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The forom of the off-mass-shell {OMS) effects in the amplitu

de of the bremss trahlung process by two particles whith the ar

bitrary masses m1, 2 , charges e 1, 2 spins s 1, 2 and gyromagnetic 

ratios &
1

,
2 

is discussed. 

For this the third term of the expansion of the bremsstrah-

lung amplitude in the photon momentum k,.(in general we $Uppose 

that the photon is virtual, that is k ~;. 0 ) is obtained in the poten

tial approximaition. 

Eq.(1) is a definition of the OMS elastic transition operator in 

the potential approximation. Eqs.(2 ,2') are identities for arbitrary K, 
following from the definition ( 1) and the locality of the potential, 

which we call Ward's identitis. Eqs.(3,3',4) are kinematics. Eq.(5) is 

a bremsstrahlung amplitude in the potential approximation. The re

scattering term in (5) approaches a constant as k 1-' .. 0 , and the

refore F.Low's theorem f1/ is valid for (5) in contradiction with 

conclusion of the papej4/. By using {2,3') eq. (5) may be written 

in an evident gauge-invatiant form (5'). 

Eq.(6) is the expansion of the rescattering term from {5') in 

the photon momentum k {only the terms of the order k are left). 

Using eqs.{9,10,11), which are the expantion of the identity {2') in 

tJt.e K , some rescattering terms in (6) may be expressed thro

ugh the single-scattering terms (12). The three first terms of the 

expantion of the full bremsstrahlung amplitude {5') in the photon mo

mentum are given by (15), where notations introduced above are 

used. In a general case the third term of this expantion contains 

OMS effects which always are a combinalion both of the derivati

ves of the transition operator on mass and of the rescattering 

terms. 
In the cases when all rescattering terms in (6) are expres

sed through the single-scattering terms, the OMS effects in the 

full bremsstrahlung amplitude {15) are compensated. 

The bremsstrahlung of two paticles with equal e/m and 

&
1 

= g 
2 

z 1 , or with equal e/m and without spin-orbital interaction 

are the cases under consideration. 

The conclusion is: due to the existence of rescattering terms 

in ( 15) the extraction of information on OMS effects from the brerns-2 

strahlung amplitude is rather complicated. 
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1. BaeneHue 

HHTepeC X npoueccy TOpM03HOI'O H3nyqeHHH npH CTOnXHOBeHHHX 8Ap0oo 

HOB CBH38H C Hat:telK.QOit H3BneX8Tb H3 8MfinHTYAbl npouecca HHij)OpM8UHIO 

o noaeneHHH aMnnHTYA ynpyroro pacceHHHH anpoHOB BHe Maccoaolt noaepx

HOCTH. 

Ecnu pa,anaraTb aMnnHTYAY TOpM03Horo uanyqeuus no aHepruu ljloToHa 

cu 

My • ...!. ( I o + Ml (01 + M 2 "'2 + ..•. ), 
cu 

TO nepa&Ie naa qneHa aToro paano>KeHuH 11 0 + M1 "'• a cuny rpanueHTHolt. 

HHB8pH8HTHOCTH1 onpenenHIOTCH M8TpHuelt ynpyroro pacceHHHH H8 M8CCOBOit 

Ill 
noaepXHOCTH •. 

TaxuM o6pa30M, BH6M8CCOBbl6 aljlljleXTbl MOI'YT OOHBnHTbCH TOnbXO 

a cnenyiOmux, HaquHaH c M 2 , qneuax paano>KeHHH. 

B HacTosmee apeMH He cymecTayeT npouenyp&I, noaaonHIOlllelt nonyquTb 

M 2 He 38BHCHIIIHM OT MOt:tenH o6pa30M. noaTOMY Mbl paCCM.OTpHM aTy npo6-

neMy B KB8HTOBOMeX8HHqeCKOM npenene, KOI'A8 B38HMOt:teltCTBHe qaCTHU 

MelKAY co6olt MOlKHO Tp8KTOB8Tb K8K noTeHuHanbHOe, a B38HMOt:teltCTBH6 HX 

C aneKTpOM8I'HHTHhiM noneM CqHT8Tb ToqeqHbiMo 

B aToM npu6nK>KeHHH MOlKHO aanucaTb ToqHoe Bbipa>KeHHe nnH 

TYAhl npouecca TOpM03HOI'O 113JiyqeHHH B BHAe CyMMbl ABYX qneHOB 

My •ll1 +M11 
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M 
1 

onHChiBaeT uanyqeaue <!>oTOHa .QO H nocne npouecca pacceHIIHH H BhipaJKa-

eTCSI m!IISHIIO qepe3 MaTpHUY ynpyl'Ol'O paCCSSIHHSI BHe M8CCOBOH noBepXHOCTHo 

Mil OnHChiBaeT H3nyqeHHe <!>oTOHa ·B npouecce paCCSSIHHSI H npe.QCTaBnSieTCH 

a BH.Qe HHTerpana no Macce OT aenHquu 6unuaefiHhiX no MaTpuue ynpyroro 

pacceSIHHH BHS M8CCOBOH noaepXHOCTH, 

M
1 

-e nHTepaType o6hi'!HO Ha3hiBaJOT aMnnuTy.Qofi O.QHOKpaTaoro pacceSIHHH, 

M 
11 

- aMnnnTy.Qofi .QsyKpaTHoro pacceSIHHSI HnH nepepacceSIHHH. 

nepBOHaqanbrlO TOpM03HOe H3nyqe!IH9 npH CTOnKHOBSHHH qaCTliU (B qaCT

HOCTH, HyKnOHOB) B KBSHTOBOMeXaHHqeCKOM npe.Qene 6hin0 paCCMOTpCHO Co

/2,3/ 
6eneM H coaaTopaMH 

O.t~aaKo a sTHX pa6oTax npeue6peranocb aMnnuTy.Qofi M11 • TaKoe npe-

tw6polKeHHe ue3aKOHHO, TaK KBK caMa no ce6e aMnnuTy.Qa M1 ue SIBnHeTCSI 

rpil.QH9l!THO-HHB8pH8HTHOfi, H II03TOMY BHSM8CCOBbJe 9<jl<!>eKThl npH T8KOM IIO.Q

/1/ 
xo.Qe noHBnSIIOTC>1 ylKe B M1 , qTo npoTHaopequT TcopeMe /Ioy • 

/4/ 
He.QaBHO KpoMep c.Qenan nonhiTKY yqeCTb aHanuTaqecKH aMnnuTYAY 

M 
11 

.QnSI TOpM03Horo aanyqcHHSI B p p -cTonKHOBSHifSIX. Oa npe.QnonolKHn, qTo 

B cnyqae npO!i3BOnbHOI'O HMnynbCa ¢0TOH8 aMnnHTy.Qa nepepacceSIHHSI MOlKST 

6hiTb Bb!p8lK9118 naHefiHO qepe3 MaTpliUY ynpyrol'O paCCCSIHifSI BHe M8CCOBOH 

noaepXHOCTH, T,C, lfMeeT CTpyKTypy, aHanorHqHyiO aMnnaTy.Qe O.QHOKpaTHOI'O 

paCCSSIHHSI, qTO B o6meM cnyqae cnpaBe.QnHBO, KSK 6y.QeT nOK838HO HlilKC, 

TOnbKO npH HyneBOM 4-HMnynbCe <POTO~a k 

- B aMnnaTyne KpoMepa aaeMaccoBhie s<P<PeKThi, TaKHM o6paaoM, co.Qep -

lKBTCSI nHllib B .Qif<\J<!>epeHUHanbHOH <!>opMe, T,e, B KOs<!><PHUHSHTbl pa3nOlKSHHSI 

My no CTeneHSIM (<) BH9M8CCOBbl9 9<\J<PeKTbl BXO.QSIT TOnbKO B BH.Qe npOH3-

BO.QHbiX oT aMnnaTy.Qbi ynpyroro pacceHHHSI no Macce, qTo ueaepHo, KaK 6y-

liST nOK838HO HUlKS, 

KpoMe Toro, aMnnHTy.Qa M 11 a <t>opMe KpoMepa s npe.Qene k I' .. 0 

He CTpSMHTCSI K TIOCTOSIHHOMY npe.Qeny ( qTo SIBnSieTCSI HS06XO.QHMbiM ycnOBH-

eM npH .QOK838TSnbCTB9 T90p9Mbl /Ioy), a SIBnSieTCSI O.QHOpO.QHOil lj>yHKUHeil Hynesoro 

nOpSI.QKS KOMnOHSHT 4-BeKTOpa k I' T,e, IIpli kl' .. 0 38BHCHT OT COOTHD

lli9HHSI M9lK.QY ero KOMnOHCHT8Mif, 0TCID.Qa Cne.QyeT (H B pa60T9 KpoMepa 3TO 

no.QqepKHB89TCS1), qTO .QRSI aMTIRifTy.Qbl TOpM03HOI'O H3nyqeHHSI npH TIOTSHUH8Rb

HOM B38HMO.QSHCTBifH TeopeMa /Ioy HeCnpaBe.QRHBB. KoMneHCSUHSI lKS BHaMaC-

4 

J 

j 

~ 
\. 

I 
'.,, 

j
l 

' 

' 
" 

COBb! X aljllj>eKTOB B cyMMe M 0 + M 1w SIBRSieTcSI (no KpoMepy) cne.QCTBHeM 

TOlK.QeCTBaHHOCTH npOTOHOB, 

Mbl He 6y.QeM 3.QeCb .QOK83b!B8Tb BbiiiORHHMOCTb ycnosHll TeopeMbl noy 

B KB8HTOBOM9X8HHqecKOM npe.Qene. 0Ha C oqeBH.QHOCTbiO cne,DyeT H3 SIBHOit ljlop-

Mbl .QRSI aMnnHTY.Qbl My (eM. <!>opMyny (5) ). 

- Uenb pa60Tbl - BblSICHHTb, B K8KOll lj>opMe nOSIBRSIIOTCSI BH9M8CCQBbie 

sljlcjleKTbl B aMnnHTy.Qe M u • noKaaauo, qTo B o6meM cnyqae qneHbl .QByKpaT

HOI'O paCCSSIHHSI (HHT.erpaRbHSSI ljlOpMa BHSMSCCOBbiX a<\J<PeKTOB) He CBO.QliTCll 

K qneHaM THna O.QHOKpaTHOI'O paCC9l!HHSI0 KSK npe.Qnonaran KpOMep. 

6 TeX CHyqaliX, KOI'.Qa 3TO npOHCXO.QHT, BH9M8CCOBble sljlljleKTbl B I10RHOJl 

8MnnaTy.Qe nORHOCTbiO COKpamaJOTCSI, 

U • TolK.QeCTBo Yop.Qa AnSI noTenuHanbuoro pacceSIHHll 

nycTb B381fMO.QeilCTBHe .QBYX qaCTHU OnliCbiBaeTCSI nOTSHUHanOM 

J dp (21r)S V( p ) e lp(i\-12) , 38BHCl!UlHM TORbKO OT OTHOCHTaRbHOI'O 

paCCTOSIHHll MSlK.Qy qaCTHU8MH H OT HX CnHHOB, 

XapaKTepHCTHKOll TaKoro saauMO.QeficTBHH SIBnSieTCll onepaTop nepexona 

T ( q ', q""', z ) , onpe.Qenl!eMbii! coOTHomeHueM 

T(q',q, z) ~ V(q'O:..q)-J df! V(q'-f)Gtf,z)T((,q,z)"' 
( 2rr) 

•V(q'-q)-J 
dt -- .... __ 
- T(q, t, z) G( f, z) V(t- q), 

(2tr)3 

rAe 
.. 2 1 ~ ~, 

.G ( f, Z) ,. ( f - Z - i 0 J , a q, q - HMnynbCbl OTHOCHTSRbHOI'O .QBH-

lK9HHll qaCTHU B HaqanbHOM H KOHeqHQM COCTOSIHHliX, 

Ecnu, uanpHMep, q 2 • z q '
2
" z , To T uaxo.QHTCSI ua Maccosoli 

noaepxnoCTH no HMnynbcy q H .QRll TaKoro onepaTopa Mbi aae.QeM o6oaua-

qeHHe T(q', ~)e T(q', q, z • q 2) , OTMeqag THnb.QOli HMnynbC, nelKSUlHli Ha 

Maccoaoil noaepxuocTH. AnanorHqno T(~', if)"' T(q', q, z = q' 
2
). 

JierKo npoaepHTb, qTo B CHny onpe.QeneHHSI (1) (H noKanbHOCTH noTeH-

UHana) .Qnll npOH3BOnbHOI'O BSKTOpa K HMeeT MSCTO TOlK.QSCTBO 
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T(q',q-K,u)-T(q'+K,ij,z) + 

(2) 
d"l .. - ~ - ..... - --+f -- T(q',t, u)(G(f+K,z)-G{r,u)]T(t+ K,ij,z)"' 0. 

( 2 17 )
3 

HaM noaano6uTCSI B nanbaellweM aTo cooTaoweaue nnSI cny'laSI1Korna KalKn&rll 

H3 BXOnSIWHX B (2) onepaTopOB T 110 onHOMY H3 HMilYITbCOB H8XOnHTCSI H8 

M8CCOBOM llOBepXHOCTH - q 
2 

• Z 
,2 

q .. u. 

Tpe6yeMOe COOTHOWeHHe yno6HO 3811HC8Tb B cnenyJOmell CHMMeTpH'IHOll 

¢opMe 

T(,', ij-K)-T(q',+i{.~) + 

dP - - z q2-q'2 ... - - -
+ f--

3 
I T(~',f) G{t, q' )( )G(f+K,q~)T{r+ K,'a) + 

( 217 ) 2 

- - - 2 q2-q'2 _... ..... 
+T(if', 1-K)GU-K,q' )( ) G(f,q

2
)T(f,q)-

2 (2') 

_ T c-~ • .r > G < r. q • 
2

) <-; i > G < r + It. q 
2 

> T < r + it, ~ > -

-T<l',LK>Gd-K,q '
2

) <1K)G(f, q
2
)T([.q) I"' o 

CooTaoweHHSI (2), (2') MOlKHO aaaeaTb TolKnecTBOM Yopna, nocKon&Ky, 

K8K BHnHO H3 nanbHellwero, OHH o6ecrre'IHB8JOT rpanueHTHyJO HHB8pH8HTHOCTb 

8Mili1HTynbi TOpM03HOI'O H311y'leHHSI llpH CT011KHOBeHHH neyX '18CTHU, 

- 141 
npn K = 0 (2') nepexonHT B COOTHOWeHHe (2,10) pa60Tbl , 

m . AMnnnTyna TOpM03HOI'O nany'leHHSI 

Ecna '!aCTHUbl aapSilKeHbr, TO n106oli rrpouecc eaaaMoneliCTBHSI TaKHX 

'18CTHU COilpOBO>KnaeTCSI TOpM03HbiM H311y'leHHeM cPOTOHOB, nyCTb paCCM8TpH-

l38eMble HaMil '18CTHUbl 1,21 H8XOnSICb B COCTOSIHHH C liMIJYI1bC8MII 
.. 
p 1 , Pa 

... , ... , 
CT811KHB8JOTCSI, pacCeHB8JOTCSI B COCTOSIHHe C HMilYI1bC8MH p 1 1 pI 1 H311y-

'18SI llpH 9TOM c!JoTOH (BHpTyanbHb!ll) C 4-HMilYITbCOM k.,(cu,k) II 4-llOITSipll-

6 .'' 

i 
l 
t 

I 

J 

l
< 

' 

' 
..# .• 

aauaell te(t
0

, 1) • (BnpTyanbHOCTb c!JoToHa oaaa'!aeT, 'ITO riony'leHHhJe e 

pa6oTe peaynbT8ThJ cnpaeennHBbl KaK nnSJ rrpoueccoe 1 ,2 .. 1 ,2 y -.k 2 
• 0 , TaK 

H ~nSI rrpoueccon 1,2 .. 1,2 e+e-- k 2 >'0 nnH 1,2 &-1,2 e- k 2 < 0). 

Ha coxpaaeHHSI aaeprna nMnynbca cnenyeT 

p2 q2 p•2 q'2 
--+------------cueO 

2M 21' 2M 2,, 
(3) 

p' + k - p ~ 0 (4) 

3 .... p - ..... - ... ... 
necb = p 1 + p 2 , P '. p ~ + p •

2 
- nonHbJe I!MnynbCbi cncTeMhi 1,2 no n nocne 

rrpouecca eaanMonellcTBHSI, 

.. p p 
q c I' ( ___:_L, - ___:_a_ ) ' 

m 1 m 2 

-. < P: P' q = I' ___..__ - ___:_z_ ) -
m I m 2 

m m 
cooTeeTCTeyJOmne HMrrynbCbi OTHOCI!Tenbaoro neu>KeHHSI, M=m +m I"" ----1-L, 

• I 2 ml +m 2 

rne m 1• 2 - MaCChi '!aCTHU 1 ,2. HaKoaeu
1

aapS1Ahi, cnHHbi H g - ¢aKTOphl 

'18CTIIU 1,2 6yneM o603H8'18Tb e 1, 2 1 S 1, 2 1 g I, 2 • Y ll06HO pa6oTaTb 

B CHCTeMe p + p '= 0 , B KOTOpOH cPOTOHY rrepenaJOTCSI TOnbKO 3!1epr11SI OTHO-

CHTCnbHOI'O nBHlKeHHSI 

q2-q.2 
(3') w= ------. 

21' 

B aToll cucTeMe aMnnuTyna paccMaTpneaeMoro npouecca HMeeT cnenyromn!l 

BHn ( C TO'Ii!OCTbJO no HOpMHpOBO'IHblX MH~)!<HTeneil) 

M I 1 [ -. ,.. I' .. r_ • ... -. .. 1 .. • I' ... 2 .. " - .!if 

Y 
.. e

1 
f
0
-- 2q t+-k ~r+tg (s xk)d G(q +-k,q )T(q'+~ k,q)+ 

2m
1 

m 
1 

I t m1 m 1 

+ eiT (~ ', ij _L. k) G(q _...JL k, q 'll f --1-r 2 ij£ _ _e_ lir +I g (;X k );] I + 
m m o 2m m t 1 

I I I 1 
(5) .. 

f dP T (-"' -: G ... f ,2.1 1 :. IL ..... +e 1 -- q ,r) ( ,q 1 t---[2rt+-"'-kt+ 
( 2 17 )3 o 2 ml m I 

ig (s xk)l"Jlx 
I 1 
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• ... IJ. ~ .. ... -= 
xBG(t+ --k,q2)T(f+___l!_ k ,q)+ 

ml ml 

nmoc aHanorH'IHoe Bb!pameHHe c aaMeHoll 

l 
- - ... - -, ... , I el-.e2,ml .. ma,gl .. ga,-•l .. s2,q .. -q,q .. -q 

flerKO npOBepHTb 1 HCnOnb3YR 38KOH COXpaHeHHR 9HeprHH (3') H COOTHOWeHHe 

(2'), 'ITO OH8 rpanHeHTHO HHB8pH8HTH8, 

V!cnonb3YR (2') H CHMMeTpK3KpyR nonKHTerpanbHOe BblpameHHe (5 ), MOlK

HO 3anKC8Tb B RBHO rpanHeHTHO KHB8pK8HTHOll ~OpMe 

el • .. P. ... .. .. .. P. .. 2 .. u ... !I 
M c -- e ([ 2 q '+ - k + i g ( 1 x k ) ] G ( q' +- k , q ) T( q '+ -"'-- k , q ) + 

Y 2m
1 

m
1 

I I m m 1 

'"'' .. f.L ... ... IJ. .... ,2 ... JA. ... ... ..... l +T(q,q--k)G(q--k,q )[2q--k+lg(axk) + 
m 

1 
m

1 
m 1 1 1 

... 
df s ... .. 2... ... p. ... 2 .. p. .. !I 

+ f--
3
-T(q',f)G(r, q'l fG(f+-k,q )T(f+-k,q) + 

(2rr) m1 m1 

.. 
df -'1 p.+ .. IL ... a•- 2 ... # + f ·-- T( q ', - - k) G ( l- - k, q' ) P G (P, q ) T ( t, q) + 

(2rr)3 ml ml 
(5') 

.. 
dl - - ... 1,. • ... • jl. • - ·u .. a + f --

3
- T( q ',I) G (t, q' 1 I g 

1
(s

1 
x k ) G(h -k, q 2)T(l + ....r;;.. k, q) I+ 

(2w) ml m, 

l .. t .. .. .. , .. 'I + e1 .. ea,m1 .. m2,gl .. g2,s1 .... q .. -q,q .. -·q , 

rne BBeneH rpanHeHTHO HHB8pH8HTHhlll BeKTOp 

. 
e• ir-; . ."' 

8 

,~, .. ~ 
1,'' 

~~; 

:,. 
j: 
·~ 

J:l 

.~ 'ill> 

IV • PaanolKeHHe M 'Y no cTeneHRM k 

PaccMoTpHM Hany'leHHe MRrKHX ~oTOHOB, paanomHM aMnnaTyny (5) no 

CTeneHRM k (Mb! no-npe:IKHeMy C'IHT8eM, 'ITO B006Ule k2
"' 0 ) H ynep:IKHM 

nepBhle TPH -qneaa paanomeHHR ( BKITIO'IaR 'lneHhl nopMKa k ) , 

BhmaweM cnepsa paanomeaae no k HHTerpanoa, axonRmHX B (5') -d, -· - 2 .. p. - - .u - .!II f--(T(t',t}G(f,q' H
1
G(r+-k,q2 )T{t+-"-k,q) + 

(2 rr )3 m 1 m 1 

+ T( t·. t-Lk"> ·acr- ...Lk", 11 ·~ r ,c<f. 11
2> T ((. 'f> + 

ml ml 

+T('(',l)G(t,q' 2l I g(i xk)
1 
Gcf+Lk,qa )tc{+..Lk, i> I • 

1 1 m
1 

m 
1 

·f dt, tn<'',l>cd. 11 •
2H,cc1. q 2 )tc1.~> + 

(2 rr) 

+ f-km f ~ l T(,',f) G(l, q ' 2)cf1 _j_ + lm a. )( G(t,q
2
)T(1, ')I-

ml ( 2 rr) afllj at 1 

- -- .. a a .. -!!1. 
-[T(~',f)G(l,q.2 )]C-t 1 +-f·)G(l,q2)T{l,q) I+ 

atm at, m 

I 

+ _P._k m f dt 
3 

I TC\ ', t) eel. q •') (f
1 
_j_- P m_l_ )(G({,q2)T(V, ~) l -

2m 1 (2 ft') a l m a l 1 

.. --[ tc'~·.r, ac;, 11 '
2>l< _a_,,- _a_ r J oct. q 2 >Tcr. ~> 1 + 

at m at, 

.. 
dl # - ... 2 .. .. - 2 l-:: +f--T(q',l)G(l,q' )I& (s xk) G(l,q )T( , q)+O(k

8
k•) 

(2w)' 1 1 ' 

(6) 
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8 Bb!pa~HHH (6) HBHO Bhlli9JJ9Hhl CHMMeTpH'IHaSI ITO HH.QeKCaM l , m H 

aHTHCHMM9TpH'!HaSI '!aCTH, 

PaccMOTpHM aHTHCHMMeTpH'IHYIO '!aCT&, Y'IHThiBaSI, 'ITO 

~ ~ ~ . 
a a a a 

P --e -=----t +---t ·-It L~, 
I a f m af a f I a f m mk • 

m t m 1 

( L k - onepaTOp Op6HTaJJbHOf'O MOM9HTaj CTpeJJKH rrOKa3biBaiOT, B KaKOM Ha

npaaneHHH li8HCTBYIOT onepaTOp liH~$epeHUHpOBaHHSI), npeliCTaBJJHH 

L k ~ J k - s I, k - s 2, t ( h - onepaTop nonaoro MOMeHTa) H y'IHThiBBH, 

'ITO B CHITY COXpaHeHHSI noiTHOf'O MOM8HTa 

[ T (~', () G (;, q '
2
)] J = J f T ( ~ 'J) G d. q ' 2 

) ] , 
k k 

(7) 

rne op6HTaJJbHhiH MOM9HT B npaBOH '!aCTH paBeHCTBa (7) li9HCTByeT ylKe Ha 

nepeMeHHyiO q ' .. 
+L , , (J 

k =I ft f q ---
m p a q ~ 

aHTHCHMMeTpH'IHYIO no i , m 
0 

'!aCTh BbipalKSHHSI (6) MOlKHO 3anHCaTh 8 

BHll9 

-2it 1mtJt fT((',f)G({,q' 2 )G(T.q 2 )Td,f)+ 
(8) 

~- ... 2.. .. - ... _.. ... 
+21t fT(q',f)G(f,q'l[(s +s )xk] G(l,q2 )T{f,q), 

1m n 1 2 n 

Teneph CHOBa BOCIT0Jlh3Y8MCH COOTHOW9HH9M (2' ), flonaraH B HeM .. 
q 2 - q •2 = 2 /l Ctl H paanaraSI ero no cTeneHSIM K , MOlKHO nony'IHTh 

CJl9liYIOlllH8 TOlKlleCTsa: 

dl : .. ... ... ~ 
f -- T(q',f) G( f, q' 2

) T(r, q) "' 
(2 II')! 

... , ;: it, ~ 
T(q , q) - T (q , q ) 

"' 
2 /l C<l 

10 

( 9) 

,._ 

2 I dl e, rct·.l,Gct. q'~Gct,q 2>rcf.q>"' 
(2 rr )S 

arc:-.;, aTCq',f> f dl trcf•.()G((.q•2)x + p.cu ! 
C2 II') a 11

1 
aq: 

x Lr oct." )rd. If> 1- -._a r rcf'.l>GC(.q ' 2)1 oct. 11 2 )T ct. f> 1 
a t , at, 

( 10) 

.L
2 
f_4_1TC~',{)Gct, q'2)f

1
.,.._L[f!j(i, 112 )Tcf, ~]-f 1 -.a-[T(i''J)G(f: 11 • 1 )]x 

( 2 ,r)3 at m a e m 

X G (t, q I).T ( l. ~) I ... I i 

. 2 .. 

1 
.. _1 r a T(q ·, q- > 

2 . .. m 

( 11) a2
T(q',l) ]+OCcu). 

a. •aq' 11 1 m a 11 a q 
I m 

KaK BHliHO, sTH c·ooTaoweHHSI no3aonHIOT csecTH '!aCTh HHTer:panos B Bhipa

lKSHHH ( 6) K 6eSHHTerpanhHhiM BbipalKeHHHM ( B '!aCTHOCTH, ( 1 0) o6ecrre'IH

saeT Bb!ITOJJH9HH8 T80p8Mbl noy) • 

Y'IHThiBaH (8-10), a TaKlKe CBOHCTBa CHMMeTpHH aMrrnHTYllhl T(q', q) 

npH H3MeHeHHH 3HaKOB q ', q(T(q', q) = TC-q', -q) B CHny HHBapHaHTHOCTH 

OTHOCHT9JlhHO Bpalll8HHJI, a 

arcx.i> 1:.. ... _ .. 
a"Y xc-q 'y .,_q 

arcx",y)l 
ay 

11 
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nepBhie nsa qneHa paano>KeHHSI aMnnHTYJlbi M 11 MO>KHO aanHCBTb B cnenyK>-

1U9M BHJle! 

e e • [ (--L-~)e 
2m

2 
2m

1 tJif' 

aT<ii'.~> 
+ 

at(:·. ii> 
Jq 

+ 

.. 
df a - - 2 - .. $ J---1--r [T(f',f)G(f,q' )]G(r,q 2)T(f,q)-+ fLW 

(2~r)3 ar 

-T(~'.fl G(l,q'2)aT[G(f,q 2 )T(f,~)]l] + 

+ l -~-L ( g - _L -
2 ml I m I 

e2m J ll 
---'2 e m 

I 2 

dt !I .. - :z,. .. .. ) J-- ( T ( q ' , t ) G (t , q ' }! ( s x k ) e x 
(2 rr f 1 

xG(;,q 2)T(f,t>ll+ 11 .. 21 + 

+ ( •til 2nT+ 
I 

e 21L 

2 m 2 

2 

-21 Etmf Jp 

a 2 T(~', q} a 2 T(q',~> 
l I 

aq
1

aq., ·a • a q • ql m 

-'!' -) 
T(q', ~)-T(q 'q ]I 8

1 

k m 

2jLCI.l 

( 12) 

Mo>Kuo npusecTH coo6pa>KeHHSI a non&ay Taro, 'ITO nepBbill na HHTerpa

nos, BXOJlSI!UHX B Bbipa>KeHHe ( 12), y>Ke He CBOJlHTCSI K 6e3HHTei'pA11bHOMY 

BblpB)!(eHHIO ( Mhl He npHBOJlHM 3Jl9Cb TBKOI'O JlOKA38T9/IbCTB8 BBHJlY era I'po-

M03JlKOCTH ), B BTOpOli: ITpHBOJlHTCSI K Bblp8>K9HHIO BI!JlB 

T (q',~) -T (~', q) 
e(ix k)[ ( rrpH yqeTe COOTHO!UeHI!SI (9)) TOJlbKO 

2jlw 

npH OTCYTCTBH.I{ CITHH-Op611T8JlbHOI'O B38HM0Jl9HCTBHSI, 

OnnaKo o6a I!HTerpana BhmanamT ua aMrrnHTYJlbi MY , ecnu HMeiOT 

MeCTO COOTHO!UeHHSI 

12 

_i= _.l_ 
ml m 2 

ll gl- _f!_ + 
m 1 e m 2 

g2 .. -- + 
m 2 

l 2 

(13) 

eJm2p. 
---i 

8 2 m 1 
(14) 

Ho rrpu BbmonHeHHH aTHX ycnosnit aMrrnHTyna My ( C • TO'IHOCTbiO JlO '1/leHOB 

., k ) He COJlep>KHT B0061Ue BH9MSCCOBhiX a4HjleKTOB, 

Mbi celi:qac Bb!ITHmeM SIBHOe Bbipa>KeHue Jl/lSI rrepBbiX Tpex 'lneuos paano-.. 
)!(eHHSI BMIT/lHTYJlb! My rro CTerreHSIM k: , H3 KOToporo nocnenuee yTnep-

lK!lCHHe O'leOHJlHO, 

npensapi!Te/lbHO ycnOBIIMCSI o6 o603Ha'leHHSIX, AMIIJlHTYJlB T(q',i), 

narrpHMep, OBBI!CI!T OT 3Hepi'HH q2 , CJlOHI'B C MllCCOBOii ITOBepXHOCTH 

!l.m
2 

"'q' 2
- q 2 11 enHHH'IHbiX seKTopos t' = q' I q' , v = q/ q 

(H, pa3yMeeTCSI, CIIHHOBblX nepeMeHHb!X) 

T(ij',~) .. T(!l.m 2 ,q2,v',;). 

AHa/lOI'H'IHO T (~ ', q ) "' T ( /1. m 2 , q '2 , J: •, ; ) 

BseneM o6oaHaqeHnSI 

T ( 0, q 2 , ,; ' , i7 ) "' T , T ( 0, q ' 2
, v' , ,; ) .. T ' 

aT(Am 2 ,q2, "t', vl . 
--------1 =T • 

af!.m 2 !l.m 2 o:o 

T( • 2 •2 -.-) a om,q~l 
a A m2 

• 
fl. 2 = T' 

m =o 

a2 T(Am 2 ,q 2 ,;',vl 
--------I m T, 

a(Am 2
)

2 !l.m
2

"'o 

sa 2 T(!I.m 2 ,q' 2
, ;•, t> 

2 2 I .. T' 
a (Am ) !1. m2 •o 

t I k "' •\ k - II I II k ' t ; k "' S I k -· V 'I II; 
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t,t• ·• 3 "a"t'"• -au, "• -a,. 11t -at. "a 

t;t.·3v; ~~~ .,: -a,Jt ... : -a, ... ; -at•"', 

8 STHX 0603H8'1eKHSIX OKOit'18T&nbKbllt pe3yn&T8T Bblr'nSUlBT cneayJOIUBM O()pa-

30M: 

e .. + .... • ... 
Mr·-1-1 e [2q' +L k + lg (• xk) 

2m
1 

m
1 

1 1 
1 G(q'+-i- k, q') 

at • " k, 1 "
2 

k,k_ 
X [ T + ---( t l -- __...._ +- t'. -- --"--L ) + a .. ~ m m, q' 2 81[8 m: q•l 

+.L a2
T 2 t.. t. 

av' a • ml I'D 
m II r 

"' ... 
2 

ktka 

q• 
] + 

aT· " k i 1'
2 

+(T'+ --(-t l -- --+- t mla --2 av "' m1 q 2 m1 

"' 

+-1- a1
T' 

2 a"., a", 
t,ftrn ~ ~ 

m I q 2 

ke.a..)+ 
ll q 

1 X 

.. f.L .... 2 ..,. " - .. .... xG(q-- k,q' )[2q --- k + U I (s 1 x k) 
m1 m1 

; I + 

~(g1 m, 

+ 

e ll - .. - T-T' 
+ --1-I(J xk).e [ 1 + 

m2 21'tu 
1 

" emiL,. ..... • ---
2 1 )[l(s

1
xk)eT +t; (1

1
xk)e + 

e m2 
I I 

m, 

. 
dP ........ 2 .. • - s.. -• f -- T(q'.l)G{t,q' )l(s xk)eG(t,q JT(P,q)1+ 

(2~rl 3 1 

I 
.. .. ... 

+ e 1 .. e
1
,m

1 
.. m

2
,& 1 .. c 2

,• 1 .. 1 1 ,v .. ·l' ,;' .. -~'' 
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X 

• • 1 •• •• 
+(--2 ---)f.!we [q T'-q' T + 

m2 m, 1 ' I 

a i· 
. 

ar ~+ 
q ' 

t t l 
.:...-.-o- -

q 
+---

a" t a "P• 

1 dP ;; - - a - 1 + -
2
- ( -- I T ( q', r, G ( t, q 12 

) -. - [ G (t, q 
1

) T ( , f) 1 -
( 2 IT ) 3 a , I 

a ....... 2 -~ ... !1 
[ T ( q ', f) G ( t, q ' ) 1 G ( f, q ) T (f, q ) I 1 + ---a r, 

+0(k
2

k
0
)+0(k

2
w) 

( 15) 

B BbipalKeKHe ( 15) BXOllHT aMnnHTyaa T npK nsyx pa3HbiX saeprHBX 

(Ha'lanbHOit H KOHe'IHOII), OTnH'ISIOIUHXCSI Ha senH'IHHY SHepr'HH ~OTOKa tu • 

P aanaraa aanee no tu , MOlKKO Bbipa3HTb (15) qepea senH'IHHbi npH OllHOII 

H3 SHeprHit, nH60 K8KOit•KH6yllb npOMelKyTO'IHOito npH STOM B SIBHOM BR-

Ae BOitllyT B ( 15) npOH3BOAHble OT aMnnHTYllbl T no SHeprHH. 

Mbl., OAHSKO, 3AeCb He 6yAeM STOr'O AenaTb. 

V • KpaTKOe o6CylKAeHHe 

1, H3 (15) BHAHO, 'ITO aMnnHTyna TOpM03HOr'O H3ny'leHHSI npH CTOnKKo-

BeHHH ABYX TOlKACCTBeHHblX ( e 
1 

• e I , II I "' II 2 ) 6ecCnHHOBblX ( S s"' S I • 0) 

'laCTHU, BKnJO'IaSI qneHbi nopS!nKa k , onpeAen!leTCSI aMnnHTynolt ynpyroro 

paCCeHHHH STHX 'ISCTHU HS MSCCOBOit noBepXHOCTH C TOM TO'IHOCTbiO, C KOTO-

pOH cnpasennHBO nnH OnHCSKHH HX B38HMOAeltCTBHH paCCMSTpHBaeMoe 3AeCb 

noTeHuHanbKOe npH6nHlKeKHe. 

2. AMnnHTyna TOpM03Horo Hany'leHHH nsyx TolKnecTBeKKbiX 'laCTHU co 

CnHHOM coneplKHT BKeMaCCOBble S$jleKTbl B KOM6HH8UHH 

15 



<c-i>r<ii
1 

+ i 2 Hkx i> i + f·< i 1 + i 2 Hkx i> + 

.. 
+I_!L 

(21r >' 
T ( f ', t) G ( f, q •') ( i

1 
+ i

1
)(k x-;) .)(; (f, q 1 )T(~ ~) ] • 

HHTepeCHO OTM9THTb 0 ~TO lliiH °KII8CCH~9CKHX
0

.~8CTHU CO CnHHOM 

CMbiCIIe KIISCCH~eCKOA S119KTpOJIHH8MHKH 0 B KOTOpOA l • 1 ), STOT ~lleH 

onHTb-T8KH o6pamaeTCH B HYIIb, 

( 1'6) 

(a 

2a. KaK ylKe yKaablsanocb Bhime, ecna MOlKHO npeHetipe~b cnHH-optiH

TanbHhiM B38HMOJieilcTBH9M0 HHTerpall B ( 16) CBOJIHTCH K Bblp8lK9HHI0 0 IIHHell-

HOMY no aMniiHTY ne T • 

0JIH8KO, KSK llei'KO npOBepHTb 0 BHeMSCCOBhie S4JcjleKTbl B (16) npH STOM 

B38HMHO KOMneHCHpyiOTCSI. 

2a, CnHH-optiHTSIIbHbiM B38HMOJiellcTBHeM npeHe6pe~b Hellb3H, HO B38HMo

nelicTBHe COXp8HSieT nOIIHbiil CnHH CHCTeMbl (HanpHMep, pp -CHCTeMa). Toraa 

aMniiHTYJIY T MOlKHO paanolKHTb no cxeMe T· t•P 1 T 1 , rne T 1 - aMnna-
l•o 2 

Tylllil pacceHHHH B onpeaeneHHOM CnHHOBOM COCTOHHHH, 8 pI • pI - npo-

eKUHOHHble onepaTOpbl H8 STH COCTOHHHH0 npH~eM (a l + s2 ) p O • 0, 

B sTOM cny~ae aMnnaTyJia T 0 He aollneT a BbipalKeHHe (16). 3To 

03Ha~aeT, ~TO aMniiHTYJI8 TOpM03HOI"O H311y~eHHH JIBYX TOlKJleCTBeHHbiX ~ac

THU, HSXOJlHBmHXCHJIO B38HMOJieiiCTBHH B CHHI"IIeTHOM COCTOHHBH C TO~HOCTbiO 

JIO ~lleHOB nopSIJIK8 Col 2 , onpeJiei!HeTCH SMniiHTYJIOII ynpyroro pacceHHHH 

STHX ~aCTHU. 

CpaBHeHHe ce'!eHHSI TaKoro npouecca B paccMaTpHsaeMOM anecb npH6nHJKeHii:H 

H npH611HlKeHHH Jloy R03BOIIHT OUeHHTb rp8HHUY npHMeHHMOCTH npH611HlK9HBSI noy. 

CooTaeTcTayJOmHe pac~eThl JIIIH p p -cHcTeMhi 6ynyT nposeneHbl B no-

cnenyJOmax pa6oTax. 

3. l.faCTHUbi 1,2 He TOlKJieCTBeHHble 

B STOM Clly~ae nOSIBIISI9TCH eme OJ1H8 KOM6HH8UHH BH9M8CCOBbiX sljlcjleK-

TOB: 

16 

1 
·~ 

ll·l· CPIIPII-IIUI,MI!~IIli..,._I ____ P!IIIIIIII"-'" n 

q 1 T'-q; T+ 
at· tt1 aT ---avr q oil; q, 

t ,, 
+ 

+ _t_ r 
2 

... 
df ... .. 2-. a .. 

~IT('', t)G(P, q' 1~[ G(t, 
(2,) ar, 

2 ... !l 
q ) T (f, q ) ] -

a lfiS ...... 2 - 2 .. ~ 
--.--[T(q.',f)G(l,q' )lG(t,q )T(f,q)} 

iJ , I ( 17) 

KaK ylKe YK83biB8110Cb 0 HHTerpan B Bblp8lKeHHII ( 17) He CBOllHTCH K Bl>l-

paJKeHHIO THna OllHOKpaTHOI'O paCCCHHI!Il, 

CymecTaeuuo, ~To HHTerpanbHhie BHeMaccoBhie 
S<jltpeKTbl B (16 - 17) -

·OAHOI'O nopHAK8 C JlH<jl<jlepeHUH811hHbiMH, H STO YCIIo:lKHHeT nony'leHHe HH<jJOpMa-

UHH 0 ROBeaeHHH 8MniiHTYil ynpyroro p8CC9HIIHSI BHeMaCCOBOii noaepXHOCTII. 

VI • 3aKIIJO'IeKHe 

Ha nposeneKKoro aKanaaa cneayeT, 'ITO a aMnnHTYllY TopM03Horo aany

'leKHH B KOM6HH8UHH C llH<jl<jlepeKUHSIIbHblMH BHeMSCCOBbiMH 3~KT8MH 0 KOTO

pbie npeJ1CT8BIIIIIOT KenocpeJlCTBeKKblll HKTepec, BCeraa BXOJ1SIT HKTerpallbKble 

BKOMSCCOBble 3~KTb10 KOTOpbla TPYllHO HKTepnpeTHpOB8The 

B TOM Clly'lae 0 KOI"J18 ROCII9JlKHe no K8KHM-IIH6o npR'IHKSM Bblp8lK810T

CII 'f:epe3 nepBble0 RpOHCXOJlHT B38HMH8SI KOMReHC8UKII BH9M8CCOBhl.X S<jl!peKTOB 

B ROIIKOil 8MniiHTYJle TOPM03KOI"O H311y'leHHSie 0JlKHM H3 npHMepOB TSKOli KOM-

neKC8UHH SIBIIH8TCH TeopeMa /loy • .Qpyrae RpHMepbl paCCMOTpeHbl B HS-

CTOHtUell pa6oTe. Mo>KHO llYM8Tb, '1'1'0 Cll91111HKOe YTBeplKAOHHe HOCHT o6mHli 

XapaKTep H CRpaBeJIIIHDO BHO POMOK pacCMOTpCHHOI'O 3ACCb ROTeHUH811bHOI'O 

RpRiinlllKeHH He 

Aat'op .6narottapaT II.H.llarmnyca aa o6cy>Kneuae aaTpoKyTbiX B pa5oTe 

OCo .. II S.M. ronOBHHa 38 o6cyll<lH!HHe peaynbTaToa. BORp "' 

/'<'#~~~}t\:J .. . ., ' 
.-ji~~':Jlg:;wp;'¥:.•\· (' n 
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