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E r'8HOB8 VI . A ., lli HpOKOB M. VI . P 2-3929 

3ne K T pOH , UHITOnbHO B38H MOueiic TBYIOIUH H C tPO T OH 8MH. 

¢H3H~eCKHe orrepaTOphl pOMUeHHR-yHH ~TOMeHH H 

P accMa T pHaae T CR Monenb: He p e nRTHBHCT CKH H sne K T p OH B o c u H n n srTopH o li 

RMe Ul-!llOnb HO B 3 8HMOUe HC T ByeT C K B8 HTOB8 HHb l M s neKT pOM8r'HII T Hbi M ITOne M , 

nony~ e Ha K OprrycKynRpH8R HH T epnpe T 8 UH R MOUem l , OTnH~810IU8 RC H O T 06bi~HOli 

( " r' onbie " ~aCTHUbi) . B aKyy M HOBbiX onepa T opoa po•neHHR-yHH~TO>KeHHR ljloTo

HOB COBTi anaeT C tPII 3H~eCKHM BaKy y MOIVI . npouecc "OC U HnnRT Op B03 6yM naeT C R 

H K TOMY >Ke H C TiyCKaeT tPH3H~eCKHH ljJO T OH" O T Cy T C T Bye T naMe K8K BHp T yanb

H b i li . VI MeeT cR y Kaaa Hne H a T o , ~To B cny~ae · noKa nbHOr'O aaaHMonelicT Bn R n o c 

ne B B eUeHHR ljJH3H~eCKHX OITepa TOpOB B T e Op HH H e TI ORBn ReTCH paC X OUH M OC-

T e li . 

Ope npHHT 06be):IHHeHHOrO HHCTHT)'Ta SI):IepHbiX HCCJie):IOBaHHH. 

~y6Ha, 1968. 

Jeganova I.A ., S hirok ov M .I. P 2- 3 929 

Electron-P hoton Dipole Interacti o n. Phys ica l Productio n
Annihila tio n O perators 

A model i s bei n g con s ide r e d when a non-rel a tivis tic e l e ctr on in 
the o s c illa tor well i s in a dip o l e i n te r a ctio n w ith the qua ntized electro 
magn e tic fi eld . A corp usc u l a r i n terpretation o f the m odel h as been o b
tained w hich diffe r s from the o rdi nary one ( "bare" parti c les). T h e va 
c uum o f the new operator s of the photon p r oduction- a nnihila tion coin
cides w ith th e p hysica l v acuum. The process , "the oscilla tor i s ex
cited a nd the r e t o e mits a physica l photon", is absent e v e n a s a 
virtua l one. It i s p o inte d out that in case o f the l ocal inte raction after 
i ntroducing the phys i cal ope r a to r s there a ppear no diver gences in 

the theory. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1968 
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KoprrycKynsrpHasr HH1 

MHHax "r'onwx" HIIH MaTe 

IIOSIBIISIIDmHMCSI B Cn y q ae 

TOr'OHaiibHOCTb " rono r o" 

paTopa B3aHMOABHC TBH SI 

~OKOBCKOI'O IIpBACT aBn eH 

VI MBBTC SI HaAB)KAa y 

OIIepaTOpOB pO)KABHHSI-yH 

TiepBOB HX CBOHC TBO: B C 

I'aMHilbTOHHa Ha C Ha HMB. 

BOBaTb (KaK H3BBC THO, B 

3Hqec KHM). Cpa3y Or'OBO 

Hb!B AIISI OIIHCaHHSI ~H3Hqe 

KO IIpH t=±oo ( c p. in

qT06hl B J:'BH3BH6ep i:'OBCKC 

IIHCb CB060AHbiM ypa BHB I 

Ha6opa aanbHBHWHX Tpe6 

"$H3HqeCKHX" OIIe p a T Op OB 

3biBaB TCSI HBIIpHI:'OAHbiM 

HaATH onepaTOphl, YAOBII 

a ) OnepaTopbi HMBI< 

BTCSI onepaTOp qHCIIa q a< 

TBpnpeTaUHH. 



BseaeHHe 

KoprrycKynRpHaR HHTeprrpeTaUHR TeOpHH rrong C B3aHMOAe~CTBHeM B Tep

MHHaX "ronbiX" HnH MaTeMaTH'IeCKHX 'IaCTHU DpHBOAHT K MHOrHM TpyAHOCTRM, 

DORBnRIDIDHMCR B cny'Iae nOKanbHOro B3aHMOAe~CTBHR, K HHM OTHOCRTCR Op

TOrOHanbHOCTb "ron oro" H "tPH3H'l:eCKOro" BaKyyMOB, HecymeCTBOBaHHe ODe

paTOpa B3aHMOAeHCTBHR B rHnb6epTOBOM rrpOCTpaHCTBe KaHOHH'l:eCKOro HnH 

tPOKOBCKOrO rrpeACTasneHHR "ronhlX" orrepaTOpOB, paeXODHMOeTH H T,D, 

l1MeeTCR HaAe)KAa yCTpaHHTb 3TH TPYAHOCTH rryTeM BBeAeHHR B TeOpHID 

orrepaTopos PO*AeHHR-YHH'ITO)KeHHR "oaeTbiX" HnH "!lJH3H'l:eeKHx" 'l:aeTHU/1 I. 

flepsoe HX eBOHCTBO: B tPH3H'l:eCKOM BaKyyMe ( Co6eTBeHHbl~ BeKTOp nonHero 

raMHnbTOHHaHa e HaHMeHbliiell: 3HeprHell:) TaKHe 'l:aCTHUbl AOmKHbl OTeyTeT

BOBaTh (KaK H3BeCTHO, BaKyyM "ronbiX" 'l:aCTHU 06bl'IHO He eosrraaaeT e tPH-

3H'l:eCKHM). Cpaay orosopHMeR, 'ITO Mhi HMeeM B BHAY orrepaTophi, npHroa

Hhie ang ODHCaHHR tPH3H'IeCKHX 'l:aCTHU B niD60~ MOMeHT BpeMeHH, a He TOnb

KO rrpH t = ± oo (ep, in-, out-orrepaTopbi), Mbi He 6yaeM TaK*e Tpe6osaTb, 

'IT06bi B re~3eH6eprOBCKO~ KapTHHe HaliiH "!lJH3H'l:eeKHe" orrepaTOpbl DOA'IHHH

nHCb eso6oaHbiM ypaBHeHHHM /2/. B nHTepaType rroKa HeT o6merrpHHHToro 

Ha6opa aanhHe~liiHX Tpe6oBaHH~ HnH yHHBepeanbHQ~ peuerrTypbl HaXO)KDeHHH 

"dm3H'l:eeKHX" orrepaTopos 11 •31 • A To, 'ITO eeTb (eM,, HarrpHMep, 111 ) oKa-

3bisaeTeR HerrpHrODHhiM ang Harne~ MoaenH (eM, paaaen 2). HaM yaanoeb 

HaRTH OrrepaTOpbi, yaosneTBOp5110IDHe eneayiOIDHM Tpe6osaHHRM: 

a) OrrepaTOpbl HMeiDT KaHOHH'l:eCKHe KOMMyTaUHH. TaKHM o6pa30M, HMe

eTeH orrepaTOp 'IHCna 'l:aeTHU, He06XOAHMblH AnH BeRKO~ KOprryeKynHpHO~ HH

TeprrpeTaUHH. 
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6) ilpyroe Tpe60B8HHe OCHOBb!B 8eTCSI HB TOM tPBKTe , 'iTO II011Hblit I"'8MH1IbTO-

HHBH MOLleliH H MO)!(HO LlH8I"'OH81IH30B8Tb t T,e, HaitTH T8KHe OIIepaTOpb! pO)!(-

LleHHSI "+ 
acu " H YHH'iTO)!(eHHSI a W t 'iTO J " " H"' dcu • W aj;, a w • Ono ¢opMy1IHpy-

e TcH cnenyJOlUHM o6pa3oM: 

¢H3H'ieCKHe orrepaTopbi pO)!(LleHHH (cooTBeTCTBeHHO yHH'iTO)!(eHHH) 

"+ .... , 
Ll011>KHbl Bblp8>K8TbC Sl TOllbKO 'iepe3 orrepaTOpbl 8 W ( COOTBeTCTBeHHO 8w ) , 

IIPH 'ieM 11HHeHHO. 3TO rapaHTHpyeT COBIIBLleHHe tPH3H'ieCKOI"'O BBKyyMa C BaKy

YMOM ¢H3H'ieCKHX orrepa TopoB . B rrpenenax a Toro Tpe6oBaHHH OT11H'iHe ¢H3H

'-IeCKHX onepa TOpOB OT OIIepaTOpOB "rOllb!X" Ll01I)!(H0 6b!Tb MHHHM81IbHbiM, 

06bi 'iHOH Ue11bl0 TO'iHO peUiaeMb!X MOLle11eH SIB11SIIOTCSI MeTOLlH'ieCKHe 38-

LlB'iH TBKOI"'O THna: CpaBHeHHe TO'iHOI"'O peUieHHSI 3aLla'iH pacceSIHHSI tPOTOHa H8 

9118KTpOHe C peUieHHeM IIO TeOpHH B03MylUeHHH H C HCII01Ib30BaHHeM "¢H3H

'-IeCKHX" H11H "ronwx" onepaTopoe. CpenH HHX oco6wA HHTepec npencTaBnHeT 

HaXO>KLleHHe TO'-IHOI"'O BpeMeHHOI"'O 3aKOHa BblCBe'iHBaHHSI B036y>KLleHHOI"'O COC

T OHHHSI 9 11eKTpOHa, B 9TOH MOLle11H T aKoe COCTOHHHe MO>KHO IIpHI"'OTOBHTb IIy

T eM 6hlCTporo H3MeHeHHH KOHCTaHThl OCUH1111HTOpHOI"'O IIOTeHUHana Ll11H 911eK-

T pOHa, 

B HaCT05!1UeA pa6oTe Mbi paccMoTpHM T011hKO HeKOTOpbie Ba)!( 

H Ne Ka'ieCTBeHHhle LlHH8MH'ieCKHe ' C11eLlCTBHH tPH3H'ieCKOH KOpiiyCKY11HpHOH HH

T epnpeTaUHH, CM . P83Lle11 3. 

I . 0rrHC8HHe Mo,aenH 

M orwnr, npenno>KeiW B a H KaMneHoM 
141 u onnCbiBaeTCH r aMH11b TOHH 8HOM : 

1 ... ... 2 
H=-- [p-eA] + 

2m 0 

m K 
0 

2 
f'2+Hph' 

1 -+2 -+ -+ -+ 2 
H h = - J( E ( x ) + ( rot A ( x ) ) d; 

P 8rr 

( 1 ) 

(2) 

B KB8Llp8THOH CK06Ke B ( 1) A 6epeTCH B TO'iKe f = 0 , T,e, B UeHTpe IIO-

T e HUH 8 118 ( JID'ia110 KOOpLlHH8T), a He B TO'iKe H8XO>KLleHHH 911eKTpOHa -; • 3To 

ll HD3biB8eTCH LlHII011bHbiM npH611H>KeHHeM . f1pHH5!Tbl TBKOe eL!HHHUbl, 'iTO h = 1 

H C = 1 2 
m 0 K I eCTb K09 tPtPHUHeHT ynpyrOCTH OCUH1111SITOpHOH CH11b! , J!lc-

II011b3yeTCSI nonepe'-!HaH H11H C011e H OHLl811hHaH KanH6pOBK8 911eKTp OM8rHHTHo-

ro rroTenunana div A = 0 . 

4 

Yrrpome Hne LlHII011h H OI 

pa3n o >Ke HHH orre p a Topa A 

...... 00 4 
A(x)=fk

12
dk l: v-"-

o LMr 2k 

MHO>KHTe nb y4rr /2 k BB< 

UHH Ll11SI OIIepaTOpOB a 

[ 8 r 
I<LM 

3ne cb L = 1,2, ... 

r' -
, 81< 'L 

r - e • 

(m) MynhTHrronH, Oc TanM 

(2,43) , (3,3) , (1,17) H Ll~ 
-+ 

B A (0) WHI"'VPHPVJO' 

8 (e) ( 3 H 8 'iOK (e) 
I<LM 

H Hf 

.. 
A(O) I k 

2 
dk l: ..; 

M 

... 
M -1, 0, 1 eo 

0K83hlB8e T CH YLl06H 

HyMepOBaHHble LleKapTOBbl 

MH - 1,0,+ 1: 

8 I< z 81<0 81< z ( 8 I< ' 

H nanee BMecTo 8 H 

+ 
q l<m= ( 8 I<m+ 8 k m ) /y2 ; 



'e 0 'ITO TIOllHbllt !"'8MHllb TO

~H TBKHe onepaTopbi po*

,+ ;: , 0HO <)JopMynHpy 
W W 

;TBeHHO yHH'ITO)KeHaH) 

( COOTBeTC T BeHHO ;W ) , 
l eCKOI"' O B8KYYM8 C B8Ky

Je60B8HRH OTllH'IRe <jJH3R

:o 6bi Tb MHHRM8llbHb!M, 

HIDTCH MeTOAR'IeCKRe 38-

l'IR paCCeHHHH <jJOTOH8 H8 

acnonb30B8HReM "<)Ja3a

JH HHTepec npeACT8Bl1HeT 

IHH B036Y*AeHHOI"'O COC-

MO)KHO npHI"'OTOBHTb ny

' 0 TIOTeHUH8l18 AllH sneK-

TOllbKO HeKOTOphle 88)1{ 

C KOH KOpnycKynHpHOH HH-

3BeTCH I"'BMHllbTOHHBHOM: 

h • ( I ) 

( 2) 

r = 0 , T,e. B ueHTpe no-.. 
leHHH sneKTpOH8 r • 3TO 

T BK Oe eAHHRUbl, 'ITO h = 1 

lCUHllllHTOpHOit CH llbl, l1c-

5pOBKB sneKTpOMBI"'HHTHQ-

YnpomeHae ARTIOllbHoro npa6na)KeHHH BbiHBnHeTCH npa acnonb30B8HRH 

pa3no*eHRH onepaTopa A no sneKTpa'leCKHM H M8I"'HRTHbiM MynbTHnonHM / 5 / : 

(3) 

MHO)KHTellb y4rr /2 k BBOAHTCH AllH TOI"'O, 'IT06bi HMeTb npoCTbie KOMMYT8-

UHR AllH onepaTOpOB a 

[a r 
ltLM (4) 

3AeCb L = 1,2,... r -eCTb HHAeKC 3lleKTpH'IeCKOI"'O (e) HllH M8I"'HHTHOI"' O 

(m) MynbTRTIOllH, 0CT8llbHble 0603H8'1eHHH A8IDTCH <)JopMyl18MH (2.63), (2,64), 

(2,43), (3,3), (1,17) H Ap. y Poy3a 
151 • .. 

B A (0) d>HI"'VPHPVIDT TOllbKO LIHnonbHbie s neKTPR'IeCKHe oneoaT OPhi 

a I 8
) ( 3H8'10K (e) H HHAeKC L = 1 A8nee Mbl onycKaeM) ; 

ltLM 

.. 
k 

2 
dk v:!:!!._ 1 1 ... .. • + A(O) f l: -=-[~MaltM+eM altM 1, 

M k y3 J1 
(5) 

... .. ... ... 
M = -1, 0, 1 eo = e .. e± 1 = -(; ± i e Y )/ v2. + X (6) 

0Ka3biBaeTCH yA06HbiM BBeCTH onepaTopbi PO*AeHHH-YHH'ITO* eHHH, 3a-

HyMepOB8HHbie AeKapTOBblMH npoeKUHHMH X y 0 Z , 8 He UHKllH'IeCKH-

MH - 1,0,+1; 

a k" (a k, -1- alt ,+ 1 )/ V 2 

H A8llee BMeCTO a H a+ BBeCTH spMHTOBCKH e onepaTOpbl 

+ -
q It m = (a k m + a It m )/ Y 2 ; Pit = i (a+ - a It m) / y2; m = x, y, z • 

m ltm (8) 

5 



-

CooTBeTCTBYJOIUHe (4) KOMMYTBUHH AnH HHX HMe!OT BHA: 

n ocne 3 TOI'O 

(qkm'pt'm'] 

00 

8 ( k - k ') 

k 2 

-+ 
A(O) J k 

2 
d k 

2 

0 yj ~rk 

8 , 
m m 

I.-;mqkm" 
m 

{9) 

(10) 

Mb! BHAHM , 'ITO C aneKTp OHOM B38HMOAeHCTBYIOT T OnbKO aneKTpH'IeCKHe 

AHITOflbHb!e cpOTOHbl. B BHAY 3 T OI'O B nanbHeHIUeM AOC T8TO'IHO COXpaHHTb TOnb
d 

KO aneKTpH'IeCKYIO AHITOflbHYIO 'I8CTb OT H ph (nepeMeHHbie cpOTOHOB Bb!CIUHX 

MYflbTI!ITOflbHOCT eH OTnenHJOTCH K8K CB060AHbie x) ) 

d 1 
00 

H =-2- J k 
2 

d k I. k(a+ a +a a+)= 
ph M kM kM kM kM 

0 

( 11 ) 

1 I k 
2 

d k k ( -+ 2 + ;2 -2-
0 

q II: II: 

-+2 2 2 2 
q II: "' q II: X + q ky + qt .. ( 12) 

HaH6onee cepbe3Hoe oTnH'IHe MonenH BaH KaMneaa OT HaCTOHIUeH. anexTpo

AHHaMHKH OAHOI'O aneKTpOH8 38KnJO'I8eTC51 B AHITOnbHOM IIpH6nH*eHHH. 0TnH-

x) 
no3TOMY ~OCTBTO'lHO 6blfl0 6bi p8CCM8TpHB8Tb p83nOJKeHHe A(11) TOnbKO 

no aneKTpH'leCKH M ~nnonbHbiM BeKTOpHbiM t/JyHKUHRM. BMecT o 3 T o ro BaH KsM

neH /
4 / nOllb3yeTC!il ps3nO>KeHHeM no t/JyHKUH!ilM sJn /tzfz 

1 
He o6nS~8101UHM 

cao:ttc r aoM nonepe'IHOCTH . Ha.ane>KBIUBH nonepetiHOCTb A o6ecneqHBBeT CH 

B3HTHeM .,nonepe'iHOJI tiBCTHI/f a r oro pB3flO)I(eHHH. O.anaxo coora eTCTBYJOlllHe 

onepsTopHbie K03cpcpHuneHTbi ps3noJKeHHH y B aH K sMnens onHCbiBBIOT H t/JHK

THBHbie npO~OnbHb/e cpOTOHbi. J1Me!il uenb/0 nony'leHHe t/JH3H'leCKHX onepBTO

pOB pO>KtleHHH- yHHlfTO.>KeHHR c/JOTOHOB1 Mbl P,Ofl>KHbl C ClJMOrO HB'iBnB HMeTb 

,aeno TOnbKO C nonepelfHbiAIH t/JOTOHBMH H npHMeHHTb HMeHHO p83flO>KeHHe 

(3). 

6 

'!He 6yneT Mano, ecnH 

pa3Mep OCUHflflHTOpa 1 

My, 'ITO ccpepH'leCKHe cp) 

paBHbl HynJO B T O'!Ke X 

CH CTOnb 6onbiUHe k 

(H rrpeae6pe'lh sceMH 

He cpHrypHposanH Bee M: 

!UHX 

C M. 

k • Mo:>KHO C'!HT, 

¢opMyny {2) s rn. 

06pe3aHHe f ( k ) r. 

Torna 

AOK 

k ma. 

/( 1 

noTeHUH8nbH851 3H 

m o I<~ 
-2- f 2 .. /( 1 

aon:>KHO 6hiTb MHOI'O 6on 

T a KHM o6pa3oM, 1 

HHH cpOTOHOB ( 'I8CTOTbl 

HnH MeHbllleH 'I8CTOTbl) 

nyqaeTCH, 'ITO k < 
max 

TpOH8 He IIpHBeneT K 6 

OnaaKo MO:>KHo rrp 

HHTep eCOB8T bC51 MOAenbK 

BOH a neKTpOAHH8MHKe. 

-+ -+ -+ 
3aMeHhi A (r) Ha A (0: 

oKono TO'IKH 0. EcnH o 

6oTe 3aua 
161 , To MbiC 

H8 aon*HO OITHCbiB8TbC! 

anH TeX BpeMeH, ITOK8 : 

pacceRHHe cpoToHa Ha a 

HHH K OITbiTY). 



(9) 

( 10) 
m 

) T TOITbKO S ITeKTpH'leeKHe 

raTO'IHO eoxpaHHTb TOITb-

te HHhie 4JOTOHOB Bbiell!HX 

,+ ) = 
I<M 

( 11 ) 

( 12) 

OT H8eTOHll!e~ SITeKTpO

HOM IIpH6ITH>KeHHH, 0TITH-

m e A_.(:) TOIIbKO 

o a roro B an K aM
ce o6naaai01L!HM 
ecne quaaercH 

OOTBeTCTBYJOlUHe 

HCbiBBIOT H tPHK

"/eCKHX onep8TO-

H8q8 J18. HMeTb 

0 p83JlOJKeHHe 

~ ~ ~ 

'!He 6yaeT Marro, eenH A ( 0) 6rrH3KO K A ( r) B TO'IKax lr'l < f , rae f 
1/2 ~ 

pa3Mep oeUHITITHTOpa , f "' (m O K 1 ) - • A(Q) HMeeT rrpoeTOH BHA ( 5) ITOTO

~r ~ 
a)-lU(x) , MY, 'ITO e¢lepH'IeeKHe ¢!YHKUHH E eeeenH j J ( k r ) , BXOAHll!He B 

paBHhi Hymo B T O'iKe x = 0 eenH J ~ 1 Ho eenH I x I ,f, 0 , TO Hai1ayT-

eH eTOITb 60ITbll!He k 

(H rrpeRe6pe'Ib BeeMH 

1 'ITO apryMeHT j J HeiTb3H 6yaeT e'IHT8Tb M8ITbiM 

J (k X) e J :::::_1 
~ ~ :'\ 

). l-ITo6h i so B3aHMoaei1eTBHH (p A(r,) 

He ¢lHrypHpOB8ITH Bee M Y ITbTHIIOITH, H8AO BBOAHTb o6pe38HHe f(k) rrpH 6orrb-

ll!HX k , MO>KHO e'IHT8Tb, 'ITO OHO rrpOHeXOAHT OT HeTO'IHOeTH 9 ITeKTpOH8 1 

eM, cjlopMyny (2) B rn. I y BaH KaMrreH a 14 1 , 

06pe38HHe f(k) AOIT>KHO 6hiTb T8KHM, 'IT06bi k f << 1 HITH k<< kma:o:•L'f. 

Toraa 

AOK 

k ma:o: 
(13) 

mo =v --
K I K K I 

noTeHUH8ITbH8H 9Hepi'HH s rreKTpOH8 B OeUHITITHTOpHO~ HMe HMeeT ITOpH-

m 0 K~ 

2 
2 

f .. K I 1 T 8K 'ITO ITpH pa3yMHbiX K I << m O OTHOll!eHH e ( 13) 

AOIT>KHO 6hiTb MHOI'O 6 o rrbllle 1, 

TaKHM o6pa30M, Tpe6yeMoe o6pe3aHHe TaKOBo, 'ITO HBrreHHH HerryeKa-

HH5I 4JOTOHOB (qaeTOThl K I ) OeUHITITHTOpOM It paeeeHHH5I ¢lOTOHOB (TOH >Ke 

HITH MeHbll!e~ 'I8eTOTbl) He 6yAyT 38MeTHO HeK8>K8TbeH, 0AHOBpeMeHHO IIO-

k ma:o: << m 0 1 T8K 'ITO HeperrHTHBHeTe Koe OITHeaHHe S ITeK-

TpOH8 He rrpHBeAeT K 60ITbll!HM OlliH6KaM, 

0AH8KO MO>KHO IIpnaep>KHB8TbeH H 'IHeTO MeTOAH'IeeKOH T O'IKH 3 peHHH: 

HHTepeeOB8TbeH MOAeiTbiO eaMOH ITO ee6e , He AYM8H 0 ee eoOTBeTeTBHH KB8 HTO

BOH 9rreK TpOAHH8MHKe, B ee >Ke AITH MHHHM8ITbHOI'O ¢lH3H'IeeKOI'O OITp8BA8HH H 

38MeHbJ A(;) Ha A (0) sneKTpoH aon>KeH 6bJTb XOTb KaK-TO noKarrH30BaH 

OKOITO TO'IKH 0, EerrH OH eso60AHhi~, K8K 9 TO IIpHHHM8eTe5I B 06ll!HpHO~ pa-

60Te ""Rua 
161 

v 1 TO MbieiTHMO eAHHeTBeHHOe OITp8BA8HHe: eoeTOHHHe s rreKTpo-

H8 AOIT>KHO OIIHeb!B8TbeH ITOK8ITH30B8HHhiM II8KeTOM 1 H TeOpH5I I'OAH8 TOITbKO 

AITH TeX BpeMeH, ITOK8 9TOT ITaKeT He errHll!KOM paerrrrbJITe5I ( T8KHM o6pa30M 1 

paeeeHHHe ¢loTOH8 H8 srreKTpOHe B MOAerrH 3HU8 He AOIT>KHO HMeTb OTHOllle

HHH K OIIhlTY), 
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Y'IH T hiB8SI BhiWeCK838HHOe, Mhl 6yaeM OIIHChiB8Tb MOa enb c n e a yJOwH M 

raMHnb T OHH8HOM : 

H ~ -p2 - · · + 
2m 0 

2 
mo K I 

2 

-+2 e 
r ---

mo 

2f(k) .... -. e 2 
2 2f(k)__. 2 d 

( k
2
dk --==:=(P q !t ) + --[[ k dk---:::::=- q!t] + H ph . ( 14 ) 

y 3"k 2mo v' 3"k 

!1 3 ( 14 ) If ( 11 ) BHllHO, 'I T O H rrpeacTaBnSieT CSI B BHUe CyMMhl T peX 

KOMMYTHpy !OwHX raMHnbTOHH8HOB OllHH8KOB OrO BHaa : H = h z + h y + h " • 

ilOC T 8 T O'IHO p aCC M8TpHB8 T b TOnbKO OllHH H3 HHX, H830BeM ero b 

C T a BnSie T C I1 <jJOpMynoii ( 14) 6e3 BeK T OpHbiX C T penoK. 

O H rrpea-

B a a nbHeiiweM M h i ucrronb3yeM apyrue aKBHsan eHT Hhie 3aiiHCH h • Cae-

naeM 3aM e Hbi q -+ q It I k H P -+ pIt I k (H T oraa c ooTse TCTBeHHO 

8 !t-+a!t l k ) • llanee , 

r = _, p I m o , p = q I m o ( 15 ) 

Ti o ny'!HM 

00 

1 00 21 00 

h= h.,- J dk£.(k)(qlqlt)+-- [ Jdk£.(k)qlt] +- Jdk k(q2 + p2 ), 
0 2m

0 0 2 0 It It ( 16 ) 

2 [[_ m K k 
b = - 0

- q 2 + 1 p 2 , t (k) = 2 ef(k-) - , 
" 2 I 2m I 

8 3" ( 17 ) 

( q!t,pk') = i cS (k-k'), Bk=(qk+ipk)/y2. ( 18) 

EcnH s ( 16 ) c a e n aTb e w e 3aMe Hy q It -+ q It Jk' H p It -+ p It I v k , TO 

rron y'!HM 

00 1 00 1 00 

h = h.,-{dk£ 0 (k)(q 1 qlt)+--[fdk £
0

(k)q!t ] 2 +- {dk( P! +k 2 q:), 
o 2m 0 0 2 0 

( 19) 

8 

0TMeTHM, 'ITO Olle 

llYIOWHM o6pa30M CBI138! 

C KOMMYT8UHSIMH (a k, 

<1 1 + 
b = - ( dk k (a E 

ph 2 It 

ak 

C M8TeMaTH'leCKO~ 

THHyanbHOH COBOKYliHOCTH 

CTBYIOillHX C OllHHM llHCK 

SIMe) . KsaHT Bo36y)KaeH: 

2 . cfJH3H'lE 

IIOJJ 

faMHnbTOHIIaH 

MeHHbiX ( Q , Q 
I k 

asyx <jJopM MoryT 6b1Tb ( 

HHM nHHeHHhiM K8HOHH'le< 

T8UHOHHhle COOTHOWeHH11 

3Ta 3aaaqa rroxo)Ka Ha 3 

Hh!X <jJopM K CYMMe KB8ll 

30B8HHe MO)KeT 6hlTb llpe 

( 3 1 ) , ( 3 3) H ( 43 ) , C M. ! 

Tiocne aToro h n~ 

h= _1_ 

2 

00 

I d cu w 



18Th MOJ].enb cne.o.yiOWHM 

' 2 2 f( k ).... 2 c1 
k dk --=:=- qlt] + H h. ( 14) 

y 3 rrk P · 

rCH B BHJ].e CYMMbl TpeX 

a: H = h z + h Y + h ,. • 

>BeM ero h OH npe.o.-

eH THhle 38ITHCH b , C.o.e

Tor.o.a COOTBeTCTBeHHO 

(15) 

00 

fdkk(q2+ p2), 
It 1r. ( 16) 

--, 
3rr ( 17) 

' t)/y2· ( 18) 

00 1 
2 

r dk < P: + k 
2 

q:) , 
0 

(19) 

2ef(k) 
k 

y3rr (20) 

0TMeTHM, 'ITO oneparopbi P 11: , qmrypHpyiOWHe B ( 19) , cne-

+ 
JJ.YIOWHM o6pa30M CBH38Hbl C orrepaTOp8MH pOMJ].eHHH- yHH'lTO>KeHHH a It , a k 

+ 
C KOMMYT8UHHMH (a,, al<' ) =lJ(k -k ') H T8KHMH, 'ITO 

h <1 = _l_ r dk k ( + a+) . 
ph 2 a k a k + a k 1r. , 

pk/y k) /y2. (21) 

C M8TeM8TH'!eCKOH TO'IKH 3peHHH H8CTOHW8H MOJJ.enb COCTOHT H 3 KOH

THHyanbHOH COBOKYITHOCTH OCUHnnHTOpOB 3neKTpOM8I'HHTHOI'O nonH, B38HMOJJ.e li

CTBYIOWHX C OJJ.HHM .ll.HCKpeTHblM OCUHnnHTOpOM (3neKTpOH B OCUHnnHTOpHOfi 

HMe). KsaHT B036y>KJJ.eHHH rrocne,~::mero Ha3oBeM ¢oHOH O M, 

2. <PH3H<£eCKHe OIIepaTOpbi H aHarOH8JIH38UHSI 

IIOJIHOro IIOTeHUH8J18 

faMHnbTOHII B H il HMeeT BHL{ CYMMbl LlBYX KB8Ltp8TH'!Hb!X <jlopM OT n e p e -

MeHHbiX ( q , q , ( p , p 0 < k < oo . MaTpHUbl 3 TH X 
1 k 1 k 

LtByX <jlopM MOI'yT 6hlTb OJJ.HOBpeMeHHO IIpHBe.O.eHhl K JJ.H8I'OHBnbHOMy BHJJ.y OL{-

HHM nHH8HHbiM K8HOHH'l8CKHM npeo6pa30B8HHeM ( T.e. COXpaHHIOWHM KOMMy-

T8UHOHHbl8 COOTHOllleHHH Me>K.O.Y q H p ): 

" Q q I p = Pp. (22) 

3Ta 38}:{8'!8 ITOXO>K8 H8 38L{8'!Y OJ].HOBpeMeHHOI'O IIpHBeLteHHH LlBYX KB8JJ.p8TH'l

HbiX <jlopM K CyMMe KB8Ltp8TOB, HO He TO>KJJ.eCTBeHH8 ei\ , V!CKOMOe rrpeo6pa-

30B8HHe MO>KeT 6hlTb rrpeLtCTasneHO K8K IIpOH3BeJ].eHHe rrpeo6pa30B8HHH (29), 

(31), (33) H (43), CM. aanee . 

nocne 3TOI'O h 

h= _1_ 

2 

IIpHo6peTeT B H JJ. 

9 

(23) 



npeoopa30B8HHe (22) oyneT K8HOHH~eCKHM, ecnH H nnH HOBbiX onepa-

TOpOB oyneM HMeTb [q~, ;y J i Bp.- v • Torna 

i Ba-~= [ qCl • P~ 1 =[ Qal' Clp.' p~Y; 11] = i Qal' p ~I' (24) 

Hnli QPT =1 B MBTpli'lHOM 0003Ha~eHHH, KpoMe TOre, Q H p AOmKHbl 

" ObiTb nelicTBHTenbHbiMH, ~TOobl q li p oblnH spM!iTOBbiMH, 

E cnli obi <)JopMbl OT q li p !i3 KOTOpbiX COCTOHT b , Obinli OAH-

HBKOBblMH , TO 11p!iBeAeHiie HX K CyMMe ( TO~Hee K liHTerpany) KBBAp8TOB MO>K-

no obmo obi ocymecTBHTb OAHHaKOBbiM npeoopa3oBaHHeM q H p • PaseH-

C T BO 

11 p 

T. e. 

pe3 

-1 T 
P=(Q ) =Q 03HB~aeT, ~TO OAHH8KOBOe npeoopa30B8HHe Q 

HBnHeTCH opToroHanbHblM, B aTOM cny~ae 

1 1 " " a=--(q+ip)=--(0q+i0p)=Oa, 

..;2 ..;2 

Bhlpa>KaeTCH TOnbKO ~epe3 onepaTOphl yHii~TO>KeHH51 
"+ 
a • a 

"+ a , 1i HBOOOpOT, noCKOnbKY cpOpMbl B h HeOAHH8KOBble, 

(25) 

HO He ~e-

CM, (16), 

T O a w B (23) BblpB>K8eTCH K8K ~epe3 li a I (orrepaTop yHH~-

TO>Ke !IIHI <jJOHOHB) , TBK 11 q e pe3 a+ 
k 

alt 

+ 
a I nosTOMY BaKyyMHblH BeKTOp 

orrepa Topa a w , HBnHIOIUHMCH <jJH3H~eCKHM BBKYYMOM, He COBllB!lBeT C B8-

KYYMHbiM seKTopoM orrepaTopos ak H a I , H OHH He HBnHlOTCH "<)JH-

3Ht..IeC KMMH" • 

fpHHoepr H ill seoep 1 1 1 onpeaenHnH <jJH3H~ecKoe ("one Toe") onHo~ac

TH~Hoe COC TOHHiie KBK HeKOTOpbiH TIO!lXOAHIUHH COOCTB eHHbiH BeKTOp nonHero 

f'llMHnbT OHH8HB , CM , T8K>K e l 3 l , 

B cny~ae MOnenH CKBnHp Horo nonH, B38HMO!leMCTBYlOIUero CO CT8THC-

TH'leCKHMH HyKnOHBMH , llOAXOAHIUHM nnH <jJH3H~eCKOro O!lHOHyKnOHHOrO COCTOH-

HHSI MO>KHO obinO obi c~HTaTb coocTBeHHbiH BeKTop H C TeM >Ke oapHOHHbiM 

'li1CnOM, ~TO 1i "ronbiH" HyKnOH. JlnH onpeneneHHH <)JH3H~eCKOrO O!lHOMe30H-

HOI' O COC TOHHJ.J H MO>KJIO Obi nO Obi HCDOnb30BBTb Hanli~He llO!lXO!lHIUero !lHCK-

peTHOrO 3HB'leHHH B CTieK T pe H ( cnenyiOIUero nocne BBKYYMHoro, eM, 
121 ), 

B HBIUeM cny~ae <jJOHOH H <jJOTOH He pa3nH~8lOTCH HHK8KHMH KB8HT~-

BbiMH ~HcnaMH , Cne KTp h OK83biB88TCH ~HCTO HenpepbiBHblM li He CO!lep-

10 

)!OIT HHK8KOI'O !lHCKpe 'I 

ohlnO Ohl HCTOnKOBBTb 

B3B!iMO!leHCTBYIOIUero < 

TaKHM oopa30M, 

Henb351, Eonee Toro, ec 

HOCT!i COOCTBeHHhlX CO 

OCHOBHOM COCT051Hiili 8 

HhlH sneKTpOH He MOI' 

norrpo6yeM HBHTl1 

TBTb HX OrrepBTOpBMH ~ 

cpOTOHOB a v , B BI1D 

BO BBe!leH!ili, 

fli1HeHHOCTb, BO-r 

ni1HeHHOe Bhl08>KeHI1e B 

ll1151M !lnH a (He pae 

E cn11 rroTpe6oBa 

( TpeoOB8H!ie 8) ) , TO 

opToroHanbHbiM npeo6p. 

MOil !lByX O!lliHBKOHhlX 

KOBOe rrpeo6pa30BUH11e 

Klie orrepaTOpbi q 11 

HBKOBb!X cjlopM , XOT51, B 

n 0pecjJpB31ipyeM 3i 

pa30B8HHe OT rrepBOHB'l 

npHo6peno nun cyM Mil 

q 11 p c q 11 p c 

x) 

JIHB'ie rosopn, s n.Jtaj 

recuo nepenneTCHbr ¢ouoH. 

uenoK .anfl roro, T.fT06bl He 

B X8KOM-HH6y,ab CMb!Cfle. 

8H JJB}'X CB>!:Jllf/HblX OCUMnJ 

H8T8X ll{lllHJJMBeT Blf/1 C.)'.\1 

HbJX rnMHJJbTOHHaHoa~ Ka>r 

Cb/BlJeT CDR3811HYJO CJfCT 8!v 

OTHOCftlUlJHCR flllllJb K OIJ.IlO 



~ JIH H ):IllS! HOBbiX onepa-

ora a 

(24) 

TOI'O , Q If p aomKHhl 

pMHT O B bi M H , 

COC TOH T b 1 6 b inH O):IH-

rerpan y ) KB8 .t:lp8TOB MO)I(-

HHeM Q H p • P a aeH-

JBoe npeo6pa3 0B8HH e q 

0 a, (25) 

!T O)I( e HHH ~'+ , HO He q e -

HeO):IHHBKOBbie , CM , ( 16 ), 

a I (onepaTOp yHH'I-

3 T OMY BaKyyMHhl~ BeKTOp 

~OM, He COBnaaaeT C Ba

H OHH He HBJIHIO T C51 "~H-

xoe ("oaeT oe" ) oaaoq ac

: TBeHHhl~ BeKTOp TIOJIHOI'O 

;e11C TBY!Oillef'O CO CT8T HC-

' 0 O.t:IHOHyKJIOHHOI'O COCT OH-

H C TeM )l(e 6apHOHHblM 

I ~H3H'IeCKOI'O O.t:IHOMe30H

n H'lHe no.t:~XO.t:15llllero .t:IHCK

·Cne BBKYYMHoro , C M, 
12 I) • 

8IDTCH HHK8KHMH KB8HT~-

e npepbiBHbiM H He coaep-

-------

)I(HT HHKaKoro .t:IHCKpeTHoro 3Ha'!eHHSI (eM . npHliO)I(eHHe B), KOTOpoe M0)1(H0 

6b!JIO 6b! H CTOJIKOB8Tb KaK C06CTBeHHy10 'l8CTOTY 3lleKTpOHHOI'O OCUHJIJI51TOpa, 

B3aHMO.QeHCTBYIO!llero C TIOlleMX) , 

TaKHM o6pa3oM, onpeaeneHHeM fpHH6epra H Wae6epa Bocnonb30BaTbC51 

Henb351, Bonee Toro , ecnH 6bJ 3TO 

HOCTH C06C T BeHHbiX COCT051HH1l H 

6biJIO B03MO)I(HO, TO BClle.QCTBHe CTa6Hllb

~H3H'leCKHH ~OTOH He pacceHBaJIC51 6bl Ha 

OCHOBHOM COCT051HHH 3JieKT pOHHOI'O OCUHJIJIHTOpa . A O.QHOKpa T HO B036y)I(.QeH

HhlH 3lleKT pOH He MOI' 6hl BhlCBe'!HBaTbCH B OCHOBHOe COCTOHHHe , 

nonpo6yeM HaHTH onepaTOphl, llJIH KOTOpWX HMeJIHCb 6hl OCHOBa HHH C'IK-

TaTb HX OnepaTopaMH YHK'lTO)I(eHHH ~H3H'leCKOI'O ~OHOHB a 1 H ~H3H''!eCKHX 

~OTOHOB a v , B BHne liHHeflHOH cynepn03KUHli a (u , eM . Tpe6oBa~me 6) 
BO BBe.QeHHH, 

J1HHeHHOCTb , Bo-nepBbiX, OKa3biB8eTCH .QOCTBTO'IHOH, H 1 BO- BTOpb!X, He

JIHHeHHOe Bb!D8)1(eHHe BellO 6bi. B006!lle rOROD~. K Hf>KAHOHH'HO>r.KHM KOMMY'I'fl -

UH51M .QJIH a (He paBHbiM C -'lHClly). 

EcnH noTpe6oBaTb, 'IT06b! anH a KOMMyTaUHH 6hlJIH K8HOHH'leCKHMH 

( Tpe60B8HHe a)), TO HCKOMOe Bb!pa >KeHHe a 'lepe3 a .t:IOJI)I(f!O 6b!Tb 

OpTOI'OHBJibHb!M npeo6p830B8HHeM CM. (25), noCKOJibKY (32) HBJIHeTCH CyM

MOH LIBYX O.QHHBKOBhlX ~OpM, a OpTOI'OHBllbHOe npeo6pa30BBHHe eCTb O.QHH8-

KOBOe npeo6pa30B8HHe Q H p , TO 3aKJIIO'!aeM, 'ITO h -Klie onepaTOpbi q H p .QOJI)I(HO Bblpa)I(8TbCH B BH.Qe CyMMbl .t:IBYX O.QH-

HBKOBblX ~OpM, XOTH, B006!lle f'OBOpH, H He.QHaf'OHBJibHblX. 

nepe~pa3HpyeM 3a.Qa'ly: H8.QO COBepWHTb JlliHeHHOe KaHOHH''leCKOC llpeo6-

p830BaHHe OT nepBOH8'!BllbHhlX Q H p K T aKHM Q , 'IT06J.,J h 
npH06peno I:lll.[l CyMMbl JU\yX O,QHHilKOBb!X Q 11 p - <[,OpM ( H8TIOMI!l!M, 'ITO 

q II p c H P CBH3aHbi KaHOHH'leCKHM npeo6pa3oBaHHeM (22)). Danee 

x) 

H HBI.fe roaopR, B LJ.HBrOHBJJH3YIOll1HX h oneparopax s f.Ll H8CTOJJbKO 

recHo nepennereHbJ ¢cn-rOHHbJJ/ 11 rporoHHbie oneparopbi, t.tro Her HHKBKHX aa-

uenox ..anH TOrO, 'lT06bJ U 83B8 Tb B CiJ 1 HBITpltMep, t/JOTOHHbiM OI1Bf?8TOJ?OM XOTb 

D xaKOM- HH6yab CMbJCne. AHanoruifHbiif npuMep: 113BBCTHO, '-ITO raMHJlbTOHH

lJfl llBYX CBJI38Hlfb/X OCUUJlJIHTOpOB D TBK l-l83biB8BMbiX H0pA-t8Jlblfb!X KOOp,au

HBTlJX ITJ1l!HJJJ\18BT Dlffl C.YMMbl IJByX He38BHCI!Mb/X CB060J] Ifbi X OC ilMllnRTOp

HhiX rc1MH llbTOHH8HOB . K8JKJJ8R 113 HOpM8/lbHblX KOOpllHH8T flO cywecray onH

CbiDlleT CBR38HHYJO CHC T eMy B uenoM H He MOJKeT 6bJTb JICT0.7KOB8H8 K8K 

OTHOCR1U8RCR llJIWb K O,Q fiOMy OCIJH /1/lRTOpy. 
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noTpe6yeM (a nop~AKe Haqana ocymecTaneHH~ Tpe6oaaHH~ MHHHManhHoro 

oTnHqH~ oT 'ronhiX* onepaTopoa, eM. 6)), qTo6hi onepaTophi q H p coc-.. 
TO~nH H3 napbl onepaTopoa q 1 H P 1 ( 6yaymHe ¢H3HqecKHe ¢oHOHHhie one-

paTophi) H KOHTHHyyMa onepaTopoa. LlpyrHMH cnoaaMH, xapaKTep cneKTpa co6-

CTBeHHhiX qacToT aon)KeH coxpaH~TbC~. B cnyqae *e 3aaaqH npHaeaeHH~ aayx 

¢opM K CYMMBM KB8Ap8TOB CTieKTp cneayeT HBATH, a He oroaapHB8Tb ero 38-

paHee. 

YiCKOMOe npeo6pa30B8HHe C yqeTOM BhlllleCK838tj,IIOrO MO*eT 6biTb paCTIHCa

C8HO a cneayJOmeM o6meM BHae : 

.. 
ql =eu ql + fdv .;1v qv, Pt'"'"uPI +fdvrrlv Py' 

0 0 

.. 
qt =ft 1q 1+ fdv.;tv qv • 

0 
Pt'"' "tlpl + /dvrrtvPv 

0 

YcnOBH~ KBHOHHqHOCTH Q p T =1 npH STOM HMe!OT BHA: 

00 

"" e-11 "u + f dv .;tv"IY'"'l 
0 

00 

e 11 lr It I+ f d y e IV If k Y 
0 

0 "u'tl+ f dv "1vek11= 0 
0 

... 
e k 1 "It , I + r d v e" ~~ , It 'II = s < k -k , ) . 

0 

(26) 

(27) 

faMHnbTOHHBH ( 19) K BHAY ABYX OAHHBKOBblX ¢opM Mbl npeo6pa3yeM B 

aaa sTana. 

4T06bl caenaTb ¢QpMbl OAHHBKOBhiMH, npe)I(Ae BCero HBAO, qT06bi TIO~BH-

nHCb qneHbl BHAB p I p k • Hy)I(Hbie qneHbi MoryT no~BHTbC~ i<aK oT p 2 

"" 1 

=(rrll 

Llanee 

~ f .. 2 2( .. ( .. 2 
I' I + d Y rt Ill p y ) , T B K H OT pIt= ltk I p I+ d11 fTk y pl' ) . 

0 0 
3aMeTHM, qTo a (19) oTcyTcTayJOT npoH3aeaeHH~ Pt Pk'ck "k'. 

12 

I 
l 

j 

J 

3To caoACTBO *enaTenbHO 

c~ oT KaaapaTa nocneaHer .. 
"tv .; 0 • OT ( "t 1 p 1 

-8(k -v) nonara~ rr 111 = 0 

'11"11'"'1; 

"u.; ltt"" 0 

Yl3 nepaoro H TpeTbero c 

.;tt'=S(k-k') 

nonyqaeM cneay10mee npe 

q I = ~ 

qk 

Baoa~ ero a ( 19), nonyq, 

mo 2 2 h=--e q' +[-
2 I 

.. 
+e Jdk[m 0 .;(k 

0 

1 "" +-[ fdk (m
0
.;(k) 

2 mo o 

PaaeHCTaa ¢opM ace eme 

nocnea HHA qneH a (30)). 

HO TipHBeCTH K CYMMe KB· 

pa30B8HHeM, TO KB8Ap8TH 



aHRSI MRHRM8nbHOrO 

~paTOpbi 'q H P coc-

:'ieCKRe <jloHOHHbie one

xapaKTep cneKTpa co6-

aaa'IH npRBeAeHRR ABYX 

:e orosapRBaTb ero aa-

ro MO>KeT 6biTb pacnRca-

(26) 

111ew= 0 

(27) 

k,) . 

opM Mhl npeo6paayeM B 

e r o HBAO, 'iT06bi ITOSIBR

ITOSIBRTbCSI K8K OT p 2 
oo I - r • 2 

1 P 1+ d 11 "~~:v P11) · 
0 

HH Sl p 1:. p II: , C k -/< k ' . 

I 
J 

' 

3To csollcTBO >KenaTenbHO coxpaHRTb. Ho qneHhi ITO SIB SIT-

CR oT KBaapaTa nocneaHero qneHa B , ecnR 

w
1 

v .f 0 OT ( Irk I p I + oj d II lr k II p II ) 2 OHR He ITOSIBSITCSI, eCnH 

-B(k-v) DonaraR R "~~:v = 8 (It -II ) , R3 ( 27 ) nonyqaeM: 

(28) 

e k a" k '1 + e kk , = 8 ( k - k , ) . 

Yla nepsoro R TpeTbero cooTHOIIleHHll cnenyeT, 'iTO ek 1 - 0 H Torna 

e k k, = 8 ( k - k , ) . BBOASI o6oaHa'ieHRSI e 11!!! e R e lk "' e ( k ) , 

nonyqaeM cneayiOIIlee npeo6paaosaHRe .. 
q 

1 
= e q'1 + r d k e < k > q ~ 

0 

BsoAR ero B ( 19), nonyqaeM 

.. 
+ e I d k ( m 0 e < k > - l < k > 1 .q ' q ~ 

0 a 1 

1 

1 , p .. . -p 
1 e 1 

.. 
' 0 

I dk e < k > p '1 p ~ + 

(29) 

(30) 

PaseHCTBa <jlopM see ellle HeT BBRAY HanH'iRH qneHOB THna npe n-

nocneA HHH "{neH B (30)). YlaseCTHO, 'iTO KB8JJ.p8TR'iHYIO <jlopMy OT q ~ MO>K

HO npRBeCTH K cyMMe KBaapaToB. EcnH s To caenaTb opToroHanbHhiM npeo6-

pa30B8HReM, TO KB81l.p8TR'iH8SI ~OpMa OT pk COXp8HRT BRA CyMMbl ( HHTer-

13 



'-

pana) KBaapaToB, nocKonbKY ee MaTpHua eaHHHqHaH. 3 T o n peo6pa30BaHHe He 

3aTparHBae T q; H p ,I 

, X , 
qk = k ll qJI 

, X , 
pk = kllp ll 

(3 1 ) 

X HaAaeHo B npHno*eHHH 

e we HeH3BeCTHOH ¢yHKUHH 

nocne (3J) HMeeM 

A B BHAe ooooweHHOH ¢YHKUHH , 38BHCHwei1 OT 

,;(k) , TQqHee , OT KOMOHHBUHH rn 0 ~(k ) - t 0(k)X) 

mo h=-e 
2 

q, 2 

I 

2 

+ ( K I + ~ fdk t2(k )]2 p '2+ _1_ jdll ( p "2+ 112 q")~ 
2mo.;2 2t I 2o II v 

+ j dk jd II e ( m O ~ ( k ) - l a ( k ) ] X It ll q; 
0 0 

q:: 00 1 
J dk J dll T.; (k ) X It liP ,I 

0 • 

npe*ne qeM npHp8BHHB8Tb K03¢¢HUHeHTbl np11 q; q~ H p; p " 
II 

HHeM Koa¢qmuu e HThi npH 
,2 

pv 
,2 

H qv 

"' q~ = q I . p; = p l 

q~ q 11 /..jv; P 11 p y ...; y 

f: ocne aT oro h 6yaeT CyMMOH AB)'X OillfHBKOBbiX <jlOpM, ecnH 

x) 

AHanorH'<HYJO 3BJ1B '<Y pewan B a H KaMneH (4). Ho y Hero cneKTP co6cr-

HBHHbTX tfBCTOT k cjJO T OH/Ib!X OCUHJTJlHTOpOB 6bii1 llHCKpeTHblM ( CHCTeMB 

.'1c1KJ1JOL[EJJ18Cb B wap KOHBlfHOro 06bOMB). noaroMy OH HMen .aeno c PRJJB MH 

rnM , rae y HBC cfJurypnpy FO r HHrerpanbi . Bcneacrane a roro ou CMor yxa 

:uJ Tb KOHKpeTHOe Bl•IP8)1{€HJI B 11.1151 X TOJlbKO B cnyqae, KOrtiB K03£/)(/JHUH€HT 

!!{JJI qlc q Jc" 51DJ1RBTCR' H.3BBCTJ-10Jf rrpOCTOif r/JY liKU.H e J1 k ( cnyl-JB11 TO'-lettH0-

1'0 3 J1BKTpOH8) . 3HU /6/ pa60T /JJ1 C H enpepblBHb1M cneKTpOM
1 

0/.l. HFJKO B ero 

pa6ore BHBnorH'<HBH MBTpsmn ( o6o3HB'lBeMliH 'iepe3 M1 11 ) He 6bsn8 HBif-
ne HB, C M . p83J]en 5 8 /6/, 

14 

. 

(32) 

p~ 

cpaB-

(33) 

'-I epe3 w 1 

~Oe-2 
0 2m 

£. j"'d k [ m 
...;;- 0 

ooo3HaqeH. 

1 .. 2 .. 2 
-rcul(qi+PI) 

BBeAH ¢yHKUHIO a ( k ) 

2 -
_Lfdk ..J mo ' 

II 0 

Hcn onb3YH n ocn e a o Ba Te n 

noc ne pMa Bhi Kn a n o K nc 

a ( ll )= - ll t a(v) 

- 2 
..j m 0 ( m0 ' +v ) 

3 T O Hel!HHeHHOe HHTerpc 

nonaraeTC51 , 'ITO B ( a ( 

Mo*HO DPHIH!Tb , qTo 

peWB Tb HTepaUH SIMH 1 np~ 

II 

Cl
0

( v )= -

..j m 0 ( n 

SIBnSieTCH Y*e nocTaT oq H• 

DOACTBBHM e O ( Y ) B 



Ha~. 3To npeo6pa3oBaHHe He 

(31) 

JH ¢YHKUHH, 38BHC~WeH OT 

KOM6HH8UHH m O e (k) - f 
0
(k) x) 

(32) 

J dk Tdv -1 e (k) X p, p, 
O f. kV I V 

H p; p ~ , cpa a -

IX qlOpM, 9CIIH 

Hero cneKrp co6cr

?THbiM ( C HCTeM8 

~tvren aeno c pRtJBMH 

~oro Off CMOr YKB-

?, KOrt!B K03<fuj>HLIHeHT 

( CJ1y'l8Ji TO'le'IHO

.. pOM, OtlHFIKO B ero 

( I J ) He 6biJ18 H8H-

(33) 

2 

--K-'-1 - + - 1-
2 

jdk e (k) .. ~ ; 
2m 0 ~ 2 2 e 0 2 (34) 

e oo .,;y- 00 --= Jdk [ m
0
e(k) -(a (k) J xkv=-T /dk e (k)Xk v· 

.Jv o 
(35) 

'-lepe3 w 1 
0603HaqeHa C06CTBeHH8~ qaCTOT8 3 119KTpOHHOrO OCUHilll~TOpa 

1 <"'2+p"'2) 
-zwl ql 1 

, B38HMOA9HCTBY10Wero C noneM, Tiep e nHW9M (35), 

BBeA~ ¢yHKUHIO a ( k ) = [ m 0 e ( k ) - (a ( k) l I .Jm 0 : 

Ylcnonb3Y~ nocneAOBaTellbHO ( A.2), ( A .6) H onpeAeneHHe A ( 11 ) B ( A.5), 

noc ne pAAa BhlKIIBAOK nonyqHM 

V £a (v) 
a ( v)= -------- + ------

P F dka(k)[a (v)£ (k) -a(k)£ (v)l 
0 k2-li2 a a(37) 

3To HenHHeHHOe HHTerpanbHoe ypasHeHHe All~ a ( v ) • B ABilbHetimeM npeA

nonaraeTc~. qTo B r a ( k) sseAeHo o6pe3aHHe f(k) = 1' / ..;· 1-1 
2 

+ k 
2

, CM . (20). 

MOlKHO TIPHH~Tb, qTQ 1 
CM . P83Uell 1. Torna (37) MOlKHO 

pewa Tb HTepauH~MH, npHqeM HYJJesoe npHOIIHlKeHHe 

a 0 (11)=- -------
(38) 

~an~eTc~ yJKe nocTaToqHo xopowHM, TionpasKy K (38) oueHHM noToM , a ceiiqac 

TIOUCT8BHM e O ( V) B (34): 
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m 0 e 4 

2 

_K_l + f 
m o o 

e 4 f2a ( k) 
dk 

( moe2+k)2 
(39) 

He OCT8H8BnllBBHCb Ha aaaa~e H8XOMaeHllH nonOMHTenbHOro KOPHH e 2 ( e 
B (29) aonMHO 6WTb aeACTBHTenbHWM) STOrO Tp8HCUeHaeHTHoro ypaBHeHH~ 
npHBeaeM peaynhTBT 

f2 ~ (1+~), (UI 

mo 

~<~ 
2 

,.,. 
( 1 + 

mo 

2 
moe =K1(1+~), 

(40) 

6 
e

2 -~1.1.-) « 1 
K 1 

Y:acToTa w 1 H3Me HHnBCb no Cp8BHeHHIO C K I 1 H STO HBnHeTCH eLlilHCT-

B8HHOH "nepeHOpMHpOBKOfr" B H8CTOHIUei\ MOL1en11, 

T enepb MOMHO oueHHTb nonpaBKY K a~ ( 11 ) , noacTaBnHH - k t 
0
(k )/ 

-:----:-
v'mJwl+k)BMeCTO a(k) B npaBy!O ~8CTb (37). nonyqaeTCH rpOM03K8H QJYHK-

8 e 2 IL 
UHH OT II , BO BCHKOM cny~ae MeHblU8H1 ~eM a (II) --- - « a O (II). 

o 3" m o 

HaKoaeu, KoaQxl>HUMeHT npH q 1 q 11 H ;, ;"' paBen 

j----;;;- "" 
E("'l=e --0 

fdka(k)Xt ,_, 
"' 0 

~ 
= e .; ____!!._ __ a ( "' ) 

"' 
rr2a4("') I 

411 2 +(l+rrA(Io')/211)2]-I!_Jcu1 Vilta(v) (41) 
m o cu 1 +v 

Vicnonh30B8HO (A .2) H (A ,8) H Bb!DHC8H TOnhKO HyneBOH nopHLlOK , Tiorr-

PBBKH K HeMy O~eHb Manw. 

VITaK, Mhi nony~11n11 cneay'IOmee BhipaMeHHe raMUnhTOHHaHa ~epea cpH3H-

'leCKHe onepaTopw: 

cu II::S II::S 1 OC) 11:$ '=I 00 ~ «:: c:s ~ 
b = _ _ I ( p ~ + q ~ ) + -2 f dll II ( p2 + q 2) + ( d II E (II) ( q I qll + pI pll J • 

2 0 )I ll 0 

(42) 

npHB8LleHHe ero K BHLlY ( 23) ( "aHarOHBnH38UH K") Terrepb MOMe T 6hi T b Bhl-

16 

rronaeao opToroaanh Hhi M 

q= 

Hec KonhKO aaMe~aH 

ae BCero OTM8TllM 1 ~TO J 

PBTOPV CM. (15), 

TOnbKO ~epea qk . n 
paTOp bl C T8KllM M e C BOl! 

p83 0B8Hll8 cpOTOHH biX one 1 

ay B Buae CyMMbl LlByx 

0TMeTHM eiUe, 'IT O 

q = Q q 

KOHe~H01 He YLlOBneTB Op . 

peiUHTh aaaa~y 6onee n p• 

HHeM, 

3. 

06cyaHM HeKOTOpb 

HHTepnpeTBUHH MOaenH, 

EcnH B (42) BMeC'I 

HHH ';+ H a rro cjlopM: 

CUI •+... .. "'+ 1 .. 
h = 2 (a 1 a 1 + a 1 a1 

) + T / d 

EpocaeTCH B rnaaa oTc y 

aeAcTBHH. TaKoe cneacTJ 



( 39) 

•:>KHTellbHOI'O KOpHH e 2 ( e 
p a HCUeHAe HTHOI'O ypaBHeHHH, 

(40) 

~< 1 . 

, H 8TO HBliHeTCH eAHHCT-

11 . 

, nOAC T 8Bll5!5! - k E 
0
(k )/ 

)llyqae T CH I'pOM03K85! ~YHK-

8 e 2 
a c (v) --- _/!._« a

0
(v). 

3" m 0 

paBeH 

lbKO HylleBoi1 nOpHAOK , n on-

f'8Ml!llbTOHH8H8 qepe3 ljJH3H-

( 42 ) 

) Tenepb MOMe T 5hlTb Bhl -

nonHeHo opTOI'OH8llhHhiM npeo5pa3oBaHHeM, CM, np~o~no:>KeHHe B. 

(43) 

HecKOllhKO 38MeqaHH~ 0 eAHHCTBeHHOCTH ~H3HqeCKHX onepaTopOB, npe:>K-

ae Bcero OTMeTHM, qTo HOBhi~ onepaTop p 
1 

npocTo nponopUHOHaneH one-

oaToov CM, ( 15), ( 29) H ( 33), OneoaTOPhi :>Ke q v BhiP8:>K 8 IOTCH 

TOllhKO qepe3 

paTOpbl C T8KHM :>Ke CBO~CTBOM, [leiiCTBHTellbHO, lii050e OpTOI'OH8llbHOe npe o 5 -

"' p830B8HHe ~OTOHHbiX onep8TOpOB Q
11 

H q 
11 

TO:>Ke npHBOAHT K I'8MHllhTOHH8 -

Hy B BHAe CyMMbl ABYX OAHH8KOBblX q - H p- ~OpM, 

0TMeTHM eme, qTo npeo5p830B8HHH BHA8 

q=Qci+EP, P=flQ+PP, 

KOHeqHo, He YAOBlleTBOpHIOT Tpe50B8HHIO MHHHM8llbHOCTH, p83 H8M YA8li0Ch 

pewHTh 38Aaqy 5onee npOCTbiM ( HenepeMeWHB8IOIUHM q H p npeo5pa3oBa-

HHeM, 

3, 3BKIIIO'leHHe 

05CyAHM HeKOTOphie KaqeCTBeHHhie ClleACTBHH HOBOli KOpnycKyliHpHOli 

HHTepnpeT8UHH MOAeliH, 

E CliH B ( 42) BMeCTO q H p BBeCTH on epa TOPhi PO:>KAeHH 5!-Y HHqTo:>Ke-

HHH ';_ + H 8 no ~OpMyne (8) 1 TO nonyqHM 

(44) 

BpocaeTCH B I'll838 OTCyTCTBHe qneHOB BO B38HM0-

aelicTBHH, TaKoe cneacTBHe BBeaeHHH ljJH3HqecKHX onepaTopoB OTMeqanH AliR 
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npyrHx Monene~ fpHH6epr H illBe6ep 
/1/ 

Oao BeneT K coxpaHeHHIO onepa-

Top a 
•+ .. 

n = a 
1 

a 
... 

+ r dv 
0 

..+ .. 
av. ay 

=-+., 00 Itt :ItS 00 , , .. + 
[n,h]=[a a

1
+fdva+a,., Jdv E(y)(a

1 I 0 II ~ 0 
., - - + By'+ a 1 av' )]= 0, 

(45) 

B c noMHHBSI, 'ITO H = hx +by+ bz, MO~HO H83B8Tb (45) 38KOHOM 

COXpaHeHHSI CyMMapHoro 'IHCna cPOTOHOB H cPOHOHOB COpTa X (Hml y HnH 

Z ). 0H 03Ha'!aeT, 'ITO OCUHnnSITOp, H8XOAHmH~CSI B COCTOSIHHH C 9HeprHe~ 

N ru 
1 

, He MOlKeT nepe~TH B COCTOSIHHe (N + 1 ) ru I H K TOMY ~e HCnyc-

THTb cPOTOH. B 'I8CTHOCTH, OTCyTCTByeT npouecc "oCUHnnSITOp B OCHOBHOM 

C OCTOSIHHH - B036y~AeHHbl~ OCUHnnSITOp + cPOTOH - OCUHnnHTOp B OCHOB

HOM COC T OSIHHH", KOTOpb!H npH "rono~" HHTepnpeTaUHH npHBOAHT K "CABHry" 

yp OBHSI OCHOBHoro COCTOSIHHSI. 

PaCCMOTpHM HenHHe~HOe HHTerpanbHOe ypaBHeHHe (37) B cny'Iae OTCYT

CTBHSI o6pe3aHHH, Korna t a< k) = 2 e k /.,/ 3 rr • PeweHHe ero cymecTByeT, ec

n H HHTerpan B (37) CXOAH T CSI . LlnSI 8 T Or O a ( k) AOnlKHO y6hiB8Tb Ha 6ec-

KOHe'IHOCTH ( HanpHMep, KBK k- a C a > 0 ) • 3TO BeAeT K TOMY, 'ITO 

E(II)B (42) 6yneT y6hiBB Tb 6biCTpee, '!eM 1/y;- , CM. (41). B TO ~e Bpe-

MSI npH "ronoil:" HHTepnpeTaUHH K08cPcPHUHeHT € 
8 

( k) llpH ( q I q 1:) B 

COOTBe T CTBYIOilleil: c!JopMe raMHnbTOHH8H8 (16) B e AeT 

wHx k • T aKHM o6pa3oM, ecnH peweane (37) 

ce6SI KBK yk 
npn f (k) ... 1 

npH 6onb

cymecT-

ByeT, TO OH O 6 y n e T TB KHM , 'ITO CXOAHM OC Tb BbiCillHX llOpSIAKOB T eOpHH B03-

MyweHHJ1 npH cPH3H'IeCKO~ KOpnycKynS!pHOH HHTepnpeTaUHH cymeC TBeHHO yny'I

wae TCSI. 3TO c neACTBH e BBeAeHHSI cPH3 H'IeCKHX onepaTOpOB B T eOpHIO y~e OT

Me'!anOCb A nSI ApyrHX MOAeneii, CM. /7/ H / 2 / . 

npoBeAeHH8SI AHaroaanH38UHSI raMHnbTOHH8H8 MOAenH 03HaqaeT, qTO 

re~3eH6eproBCKOe ypaBHeHHe nnH AHaroHanH3yJOmHx onepaTopoB 

" ,, " --
a ru = ( q ru + i p ru ) I y 2 H ero peweHHe HMeeT· BHA: 

a 
at ; w ( t) = - i [ ;w , H ] -= - i CoJ ; w ( t) 

18 

" aru(t) 
-lc.J t 

e " a (1,) ( 0 ) ( 46) 

0TCIOA8 cnenyeT TB 

6eproBCKoro onepaT opa 

~ 11 (t) = 0 11 ~ 

(Yicnonb30B8HO (25) H 061 

caepTKa no cu 03Ha'Iae'I 

eT 0 1 cu~ 1 +{dv '0 11 · 
0 

Uvv, (t) = 0 vcu e xp (- i c. 

THHe npH Bblpa~eHHH B e l 

BeKTOp • 

IlpHseaeHHe 

K "CyMMe KB81l{. 

nycTb F o6o3 a a · 

HenpepblBHbiM HHAeKCOM 

roaanbHoro np e o6pa30Ba HJ 

pnueii" D 0603H8'IHM 

F X =X D paCnHCbiB8E 

k 2 X +a(k 
1:11 

CTon6Ubi X 3aHyMepoB 

HBAO HB~TH. BBeAeM 06 0 .0 

{3 

Ecnn y2 OTpHUBT• 

nonc TaBmiSI 8 To a ( A.2), 



aeaeT K coxpaHeHHro onepa-

(45) 

MO~HO H83B8Tb (45) 38KOHOM 

lOB copTa :1: (HnH y 

iCH B COCTOHHHH C 3HeprHe~ 

) (i) 1 H K TOMY ~e HCnyc-

:c "OCUHnnHTOp B OCHOBHOM 

>H OCUHnnHTOp B OCHOB-

2T8UHH llpHBOaHT K "caBHry" 

~HeHHe (37) B Cny~ae OTCyT-

erneHHe ero cyrnecTayeT, ec

aon~Ho y6hiB8Tb Ha 6ec

t , 3TO BeaeT K TOMY, ~TO 

, CM , (41 ). B TO ~e ape-

( k ) npH ( q I q k ) B 

eT ce6H KaK yk rrpH 6onb-

7) rrpH f (k ) "' 1 cyrnecT-

:ClllHX riOpHaKOB TeOpHH B03-

~peT8UHH CyllleCTB8HHO yny~

rrepaTOpOB B TeopHro y~e OT-

1aHa MoaenH oaHa~aeT, ~To 

IDlliHX onepaTOpOB 

e-1cut ~·cu(O) ( 46) 

0Tcroaa cneayeT T8K8H 38BHCHMOCTb OT BpeMeHH ~H3H~eCKOro re~3eH-

6eproBcKoro orrepaT opa ';y (t) ; 

(47) 

(Hcnonb30BaHo (25) H o6paTHoe npeo6pasoaaHHe 
" T.. ~ a(O)=O a(O)I' B (47) 

CB8pTK8 no (i) 

00 

03H8'I88T HHTerpan / d (i) 

o.(i)~ I+ r d y' Oy'cu ;' y' T aKoA ~e onepaTop 3BOfliDUHH 
0 

• a CBepTK8 no Y 

e T 

Uyy' (t) = 0 YCU e xp (-I cut) 0 y 'cu nOHBflH8TCH B rnpeaHHrepOBCKOi1 Kap-

THHe npH Bblp8~8HHH B8KTOpa COC T OHHHH B MOM8HT ~epea Ha~anbHbi~ 

B8KTOp • 

llpHno)KeHHe A 
~ ~ 

llpHBe.aeHHe cjJopMbi I d lr lr 2 q Jr.:z + ( 1 d lr a ( lr) q ) 2 

0 0 Jr. 
K "cyMMe KB8,ap8TOB" OpTOrOH8nbHbiM rrpeo6p830B8HHeM 

flycTb F 0603H8~88T "MaTpHUy" ~OpMbi, ee aneMeHTbl HyMepylOTCH 

Herrpepb!BHhiM HHaeKCOM k 3aaa~a CBOaHTCH K H8XO~.Q8HH10 T 8KOrO OpTo-

rOHanbHOrO rrpeo6pa30BaHHH X , ~To X T F X 6yaeT .nHaroHanbHOA "MaT-

pHue~" D 06oaHa~HM e e .QHaroHanbHhie ane MeHThi ~epea 11 2 , T or.na 

FX = XD paCllHChlB88TCH TaK: 

( A,1) 

CTon6uhi X 38HyMep088Hbl B03MO~HbiMH 3H8~8HHHMH II , KOTopbie eme 

.. 
,B(y)=Jdk'a(k')X , 

O k II 
(A.2) 

EcnH 11 2 

floac T aanHH a To B ( A.2) , rrony'IHM 
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a 2 (k ') 
{3(v)[1-fdk' ]=0. 

0 v 2_ k , 2 (A.3) 

Y HBC a(k)=( m 0 ~(k)- £ 0(k))/y~ HBllHeTCH AefiCTBHTellbHbiM (aefi

CTBHTellbHOCTb c(k) C lleAVeT H3 TDe6yeMOH AefiCTBHTellbHOCTH npeo6oa-

30BBHHH (29) ). ECllH v 2 < 0 , TO KBBApBTHBH CK06Ka B (A.3) eCTb cymecT

Be HHO ITOllOlKHTellbHBH . BellH'lHHB. EcnH V =a+ih 1 TO MHHMBSI 'lBCTb KBBA-

"" a 2 (k) 
pa THOH CK06KH i b ( d k 

ci (a-k)2 + b2 
He paBHa Hymo npH mo6biX a H 

b f, 0 • rlosTOMY npH o6cyJKaaeMbiX 3Ha'leHHHX v 2 H3 ( A.3) cneayeT, 'ITO 

{3 ( v) = 0 • 3TO 3HB'lHT 1 'ITO COOTBeTCTBYIOIUHe CTOl16llbl XltV SIBllSIIOTCH 

HylleBblMH H C rreKTp COCTOHT TOllbKO H3 AeHCTBHTellbHb!X 3H8'leHHfi V • JlnH 

T B KHX V MOlKHO npoBepHTb, 'ITO 

X tv = p a ( k ) f3 ( v )+ C ( k ) [) ( v 2 - k2 ) 

v2- k 2 (A.4) 

HBllSie T cH pemeHH e M (A. I) npH n1060M C ( k) • CHMBon rnaBHOI'O 3HaqeHHSI 

p 

'IBH 

03HB 'IBeT, 'ITO TO'IK B v2 = k 2 HCKlliO'IBeTCH. p BCCMO TpHM CHB'lBllB cny-

0 < v <"" • rlogC T B BllH H (A.4) B (A .2), nony q aeM T OI'.llB 

2v ... a 
2 

( k) 
C( v) _ ~ [ 1 + -"- X ( v) ] 

---;;- - a(v) 2v 
X(v)= 

1T 
p f d k 

0 k2-v2 '(A.5) 

a(k) l+rrX(v)/21-' 
X~~:,... = f3(v)!P + l>(k-v)} 

,...2_ , k2 a(v) 
(A.6) 

¢ y HK UH H 

X T X= 1 

f3( v ) 

H JHf 

T e n epb MOlKe T 6hlTb HaA.ae H a H 3 ycn O BHH OpTOHOpMHpOBKH 

fdk X ltv'Xt v "= l> (v,- v,). 
(A.7) 

0 

20 

3 a Me'la T ellbHO , 'IT O neBa 

6hl T b Bhl 'lH C lleHB AllH npo 

OHBllbHOH [) ( v ' - v" ) 

H OKOH'lB T ellbHO H3 (A .7) 

f3 2 
< v ) =I -

Cnyqafi - oo < v < 0 

Bae T CH COBepweHHO T BK 

opTOI'OHBllbHhl MelKAY co6 

HblM v • fleilCTBHTell 

113- 38 ITOHBlleHHH [)(J 

I v_ I= v+ • 3To 03Haqa 

MOI'YT 6biTb pB3llOlKeHbl 

CH AllH nocTpoeHHH X 

lKHTellbHblMH . Bee cTone 

mo6oe 3Ha'leHHe v > 0 

H npOCTHpaeTCH OT 0 DC 

Jll 

3aAB'IB COCTOHT B npHE 

2 00 

F(x)=cu
1

x
1

+fdv 

c"MaTpHue»" F= ( ~ 



0. 
(A.3) 

'CSI AeHCTBHTenbHbiM (AeH

eHCTBHTenbHOCTH noeo6pa-

5Ka B ( A.3) eCTb cymecT-

l 1 T O MHHMaSI '-18CTb KB8A-

:~ymo npH mo6hiX a H 

' 2 H3 (A.3) c neay eT, '-ITO 

! C Ton6 Ubi X It 11 SIBnSIIOTC SI 

l hH b!X 3Ha'-!eHHit Y , JlnSI 

(A.4) 

~Mson r nasHoro 3Ha'-!eHHSI 

PaccMoT p H M C H a '-!ana cny 

nyqaeM T oraa 

.. a 
2 

( k) 
p f d k 

k2-112 '(A.5) 

)/2" 
-8(k-11)! . ( A.6 ) 

ycnOB~SI Op T OHOpMH pOBKH 

) . (A.7) 

3aMe'-!aT enbHO, '-ITO nesaSI '-!aCTh (A. 7 ) c noMO!UhiO cjJopMynhi ( B.2) MO)KeT 

6b!Tb Bbi'-!~CneHa AnSI npo~3BOnbHbiX a ( k) • 0Ha oKa3hiBaeTcSI nponopuH-

OHanbHOH 8 (II '-II") ( T,e , OpToroHanhHOCTb AeHCTBHTenbHO HMeeT MeCTO) 

H OKOH'-!aTenbHO H 3 (A .7) nonyqaeM 

2 "2 {3 (Y)=I--a 2 (v)+[l+ 
4v 2 

"A ( Y) 12 I a 2 ( ") l - 1 . 
2v (A.8) 

Cnyqaj.\ - oo < y < 0 , Koraa X 8 ( k + 11 ) , paccMaTpH-

B aeTCSI COBepweHHO T 8K )Ke, 0AH8KO, XOTSI C T On6Ubl C OTpHUaTenhHbiMH Y 

Op T Of'OHanb H bl Me)KAY C060H 0 OHH He OpTOf'OH8nbHbl CTon6uaM C nonO)KHTenb-

HbiM y JleifCTB~TenbHO , 

H3- 3a noSisneHHSI 

3TO 03H8'-!8eT, '-ITO X kY_ He SIBnSIIOTCSI He38BHCHMbJMH, OHH 

MOryT 6bi Tb pa3nO)KeHbl no ( A,6). no3TOMY OHH He AOn)K Hbl H CnOnb30B8Tb-

CSI anSI nocTpoeHHSI X T aKiiM o6pa30M, Y MOryT 6biTb T OnbKO nono-

)K!1TenbHhiMH . Bee cTon6Ubi c v > 0 B38HMHO OpTOrOHanbHhl, AOnyCTHMO 

n106oe 3Ha'-leHHe " > 0 • JlpyrHMii cnosaMH, cneKTp " HenpephiBeH 

H npOCTHpaeTCSI OT 0 AO oc • 

npuJIQ)I{eHMe B 

fluarOHaJIH3aUMH raMHJibTOHHBHa 

3aA8'-18 COCTOHT B npHBeAeHHH cjJopMbl 

2 00 2 00 

F (X) = CUI X 1 + J d " y X y + J d" E( y) [ X 1 X y + X y X 1 ] 
0 0 

(E. l) 

F = ( 
E (") 

K "CyMMe KB8Ap8TOB" OpTo-
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roHanhHbiM npeoopasoaaHHeM 0. OoosHa"'aSI LIHaroHanbHbie ::~neMeHTbi LtHaro-

HanhHOH MaTpHUbl D=OTFO oyKBOH w 1 ocHoaHoe ypaaHeHHe Fo .. on 
paCnHWeM B BHLte: 

.. 

.. 
w 1 0 1w+fdii'E(v')0

11
, 41 =0 1w w1 

0 (E.2) 

E(v} 0 1w+ f dJI 'vB(v-11 ') OJI'w = Ovw"' HnH (cu-v)0
11

w=E(11} 0 1cu'(E.S) 
0 

EcnH w OTpHUaTenbHOe HnH KOMnneKCHOe 1 TO p eweHHe (o,3) HMeeT BHll 

01141 = E(11)01W I ( w- II) n oac T aanSISI ero a ( E.2) 1 nony"!aeM 

0 [w -w+fdll 
1CU 1 

E
2

(11) 
] = 0 . 

(E,4) W- II 

npH w < o KB81lp8TH8SI CKOOKB OOnhwe Hyn SI ; XOTSI HHTerpan H SIBnSI-

e TCSI OT pHU8TenbHbiM 1 MO>KHO nOK838Th 1 'ITO OH MHOro MeHhWe W 
1 • EcnH 

w= a+ib I T O MHHM851 'lBCTb 3TOH CKOOKH 

.. E 2
(11) 

ib(-1- f d II 
0 (a - 11 ) 2 + b2 

npH b I= 0 He paBHa Hymo. no3TOMY H3 (o,4) cneayeT 1 "'TO 0
1

W = Q • 

noc KOnhKy OIIW ... 0141 

llBeMblM 3Ha'!ei!HSIM w 

KO nonO>KHTenbHblMH, npH 

OJICU 01W p 

1 T O C T OnOUbl 0 1 COOTBeTCTBY!OWHe OOCy>K-

51Bn51JO T C51 HyneBbiMH H 

w > 0 
w 

E(v) + C(w}B ( w-v) · 

CU - II 

MoryT ObiTh Tonb-

(E.5) 

noac T aan5151 ( E.5) B ( E.2)' nonyqaeM 

00 

0 1 w[ w - w - P f d 11 
1 0 

2 
E (w) 

C(w) E( cu). (E.6) 
W- II 
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BMeCT O Toro "'TOObi Bbl 

H 01W qepes OllHY n 

yaoane TaopSinoch: 

0 141 =E(w} gt 

A(cu 

l1TaK 1 Mbi nony"'HnH 

0 vw=g(w}IP 

l13 ycnOBHSI 
OTO 

f(w) = I 

CTonOUhl 1 COOTBeTCTBYIO 

cneaoaaTe~hH0 1 He3aBHC 

0 , "'TOObl BbinOnHS!nO• 

npH nJOOOM CO 

HeT HH OllHOrO llHCKpeTH< 

3H8"1eHHe w 1 o6paw 

"'HM ero "'epes w .B 

6eu: 

I c 



manbHhie sneMeHTbi JlHai'o-

OCHOBHoe ypasaeaHe F 0 .. 0 D 

(E.2) 

peweaHe ( E.3) HMeeT BHJl 

B ( E.2), nonyqaeM 

= 0 . 
(E.4) 

n~; XOT~ HHTei'pan H ~Bn~-

IHOI'O MeHbllle W 
1 EcnH 

- ) 

4) cneJlyeT, 'ITO 0
1
w = 0 • 

COOTBe TCTBYIOlllHe o6cy)l(-

If MOI'yT 6b!Tb TOnb-

. II ) • 

(E.5) 

' C(w)E(w). (E.6) 

BMecT o TOI'O 'IT06bi Bbipa3HTb C ( w ) '!epe3 0 1 w , Mbl Bblp83HM C ( W) 

g ( w) T 8K , '!T06bl ( E.6) H '!epe3 OJlHY npOH3BOnbHYIO ITOKa ~YHKUHIO 

1 
IT 

C(w)=[ w-w
1 

+rrA(cu)] g(w), 

.. 
P f dv 

0 

2 
E ( 11 ) 

v- w 

V!TaK, Mbi nony'!HnH 

g(w)IP 

OTO = 1 , nonb3y~cb (8,3), nony'!HM 

2 2 -112 
E ( w) + [ w- w 

1 
+IT A (w)] I 

(E.7) 

(E.§) 

(E.9) 

CTon6Uhi, COOTBeTCTBYIOlllHe BCeM nonO)I(H TenbHbiM W , OpTOI'OHanbHbl H, 

cneJlOB8Te.(lbHO, He38BHCHMbl, nosTOMY BCe OHH JlOn)I(Hbl BXOJlHTb B M8TpHUy 

0 , '!T06hi BhinonH~nocb vcnosHe nonHOTbi 0 0 T = 1 . 

npH n1060M W OHH HOpMHpy!OTCSI H8 [j -~yHKUHIO H ITOS TOMY y F 

HeT HH OJlHOI'O JlHCKpeTHOI'O co6CTBeHHOI'O 3Ha'!eHH~. PaccMoTpHM, HanpHMep, 

3Ha'!eHHe w , o6pawa10wee B Hynb KB8Jlp8THYIO CK06Ky B ( E.6). 06o3Ha-

'!HM ei'O qepe3 W ' • 8 S TOM cnyqae C ( W ') = 0 H nonyqaeTC ~ T8KOH CTon-

6eu: 

I o , , o , P 
1W 1W 

E ( II) _....:._..:__ I . 
w, - · y 
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Ero HOpMa 6ecKoHe'IHa 

E 2
(v) 

0
2 

, [ 1 + p f ( , ) 2 
ICU 0 cu - II 

00 

d11]ec>o, 
( E.ll) 

(TO'IHee , HHT erpan B ( E.ll ) He cymec T syeT) H 3TOT c T on6eu MOJKeT cymecT-

BOBSTb n HWb B COC T aBe HenpepbiBHOrO CneKTpa . 

llpH e 2 = 0 cpopMa ( E . l ) yJKe HMeeT BHA CyMMbl KBSApS T OB H B H AHO, 

'IT O y F eCTb OAHO AHCKpeTH Oe 3HS'IeHHe w 1 • K aK OHO ITORBnRe T CR H3 

HSWHX ypasHeHHJ% ( E.2) H ( E.3)? llocneAHee npHHHMaeT BHA ( cu-11 ) 0 11cu = 0 

c pemeHHeM 0 vcu = C ( w ) 8 ( cu - 11 ) 1 roAHbiM npH scex cu • Y pas-

HeHHe ( E.2) HMeeT B H A ( w- wl) 0 1 cu= 0 , OTKyAa cneAyeT 1 'IT O 0l liJ= 0 

npH cu ~ w 1 

AOITyCT HMO KSK 

c T on6ua 

3 Ha'!eHH e W = W 1 OKS3biBae T CR CBOeoopa3HO BblpOlKAeHHbiM! 

o1cu1,;,.o I TSK H 01w1=0 • ilsa COOTBeTCTBYIOWHe 

I 0 1w 
1

, C 8 ( w 1 -v ) l I O , C8 ( w
1

- v ) l ( E.12) 

oKa3hiBaiOTCR HeopToroHanbHbiMH, KaK 3 TO oobi'IHO ohiBaeT B cnyqae BbiPOJKAe-

HHR, HO HX pa3HOCT h , C T on6eu I 0 1wi 0 l , Op T OrOHaneH He TOnhK O KP 

BTopoMy C T o n 6uy B ( E. 12 ) , HO H KO seeM oc T anbHhiM I 0, C (cu ) 8( w- v ) I 
C CU " W 1 • 0H MOJKeT Ob!Tb HOpMHpOBSH Ha e AH H H UY • 3To KSK pa3 CTOn-

oeU (E. lO ) B cnyqae E ( y ) = 0 • T aKH M o6pa30M, AHCKpeTHOe 3Ha'leHHe 

W OTCyTC T ByeT npH niOOOM CKO n b yroi:J.HO MSn OM e 2 f_ . 0 H CKS'IKOM 

ITORBnReTCR npH e 
2 

= 0 . 

llp nno:>KeHHe B 

Bbi<fHC Jie HHe H e KOTOp b i X HHTerp81IOB 

1. B bi'IHCneHHe HHT erpana 

00 a 2 (k) 

l ( vl,y2)ePP / dk (k2-JI: · )(k2-y~) 
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B cnyqae nonoJKHTem: 

1(111 ,v2) . jdk a2(k)[ 
0 

.. 
- fdk 
0 2 

II -112 + i ( 
I 2 (I 

i a2(v2) +__!_ _____ _ 

2112 11 2_"'2 -if 
2 1 I 

llony'leHHble HHTe J 

a 2 (k) 
f dk = f ( 

.. 
o k2-v2±if o 

C ITOMOWhiO (B.l) noJ 

rr2 
)=-1(111'112 4 

J1cnOnh30BSH TOT <jJa 

CTpeMHTCSl B ayniO n 

qneHa s ( B.2) 01 

'!neHa CTpeMHTCR · K I 

H (8.2) AaeT noeACT 

2. TO'IHO TSKH M .. 
PP fdv 

0 

;:sAeCb A 

E~ 

(11-cu' )l 

onpeAene. 



d 11] .. oo 1 

( E.ll) 

' eT) H 3TOT C.TOn6eU MOlKeT CyiUeCT-

eKTpa. 

:eeT BHA CyMMbl KB8Ap8TOB H BHAH01 

HHe QJ 1 • KaK OHO DORBnReT CR H3 

AHee npHHHMaeT BHA ( Ql - II ) 0 IIQI = 0 

, rOAHbiM npH BCeX Ql • YpaB-

= 0 , OTKYA8 cneAyeT, 'ITO Ol ltJ= 0 

~bJBaeTCR CBOe06pa3HO BblpOJKAeHHbJM! 

• ilBa COOTBeTCTByiOIUHe 

( 6 .12) 

o6hl'IHO 6hlBaeT B cnyqae BhlpOlKAe-

) } , OpToroHaneH He TOnhKO KP 

M ocTanbHbiM I 0, C(Ql ) 8 ( Ql-JI ) I 
38H Ha eAHHHUy , 3TO KaK pa3 CTOn-

<HM 06pa30M 1 AHCKpeTHOe 3Ha'leHHe 

DAHO Man OM e 2 f. · 0 H CK8'1KOM 

e B 

-:JpbiX HHTerpanos 

B cny'lae nonoJKHTenbHbiX v 
1 

Q 2 ( k) 

-fdk ---------

00 

1 
[---- 1 

-----]+ 
0 112 - 112 + i ( ( 1 + ) 

1 2 ( 2 
k 2- ~~~ - i ( 1 

hr Q2 ( 112 ) ill' Q 2 ( 111) tr2cz2(11 1 ) 
+- ---- + 8(111-112 ) 

2v
2 112- Jl2 - -i ( 2 II 1 11:-v: +it 2 411 "' 2. I I ' 2 

nony'leHHble HHTerpanbi MOlKHO CBeCTH K $yHKUHRM >,(..,) • CM, (A.5): 

Q 2 (..,) 

2"' (B,;) 

C DOMO!Ub!O (B.l) nonyqaeM 

(B.2) 

[ 2 2 ( )]-
1 

[ 2 2 1 -1 l1cnonb30B8H TOT ~KT, 'ITO pa3HOCTb 11 1 -V2 +i t 1+t 2 - 11
1 

-V 
2 

+ i E 1 

CTpeMHTCSl B eyniO npH E 1 H E 2 -+ 0 • B 3HaMeHaTe ne nocneAHer o 

qneaa B ( B.2) onyrueHo i ( E 1 + f 2 1 DOCKOnbKY H 'IHCnHTenb ::I T OrO 

'lneaa cTpeMHTCSI K eyn10 npH "' 1 -+ v 2 • EcnH cz (k) .., Coast 

H (8.2) ABeT noeACTaBneHHe 8 -~YHKUHH, 
2. To'IHO TaKHM JKe o6paaoM noka3biBaeTCR, 'ITO 

00 

pp f dll 
0 

E 2 ("') >.(QJ ') ->.(Ql ") --------112 E2 
(Ql ')8(w '-w")+ll' ------

(v-QJ')(v-t.>") cu'-QJ 

onpeAeneHa cooTHomeHHeM ( B.B). 
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