam 

C am-1 

Cam 
n am+! 

cam+! 

C om 
u 

C am-1 
am -1 

(s + m)(s-m+ 1) 

1-m 

m<O 

m>O 

U am-1 m ~0. 

Cam/. 0 BHnHM, ~TO MaTpH~Hbie ::meMeHTbl 

IUaiOTCg B Hynb TOnbKO B TO~Ke m =II , a MaTpH~Hbie aneMell 

a TO~Ke m-=-s , noaTOMY nerKO BHneTb, ~TO paCCMaTpHBae 

CTaBneHHe He BDOnHe npHBOnHMO, lleACTBHTenbH00 nonnpOCTpaH< 

HaTgHyToe Ha 6a3HC'Hble BeKTOpbl , nng -s < m < u am 

ao, gsngeTcg HHBapnaHTHbiM nonnpocTpaHCTBOM, Ho nonnpocTpal 

HaTgHyToe Ha 6a3HCHble BeKTOpbl 

aeHHB,apnaHTHO, B caMoM nene, 

nom nng 

u .. +I E M 

m > s+ 1 

+ ' a 

J 
c oo+t 

u + .. -(s+l) u E M • 
u I C

88 
ao It 
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J u (y ) = m u ( y) 
0 am am 

{1,8) 

J2 u (y)=s(s+1)u (y). 
am am 

OCTII 6yJleM C'IIIT8Tb, 'ITO S - uenoe HeOTpiiUSTenbHOe) 

J_ J + 2 - + J O SIBmieTCS! onepaTOpOM Ka311MIIpa BTOpOI"O nopS!Il-

(2) . Hs nepBoro ypaBHeHIIR nonyqaeM 

U "' Y -m f ( U), 
am 1 am 

II TOI"Jl8 113 BTOpOI"O ypaBH9HHS! /lnSI f om ( U ) 

f~'m + (m + 1)( u -1} 2 f'•m -s(s+ 1) r.m = 0. 

BKH 

f (u) .. (u-1}•+! v (u) 
am am 

I"90MeTp1!'19CK09 ypaBH9HIIe 

-1} v 
am 

+l£2(s+l)+m+1lu-m-11 

+ ( s + m + 1 )( S + 1 ) V om = 0 • 

v' 
em + 

{ 1,9) 

nony-

(1.10) 

(1.11) 

p830M, 6a3HCHble B9KTOpbl u.m HMeiOT cne/lYIOWIIil: 

TSKHe peweHHS! ypSBHeHHS! (1,11 ), KOTOpbie He CO/lep>KST To

BbiWe BTOpOI"O nOpS!/lK8): 

•+l 
y-m ( u -1} F ( s+ m+ 1, s + 1, 1 + m, n ) 

I 
m > 0 

y-m u lml (n-1)"+ 1 F(s+jmj +1, s+ 1, 1+ lml, u) m < 0 · 
I 

6 

.,.. 

( 1,12) 

'I 

ij 
'I 

HMesr B BH.Ily, 'ITO 

F(s+m+1, s+ 1, 1+m, u) .. (-1)
28

+
1 

(u-1)28
-

1 F(-s,m-s,1+m,u), ( 1,13) 

Bll/lHO, 'ITO peweHHe { 1,12) He I! MeeT TO'IeK B9TBnCHHSI, T8K KSK F ( -s, m-s, 

1+m,u) SIBnsreTCS! nOniiHOMOM no U CTeneHb sToro nonHHOMa paa-

Ha B - JQ , KOI"/la 0!: m!: 8 II - S, KOI'/l8 m > 8 • 

Hcnonbsysr { 1.12), MO>KHO Bbi'IIICnHTb Jleil:cTBHe onepaTopoa J + 11 

J_ 

Cam J u ,._ 

C am+l 
+ am 

J+ u =m 
am 

J u•m =-m 

Com 
J u am 

c•m-1 

(s+m+l) ( s -m) 

1 + m 

Cam 
u am+! 

c.m+l 

C am 
u 

C am-1 
am -1 

(s +m)(s-m+ 1) 

1-m 

u am+l m:;:O 

m<O 

m>O 

U am-1 m ~0. 

C'IHTasr, 'ITO ace C am 1- 0 BH/lHM, 'ITO M8Tpii'IHbie sneMeHTbl 

{J.14) 

J+ o6pa-

W810TCS! B Hynb TOllbKO B TO'IKe Ill= S , a MaTpH'IHhie sneMeHThi 1_ 
,5 TO'IKe m-=-s , no9TOMY nei"KO BH/leTb, 'ITO paCCMaTpHBaeMOe npe/l-

cTaaneaHe He anonae npHBO/lHMo. lleil:cTBIITenbHo, no.llnpocTpaHCTBO M k , 

HSTSIHYTOe Ha 6a3HCHble BeKTOpbl , JlnS! u 
• m -s ~ m ~ s , O'leBHil-

ao, SIBnsreTcsr HHBapHaHTHbiM no.llnpocTpaHCTBOM, Ho no.llnpocTpaacTao M + , 

H8TSIHyToe Ha 6a3HCHbie BeKTOpbl U om JlnSI Ill ::= S + 1 , O'leBH/lHO, 

HeHHBapHaHTHo, B caMoM Ilene, n ae+ 1 E M + ' a 

J 
C u+1 

u .. -(s+l) u EM • 
aa +I c aa a a It 

( 1.5) 
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EcnH 'lepea M - o6oaHa'laT& nonnpocTpaacTao, aaTHHyToe aa aeKTo-

pbl u om nnH m < -s -1 , TO nerKO MOlKHO BblSIBHTb CTPYKTYPY pac-

H Mk G)M+ CM8TPHBaeMoro npellCTaaneHHSI. nonnpocTp8HCTB8 M _@Mk 

S!BnSIIOTCSI HHB8pH8HTHblMH no.appOCTpaHCTB8MH npocTpaHCTB8 Ml2) • B HHX 

M k TaK>Ke SIBnHeTCSI HHBapuaHTHbiM nonnpocTpaHCTBOM, ao M + H M 

He o6nall810T aTHM CBOIICTBOMo noaTOMY npellCTaBneHHR, ll&IICTBYIOIIlH& B 

M121 M_ (f) M k H M k {t) M + , XOTSI H SIBnSIIOTCR npHBOllHMblMH, OHH 

He anonae npHBOllHM&l. 

nocKon&KY B (1.14) C om no npennono>KeHHIO aaaacHT oT m 

MOlKHO Bb16Hp8Tb C 
0 

"' T8KHM o6pa30M, '1To6bl nony'laTb pa3Hbl8 HenpH-

BOJlHMble '18CTH npocTpaacTaa Mlll1 • B 'ISCTHOCTH, MO>KHO B&16apaTb 

Com T8KHM o6pa30M, 'IT06bl BblllenHTb TOnbKO KOH8'1HOMepH08 HenpHBOllH-

Moe npencTaaneaae. Bonee nonpo6ao aTo MO>KHO yaaneT&, c y'I&TOM nan&aell

lllero aano>K&HHR, a npano>KeHHH A. 

2. npencTaaneHHR anre6p&l SU( 2) 

KaK aaaecTHO, 6aaacH&Ie aneMeHT&I I p. 
anre6p&l rpynn&l SU ( 2) 

YllOBn&TBOpSIIOT cnenyiOIIlHM KOMMYT8UHOHHbiM COOTHOIIl&HHRM 

(I p. I v ] .. l t p. 11 ..... I I'Ll P.• v, I'LI"'L2.3. 

BBOllSI 

J+ -1
1 

+ii
2 

,J_-I1 -il2, J0 • .. ~, 

HMe&M 

(J±Jo] .. +J± 

[J+J_]a2J 0 • 

8 

(2.1) 

(2.2) 

12.3) 

~ ~ I 

t 
I 

·.; ... !·' ,"I' 

::'. ,. r 

p 

Mbl H81ill&M 0611lee peWeHHe KOMMYT8llHOHHblX COOTHOWeHHII (2. 

ycnoauu, 'ITO onepaTop KaaHMHpa BToporo nopRllKa naHHoll anre6p&l 

J2 .. J+J_+l_J+ 
2 

+ J2 
0 

HMeeT C06CTBeHHOe 3HS'IeHHe s(s+1) , npu'leM s -uenoe 

nyuenoe aeoTpuuaTen&aoe 'lacno, 

npocTpaHCTBO npencTaaneHHSI M onpe.ttenHM KSK nHHeiiHyiO o6ol 

TOpOB uom , y.ttoaneTBOPSIIOIIlHX cnenyiOIIlHM ypaBH&HHS!M 

J 0 U om .. m u 
em 

2 
J U om "' S ( S + 1 ) U em 1 

rne m - uenoe una nonyuenoe BMeCTe c s H npo6era1011lee ace 

Hble 3HS'IeHHSI OT 110 + "" S - lj>HKCHpOBSHHOe. 

PaaeacTaa (2,5) onaoapeMeHHO onpenenHIOT H onepaTop&l J 
0 

Tenepb H3 nepBbiX llBYX KOMMYTSUHOHHbiX COOTHOWeHHil (2,3) MOlKHO 

'IHTb neiiCTBHe onepaTopoa J+ H J_ aa 6a3HCH&Ie aeKTop&I M: 

+ 
rne A om H A;m 

J + 0 om 

]_ uom 

A+ u 
am em+ 1 

.. A
em 

u 
am -1 

MOJKHO llOOnpenenHTb H3 TpeTbero KOMMYT 

HOrO COOTHOWeHHSI (2,3)' C y'leTOM BTOporo paBeHCTBa (2,5) 

A- A+ =(s+m)(s-m+l). 
am am-1 

0611lee peweaue nocnenaero ypaaaeHHR MO>KHO aanucaT& cnenyiOIIlHM 

A - "' ( s + m )cz ( s- m + 1) !3 p. 
am em , 

9 



M _- o603H8'18Tb noanpOCTp8HCTBO, H8TliHYTOe H8 BeKTo-

m ~ -s -1 TO nerKO MO>KHO Bbi!IBHTb CTpyKTypy pac-

M _(fJMk H M k <tiM+ 

MH DOJ:IPPOCTp8HCTB8MH npOCTp8HCTB8 Ml2l • B HHX 

HHB8pH8HTHbiM DOJ:IDpOCTp8HCTBOM, HO M + H M 

aeiiCTBYJOIIlHe B 

M k {!) M + , XOTSI H SIBnSIJOTCSI npHBOJ:IHMbiMH, OHH 

C am no npeanono>KeHHJO 38BHCHT OT m 

TSKHM o6paaoM, 'IT06bl nony'laTb pa3Hble aenpa-

.nDOCTD8 HC TB8 MU) B 'laCTHOCTH, MO>KHO Bbl6upaTb 

'IT06bJ Bbi.QenHTb TOnbKO KOHe'IHOMepHOe HenpHBOJ;IH-

9TO MO>KHO YBH.QeTb, C y'leTOM ll8n&Heil-

B npuno>KeHHH A. 

2. npellCTaBneHHSI anre6pbl SU(2) 

Ill anre6pbl rpynnbJ SU ( 2 ) 

KOMMyTSilHOHHbiM COOTHOWeHHSIM 

1 11 )elt#llll'd ICd ll• v, cu .. L2.3. (2.1) 

+"'1 1 +11
2 

,J_ .. I
1
-il

2
, ]

0 
•Is (2.2) 

'I 

[J±Jo] .. +J± 
12,3) 

[J+J_] .. 2Jo. 

8 

_.::. 

Mbl H8ii.QeM 061Jlee peweHHe KOMMYT8l!HOHHblX COOTHOWeHHi! (2,3) npH 

ycnoBHH, 'ITO onepaTop Ka3HMHpa BToporo nopSIIlKa aaHHoli anre6pbl 

J2 .. J+]_+J_J+ 

2 
+ J2 

0 (2,4) 

HMeeT C06CTBeHHOe 3H8'1eHHe S ( S + 1 ) 
, npH'IeM s - uenoe HnH no-

nyuenoe· HeoTpHuaTen&Hoe 'IHcno. 

Topoe 

npocTpaHCTBO npeacTaeneHHSI M onpeaenHM K8K nHHeiiHyJO o6ono'IKY BeK-

u•m , YllOBneTBOpHJOIIlHX cnellYJOIIlHM ypaBHeHHHM 

J o n am .. m n 
em 

(2.5) 
2 

J U am "' S ( S + 1 ) U em , 

rile m - uenoe HnH nonyuenoe BMeCTe c s 
H npo6eraJOwee see B03MO>K-

Hble 3HS'IeHHSI OT llO + oo s - !jJHKCHpoeanaoe. 

PaeeHCTBa (2.5) OllHoepeMeHno onpeaenHJOT H onepaTopbl Jo H J2. 
Tenepb H3 nepBbiX liBYX KOMMYTBI.IHOHHblX COOTHOWeHHli (2,3) MO>KHO nony-

'IHTb aeliCTBHe onepaTopoB 

+ 
rae A am H A;m 

J+ H ]_ na 6a3HCHble BeKTopbl M: 

J + U am 

]_ U am 

.. A+ 
em U am+ 1 

= A
em U am -1 

(2.6) 

MO>KHO J;IOOnpeaenHTb H3 TpeTbero KOMMyTSilHOH-

HOrO COOTHOWeHHSI (2,3) C y'leTOM BTOporo paBeHCTBa (2,5) 

A- .\+ .. (s+m)(s-m+t). am am-1 
(2.7) 

06wee peweHHe nocneaaero ypaeneHHH MO>KHo aanHcaT& cneay•owHM o6paaoM: 

A - = ( s + m )" ( s- m + 1) 13 ll 
am am , 

(2.8) 

~ 
9 



>.+ =(s-m)1 -l'l(s+m+1) 1 -a 
am 

1 

ll am+ 1 

Mbl noTpe6yeM orpaHH'IeHHOli eapaauaa y K09!jxjlauaeHTOB >. :m H A:m ' 
paCCMaTpHBall HX KaK cPYHKUHH OT m , 3TO 03Ha'laeT, 'ITO eenH'IHHbl 

+ + I >.-am - >. ~m, I orpaHH'IeHbl, ecna I m -m 'I orpaHH'IeHo. Ha npaKTHKe 

9TO 03Ha'laeT, 'ITO BCe 1J. am e (2,8) orpaHH'I9Hbl, a a H /'l AOnlK-

Hbl yttoeneTeopl!Tb cnettyiOIUHM HepaeeHCTBaM 

0 <a< 1 o::,s::1. (2.9) 

Ecna BMecTo u am BBeCTH HOBble BeKTOpbl 

f am • Cam U am 
(2,10) 

a onpettenaTb C 1om TaKHM o6pa30M 0 'IT06bl 

c 
am+ I 

=~'-am+ I 
(2.11) 

cam 

I 
(9TO BC9I'Jla B03MOlKHO B CHny orpaHH'IeHHOCTH ll am 

mee pemeHHe KOMMyTaUHOHHblX COOTHOIU9HHA (2 .3): 

) , TO nony'IHM cnettyiO- I 

J o lam,. m f am 

J+ lam "'(s-m)l-/'l 1-a r 
( s + m + 1 ) am + 1 

(2,12) 

J f "" ( s + m ) a (s - m + 1 )l'l e 
- am am -1 

Battao, 'ITO o6mee peweaae (2.8) 3aeacaT, KpoMe s , eme oT tteyx 

npOH3BOnbHblX KOHCTaHT a H /'l ·, no9TOMY npOH3BOnbHOe npettcTaene-

neaae !YJjJ cnettyeT o6o3Ha'IHTb TpeMll 'lacnaMH ( s; a , ,S ) • OttHaKo 

3aMeTHM, 'ITO XOTll ttnll pa3Hb1X a H (3 Mbl nony'laeM pa3Hble npeJl-

CTaeneHHll, BCe-TaKH He BCe H3 HH·X l!Bnl!lOTCll H99KBHBaneHTHbiMH M9lKJlY co-

6oll, 

~ 
10 

~ ~ 
• 

PaccMoTpHM cnenyiOtllee npeo6pa3oBaHae 

p , 
am 

=a 
am am 

( OTMeTHM, 'ITO 3TO eAHHCTB9HHOe npeo6pa30BaHHe, COXpaHlllOIUee 1 

TOpa J O ), 

Ecna m He paBHO 3Ha'leHHliM 0 npH KOTOpblX npaBble 'laCTH 

neAHHX paBeHCTB (2.12) o6palUalOTCll B Hynb, TO K09cjlcjlHUHeHTbl a 
1 

Ho onpenenaTb H3 paeeHCTea 

npa'leM MaTpaua 

8 am p-a (3 
=(s+m) (s-m+l)q- , 

a •m-1 

A , = a 
am m em 

5 , 
mm 

ocymecTBnlleT nepexon oT npencTaeneHHll ( s ; a, (3 ) K npettc 

( s; p • q , PaeeacTea (2.14) onpenenl!IOT KoscjlcjlHuaeHTbl a am 

ecex m , B KOTOpblX J+ H J- He o6pautaiOTCll e aynb, 

J H 
+ 

1_ ttnll npencTaeneHHli ( s; a, (3 ) H ( s ; Poq ) 

lOTCll B aynb AnSI OJlHHaKOBblX 3Ha'leHHli m , TO OTHOWeHHll 

Anll 9THX m OCTalOTCll HeOnpetteneHHblMH, H, Bbl6Hpall HX npOH:l 

o6pa30M 0 MOlKHO flOCTpOHTb HeBblpOJK.:19HHYlO MaTpHUY A amm' 

JKe J H + 1_ 
OJlHHX 3Ha'leHHliX 

n~ettcTaeneHHll ( s ; a , {3 ) 06paiUalOTCll B H 

m ' a J + H L npettcTaene·aall (s; 

B ttpyrax m , TO npaBall 'laCTb (2,14) B 9THX npeJlCTaeneHHll: 

Cll na60 aynb, na6o 6eCKOH9'1HOCTb 0 a, cnettOBaTenbHO, B 9TOM C1 

CyuteCTByeT H9Bblp0lKJl9HHOli MaTpHUbl A amm' 

cnettyiOUlHe COOTHOW9HHSI 9KBHBaneHTHOCTH ( 3HaK 

ny'leHHbiMH HaMH npeJlCTaeneHHliMH 

11 

, no9TOMY nei'K( 

) MeJKJlY pa3 



1 
A+ =(s-m)1 -.B(s+rn+1)

1
-a 

am 
1.1 am+ I 

orpaHH'IeHHOA BapHaUHH y K03~HUHeHTOB 
+ -

A am H A am ' 

X KaK $YHKUHH OT m • 3To oaHaqaeT, 'ITO aenH'IHHbi 

orpaHH'IeHhi, ecnu I m - m 'I orpaHH'IeHo. Ha npaKTHKe 

TO BCe 1.1 am B (2.8) orpaHH'IeHhi, a G H ,8 nomK-

b cnenyiOlllHM HepaaeHCTBaM 

0 <a< 1 o::.e~t. (2.9) 

U am BBeCTH HOBbie BeKTOpbl 

r Bm B cam u am 
(2.10) 

C •m TaKHM o6pa30M 0 'IT06bl 

c 
am+ 1 (2.11) 

=I.! om+ I 
c.m 

MOlKHO B CHny orpaHH'IeHHOCTH 1.1 am ) 0 TO nony'IHM cnenyiO-

MMyTaUHOHHblX COOTHOllleHHA (2 ,3): 

J 0 ram .. m ram 

t 
am 

= (s - m )1-,8 1-a r 
( s + m + 1 ) am + I (2.12) 

J_ -= ( s + m ) a (s - m + 1 ),8 f 
am am -1 

o6mee pemeHHe 3BBHCHT, KpOMe S , eme oT nsyx 

OHCTBHT a H 

(2.3) 

,8 ·, noaTOMY npOH3BO.llbHOe npellCTasne-

cnenyeT o6oaHa'IRTb TpeMSI 'IHCnaMH ( s; a , ,8 ) • OnHaKo 

OTSI Jlnl! pa3HbiX a H ,8 Mbl nony'laeM pa3Hble npen-

TaKH He BCe H3 HRX SIBnSIIOTCSI He9KBHBaneHTHbiMH MelKAY Co-

10 

.,. 

PaccMoTpHM cneayiOillee npeo6paaoaaHRe 

P ' =a 
am am am (2 .13) 

(OTMeTHM, 'ITO 3TO eARHCTBeHHOe npeo6pa30BaHHe, COXpaHSIIOlllee BHA onepa-

Tepa J 0 ). 

Ecnu m He paBHo 3Ha'leHHSIM, npH KoTopbiX npaBbie 'laCTR aayx noc-

neaHHX paBeHCTB (2,12) o6pallla!OTCSI B Hynb, TO Koa$cjJHuHeHTbl 8 lim MOll<-

HO onpeaenHTb H3 paBeHCTBa 

a 
Bin p-a ,8 

=(s+m) (s-rn+1)q- , 

a •m-1 

npn'leM MaTpHua 

A ' e: 8 am am 1n ll ' mm 

(2.14) 

(2.15) 

ocymecTBnHeT nepexon OT npencTaaneHHll (s; a,f3) K npeacTaaneHRIO 

(s;p,q) • PaaeHCTBa (2,14) onpeaenl!IOT KoacjJcjJuuuenTbi a •m nnH 

BCeX m , B KOTOpblX J+ H J_ He o6pamaiOTCSI s Hynb, Ecnu 

J+ H L anH npeacTaaneHHA (s;a,,B) H ( s i p,q ) o6pama-

a 
IOTCSI B nynb anSI OllHHBKOBbiX 3Ha'leHHA m , TO OTHOllleHHSI 

anSI 3TRX m 
a •m-J 

OCTalOTCSI HeonpeaeneHHbiMR, H, Bbi6HpaSI HX npOH3BOnbHbiM 

o6pa30M 0 MOlKHO llOCTpOHTb HeBblpOlK.:IeHHYIO MaTpRuy A amm' • EcnH 

JKe J R + J_ npeacTaaneHHSI ( s ; a, {3) ~6pallla!OTCSI B Hynb B 

OAHRX SHa'leHHSIX m • a J + H L npeACTasneHRSI (s; p, q )-

a npyrHx m TO npaBaSI 'laCTb (2,]4) B 3THX npellCTaaneHRSIX OKalKeT-

CSI nR~O Hynb, nH~O 6eCKOHe'IHOCTb 0 R, cneAOBaTe.llbH00 B 3TOM cny'lae He 

cymeCTByeT HeBblpOlKJleHHOil MaTpHUbl A amlh' 

CneAY!OIIlHe COOTHOIIleHHSI 3KBHBaneHTHOCTH (aaaK 

ny'leHHbiMH HBMH npeACTasneHHSIMH 

i II 

• noaToMy nerKo noKaaaTb 

) MelKAY pa3Hb!MH no-



I 

I' 

I 

1 1 
( s; a, f3) I D _1 .. ( s ; - , - ) 

a,p.,.O,l. 2 2 

1 
( s ; a • 1) I a .;. 0,1 ,. (s ; -2- • 1 ) 

(a; a, 0) la{.o,l 
1 

.. (8; -2-. 0 ) 

C a ; o , f3 ) 1 f3 IJ o,
1 

.. ( 8 ; o • + 
1 

(8;1,f3)1{3.;.o,l"'(s; 1. -2-). 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2,20) 

npa6aBJUISI K npe.ttbl.ttYillHM eme npe.ttCT8Bil6HHSI 

!s; 0,0); (s; 0,1); (s;LO); (s;1,1), (2.21) 

nony'laeM DOIIHbllt CDHCOK BC6X H6SKBHB8116HTHbiX M6lKJ:tY C060it npe.ttCTaBile

HHit, KOTOpble .tt8!0T p8B9HCTB8 (2,12), KaK BH.ttHO, HX 'IHCIIO .tteBSITb, 0HH 

BCe, K8K npaBHII01 npHBO.ttHMbl, 'I.{To6bl BCKpb!Tb HX CTpyxTypy 1 Mbl BBe.tteM 

cne.ayiOWHe o6oaHa'leHHH, Kax H paHbwe, M 6y.tteM o6oaaa'laT& nonaoe npocT-

paHCTBO npe.ttCT8BileHHit1 T,e, llHHeltHYIO 060IIO'IKY BeKTOpOB t em .ttllSI BCeX 

B03MOlKHb!X m M + 6y.aeM o6o3Ha'laT& naaeAHYIO o6ono'IKY eexTopoe 

am .ttllSI m>s+1;Mk, TO lKe C8MOe1 KOI'.tt8 -1 < m < 1 

H M_ To lKe caMoe, xor.aa m < - s - 1 . 

O'leBK.ttHo, 'ITO M "' M + (f) M k ID M_ • B .ttalibHeltweM Mbl 

6y.tteM DOIIb30B8TbCSI 31f8KOM BKI1!0'19HHSI .ttllSI 0603H8'16HHSI HHBapH8HTHbiX DO.tt

npOCTp8HCTB, HanpaMep, aanac& 

M=>2+E)Mk::>Mt 

03H8'18eT, 'ITO B M HMeeTCSI KHB8pK8HTHOe no.anpOCTp8HCTBO M + e Mk • "e 

KOTOpOM, B CBOIO O'lepe.ttb, HMeeTCSI T8KlKe HHB8pH8HTHOe DO.ttDpOCTp8HCTBO 

Mk , npK'IeM BCe OCT81lbHbl6 DO.ttnpOCTp8HCTB8 He KHB8pK8HTHbl, 3HaK 

12 .. 
~ -I I 

)I 6y.tteT 0603H8'18Tb, 'ITO DO.ttnpocTp8HCTBO nepe.tt 3H8KOM p8CI 

H8 Te KHB8pK8HTHble DO.ttnpOCTp8HCTB81 KOTOpble paCD0110lK9Rbl B CT~ 
J 

ne aaaxa. H, aaxoaeu, aaax I:> 6y.aeT o6oaaa'lan.,, 'ITO npocT~ 

nepe.tt 3H8KOM CO.tteplKKT .ttB8 KHB8pH8RTHbiX DO.ttnpOCTp8HCTB81 pacn~ 

B CTOIIOUe DOCile 3H8K8 - K8lK.ttOe npOTHB COOTBeTCTBYIOill9I'O BKIIIO'Ie 

HanpKMQ, 

M) 
{

M+ 

Mk 

M_ 

03Ha'laeT, 'ITO M pacna.aaeTCSI H8 TpH HRB8pH8HTRbiX DO.ttnpOCTpaJ 

) M+ 
M I) M 

03H8'18eT, 'ITO M CO.tteplKHT B ce6e TOIIbKO .ttB8 HHB8pK8RTRbiX DO.tt 

CTB8 M+ K I_ K 'ITO ORO .lie pacna.ttaeTCSI 88 RRX, 

Hcno1Ib3YH eee.aeHRble o6oaaa'leRHH, nerxo BbiDHC8Tb cTpyKTypJ 

paRCTB R8WHX ll9BSITK npe.ttCT8BileRHit (2,16) (2,17) (2,18) (2,19) (! 

(2.,21 ), 8b1DKC8HH8SI HKlKe CTpyKTypa npOCT,P8RCTB 119I'KO BbiBO.ttRTCl 

eeRCTB (2,12) a e npanolKeRHH E KaMa .aaH npaMep BbiSIBileRRSI &Toll 

Typbl 

1~ (8;0,0); M ) M_ (t) M k ) M _ 

2) 

3) 

4) 

1 I M+ 
( s ; 0, ;T") : M ) M_ (f) M k ) M -

)M+ 
( s; 0, 1 ) : M I ) M -

(s; +, 0): M) I Mk <±) M +) M k 

M 
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a, f3) I a, fJ -1 o, L 

; a, 1) I 1 "' (s a -,= 0,1 

1 _1_) 
.. (s; - 2-· 2 

_1_, 1 ) 
2 

a, 0) I 1 • (s ; -
1 , 0 ) 

a,.o,l 2 

8 ; 0 I fJ ) I fJ ,. 0,1 .. ( s ; 0 I + 
s; 1 1 f3) I ~ 

1 
.. (s ; 1, _1_ ) . 

pP"Ool 2 

eANAYWHM ewe npeACTaeneHHa 

s; 0,0); (s; 0,1); (s;l.O); (s;l1 1) 1 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

lt CnHCOK BCeX H93KBHBaneHTHblX M9~Uy co6olt npeUCT&Bne

IDT paeeHCTBa (2,12), KaK BHUHO, HX ~HCnO UeBaTb, 0HH 

O, npHBOUHMbl, liT06bl BCKpblTb BX CTpyKTypy 1 Mbl BBeUeM 

Ha~eaaa. KaK H paHbwe, M 6yueM o6oaaa~aTb nonaoe npocT

eneaalt, T.e. naHeltayro o6ono~KY eeKTopoe t am una ecex 

M + 6yAeM o6oaHa~aTb naaeltayro o6ono~KY eeKTopoe 

m>s+1;Mit, TO lKe caMoe, xorua -s< m < s 

e caMoe 1 xorua m < - s - 1 . 

~TO M = M + Ei:) Mit (!) M_ • B uan&HeltweM M&J 

TbCa 3k18KOM BKnJO~eHHa una 0603Ha~eHBa BHBapHSHTHblX nou

npHMep, aanac& 

M )~+(f)Mit )Mit 

M HMeeTCH HHBapaaHTHoe nounpocTpaHCTBo M + (!) Mk , ·a 

O~epeu&, HMeeTCll T8KlK9 HHBapH&HTHOe nounpOCTp8HCTBO 

BCe OCTanbHble nounpOCTp8HCTB8 He HHB8pH8HTHblo 3H8K 

12 

.... 

i 

'"~lj"i 

··<·· 

'1';:$1.~1~, ' 
.:~;··;, 

''·: ,' 

:)~(~~·:1: 
;~~;i,/! 

, "</1\ I.'' 

.1 .... f/ ·. 
l· '\\ 
·.:~r:· ' 

)I 6yAeT 0603Ha~aTb, ~TO noAnpocTpaHCTBO nepeA 3H8KOM pacnaAaeTCR 

Ha Te HHB8pH8HTHNe noAnpOCTpaHCTBa, KOTOpNe pacnono~eHN B CTon6Ue noc-
) 

ne aaaxa. H, aaxoaeu, aHaK I) 6yAeT o603Ha~aTb., ~To npocTpaHCTBO 

nepeA 3H8KOM COAep~HT AB8 HHB&pHaHTHNX noAnpocTp8HCTB8, pacnono~eHHNX 

B CTOn6ue nocne 3H8Ka - KS~AOe npOTHB COOTBeTCTByrowero BKnro~eHHa ()). 

HanpaMep, 

{

M+ 

M) M ~ 

M_ 

03Ha~aeT, ~TO M pacnaAaeTCa Ha TpH HHBapH&HTHNX nOAnpOCTp&HCTBa, a 

) M+ 
M I) M_ 

03Ha~aeT, ~TO M COAep~HT B ce6e TOnbKO ABa HHB8pH&HTHblX noAnpocTpaH-

CTBa M+ H M_ H ·~TO ORO lie pacnaAaeTCa Ha HHX, 

Hcnon&aya BBeAeHHNe o603Ha~eHHa, nerKO BNnHC&Tb CTpyKTypy npocT

paHCTB H&WHX aeBaTH npeACTaBneHHit (2,16) (2,17) (2,18) (2,19) (2,20) B 

(2.,21 ), BNnHC&HHaa HH~e CTpyKTypa npOCT,P&HCTB nerKO BNBOAHTCa B3 pa

B9HCTB (2,12) H B npano~eHHB E H&MB ASH np&Mep BbiHBneHBa STOlt CTpyK

TypN 

1~ (8;0,0); M ) M_ ID MIt ) M -

2) 

3) 

4) 

• 

1 I M+ 
( 8 ; 0, T) : M ) M_ (f) MIt ) 14 

)M+ 
( s; 0, 1 ) : M I ) M _ 

( s ; --+- ' 0 ): M) I M k <±) M + ) MIt 
M 
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I 

ll 

5) 

6) 

7) 

8) 

1 _1_): 
(s;---;:-- 2 

(s; - 1 1): 
2 

(s;l,O): 

1 ) . (s;l.-2 . 

0) (s;1,1): 

{

M+ 
M) M t 

M_ 

M k @ M+ :) M+ 
M) I 

M 

Ml 
)1\!k 0 M + ! Mk 

) M_ <±) M k ) M t 

M+ 
M) I 

M G)Mk)·Mt 

1.1) M+ (£) Mt ) M+. 

GneayeT OTMeTHTb, 'ITO 'leTbipe npeacTaanfHHH (s;0,0),(s;0,1),(s;1,0),(s,1,1)-. 

6eCKOHe'IHOMepHbie H He anonne npHaOllHMbie, aeilcTayiOT ao aceM npOCTpaH

CTae M. OcTanbHhie HanHIOTCSI anonHe npHaOllHMbiMH, ao ace (aa HCKniO'IeHHeM 

oaHero) pacnaaaiOTCSI, aoo6we roaopSI, Ha ae anonHe npHaoaHMble, TaKHe KaK 

M_ ~Mt :) M _ ; M _ <t) Mk ) Mt ~ k (f) M +:) Mt. ; M t (£) M + :) AI+ • 

nerKe 3aMeTHTb, 'ITO nepaoe H3 HHX ablaenSieTCH TOnbKO a (s j 0, ...!..) , aTo-
1 2 

poe - TOnbKO a ( S j 1 , -
2
- ) , TpeTbe - a . ( S j + , 0 ) H '19TaepTOe -

a (f ; +, 1) : DoSTOMY STHMH CK06K8MH MOlKHO 0603H8'18Tb COOTaeT

CTayiOWHe He a!leJ~He npHaoaHMbie npeacTaaneHHSI. HaKoHeU, oaao npeacTaa-

neaHe pacnaaaeTCll Ka TPH yJKe aenpHaoaHMblX M M k H M+ • ner-

14 

_. 

' • 
-
-

Ko aaMeT.HTb, 'ITO M 

He3aaHCHMO OT· 3H8'19HHH 

ahlaenHeTcH ao acex npeacTaaneHHHx, raE 

{3 ; M+ - rae !3---t HeaaaHCHMO 

'leHHH a H M k IJOHanHeTCH TOnbKO a. oaHOM MeCTe, Koraa a 

H p '"_1_ • TaKHM o6p830M0 y H8C HMeeTCSI OaHHHaaUaTb Hep83 
2 ~ 

npeacTaaneHHil anre6pbi rpynnbi SU(2) • Ha HHX TOnbKo TpH He 

Mhie, a ocTanbHble npHaoaHMbie, ao He anonHe. Bee STH npeacTaam 

6y!leM 0603H8'18Tb TeMH )1(9 TpeMH 'IHCn8MH 8 IZ H {3 t HC 

paTHhiX CK06Kax. HHJKe aaHa Ta6nHua ynoMHHYTbiX npeACTaaneHHil: 

1) 

2) 

3) 

4) 

5) 

6) 

7) 

8) 

[ 8; 0,0 1: ~~) M_ @ M k ) M 

:) M+ 
( B; 0, 1 1: Ml 

) M_ 

)M G) P.lk) Mk 
[ s; 1, 0 1 : MS + 

)M_@Mt)Mk 

[ s ; 1, 11 : M) M+ (±) Mk ) M+ 

[ • ; 0, -tJ: M G),.lk:)M_ 

[s;-1-'0]: Mk(DM+)Mt 
2 

[s; +, 11: 

[ s; 1, ..L]: 
2 

Mt (f)M+ ) M+ 

M @M t ) P .• t 
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8) 

( s ; _1 - _1_) : 
2 2 

(s;-1 1): 
2 

(s;l.O): 

1 ) . (s;l.-2 . 

{

M+ 

M 1 M t 
M_ 

M k <±) M+ ) 'M+ 
M)! 

M 

1'!.\ 0 M + -, ~.1 k 

M! 

) M_ e M k ) M k 

M+ 
M)! 

M G)Mk::J·Mt 

0) (s;1.1): I.DM+ €)Mk )M+. 

<1 

OTMeTHTb, 'ITO 'leTbtpe npencTaaneHHll (s;0,0), (s;0,1),(s;1,0),(s,1,1)-

e H He anonne npHBOAHMbie, neftCTByiOT BO BCeM npOCT)JBH

liBnliiOTCll BOOOHe npHBOAHMblMH, HO ace (3a HCKOIO'IeHHeM 

ll, aoo6me roaopll, Ha ue anonHe npHBOAHMbte, TaKHe KaK 

M _ (±) Mt ::> Mt ~ t <±) M +) Mt. ; M t (f) M + ) ll+ • 

, 'ITO nepaoe H3 HHX BblAenl!eTCll TOilbKO B (S ; 0, .1...) t BTQ-
1 ~ 

( s ; 1 , -~- ) , TpeTbe - a ( s ; + , 0 ) H 'leTaepToe -

, no3TOMY 3THMH CK06KBMH MOlKI!O 0603H8'18Tb COOTBeT-

npencraa-

!I Ha rpu ylKe uenpnaonuMhlX M M k u M + , Jler-

14 .. 

• 
-

1 

• 

KO 3aMeTHTb, 'ITO M Bblnenl!eTCll BO 

ue3aBHCHMO OT· 3Ha'leHHll {3 ; M+ 

1 
acex npencTaaneHHliX, rne a• - 2-

rne fJ"'+ He3aBHCHMO OT 3Ha-

'leHHll 11 H 'M k DOSIBnSieTCSI TOilbKO B. OAHOM MeCTe, Korna a• -+ 
H {3 ,. _1_ , TaKHM o6pa30M, y HaC HMeeTCSI OAHHH8AU8Tb Hepa3nOlKHMbiX 

·2 ~ 
npencTaaneHHA anre6pbt rpynnbt SU (2) , 113 HHX TOilbKO TpH HenpHaonH-

Mbte, a ocTallbHble npHBOAHMbie, HO He anonHe. Bee aTH npencTaaneHHll Mbl 

6yneM o603H8'18Tb TeMH JKe TpeMll 'IHCnaMH 8 
11 H {3 , HO B KBan-

paTHbiX CK06Kax. HHlKe naHa Ta6nHua ynoMliHYTbiX npeACTaanenHA: 

1) 

2) 

3) 

4) 

5) 

fi) 

7) 

8) 

'· 

[ s; 0,0 ] : M 1 M_ @ M k ) M 

) M+ 
[ s; 0, 1 J: M! 

) M_ 

)M (t) 1.1< 1 Mt 
[s;l,O]: M4 + 

)M_@Mk)Mk 

[ s ; 1, 1 J : M) M+ G) Mt ) M+ 

[ • ; 0, -tJ: M_ G) II k ) M _ 

[ 8 ; _1_ 0 J : M k €) M + ) Mt 
2 

~ 

[s;J..,1J: 
2 

[ s; 1, ....L]: 
2 

Mt €)M+ ) M+ 

M @M t ) M t 
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9) 

10) 

11) 

To'!Ka aMecTo a unu 

_1_1: [ s; . • 2 

1 - 1-1 [ s; 2' 2 

[ s 1 
--2, 

M+ 

Mk 
(2.23) 

M 

{3 03Ha'!aeT, 'ITO HX 3Ha'leHHe MOlKeT 6biTb npo-

uaaon&HhiM, CnenyeT aaMeTHTb, 'ITO abmucaHHhie abiille HepaanolKHMhie npen-

CTaaneHHSI C tPHKCHpOBaHHbiMH S 0 H {3 

6oA, r-ne 6hi OHH He acTpe'!anuc&, TaK, HanpuMep, 

paHcTae M k H3 [s;1,0l, [s;-} , 0 1, [ s; 1,-+ 1 

SKauaaneHTHbl Me>KQY CO-

npencTaaneHHSI a npocT

H ( B; - 1-, - 1-1 SKBH-
2 2 

aaneHTHbi MelKQY co6oll 1 npencTaaneHHSI a npocTpaHcTae M k 0 M+ ::J Mk 

H3 ( S; 1, 0 1 
co6oA u T.n. 

H ( S ; + 0 0 ] 1 a CaOIO O'lepeQb
0 

SKaHaaneHTHbl Me>KQy 

3. 3aMe'laHne o6 HHTer-pupyeMOCTH npencTaaneHHli 

anr-e6pbi r-pynn&I SU ( 2) 

Peayn&TaT HaCTOSI!Uer-o napar-pa<!Ja MOlKHO c¢lopMynupoaaTb a anne cne

QYIOillell TeopeM&i, 

TeopeMa, Bee npencTaaneHHSI anr-e6p&I r-pynn&I SU(2) -Tuna (2,23), 

npOCTpaHCTaO KOTOpbiX COQep>KHT HHBapnaHTHOe HenpuaOQHMOe KOHe'IHOMep

HOe nonnpocTpaHcTao H HHTer-pupyiOTCSI no r-no6an&Hor-o npencTaaneHHSI acell 

r-pynnhi SU ( 2 ) • 

ner'KO 3aMeTHTb1 'ITO ace npeQCTaaneHHSI yKa3aHH0['0 THna COQep>KaTCSI 

a npeQCTaaneHHH ( S; 1, 0] H1 CnenoaaTen&H01 QOCTaTO'IHO QOKa3aTb TeopeMy 

anSI STOrO npencTaaneHHSI, CnenyeT TaK>Ke OTMeTHTb, 'ITO HaMH 6bin paC-

CMOTpeH npHMep HMeHHO TaKOr'O npeQCTaaneHHSI QnSI uenO'IHCneHHI.>IX S H QnSI 

16 

~ 

HHX TeopeMa 6&ma Ha caMOM nene noKa3aHa, TeM He MeHee Mbi noK. 

ee anSI acex 1 (uenbiX u nonyuen&IX HeoTpnuaTenbHbiX), 

npelKne acero ccjlopMynupyeM H noKalKeM cnenyiOillYIO neMM·y. 

neMM8, nycTb B HeKOTOpOM npOCTpal!CTae M aanaHo nnHeAH 

CTaaneHue anr-e6pbl r-pynfibl G 1 6a3HCHble sneMeHTbl KOTOpOA MOlK 

CTSaHTb B aane 

,.,. a 
J -- I M (X ) --

,.,. t t axt 
l''"t. .. f, 

Pile M~ < x r l - HenpepbiBHO llH$4lepeHUHpyeMbl9 tPYHKUHH · I 

apryMeHTOfl, TorJla JlSHHYJO anre6py MOlKHO npoHHTerpupoaaT& JlO rnc 

r-o npellCTaaneHHSI rpynnhi SU(2). 

.lloKa3aTen&CTaO OCHOBbiaaeTCSI HS OCHOBHblX TeopeMaX C, nH (, 
npHMep, / 9 /), nerKO 38M9THTb1 'ITO ecnH J /L SIBnSIIOTCSI reHepa~ 

naHeliHoro npe/lCTaaneHHSI, TO "" k 
SIBnSIIOTCSI reHepaTOpBbiMH $y 

HeKoTopoA HenaHeAHoll peanuaauuH F,. ( g, x t) rpynnbl G • To 

paTopbl 

• 

T f (X ) .. f ( F ( g -l • X)) . 
9 

aaJlaJOT nuHeAHoe npellCTaaneHae rpynn&I G B npOCTpaHCTBe fiO'IT 

JlHcjlcjlepeHuHpyeM&IX cjlyHKUHA, nerKO y6eJlHTbCSI1 'ITO reHepaTOpbl npe~ 

HH S1 ( 3,2) COBfiSJlaiOT C ( 3,1 ) 

TSK KSK 

aT9 1 
JP.f(x)•l aall 

n 

I f(x)--I u"c ) af(x) 
a., •O k X • ,.. k•l [ !I uXt 

p. 1 
Mt(x)=-i-

aFt (g,x) 

a " ,.,. 
a a 0 • 

" 
T aKHM o6paaoM, neMMa JlOKa3aHa. 
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9) 

10) 

11) 

a HliH 

_1_1: ( s; . • 2 

1 --1 ] (s; 2' 2 

( s 1 
-2-, 

M+ 

Mt 
(2.23) 

M 

(3 03H8'!aeT, 'ITO HX 3H8'1eHHe MOlKeT 6biTb npo-

CneayeT aaMeTHTb, 'ITO BbinHCBHHhie BbiWe HepaanolKHMbie npea-

ljJHKCHpOB8HHbiMH S a H (3 3KBHBaneHTHbl MelKJlY CO-

OHH He acTpeqanucb, TaK, HanpnMep, 

H3 (s;1,01, [s;f, 01, [s;1, -f1 

npeJlCT8BlleHHH B npOCT-

H 1 _1_1 (s;-2 • 2 3KBH-

elKJlY co6oii, npeacTaaneHHH B npocTpaHCTBe M k (!) M+ J Mt 

H ( S ; + , 0 ) , B CBOIO O'lepeJlb1 3KBHB8lleHTHbl MelKJlY 

3, 3aMe'I8HHe 06 HHTei"pHpyeMOCTH npeJlCT8BlleHHH 

anre6pbi rpynnhi SU ( 2) 

T HaCTOHwero naparpaljla MOlKHO CljJOpMynHpOB8Tb B BHJle Clle-

' npeacTaaneHHH anre6pbi rpynnbi SU(2) -THna (2.23), 

KOTOpblX COJleplKHT HHB8pH8HTHOe HenpHBOJlHMOe KOHe'IHOMep-

8HCTBO H HHTerpHpyiOTCH JlO I"ll068llbHOI"O npeJlCT8BlleHHH BCCH 

'ITO BCe npeJlCT8BlleHHH YK838HHOI"O THna COJleplK8TCH 

H, ClleJlOBaTellbHO, Jl0CT8TO'IHO Jl0K838Tb TeopeMy 

CneayeT TBKlKe OTMeTHTb, 'ITO HBMH 6bin pac-

Mep HMeHHO T8KOI"O npeJlCT8BlleHHH JlliH UeliO'IHClleHHL>IX S H JlliH 

16 

.. 

HHX TeopeMa 6hilla Ha caMoM aene JlOKa3aHa. TeM He MeHee Mbi JlOK8lKeM 

ee anH acex 11 ( uenhiX H nonyuenhiX HeoTpnuaTellbHhiX). 

npelKJl8 acero CljJOpMyliHpyeM H JlOK8lK8M ClleJlyiOWYIO li8MMYo 

neMMa, nycTb B HeKOTOpOM npocTpaiiCTBe M 38Jl8HO liHHeAHoe npeJl-

CT8BlleHH8 anre6pbl rpynnhi G , 6a3HCHble 3li8M8HTbl KOTOpOR MOlKHO npeJl-

CT8BHTb B BHJle 

,. a 
] •- I M ( x ) --

IL t t oxk 
~t•l. .. f, (3.1) 

r~te M~ (X f ) - HenpepbiBHO .QHcjJcllepeHUHPY8Mbl8 cjlyHKUHH CBOHX 

apryMeHTOfl, Tor.Qa JlBHHYIO anre6py MOJKHO npOHHTerpHpoaaTb .110 rno6allbHD

ro npeacTaaneHHH rpynnhi SU(2) • 

.QOK838TellbCTBO OCHOBbiB88TCH H8 OCHOBHbiX TeopeM8X C, nH (CM,, H8-

npHMep, / 9/), nerKO 38M8THTb, 'ITO eCliH J IL HBIIHIOTCH reaep8TOpaMH 

liHHeAHOI"O npe.QCT8Bli8HHH, TO !f~ HBIIHIOTCH reHepaTOpHblMH cjlyHKUHHMH 

HeKOTOpoR H8liHH8AHOA pealiH38UHH F,. ( g, x t) rpynnhJ G • Toraa one-

paTophl 

• 
T f(x) • f(F( g-1

, x)) 

" (3.2) 

aa.QaJOT nHHeAaoe npeacTasneHHe rpynnhJ G B npOCTp8HCTB8 nO'ITH B83Jl8 

JlHcjlcjlepeHUHpyeMbiX lfJYHKUHA, nerKO y6eJlHTbCH, 'ITO reaepaTOpbl npe.QCTasne

HHH (3,2) C0Bfi8Jl810T C (3,1) 

T8K K8K 

j.l 
1 f(x) "' . ...!.. '_a_...::.-

n 

I f(x)•-I MIL( ) af(x) a,. =o k x • kiOol [ " a,. u ll k 

M" (x) ~-1-
k i 

oF (g,x) 
k I 

a m o .. a" IL ,. 

T aKHM o6paaoM, neMMa JlOKaaaaa. 
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(3.3) 

(3.4) 
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.nnSI JlOK838TellbCTB8 TeopeMbl paCCMOTpHM onepaTOpbl 

,.. 
J /.l • • t o.t.f 

a 

a • f 
(3.5) 

r.ne o" - MaTpHUbi naynu. KaK H3BecTno, <~TH onepaTopbi SIBliHIOTCSI re-

HepaTopaMH npencTasneHHSI rpynnhi SU (2) C npOH3BOnbHbiM UellbiM Hl!H 

nonyuenbiM HeOTpHUBTellbHbiM s • B cuny neMMbi ABHHoe npe.QCTasneHHe 

HHTerpupyeMo. 

Mbi noKalKeM, 'ITO 3TO npe.ncTasneHue anre6pbl rpynnhi SU (2) npnHaA-

nelKHT Knaccy npe.ncTasneHHll [s;I.Ol , 'leM Mbi H AOKalKeM Hawy 

TeopeMy. 

.neliCTBHTellbH01 083HCHbie BeKTOpbl npOCTpaHeTBB npe.QCTBBlleHHSI HMe

JOT ClleAyiOWHil BHA: 

- c % •m am 
o+m z;-m 

(a.s) 

Tenepb He cocTasnHeT Tpyna HenocpencTBeHHo nposepHTb Hawe yTseplKAe-

HHe, llOnb3YHCb reHepaTOpBMH 

.. 
il 

+ --- ' J -=zl az2 
z2 _a_ (3.7) J 

a z1 

TaK, HanpnMep, 

+ 
Jt •Jf -o, .. ·-· (3.8) 

T.e. nonnpocTpaHCTBo M 1: HHBapnaHTHo. H o 

J +t • r. -· ·-•-1 J r .. +, • r •• (3.9) 

18 
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u, cnenosaTen&Ho, M+ H M _ He HBliSIJOTCH HHBapnaHTHbiMH. 

M + (±) M t ) Mt H Mt (£) M ) Ml: HHBapnaHTHbi. TaKHM o6pa3 

CMaTpusaeMoe npencTasneHne HBliHeTcH npencTaBneHneM {s;t,O 

peMa JlPKa3aHa. 

AsTop BbipalKaeT rny6oKyJO 6naronapHOCTb B.l1. OrueaeuKoMy 

AOpOBY 38 HHTepec K paooTe H UeHHbie 38Me'IBHHH, a TBKlKe Y'IBCTI 

MHHapa llO TeOpHH llOliSI naoopaTOpHH TeopeTH'IeCKOil ~H3HKH 38 00( 

pa6oTbi. 

npunoJKeHHe A 

B §1 Mbi onpenenunu 6a3HCHbie ~HKUHH npencTasneHnH e To• 

JlO npOH3BOllbHbiX KOHCTSHT com • KaK Mbl yJKe eKa3anu, 6yneM 

pa3Hble HHBSpHSHTHbie llOJlllpOCTpaHCTBS, 3neeb Mbl BbinHWeM Bee BC 

BblOOpbl KOHCTSHT Com , YK83blllSH, KSKOe npu 3TOM npeneTaBne 

nenSieTe H • 

.nnH npencTasneHnH [s;l,O] HMeeM 

m 

c "'(-t)ln 
n~J(s+m-n+1) 

om c • m i 
111 > 0 

C om • ( -1) I m I 
~I 

c 

. (s-m -n + 1) 
n "'I 

• I m 1! 
m < 0. 

Bee npou3seneHHH BblWenpnse.oeHHblX u nocnenyJOWHX ~opMyn' 

e'IHTBTb paBHbiMH eAHHHUe, KOrna m=O 
Hble. 

npeJlCTBBlleHHe 1 _1_1 
[ s; -r-· 2 

• noeTOHHHbie Cs - np 

nony'laeTeH, Korna 

n ( s -m + n ~/2 ( 8 + m - n + i )1!2 

n=! 
c.m •(-l)m c. m 

m! 
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.. A'I'enbCTBS TeopeMbl paCCMOTpHM onepaTOpbl 

,.. 
J /l • 1': k O•k-f 

a 
a z, 

(3.5) 

TpHUbi naynu. KaK H3aecTHO, aTH onepaTopbi SIBnsnoTCSI re-

TaaneHHSI rpynnbl SU (2) C npOH3BOnbHblM uenblM HnH 

HUSTenbHblM s • B cHny neMMbi ll8HHoe npellCTaaneHHe 

, 'ITO aTo npellCTaaneHHe anre6pbi rpynnbi SU (2) npHHSil-

[ s ; 1, 0 1 1 '!eM Mbl H llOK8>KeM H8WY 

HO, 6a3HCHbie aeKTOpbi npocTpaHeTaa npellCTaaneHHSI HMe-

BHil! 

am a C •m % 

a+m 
(a.a) 

a-m 
z2 

anseT Tpylla HenocpellCTaeHHO npoaepHTb Hawe yTaep>Kile-

reHepaTopaMH 

• 
J+ il z2 _a_ (3,7) J =Z ----, 

a zJ a z 2 

+ -J f =J f aO, .. ·-· (3~8) 

M k HHBapHaHTHo. H o 

J + r .. r. -· •-•-1 
(3.9) 

J r .. +l 
.. t •• 
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H, cnellOBaTenbHO, 

M+ @ Mk) Mk H 

M+ 

Mk 

H M

(£)M 
He HBnHIOTCH HHB8pHSHTHblMH, 3aTO 

) Mk HHBapHaHTHbl, TaKHM o6pa30M1 pac-

cMaTpuaaeMoe npellCTaaneaue sanseTCH npellCTaaneaHeM { s ; 1 , 0 ] • Teo

peMa llPK838H8, 

AaTop Bblpa>KaeT rny6oKyJO 6narOilSPHOCTb B.H. OrueaeuKoMy H H.T.To

llOpoay 38 HHTepeC K pa6oTe H UeHHble 38Me'ISHHSI1 a T8K>Ke Y'I8CTHHKSM ce

MHH8p8 no TeOpHH nons na60p8TOPHH TeopeTH'IeCKOA ~H3HKH 38 06Cy>KileHHe 

pa6oTbJ, 

npunolKeHHe A 

B §1 Mbl onpellenunu 6a3HCHbJe ~HKUHH npellCTaaneHHH c TO'IHOCTbJO 

llO npOH3BOnbHbiX KOHCTSHT Cam , KaK Mbl ylKe CKS3anu, 6ylleM BblllenHTb 

pa3Hble HHB8pH8HTHble nollnpoCTp8HCTB8o 31leCb Mbl BbiDHWeM BCe B03MOlKHble 

Bbi60pbl KOHCTSHT Cam , YK83biB8SI1 KSKOe npK 3TOM npellCTaaneHK8 Bbl-

llenHeTCH, 

AnSI npellCTaaneHHH [s;t,O] HMeeM 

Ill 

c = (-1)m c 
n~l(s+m-n+l) 

om • mi 
IT1 > 0 

c.m"'(-1)\m\ 

!pi 
c 

. (s-m -II + 1) 
n "'1 

• I m I 1 

m < 0. 

Bee npOH3BelleHKH BbiwenpuaeneHHbiX H nocneRyJOWHX ~opMyn cnellyeT 

C'IHTSTb paBHbiMH eAHHKUe 1 KOrAa m=O • nocTOHHHbie Cs - npOK3BOnb-

Hbie, 

npellCTaaneHKe 1 1 l 
[ s; --r-·-2- nony'laeTCSI1 KOrlla 

n ( s -m +II 'Y/2 ( s + m - II + l )1
/

2 

n=t m > 0 cam=(-l)mc. 
m! 
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,. 

lml 
I I Jl ( s + m + n ) 1/2 ( s -m -11 + 1) 1/2 

c.m e(-1) m c .::n.;;;.•L-----------
• I m I' 

m<(l 

llnn 3TOI'O npet:tCTaeneHHn B03MOlK8H H apyroll Bbi6op, KOTOpblll Mbl 3aeCb 

He npHBOaHM, 

npeac'TaBneHHa [s;+,C] nony~aaTCn1 KOI'aa 

m 

c ., (-l)m 
n~l (s + m -II + 1 )1/2 

am c a 

"'' 
m > 0 

lml 

C ( lml 
D (•-m-11 OC II 

om "" -1) C 

n=t + •+m+n) 2 

0 

lm I! 

H, HaKoHeu, ann [ s ; 1 , +I HMaeM: 

c .,- (-1)"' c. 

C am "' ( -1) I m I C a 

m / ~2 
O(s-m+.11) 12 (s+m-n+l) 

D'"l 

m' 

lml 1/2 
n <•-m-n+1) 

n=l 

I m 1, 

3aeCb T8KlK8 B03MOlK8H apyroll Bbi60p UOCTOnHHblX C am • 

Boo6111e, c am 

In 
c.m "'(-1) c. 

lml 
c.m"'(-1) c. 

~ 

MOlKHO 38nHC8Tb B BHae: 
m 

n (s-m + ll)q (s+m -n +l)p 
n•q 

m! 

lml 
n (s-m -n+1)1-q (S+m+n) 1 -P 

D"'l 

I ml ! 

20 

m <0, 

m > 0 

m < 0. 

m > 0 

m <0 

Bee B03MO>KHOCTII ( BbmucaHHbie 11 
He BbinHCSHHbte BbtWe) 

1 
p' q = 0, ---. 1. 

2 
npH noaCTSHOBKe 

npuno>KeHHe B 

PaCCMOTpiiM npi!Mep BbtnBneHHH CTpyKTyp 

1 Bo3bMeM cny~all, Koraa a .. 0 11 {3 "' -
2
-

npHBOaHMbtX npE 

, Toraa BM< 
HMeeM 

J 0 rom "'m r am 

J+ f =(s-m )1
/ 2 (s+m + 1) f +I am em 

1/2 
J f =(s-m + 1) p am-I - am 

H3 3THX paeeHCTB BHaHO, ~TO 

;_rao+ 1 =o. 

CneaoeaTenbHo, npocTpaHCTBo M+ (T,e, BCe nHHeliHbte KOM 

IIHBBpiiSHTHO, lleJ!CTBHTen 
BaKTOpOB f am ann m > s + 1 

p '"M+, am TO 

J/ •m : e •m +I ,. O, 

HO 

~am+t EO M+ , 

a 
J om '"pam -1.;. 0 m>s+1, 

11, cneaoeaTenbHo, J p E M , 
+ om + J_ f om E M + ' 

ecnu 

pam E ~! + • 
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lml 
J1 (s+m+n)IIZ(s-m-n+1)1/z 

m< (I. nat c. I m I! 

B03MO>KeH H Apyroll Bbt6op, KOTOp&lll Mbl 3AeCb 

1 
[ s; -2-. c J nony'laeTCH1 KorAa 

m 

( s + m - n + 1 )1/z n 
n:::l m > 0 

II'! 

lml 
n (s-m-n+ l)(s+m+n)IIa 

n"' I 
c 0 

I m I! 

[ s ; 1 , +I HMeeM: 

• 

c • 

c. 

c. 

m 1/2 1/2 
D(s-m+.n) (s+m-n+l) 

n=1 

lml 
n 

m! 

1/2 
(s-m-n+l) 

I m 1, 

Apyroli B&I60p nOCTOHHH&IX 

MO>KHO 3BnHC8Tb B BRAe! 

c ..... 

11 (s-m + n)q (s+m -n +l)P 
n•t 

m' 

lml 
fl (s-m-n+1)1-q (1Hrn+n) 1-P 

n•q 

I ml ! 

20 

m < 0. 

m>O 

m < 0. 

m > 0 

m <0 

Bee B03MO>KHOCTII (ehmHcaHHhie H He Bhi!IHCaHHhie Bhime) nony'laJOTCR 

npH nOACTBHOBKe p , q = 0, --1- , 1 , 
2 

npHno>KeHHe B 

PaccMoTpHM npHMep BhiReneHHR cTpyKTyp npHBOAHMhiX npeACTaeneHHII, 

Bro&MeM cny'!ali, KOrAa 

HMeeM 

a ,. 0 l 
H (3~-2-

J 0 p om = m p om 

, TorAa BMecTo (2.12) 

J+ r.m=(s-m)IIa (s+m+l)P•m+ 1 

1/2 
J_fam"'(s-m+l) Pam-1 

!13 STHX paeeHCTB BHAHO, 'ITO 

J-'••+1=0. 

CneAoBaTen&Ho, npocTpaHcTeo M+ (T.e, BCe nHHeliH&Ie KOM6HHBUHH 

HHBBpHBHTHO, !leliCTBHTenbHO, ecnH eeKTopoe P •m AnR m > s + 1 

r E M +, •m 
TO 

J/ sm : f om +I,. O, 

HO 

t•m+l E-M+ ' 

a 
J f .. p ,. 0 

•m sm -1 m>s+l, 

11 cneAoeaTen&ao, J p E M 
1 ' + am + J p E M+ I _ om 

ecnu 

pam E a! + • 
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B cuny Toro, 'ITO 

J + p •• = 0' 

nononHeHHe ( T.e, nonnpocTpaHCTBO M k @ M ) TSK*e HHBapHSHTHO, 

PaccMoTpHM ::ITO nonnpocTpaHCTBO 6onc-e aiiKMaTen&Ho, Ecnu f
0

mf< Mk <t)M_, 

TO m < s • O'!eBHilHO, 'ITO 

J_f
0

m f, 0 lliiSI scex m < s • 

Ho 

J + f a-o-1 mO I 

H3 KOTOpOI"O cnenyeT 1 'ITO M - HHB8pHaHTHO, .llei!CTBHTellbH01 ecnH 

f " M - I TO om 

t ·;" m<-•-1} 
J+ f om .. " M 

m a -s-1 

J f om " rom -1 " M 

nonnpOCTpaHCTBO , OllHSKO, HeHHB8pH8HTHO, .lle11CTBHTellbH01 BeK-M 
k 

TOp f •-o E M k I HO 

J f o-a ~ ( 2 s + 1) 1/2 

TaKHM o6paaoM, Korna a~o H 

a EM 
a-o-1 

fJ., _;1_ 
2 

nanaeTCSI H8 llB8 HHBapHSHTHhlX nonnpOCTp8HCTB8 

, npocTpaHCTBo ~ pac-

M+ H M _ (f)Mt 

nocnenHee no.QnpOCTp8HCTBO SIBIISieTCSI npHBOilHMbiM1 TSK KSK B HeM M 

HHB8pH8HTHO, HO OHO He BnonHe npHBOilHM01 Ta"K KSK M t HHB8pH8HTHO, 

~bl Be3.Qe ::ITO He BnOIIHe· npHBOilHMOe nonnpOCTpaHCTBO 0603H8'1811H CHMBo-

IIOM M It 6 M- ) M- . 
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'ITO 

J+P •• =o, 

nonnpocTpaHCTBO M (±) !.1 ) TSK>Ke HHBSpHaHTHO, 

nonnpocTpaHCTBO 5on;:-e ai!I!MBTenbHO. EcnH f '" Mk 4'\M , am ~-

QqeBHAHO, 'ITO 

J Y f. 0 AnSI ecex 
- om 

m < s. 

J + y •-•-! =0. 

'ITO M - HHBapHSHTHO, aeACTBHTellbH00 eCnH .. 
TO 

t ·~+! m<-•-1} .. ~ M 

m = -s-1 

J f am "' ~om -1 ~ M 

M k , OAHSKO, HeHHBSpHaHTHO, ae1!cTBHTellbH00 BeK-

E M k , HO 

J r._.=(2s+ 1)112 

KOI"AB a=O H 

a •-•-1 

1 
{3= -2 

EM 

, npOCTpaHCTBO ~ paC~ 

HHBapHaHTHbiX nonnpocTpaHCTBa M + H M _ (£) M I< 

TpaHCTeo SIBIISieTCSI npHBOAHMbiM, TaK KBK B HeM M_ 

OHO He BllOIIHe npHBOAHM0 0 T!iK KSK M k HHBapHaHTHO, 

npHBOAHMOe llOAllpOCTpaHCTBO 0503HS'IaiiH CHMBQ-

M ) M 
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