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§ 1. Bse.aeHHe 

ECTb OIIpeAelleHHSSI Halle)I(Jl8, 'ITO 8H811H3 I!pHMeHHMOCTH OCHOBHbiX no-

HSITHif H MeTOAOB KBSHTOBOif TeOpHH IIOilSI B I!pOCTpaHCTBeHHO-BpeMeHHOM MHQ-

roo6pa3HH, OTilH'ISIOWeMCSI OT MHpa MHHKOBCKOrO, MO)I(eT I!pOilHTb CBeT Ha 

HeKOTOpble rrpo61leMbl 3TOif TeOpHH B006we. C Apyroif CTOpOHbi, HeOAHOKpaT

HO BbiCK83biB8118Cb Mb!Cilb, CM.,. HaiipHMep, /1,2,3/ 1 'ITO reoMeTpHSI I!pOCT

paHCTBa-BpeMeHH B UellOM M0)1(9T OIIpeAellSITb HeKOTOpule ( HllH B H9KOTOpOif 

CTeiieHH) CBOHCTBa MHKpOMHpa. reoMeTpHSI BceneuuoA, rro-BHAHMOMY I cywecT-

B e liHO OTmi'IaeTC~I OT IICeBAOeBKilHJlOBOH, H, KOilb CKOpO KB8 HTOB8 51 T e OpH51 

IIOilSI aAeKBSTHa AHHSMHKe 31leMeHT8pHb!X I!pOU9CCOB, 9CT9CTBeHHO IlbiTSTb-

CSI HCKSTb B ee CTpyKType I1p0SIBI19HHSI 3TOif ~yHAaMeHTSilbHOif (eCilH OHa 

CyWeCTByeT) CBH3H KOCMOilOr'HH H MHKpOMHpa. 

J.1MeHHO C 3THX II03HUHH B Ka'leCTBe rrepBOr'O wara B pa6oTaX /
4 /,/5 / 

6biilO rrpeAIIpHHSITO HCCileAOB8HHe KBSHTOBOH TeOpHH CB060AHOr'O CKSilHpHOr'O 

IIOilSI B MHpe Lie CHTTepa. 8 'laCTHOCTH, TaM .6b!ll0 IIOK838HO, 'ITO IIOHSITHe 

CB060AHOH '-18CTI!Ubl, 06bi'IHO CBSI3biB8eMOe C HenpHBOAHMbiMH I!peACTSBileHHSI-

MH rpynnbi nyauKape, MO)I(eT 6biTb auanorH'IHbiM o6pa30M CBSI3aHo c rpyrr-

rroA Ae CnTTepa llHWb c npHBile'leHKeM HeKoTopoii KOUKpeTuolt ~opMyllHpos-

KH IIpiiHUHIIa COOTBeTCTBHH. 8 ASHHOH pa6oTe AenaeTCSI IIOIIbiTKa pacrrpOCT

paHIITb MeTOAbl H pe3yllbT8Tbl /5/ Ha o6wufi Clly'lafi H30TpOIIHblX MOLienefi 

Bceneuuoii. neTallbHO paCCMaTpHBaiOTCSI 38Kpb1Tble MOAellll ( rpyrrrra ABH)I(e

HHll 0(4)), B 38Kill0'19UHe IlpiiBOLlHTCSI MOAII~HKSUHSI OCHOBHblX pe3yllbT8TOB 

AllSI KB83H9BKilHAOBOli MOAellH ( rpynrra ABH)I(eUHH 0 ( 4) x T 3 ) • 

HaoTporruaH aaKp~TaH Bceneuuast F' 4 MO)I(eT 6biTb reOMeTpH'IeCKH 

rrpeACTasneua KaK runepnosepxuocTb spaweHHSI 
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X a X a "' (X I ) 2 + (X 2 ) 2+ (X 3 P+ (X 4 ) 2 = p 2 r , 

I> 0, I r 'I < 1, 

B ngTHMepHOM nceaaoeBKnHaoaoM npocTpaHCTBe E 

ds
2 

o:(dx
0 

l 2 -dx a dx a 

X 

p 

Yao6Ho aw6paTb napaMeTp p TBK, 'IT06bl !(0) =I, 

0 

); 

C MeTpHKOil 

8 KOOpaHHSTSX y 11 (yO : T/ ) , OnpeaengeMbiX COOTHOilJeHHgMH 

0 "/ / 2 , 2 , , a a 1 2 3 a a 
x =pfyb (T/ l+b (T/ )dT/ ;x =pb(T/ln (y, y ,y l;n n al, 

0 

X 0 

( 1.1) 

rae b (T/ ) r < 
p 

II b '< T/ ) ~ 
db 

d T/ 
, MeTpll'leCKSH !f>opMa 

F 4 HMeeT BHa: 

11 V 2 2 2 1 j 
ds

2
=g dy dy =p b (T/)(dT/ -h dy dy l, 

11v ll ( 1.2) 

a 
rae h =a n a a n 

I l 
a rpe'leCKHe HHaeKCbl npHHHMS!OT 3Ha-lj I a r I 

'leHI!g OT 0 ao 3, naTHHCKHe i, j , k - OT 1 AO 3, a, b - OT I ao 4. Ec-

n11 MeTpHKS aaaaHa B BHae ( 1,2), T O MO>KHO llpHliTI! K ypaBHeHH!O ( ],1), llO
x'>jp 

no>KHB T/ = f / I - [ r' (a l ) 
2 ~ • 

nH 

p 

o r (a l 

npoCTpaHCTBy ae CHTTepa COOTBeTCTByeT b(T/)"' anH Moae-

4>pHaMaHa , Koraa p 2 

3 
Hnl! p = o 

- aaaneH!!e), COOTBeTCTBeHHO h( 'll= cos'l 

( ( 

HnH 

c o s 'I 

- nnOTHOCTb 3Hepri!H 

h < T/ l"' cos 
2 

'I I 2 
161• 

§2. YpasHeHHe nong 

KaK cne~yeT 113 /
7 / II / 5 /, ypaBHeHI!e CKangpHoro nong B p!!M8HOBOM 

npOCTpaHCTBe !!MeeT Bll~ 
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r.ue R 

3H8K 

R ( 0 + m2 + - ) ¢= 0, 
6 

o:g~'~'R 
JLV - CK8JlS!pH8SI KpHBH3Ha, 

TeHaopa KpHBH3Hhl Bhi6paH TaK, 'ITO 

v v A - v v A 
Jl 1/ (J 1/ Jl (J 

(2.1) 

a 
R R - TeH30p p H'I'IH; 

1'1' JL av 

=Ra A 
CJ JLV a 

.anSI nro6oro seKTOpa A a 0= V a -v· a - onepaTop .a' AnaM6epa; 

V q - CHMBOJl KOB8pH8HTHOH npOH3BO.UHOH. 

YpasHe HHe (2.1) nonyqaeTCSI sapuauueti no ¢ ( KOTopoe Mhi C'IHTaeM 

BerueCTBeHHhlM) HHTerpana .UeHCTBHSI 

(2,2) 

r.ue d 4 y • d y 0 d y 1 d y 2 d y 3 • BapbHP.YSJ HHTerpan (2.2) no g ~'~' , no-

T cT
06

" --~-(R +V V -g Ol¢ 2 , 
JLV JLV 6 J1V Jl V J1V 

rne 
can 

T flV 

T can = a ¢ a ¢ - g L • 
JlV Jl 1/ JLII 

TeHaop (2.3) o6nanaeT csoiicTsaMH: 

Ta::m2¢2; 
'll 

(2.3) 

D epeHJJ.eM K KB8HTOBOH TeOpHH llOJlSI, 38JJ.8B8SI rrepeCT8HOBO'IHhie COOT-

HOilleHHSI H8 HeKOTOpOH 11pOCTp8HCTBeHH0-110JJ.06HOH runeprrosepXHOCTH ~ 

B F 
4 

: 

fl v 
[ cp 01), cp( M ')) = 0 , [a cp( M) <I a ( M), a cp (M ' ) d a ( M ') ) = 0, 

fL IJ 

.f (cp(M),a cp'(M'))!(M')d aJ.L(M') cii(M) , (2.4) 
l JL 

5 



v 
rae M, M' ( l, f( M) - npoH3BOJlbHaSJ <jlyHKllHSI, d a (M) - seKT'OpHblii 

sneMenT nnomaaH Ha l . B npeacTasneHHH faiiaen6epra (KoTopoe !j>HKCH

pyeTCSI Bbi60p0M l ) onepaTOp tP yaOBJleTBOpSieT ypaBHeHHIO (2.1) H 

H8'18JlbHLIM YCJlOBHSIM (2.4). 8br6epeM B Ka"'eCTBe l rHnepnOBepXHOCTb 

"1 = 0 '• , TOraa cl afL ,,,{) fl op 2 V1 hd3 y 

rae 

8 F • B CHJlY ( 1.2) YPBBHeHHe (2 .1) HMeeT BHa 

1 a 2 a b + b 
[- -- b ---i'l+m 2 p 2 b 2 + -]¢ .. o, 

2 
b a., a '1 " 

1'1- I - V"h a 1 < v'h- h 
I k . a k) -orrepaTOp Jlannaca Ha c!j>epe 

a a 
n n = l, 

PaaaennSI neoeMeHHbre . nonv•·mM .p B BHlle oaano~eHHn no raoMOHH"'ec-
KHM fiOJlHHOMBM H8 c!j>epe nan" ,1: 

"' (s+l)
2 

cp( 7] ,y)= ' 2 2 u (7])P"a (y), 
b ( 7]) p s:D Ckl tO (2 .5) 

.a 
[ L\ +s(s +2)) P (y)=O , 

(2.6) a y' 2 • (s + I ) a a 1 a 
P ~ (y ) ,-, P u ... n 8 

"J'"2 a 1 ... a~ 

a 
rae CHMMeTpH'IHLie ITO BCeM' a I TeH30pb1 pat" .. a • C HyneBbiM Cne aOM 

fill OllHOii nape liHJleKCOB opTOHOpMHpOB8Hbl! 

p a p a' ao' 2 
= 8 , a, a' "' l , ••• , (s + I), 

a, . . . a • a 1 •• a • 

TaK 'ITO 

, , , , 
f 

aU 8 U IUJ 00 
P (y) P (y) cl a (y ) = 8 {j 

3aecb H aanee y =' ( y I ' y 2 y 3 ), 

0"1eBHaHo, onepaTop u ,. a< 71) fiOll'IHHSieTCSl ypaBHeHUIO 
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2 2 2 2 ' 
u + [( s+ ll + m p b (l)l)u~o 

( 2. 7) 

± 
BaeAeM ABa ero miHeHHO-He3aBHCHMhrx peweHIHI u. ( 7J) 

, orrpeAenSIR HX 
H8~8nbHhlMH ycnOBHRMH 

+ I 
u - (O)c --; 

y;-0 
+ 

u -: (0) •.! i V so ' so ~ V ( s +I) 2 + m 2 P 2 • (2.8) 

3 aAa 'Ia KowH (2.7) (2.8) 8KBHBaneHTHa HHTe f'!"JAllbHOMy ypaBHeHHIO Bonb-
Te ppa 

'!:. + 2 2 '7 2 ± 
(I))• w -( s 0 ,1)l +2 m p j [1- b (l) ' l) g (l),l)' l u (l)'ldl)', 

f'Ae tPY HK UIHI 

CYTb p eWe fiHH ypaB H eHH H 

w . + s 0 w ::0 

I! pH fl8 '18flb fl h ! X YCflOBH SIX ( 2.8) ; <jly f!KUHSI 

,,,., ... -···· ,, _,.,I w I (I)') 

\v I ('7' ) 

s ign ( 1)- '7 ') 

2s 
0 

sin s 
0 

( '1 -1) • ) 

w 
2 

(r/'l 

w 2 (I)') 

-I 

I 
WI (I)') 

w l ( l)) 

eCTb ~YHABMeHTBnbHOe peweHHe ypaBHeHHS! (2.11); 

6bie nHHeM:Ho He3aBHC HMhle peweHHR. O'IeBHAHo, 

7 

w 2 ('7' ) I . w 2('7) 

w H 

(2.9) 

(2.10) 

(2.11) 

w - ero ni0-
2 



+ -
( u • (1J)) * ~u •(1Jl, 

W(u +,u -l~u + .;-• . . . • + 
- u ~- 2 i • 

+ 
¥!3 ypaBHeHHS! (2.9) cneayeT, 'ITO tPYHKUHJO u -. MO)I{HO 8IIIIpOKCH MHpOB8Tb 

C n1060H TO'IHOCTbJO qneH8MH paBHOMepHO CXO.Q51WeHC51 IIOCne.QOBaTenbHOCTH 

HTepaUHH: 

+ + 
u- (1Jl~w- (s , 1Jl , 
0 • 0 

(2·.12) 

± + 
u ('I ) ~ w - ( s , 'I ) + 2 m2 p 

n+t• 0 
2 7 + 

[I - b2 ('I)] g ( 1J , 'I' ) u- ( 1J') d 'I' . 
• .• n • 

3TOT MeTO.Q Y.t:I06eH .Qn51 0Th!CK8HHS! 8CHMIITOTH'IeCKHX Bbipa)l{eHHH IlpH s >> mp • 

HarrpHMep, nerKo y6e.QHTbC51, 'ITO 

+ u 
1 m2p2b2 m2p2 

--[ 1 - + 0( --ll. 
s+ l 2 (s+l)2 

5
2 (2.13) 

51CHO, 'ITO npH m ~ 0 

±.;( • + I) 1J 
+ + 
- ('ll~w- (s +l, 1Jl~ 

y-;:;1 

OnepaTop ( 1J ) 
.a B (2 .5) MO>KeT 6b1Th npeacTaaneH B BH!Ie 

y;;; + -
u ('I)~ --- q (u + u l + i 
.a 2 .. a 

p -
_.!.Q... ( u 

2yso 

+ -u ), 
(2.14) 

rae q == u (Ol , p = u (Ol 
aa eO ~a sa • Bcne.QCTBHe rronHOThi CHCTeMbi rapMOHH-

'IeCKHX rronHHOMOB Ha c<fJepe n a n a~ l H BBH.t:IY (2.5) 

"•a('l) ~ p h('1J) f¢<1J,y)P"a (y)da(y) 

[ b l .a 
U ' ( 1J ) ~ pb(1J)J a cp(1J,y)+- ¢( 1J , y) p (y)da 
• a o b 
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113 (2.4) c n ea ye T: 

[ q 
oa 

~ ' ' ] .. 0, 
• a 

[,, ,p,.J~;Il ll , • 
, a • a • • ao (2 . 15) 

nonb3Y5lCb 8 THMH COOTHOWeHH51MH, Bblp8)1(eHH51MH (2 ,5) , (2 .14) H TeopeMOH 

CnO)I(eHH51 r 8 PMOHH'I. e CKHX ITOnHHOMOB /B/, MO)I(HO npe.QCT8BHTb KOMMYT8TOp 

noneBbiX onep8TOpOB ¢ ( M l , B351TbiX B ABYX npOH3BOnbHbiX TO'I.KQX M t , 

M2 <;;.. F4 , B BH.Qe cne ay10wero p51A8: 

rae 

D ( 71 I ' y I ; 71 2 ' y 2) ~ i [ </J (~I I ) ' </J ( M 2)] = 

"" ~ 
2 b ( 71 

1
) b ( '1 

3
) odl 

s + 1 

211 
2 

C
1 

(n
8 ( y l,n 8 ( y ))I) <.,., ,.,., ), 

1 2 .s 1 2 

c - nonHHOM rere H6a y 3p a H 

ll I f - !- I 
(I) I ·'1 2 l ~ i "•(I) tl".<'l 2)- 11

0 
(TJt) 11 •(TJ 3 )]. 

K8K 113Be CTHo , 3H8HIIe nepecT8HOBO'I.HOH cpyHKUHII D no3BOn5leT pewHTb 

3 8.Q8 '1.y K o w11 .Qn51 yp8BHe HII5l (2 .1 ) c H8'1.8nb Hbi MH ycnoBH51MH H8 np0113BOnb

HOil 2_ 

VlHTep e cHo oTMeTI!Tb, '!.TO corn8CHO /5/ B npocTp8HCTBe ae C!!TTep8 

(jlyHKU1151 D np11 m "' 0 COCpe.QOTO'I.eH8 H8 CBeTOBOM KOHyCe . C Apyroil 

CT OpOHhi , n1060e F 4 KOHcpOpMHO npOCTp8HCTBy .Qe C!!TTep8 H, ITOCKOnbKY 

KOH(j}OpMHOe OT06p8)1(eHI!e COXp8H51eT CBeTOBOil KOHyc, TO, O'l.eBH.QHO, II B n10-

60M F 4 (jlyHKU1151 D np11 m"' o T8K)I(e COCpeAOTO'I.eH8 H8 KOHyce . 3TO 

ecTeCTBe HHOe An51 ITOn51 C HyneBOA M8CCOH ITOK051 CBOHCTBO 6y.QeT HMeT~ 

MeCTO nHWb ITpH Bhl60pe yp8BHeHH51 ITOn51 B BH.Qe (2. 1 ) . 

§3. ITpencTaBneHHH ¢oKa 

Cne ayiOwHM W8rOM B KB8HTOB8HIIII aon)I(HO 6hlTb rrocTpoeHHe npe.QCT8B

neHII5l KOMMYT8UIIOHHhiX COOTHOWeHIIH, nnSI 8TOrO BBe.QeM onep8T0pbl /9/' 
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z 
•a 

;,_(p 
y < • 

- r T q 
a t,r aa ,t r 

) • z + ~ ( z ) * 
tT "a a a (3.1) 

f'.Qe T = 5 + i Q - npOH3BOnbH8H CIIMMeTpH'lH851 M8TpiiU8 ( T ~ tr =Ttr 
_,, , • a 

c nonmKHTenbHO onpe.QeneHHOH MHHMoii 'laC Tb iO Q • VIa (2.15) cne.Qye r 

[ z i- + 
• z 1 = 0. [ z z + l = Q 

t r 1!.0, tr "" tT .a 

06pall(8H p813CI!CTBO (3,1), 11MCCM 

I "' - ~ 1- I = '1 = -=- ( z + z 
11'.a V2 .'1 a ~ a 

), I' = - I (T ~ 
!'((1 Jf I'".U , tT 

z 
tr 

+ ) 
"'a ,t r ' 

1-T 
(3 .2) .a, tr 

rne 

.!: 
~ 

.-. (} ,, 
-I 

<) 
!'!(./ , t r 

f

z 
tr 

B eK Top coc TOHH11H I o > , onpeAenHCMbli! p a oeHCTB8MH 

i 0 > = 0 
·' (f 

< OI O>=l, 

HaaoseM KBa3HBaKyyMoM. O p H Ka* .QOM T cocrostHHst Is ••• s NaN > = a 
+ + ( 

sz ••• z IO > N 
•f 1 

8 rf' N 
- KB8311'18CTII'IHhie COCTOHHIISI) o6paay10T 6aa11c HeKo-

TOpOf'O npe.QCTaBneHH51 <l>oKa, nanee Mbl 6y.QeM IICK8Tb Cpe.QH 3 THX npe .QCTBB-

neHHii TaKoe, B KOTopoM I s 1 a 1 , ... s N aN> MO)I(HO 6brno 6bi C'lRTaTb 

COCTOSIHIISIMH C Onpe.QeneHHhiM 'lHCnOM 'l8CTRU, paBHbiM N • 

§4, CoxpaHRIOIUHecsr aellH'IHHbi H HHBapHaHTHbie 

KB83HB8KYYMHbie COCTOSIHH H 

Ope)I(J..(e scero, O'leBii .Q HO, Ksa.3HBaKyyM TaKoro npe.QcrasneHHSI .QOmKeH 

6b!Tb HHB8PR8HTHhi M OTHOCHTenbHO rpyUIIbl .QBif)l(eHH ~i 1IpOCTp8HCTB8 r4 
- EIO, 

Mil' 

z 
(ab) 

KaK nerKo BH.QeTb, stBnsreTcst rpyrrna 0 ( 4) 

a 
( 

(a b) 

a 
a 

( a 
(ub) 

a 
0 ( n ba 

I 

10 

na-n n a 
I 
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COOTBeTCTBYIO!UiiMii BpameHHSIMii B nnoCKOCTSIX ( a b) <?6'beMn!Omero npOCT-

paHCTBa E 5 (a 
(ab) 

onpeAenSieT coxpaHSIIO-

!UYIOCSI (He 38BiiCSI!UYIO 

HOCTH I eenH'IHHY 

OT Bhi60pa npOCTpaHCTBeHHO- nOA06HOH I'Hnepnoeepx-

M = f 
( a b) I 

J' a f3 
., T -1'1 d a 

( a b) '-'+' 

B h t'!H c n sHI 8 TH HHTerpa n h t cornacHo / 5 / , HMeeM: 

ar 
M = I, 

( a b ) a, a,r 
(" +I) q p •+I p 

a+l,a( ab) •+l,r 

rno p 8 +1- 8 HTHCHM M eTpH'IHhie M8TpHUh l C 8ne M eHT8MH 
(ah' 

a 
p 

a 1 ••• a • b 

Tpe 6pB8HHe HHB8pH8HTHOCTH KB83HBaKyyMa OTHOCHTenbHO H30MeTpHH, Bblpa-

*aeMOe ycnOBHSIMH 

M lo >.,,., I O> 
( a b) ( a b) 

r n e 11- c - 'IHCna, IlpHBOnHT K paBe HCTBaM 

T =8 8 T 
.a . tr •t ur 

,., ~ o. 
'(ab) 

T = S + iQ . • Q > 0 npoH3BORbHbte 'IHcna • 

BeeneM HOBbie napaMeTpht A 
1- A 

T =i s 0 ---.,;:•;.. 
• I+ A 

H o6paayeM HOB~e onepaTop~ 

c 
.a 

I+ A • 7. 
AU 

BMeCTO T 

c+ ( c -) *, 
,.a so 

IIOn'IHHHIO!UiieCSI K8HOHH'IeCKHM n e peC T8HOBO'IHhlM COOTHO!UeliiiRM 

[ c +, c + ] .. o, [ c - , c + 
• o tr • o t r 

1 l 



EcTeCTBeHHO H83biBaTb HX orrepaTopaMH pOlKIJ.eHHSI H yHH'iTOlKeHHSI KBa3H'iac

THU. B bipalKeHHSI (3.2) 3Ha'iHTe1lbHO yrrpomaJOTCSI: 

q 
. a 

V [(I +A* ) 
2so(J-IA 12) • c .a+(l+A . 

) c + ] . 
.a 

p ~- i 
. a 

V~ . ,..,.....[(1-A *lc -
2 yi - IA 12 • .a 

-0-A 

H Mbl nony'laeM OKOH"i8TenhHO AnSI M 
(a b) 

M 
(a b) 

l 
•. a,r 

s c + p ar 
• a (ab ) lo 

c 

) c + ] 
• a ' 

• r 

(4.1) 

HTaK, Tpe50B8HHe HHB8pH8HTHOCTH KB83HBaKyyMa OTHOCHTellbHO IJ.BHlKe

HHfi ITP.MBOIJ.HT K BbiiJ.elleHHIO Kll8CC8 rrpeLJ.CT8B1IeHHfi ¢oKa, K8lKIJ.Oe H3 KOTOpb!X 

aanaeTt:SI KOHKpeTHbiM BbioopoM rrocnenoaaTellhHOCTH rrapaMeTpoa I A I . 
nanee , F4 IJ.OITyCK8eT KOH<lJOpMHbie rrpeo5pa30B8HHSI, H3 KOTOpb!X 

H8M AOCT8TO"iHO paCCMOTpeT& OAHOrrapaMeTpH"ieCKyiO ITOArpyrrrry, orrpeAenHe-

MYJO reHepaTOpOM Z = i a a , rAe BeKTOp ( = [i YAOB-~ 
a ao 

(0) ( ) · a ( O) !, 
neTBOpSieT o6o6meHHOMY ypaaHeHHIO K HnnHHra v ( + V ( - 2 ......- g • 

- 11 v v 11 0 p.v 
npH m - 0 T a .o 

a 

M 
(0 ) 

8 ITOTOMY COXp8HSieTC SI HHTerpan 

.)(aT daf3 
"- (o' a{3 

KB83HB8KYYM HHB8pH8HTeH OTHOCKTenbHO 3 THX rrpeo6pa30B8HHij I 

~>I o > = (o> I o > ' (4 .2) 

TOllbKO rrpH A =0 Mbi rrony'iaeM enHHCT-• TaKHM o6pa30M, rrpH m ,.o e 

BeHHOe rrpell.CT8BlleHHe ¢OK8 C HHB8pH8HTHbiM KB83HB8KYYMOM, KOTOpblfi IT03-

TOMY MOlKHO H83b!B8Tb B8KYYMOM, DpH 3TOM 

M 
(0) 

- 1-l< s +l)( c - · c+ +c+ 
2 .a .a .a 

•• a 

• 

c ), 
a a 
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HaKoHeu, JJ.nSI noneeoro onepaTopa B o6u1eM cny"lae paBeHCTBa (2.5), 

(2.14) H (4.1) JJ.BIOT Bblp8)KeHHe: 

2 
(s+O 

0 
-::::-----I I p" <y l 

odl 0=1 
(4.3) 

rne 

Tenepb Mbl paccMoTpHM orpaHH"'eHHSI, HaKnBJJ.biBaeMhie Ha nocneJJ.oBa

TenhHOCTb (A j npHHUHITOM COOTBeTCTBHSI B cneJJ.yiOwefi ¢opMynHpOBKe. 
2 

Ecn11 aMnnHTYJJ.hl x) 

* • 0 
u. ( 1J ) p (y) 

..;2 p b(TJ) 
(5.1) 

SIBnSIJOTCSI penSITHBHCTCKHMH BOnHOBbiMH ¢YHKUHSIMH "18CTHUbi, OHH JJ.On)I{Hbl 

ITPH 60nblliHX s 6b!Tb KB83HKnaCCH"'eCKHMH. 3TO, KOHe"'HO, nHWb He06XO-

Jl.HMOe ycnOBHe, BbiTeKBIOlliee H3 11HTepnpeTBUHH KB8HTOBOrO "'HCna s 

KBK KB8JJ.p8T8 rrpOCTpaHCTBeHHOrO HMITynbC8 /5/, 0HO 03H8"18eT, "'TO npH 

" ... 
00 CpeJJ.H tP = Va e I S JJ.OmKHbl 6biTb TBKHe, "'TO a -•I tP 1

2 

I a a o 
H S • arg tfJ 

a a yJJ.OBneTBOpSieT ypaBlleHHIO raMHnbTOHa-fiKO(>H 

gpv a ll s a v s = m 
2 

H ypaBHeHHIO HenpephlBHOCTH 

x ) o/J 
• a 

Be)l e HHSI B 

, O'leBHJlHO, OpTOHOpMilpOB8Hbl OTHOCHTenbHO CKBnS!pHOrO npOH3-

npOCTp8HCTB€ peweH1u1 ypaaH e HHSI KneiiHa-fopaoHa ( 2,1) 

<¢ • .p > = i p 
2 f < ¢* a 

0
0 ~ 0 o* 0 1 do 

7J=conat 
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g ~' " v <aa s >-o p. v 

( noapo6 HOC TH B 
15 1 ). P aaa e n siSI nepeMe HH ht e 

a a A ( 'I ) C (y ) , S .. T("f/)+ U (y) , 

nony'laeM 'le T btpe ypaBHeHHH tt nH cpyHKUHI1 A , C , T , U : 

rae K H 

T 2 s m2 p 2 h 2 +K 2 ft. b • <-+ 2 - ) T + T ~ (; 

h
11 a u a 

I 

2 
U ~ K 

A b 

....2..h
11 a ca .u +~ u~ (. 

C I J 

( - BeiUeCTBeHHhie KOHCT8HTbl pa3aeneHIH!. 

(5.2) 

(5.3) 

PaccMoTpHM CHaqana 
ypaaHeHH SI ( 5.2). floCKORhKy anSI <jJyHKUHH (5 . 1) 

I " 1
2 

A·--·- , 
b 2 p 2 

'i' I 

I ut' 
B T Opoe H3 ypa BHe HH ll (5.2) Y AOBn e T BOpHe T CH, ecn n fl0fl0 )1{ HTb ( ~ 0 

WeM n e p B Oe , HC fl0flh3Y H BC HMflTOTH'IeCKOe B btpa)l{e Hne (2.13); 

J(l-JA l2 )(s +I)[I+ ~_:!.:- + 0 (...!._)]1 2 
2 ( s +l) 2 ,2 

2 m2 p 2 b2 1 - 2!o
0

"f/ 2 
II+ I A I +- 2 [1+ 2 + o <2>lne [A e <I+ o< I»ll 

• 2 ( s +l) s • 

•K 2 
2 

+( m p b) 

0T6paCbiB8H BC e 'lfle Hb l n o pHttK a M e HbWe ( s + I) 2 
, n o ny'laeM 

K 
2 

•( s+ l) 2 (I + 0 (1)) , A .. o 

s .. 00 

no3TOMY MO)I{HQ pa3fl0)1{HTb neByiO 'IBCTb (5.4) no cTeneKHM A 

• 3 a nn-

(5.4) 

2 m 
2 

p 
2

b 
2 

1 m 2 p 2b 2 I - 2 1o 
0 (s +I) )I+ + 0( - ) - 4( I+ +0( - ·)] ll e (A e (1~1)) +o(A) I a 

(s+l)
2 

s 2 2 ( s +l) 2 s2 • 
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3To ypa aHeHHe yaoaneTBOpReTCH nHwb npH K
2 ~<s +ll 2 +o(l) H 

fi m ( s + I ) 
2 

.\ ~ 0 • 
s ... 00 

(5.5) 

llanee, nerKO y6e.UHTbCR, 'iTO cymeCTBYIOT rapMOHH'leCKHe ITOJlHHOMbl, KQ

TOpbie TO'lHO Y!IOBJleTBOpS!IOT ypaBHeHHSIM (5.3) C K 2 co (s +I) 2 H e- 0 • 

TaKHM o6paaoM, c.popMynupoaaHHbill: aaech npHHIUtn cooTBeTCTBHR Bbi

aenReT Cp e AH npeACT8BJleHHll: <l>oKa C 0(4) - HHB8pH8THbiM KB83HB8KYYMOM 

TaKHe, 'iTO XapaKTepuayiO!UHe IIX ITOCJieAOBaTeJibHOCTH {,\ 
8 

j CXOASITCSI K fiY

I . ! . 1110 6hiCTpee, 'leM 
(s +I) 2 

0TMeTHM, 'ITO 3TH Bbi,aeneHHbie npe.ucTaaneHHR yHnTapHo sKauaaneHT-

Hbi. qT06bi AOK838Tb 3TO, AOCTaTO'IHO YCT8HOBHTb HX 3KBHB8JleHTHOCTb npeJl

CT8BJleHHIO, B KOTOpOM BCe .\ 
11 

.,. 0 • BrrOJIHe 8H8JlOI'H'IHO COOTBeTCTByJO-

UIP.MY AhT'lUCJlP.HIUO A /5/ MO>KHO UOK83ATb, 'ITO 3TO HMeeT MeCTO, eCJIH CXQ-

JlHTCR npouase.ueHue (a+l) 
2 

2 -~· 
n <I-1.>. 1 > 

s 

llnR er"O CXO.UHMOCTH .UOCTaTO'iHO, 'IT06bi 1-'.l::;.const 
" 

-(J!..'H) 
2 

r.ue E > o 

Jl1060e, H BbiJleJieHHOe rrpHHUHUOM COOTBeTCTBHSI MHO:>KeCTBO ITOCJleJlOBaTeJib

HOCTell: I .\ " ! B cuny ( 5.5) ::ITO MY Tpe6oaaHHIO aaae.uoMo y.uoaneTaopsreT. 

§6. npenenbHb!H nepeXOLI K npOCTpaHCTBY MIIHKOBCKOro 

0'leBHilHO, Ml>l .UOJllKHbl eme UOTpe60B8Tb, 'IT06bi rrpH p ,."" J KOI'Jl8 

ucKpHBJieHue npocTpaHCTBa ucqe aae T, B bipa>KeHue noneaoro .onepaTopa (4.3) 

npeapamanocb B o6hi'IHoe paano:>KeHue no nono:>KHTeJibH<>- u oTpuuaTeJibHo-

'l8CTOTHbiM 3 KCITOHeHTaM. 
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l.JTOObl paCCMOTpeTb 3 TOT npeaenbHb!l! nepeXOA, BBeAeM KOOPAHHBTbl 

t ~PTJ • y I 
y a =X • y2 ~o . 

p 

npH'IeM 

=sin-- ~i n e cos )( ' a 
:::s sin -•- cos 8 , n n 

p p 

2 
=sin-- sin 0 si -"' )( , • r n n = cos --p p 

T oraa 

t [ 2 2 2 2r 2 2 2] ds
2
=b2(-) cit -dr -p sin -( dO +sin O>dx t 

p p 

H npH p -> oo nony'IaeM MeTpHKY npOCTp8HCTB8 MHHKOBCKOrO B c<jJepH'IeC-

KHX KOOpLIHH8T8X 

ds 
2 

= d t 
2 

- d r 
2 

- r 
2 

( d 0 2 + sin 
2 0 d X 2 

), 

Paano~eHHe (4.3) B 3THX KOOpJ:IHHBTBX MO~HO npeACTBBHTb B BHJ:Ie 

e 
' + -</> < TJ • Y > = :£ o :£ :£. I Y e < y > u < YJl c e + Y *e <y > u* <TJ > c o I . 

y2 b(TJ) p .,~) t=<l n=-<. • n • • n an a a<n 

rae 

Y .en j_ r<s + e +~ )(,. +n 
(y) = 

r ( s - e +.!..)sin -·-
2 p 

p 

-<f+..l.) 
2 

I •+-
2 

(cos -•-) Y 
p 

( 0, X>, 
fn 

v 
PJl - <fJYHKUHH ne~BHApa, Y fn - < HOpMHpOBBHHhie C<jJepH'I9CKHe <flyHKUHH, 

s I 
EcnH nono~HTb -- = k 8 . -=~1<. 

-- t. t.. 
,ypcaen = <Pen (k) ) p 

I jr<,., +f +t> 
</> = --:£ l:~k (sin 

by'2 f,n k. • r ( s - e + ..!_) 

x iY <O .x>u 
fn 

(~l¢+ ( k 
p en 

2 

) + Y* 
f n 

-<f+i-> k r 

p cos ( --·-
•+...!... s+ l 

r - !> 
p-> 

2 

( 0 , X l u * t -
( -l </>f (k 

p n 
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B c11ny (2.10),. (2.12), ycnoBHSI b (0)- I H H3Be CTHOrO p a BeHCTBa 

/1 -p. X 
V p V ( C OS -;:;- ) - J U ( X ) , 

p -..oo r 
fim 

rne J 
11 

- ¢ y HKUH H BeccenSI, npH p -+ "" 

f lk
0 t 

c/dt,r,O,x> ,_I_ l: l: £ dk I _ e __ _ 

v ~ fdJ =~ v~ 

+ 
v p n ( k ' y ) <Pr n ( k ) + 

+ 

ecnH A 

2 +m 

... o 

Vfn (k,yl = 4 J f+...L (kr)Yfm <O.x >, 
2 

npu 

nony•uiM 

M b i He MO)I(eM anpHOpH C'lHTaTb, 'ITO A He 3 8 BHCHT OT m H P, 

H9 113 C 0 06paMe HHH pa3M e pHOCTH Clle Jl y eT, 'ITO e CllH T a K a S! 3 a BHCHMOCTb H 

A «=;\.. (rnp . ~ -
HMee T MeCTO, TO TOllbKO B BHJl e 

llOil'lHH SIJO TCSI o5 b i'lHh iM nn SI onepaTopoB pOMJleHHSI H yHH'lTO)I( eHHSI npa BHllaM 

KOMMyTa UHH 

+ + + 
[¢ <U, ¢ (k:')].,o , [ ¢- (k:l , ¢ (k:'l] 

En f 'n' en e~,' 
0 0 ,. 0 ( k: - k: , ) • 

H ' D ll 

§7. KBa3ReBK1lH!lOBa naoTponHaSI Moaenb 

p aCCMOTpHM Tenepb KOpOTKO 'la CTHblii Clly'la ii OTKp b !TOH MOilellH - KBa-

3HeBK1lHilOBY H30TponuyJO Bcene uuy1o . MeTpHKa B a TOM c n y 'l a e MOMeT 6 b iTb 

npe A C T 8B1lGH a B B HAe 

2 2 2 
d s .. a (TJ ) (dTJ 

2 2 2 
t: l 2 t-" 3 ) 

d s -d~ -ds 

H HHBapHaHTHa OTHOCHTe llbHO :rpynnhi 0 ( 3) X T 3 

Kneiiua-fopnoua HMe e T BHJl 
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<~> < ,., . e, .. (2~r) - ~/2 ... lk t 
a J" ('I • ~ ) e di.:" 

.... ... -· l 
k = lk, . k 2 .k 3 1. e= l e •. e:.-e"1 . ~.: e ~ k

1 
e . 

KaauTOB L>Ie •ntcna k 
1 

reue paTopoa z 
I 

, O'l9Bfi/.I HO, 5!BnHIOT CSl C06CTBei!IIl>!Mfl 'lHCnaMH 

no1.1rpynn '->1 
1' 3 • H3Me He Hust a ~OpMynax ~2 04eBH/.I-

Hbl, fl Mbl H e 6yaeM Ha HHX OC T aHaanu BaTb Cil , 

BMec To (3.1} HMee M T enepb 

- -· j · • ... · • .. • 
z ( I< ) ~ -= I ,. ( l ) - I d l • T ( I< • L , ) ., ( L • ) I y2 

t .... - ... -·.. -· .. z I l l= ( z ( 1.:)) ·•, T ( k , l'l ~T( Io: ' , k l, 

.... -· . ... ....... 
- JimT ( k,k')f (l)f( k')dl d l' '- () 

Llllll 11Io6 o il ¢Y HKUhl! ( (k) /; 0. 

Y c JI OAH e UHB<rrllwHTHoc Tu KBll3HAaKyyMa oruocure n&H o T / ta<! T 

-· .... .... ....... 
Tli<,l ' )c T ( l)D ( l-i<'l 

H OTHOC HTe JlbHO 0( .'3) -

T(k)~T ( Id lc y L 1 li, 

K Ba3H KilACCH 4 ecK u o p eure HHSI npu 6onumux k 
cyuwc r ny io T, ecn11 

., 2 
l " A(i< l ~ k \ 1 I< 2 ~ "' 2 - T(k) 

---------~--------------· ... 0. 
L: .... ....., 

(7.1) 

C LIPYI'OH CTOPOHbi, npeLICTaaneHHe n e peCT8HOB0'-1HbiX COOTHOWeHHli C 

Ll8HHoli ~YHKuneli T < k > 3KBHBaneuTuo npe.ncTanneHHIO c A ( k) .. o , ecnn 
"" 2 ry 

fl.\(k)l k"dk < oo , 'ITO Bbl!lOnHHeTCst, ecnn IIM99T ;.teCTO (7.1). 
0 
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~8. 3aKnJO'IeHHe 

TaKHM o6pasoM, B oTnH~He OT rrpocTpaHCTBa ne CHTTepa, B KOTopoM 

ycnOBHB HHBapH8HTH OC TH KBa3HBaK yyMa OTHOCHTenbHO ABIOKeHHH H rrpHHUHIT 

cooTBBTCTBHH BhlnenH~T enHHCTBeHHoe rrpencTasneHHe ¢oKa I A .-ol B Ha-

ll!BM 6onee 06ll!eM, a, cnenOBaTenbHO , M B He e CHMMBTpH~HOM cny~ae, ITO-BH

AHMOMy, Henb3H rrpons HHY'l'bCH nanbll!e BbineneHHH Knacca rrpencTasneHHM 3K-

BHBaneHTHhl X rrpencTaBneHH~, B KOTOp OM BCe 11n11 A ( ld "' 0 • OnHa-

KO rrpeACTasneHHH, ynosneTBOpH~ll!He BCeM C<jJOpMynHpOBa HHbiM B § § 5,6 Tpe-

60BaHHHM, He sarronHH~T 3Toro Knacca uenHKOM, ~HTeprrpeTaUHH 3Toro <jlaK

Ta Tpe6y e T, BHAHMO, AOITOnHHTenbHOrO HCCne noBaHHH, 

0TMe THM erue HeKOTOpbie ~ac THhie cny~aH saKp biTOM MonenH. Cnyqaif 

rrpocTpaHC TBa ne CHTTepa ( b = __ 1 _ ) , KaK y)Ke yrroMHHanoch , rronpo6-
cas 1) 

HO paCCMOTpBH B /5/, 8eCbM8 npOCT CJIY'lafi CT8TRCT!1'leCKOM ~10ll81lli 3i:ff'!IJJT8lf-

Ha ( b l:" I) O~eBHAHO, B 3 TOH MOAenH 

± 1 ± a a 7] 
(7])~ -- e 

v-s;, u 

Ben11~11Ha M 
( 0 ) 

COXpaHHBTCH rrpH n~60M MaCCe ITOKOH H MQ)K8T 6hiTb HH-

+ + c c ). 
.. a • a 

Tpe6osa HHe (4.2) rrpHBOAHT cpasy K ycnoBHID A "' o .. • nane e, ypaBHBHHB 

(2,7) HMeeT pell!e HHH B BHAe UHnHHApH~eCKHX <jlyHKUHM B cny~ae MeTpHKH, 

rronv~eHHOM CTaHIDKOBH~eM /10/(b = ea 7] a= const > 0 (a TBOPHH rpa-

BHTaU11H C rrepeMeHHOM BO BpeMeHH "KOHCTaHTOM" K ) • ~MBHHO, o6ruee pe-

U18HR8 (2,7) II MeeT BI-IJJ. 

u ( 1)) .. z .. I(• + 1) +---- a 

( .::..£__ e 
a 

) ' 

rne Zv ( x l - nro6oe pellleHHe ypaBHBHHH Eecceng. ¢yHKUHH 
± 

u orrpe-

n e nHIDTCH OTC~na C ITOMOU!b~ Ha~anbHbiX ycnOBHH (2,8}, 

AsTopbi rrpH3HaTenhHbi H. A . LJ:epHHKOBY sa BHI1MaHHe 11 coseTbi. 
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