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§ 1. BseaeHHe 

B pa6oTax /1-4/ 6bmo rroKaaaHo, 'ITO o6mHe Tpe6oBaHHSI aHanHTH'IHOCTH 

H yHHT8pHOCTH IIpHBOaSIT K HeKOTOphlM orpaHH'leHHSIM HS aCHMIITOTH'leCKOe 

rroBeneHHe ceqeHHi!: yrrpyrHX H HeyrrpyrHX rrpoueccoB. OrrpenenSISI ruHpHHY nHcp-

paKUHOHHOrO IIHK8 KSK OTHOIIleHHe! 

1 
W=-------

d d (7 ' 
dT [ Ia -tl-t-lt=o 

-41HHH 151 , KoBanbCKHH 161 , KHHOIIlHTa /7 I H BeccHc /8/ rroKaaanH, 'ITO w 

He MO:lKeT y6biB8Tb 6biCTpO C pOCTOM S • .fipyrHMH XapaKTepHCTHKSMH aHcp-

paKUHOHHOrO IIHKa anSI nByX'ISCTH'IHblX (yrrpyrHX H aeyrrpyrHX) IlpOUeCCOB TH-

rra: 

(1) 

• 
SIBnSIIOTCSI OTHOIIleHHSI 

1\1 

81 (t) 

c.u.M., a 

=8; (0). 

1 d (71 

l 
1 1 

da
1 

l 9=o 
(71 dt t=to (7 2kk, doos 9 

1 d (71 , s; ( 9) = 
1 d (71 

(71 dt (71 d ODS 6 

(1) 

H k ' - TpeXMepHble HMIIynbCbl HS'ISnbHblX H KOHe'IHblX 'ISCTHU B 

t 
0 

- aaaqeaHe rrepena'IH HMIIynbca rrpH HyneBoM yrne, A 1 • 81 ( t ) = 

3 



• npH OOnbWHX I Mbl HM99M 2kk '• ,- • .llns nponeccoa MHO>KecTeeaao-

ro po>K.QeHHH 

a+b-+c+ ••••• 

MO>KHO BB9CTH SHanorH'IHbie BenH'IHHbl 

lln 
1..1_ 

• (711 

d (7II 

d cos (J 
8' 

II 
(6)=_1_ 

O'II 

d C7 II 

d cos(J 

(n) 

(2) 
du 

r.Qe II - C9'19HHe PO>K.Q9HHSI 'ISCTHilbl ,; C " nO.Q .QSHHbiM yrnOM (J d cos 6 
npoHHTerpHpoeaaaoe no BCeM ocTanbHbiM nepeMeHHbiM, B pat5oTax 14,91 6br

nH nony'leHbi aepaeeHCTBa npH s -+ oo : 

2 ., , 
1\ < const In s , u I 

I, II- 1,1 ( (J) ~ const ..; ~ In s 8 ( t ) < const 
' I sin (J 

In 8 

It 1•?2 (3) 

8 HSCTOS!Weft pa6oTe Mbl OOOOWHM STH peaynbTSTbl H ycTaHOBHM Hepa-

B9HCTBa, CO.Qep>KSWHe SIBHble Bblpa>KeHHSI .QnSI KOHCTSHT, CTOSiillHX nepe.Q yKa-

38HHbiMH ljlyHKUHSIMH OT I • 

3KcnepHM9HTanbH8SI npoBepKa COOTHOWeHHft THna (3) OK83biB89TCSI 38T

PYllHHTenbHOft, TaK KSK .Qng STOlt UenH H900XO.QHMO H3MepHTb .QHijlljlpeHUHSnb

Hble Ce'leHHSI npH IrfneBOM yrne, BBH.Qy STOCO Mbl o6o6wHM COOTHOW9HHS TH

na (3) H ~ee.QeM aepaaeacTea, co.Qep>KawHe ·TOnbKo .QHijl¢epeanHanbHhie ceqe

HHs B H9KOTOpOM HHTepaane yrnoB, 

.llns paccesHHSI aaaa.Q MO>KHO TaK>Ke nony'IHTb aepaeeacTeo, aaanorH'I

aoe HepaeeHCTBy .Qng l!J. 1, II , 0.QH8KO SKCnep~M9HT nOK83biB89T
1 

'ITO rnae

Hb!ft BKna.Q a nonabre ceqeHHSI u 1• II .QaeT HHTepaan ManbiX yrnoe, a ceqeaHs 

npH yrne 6 .. 180° y6biB810T .QOCTSTO'IHO ObiCTpo. nosToMy Bepxagg rpaHHUa 

d ul, II 

d cos (J 

_J_ .1.. I < . 6.• 18 o o - con8t In 2 s 
(71, tl 

s 

OK83biBaeTcs aeCbMa aaebrweaaoa. Mbr noKa>KeM, 'ITO a .QeftCTBHTenhaocTH 

a 3HaMeHaTene 
HM910T M9CTO 6onee CHnbHbie or'paHH'I9HH SI! BMeCTO C7 I, II 

neaolt 'ISCTH nocne.QHeft lj>OpMynhi MO>KHO nO.QCTSBHTb C9'19HHe, npOHHTerpHpo-

4 

• I. ----- ---------- ---- -. . ) 

aaaaoe no aa.QHeMy nonywapHJO ( HHTerpan no cos 8 OT - 1 

THU, 

Pa.QH npocTOTbi 6y.QeM paccMaTpHBSTb TonbKO cnyqal!: 6• 

§2. AHanHTH'leCKHe CBO:ilCTBa aMnnHTYt:!bi ynpy1 

p8CCeHHHH H ROBet:!eHHe npH KOMnneKCHMX 

t:!8'18X HMnynbC8 

nonyqeHHbie HSMH peaynbTSTbl SBnSJOTCS cne.QCTBHSIMII 

aMnnHTYll ynpyroro pacceSIHHSI ( nponecc 1) F ( s, t) • f( a, z) 

nynbca t ( HnH no z = cos (J ) • 

KaK H3BeCTH01 H3 OOillHX npHHUHnOB nOKanbHOft KBSHTOI 

cne.QyeT, 'ITO .QnSI PHlla nponeccoa ¢YHKUHH aaanHTH'IHa a 

npoHaeeneHHH Kpyra I tl ~y H nnocKoCTH s c aemecTaeHHI: 

H nonJOcaMH ( CM, 110-121 ). Mbi npennono>KHM, 'ITO o6o61 

a noKanbaol!: TeopHH nonSI npencTaenSIJOT cot5oil: nHHeil:Hbie < 

npocTpaHCTBe 6ecKoHe'IHo llH<l!cllepeanHpyeMbiX. 6biCTpo y6hiBSJOill 

npencTaanSIJOT co6oa o6o6weHHbie ljlyHKUHH yMepeaaoro pocTa 

nnH acex t a Kpyre It 15 y aMnnHTyna F( s, t) nonHHOMHaJ 

H YllOBneTBOpS!eT llHCnepCHOHHOMy COOTHOW9HHIO no 

Bbi'IHTSHHi!:: 

s 

N 

F(s,t)-I 
n=o 

CD"( t) 
D 

s + 
N+l 

s 

It 

00 

J 
-oo 

Im F(s', t) 

, N+l ( s '- 8) s 

C KC 

d •• 

Paano>KHM aMnnHTYllY F(s,t) ,.f(s,z) no napnHan 

rne 

f(s,z)-Srr~"" 
k t- 0 

I ( 2 r + 1) a f Pt ( z ) , 

k -TpeXM9pHblft HMnynbC 'ISCTHU B C,l{,M, nonO>KHM Z O 

HS'IHM qepea E "' snnHnc c <l!oKycaMH a TO'IKax z = ± 1 
0 

5 



s 
2 • Dns npoueccoe MHo~ecTeeaao-hi HM99M 2kk '• 

a+b .. ct .•.•. (IT) 

norH"lHhle eenH"lHHhl 

1 _j_ 
s 

d O'u 

d cos 8 
8' 

u 
(8) = _1_ 

O'u 

d 0' IJ 

d cosO (2) 

p0)!{!19HH S "l8CTHUhl ,; C , nOLl Ll8HHhlM yrnOM (J 

eceM ocTanbHhiM nepeMeHHhiM. B pa6oTax 14,91 6bi-

S .... DO : 

...; s In s 8 ( t ) < const 
' I sin 8 

In s 
( 8) < const 

1 t 11?2 (3) 

pa6oTe Mhl o6o6IUHM :3TH peaynhT8Thl H yCTSHOBHM Hepa

Bblp8)!{eHHS Ltns KOHCTSHT, CTOSIUHX nepeLt yKa-

H OT S • 

anhH8S1 npoeepKa COOTHOIUeHHi!: THna (3) OK83biB89TCS 38T

K8K ans :3TOH uenH He06XOLIHMO H3MepHTh LlH~~peHUH8nh

yneBOM yrne. BBHLIY :3TOrO Mhl o6o6IUHM COOTHOIU9HHS TH

epaBeHCTBa, coaep)!{aiUHe 'TonbKO LlH~~epeauHanbHhie ce'le-

s Haaaa MO)!{HO TaK~e nony'lHTh aepaeeacTeo, aaanorH'l

~ ns t':!,. I, II • 0LtH8KO :3KCnepHM9HT nOK83hiBaeT, 'ITO rnae-

19 ceqeHHSI 0' I, 11 aaeT HHTepean ManbiX yrnoe, a ce'leHHS 

y6hiB8IOT LlOCT8TO'lHO 6bJCTpo. f10STOMY eepXHSS rpaHHU8 

dO'I II 2 • I 
0 
< coast ln s 

dcos8 6•1eo -
..l... 

s 
1,11 

Ma aaebiiUeaaoi%. Mbi noKa~eM, 'ITO e ael!:cTBHTenbHOCTH 

e CHnhHbJe orpaHH"l9HH s: BM9CTO 0' I, II B 3H8M9H8Tene 

LlHel!: ~OpMynhJ MO)!{HO nOLtCT8BHTb Ce'leHHe, npOHHTerpHpO-

4 

J;: 

eaaaoe no aaaHeMy nonyruapHIO (HHTerpan no coa(J OT - 1 LIO 0). 

PaaH npocTOThi 6yaeM paccMaTpHB8Th TOnhKO cny'lal!: 6eccnHHOBhiX 'lac-

THU. 

§2. AnanHTH<:JeCKHe csoilcTBB aMnnHTYilbi ynpyroro 

pacceHHHH H nose!leHHe npH KOMnneKCHbiX nepe-

/l8'18X HMnynbC8 

f1ony'leHHhl9 H8MH peaynbT8Tbl senmoTCS cneACTBHSMH aaanHTH'lHOCTH 

aMnnHTYLl ynpyroro paccesHHSI (npouecc 1) F(s,t) .. f(a,z) no nepeaa'le HM-

nynhca t (HnH no z = cos (J ) • 

KaK H3BeCTHO, H3 o6IUHX npHHUHnoe noKanbHOi!: KBaHToeol!: TeopHH nons 

cneayeT, 'ITO ans psaa npoueccoe ~yHKUHS aaanHTH'lHa e TononorH'leCKOM 

npoHaeeaeHHH Kpyra I tl ~y H nnocKOCTH s c eeruecTeeHHhiMH paapeaaMH 

H nomocaMH (eM. 11 0-12 1 ). Mbi npeanono)!{HM, 'ITO o6o6rueHHbie WHKUHH 

e noKanhHOi!: TeopHH nons npeacTaensnoT co6ol!: nHHei!:Hbie WHKUHOHanhi Ha 

npocTpaHCTBe 6ecKoHe'lHO AH~~epeHUHpyeMhiX 6biCTpo y6hiBSIOIUHX WHKJ.iHl!:, T.e. 

npeacTaensiOT co6ol!: o6o6rueHHhie ~yHKUHH yMepeaaoro pocTa 
11 3,

141
• Toraa 

ans ecex t e Kpyre It 15 y aMnnHTyaa F( s, t) nonHHOMHanhHO orpaHH'leHa 

H yaoeneTBOpSeT AHCnepCHOHHOMY COOTHOIUeHHJO no S 

Bhl'lHT8HHH: 

N 

F(s,t)• I c (t) sn + 
n 

n=O 

N+l 
s 

rt 
f 
00 Imf(s',t) 

-oo S , N+l ( s , - S ) 

C KOH9'lHbiM 'lHCnOM 

d •' • 
(4) 

Paano~HM aMnnHTYAY F(s,t) "'f(s,z) no napuHanhHbiM eonHaM: 

f(s, z) ... 8, .::/..!_ 
k 

00 

I 
f•·o 

( 2 r + 1) a t pf ( z ) • 

rae k -TpeXMepHbiH HMnynhC "l8CTHU B c.U.M. f1onOlKHM Z O 

H8'lHM qepe3 E z annHnC C ~OKyCaMH B TO'lK8X Z = ± 1 
0 

• 
5 

(5) 

= 1 +J::._. 06oa-2k2 
H c 6onbWOH 



It 

nonyocbiO z 0 • Tor a a anH scex z 1 ne>Kamux BHyTpH H aa rpaauue E,. 
0 

1 

HMeeT MecTo aepaseacTso I P, ( z) I ,::: P, ( z 
0 

:l. C apyroa CTopoHbi
1 

B cuny yc

noBHH YHHTapHOCTH 

Imae<•>~lael2 > o. 
(6) 

nocKOllbKY <jlyHKUHH f( s, Z) 8H8l1HTH'IH8 no Z BnllOTb .QO TO'IKH Z • Z 0 o TO 

ps:!.Q .QllR MHHMOH '18CTH: 

ys ... 
Im f(s,z) .. Srr-- l: (2f+ l)lm a,(s) Pf (z) 

k P==o · (7) 

cxo.QHTCH B TO'IKe z = z 0 • CneaosaTellbHO, nocneaHHR PM aon>KeH a5coniOT

HO H paBHOMepHo cxoaHTbCR B annunce E,. H Ha ero rpaHHUe
1 

H onpeae-
.. 0 

lls:!Tb <jlyHKUH10 1 8H8llHTH'IeCKYIO no t B 3TOM 38MKHYTOM 3llllHITCe H paBHO-

MepHO H nonHHOMHH8llbHO orpaHH'IeHHyiO IIO S • 

Cne.QyR M9TO.Oy fpHHoepra H floy H HCnOllb3YR yCllOB.He (3) 
1 

Mbl MO>K9M 

llOllY'IHTb Ha OCHOBe 3THX CBOHCTB 8H8l1HTH'IHOCTH H nonHHOMH8llbHOH orpaHH

'19HHOCTH OUeHKH ~pyaccapa 

I F ( s , 0 ) I < cons s ln 2 s 
(8) 

I F ( s, t ) I < const s s/ 4 
( ln s "' s/2 

t < 0 - v (9) 

B pa6oTe )f(uaa H MapTaHa /15/ 6bmo .QOKa3aHo cneayiOmee yTsep*ae-

HHe: 

Ecnu F ( s, t) yaosneTBops:~eT aucnepcuoHHoMy cooTHoweHHIO c .usyMsr 

Bbi'IHT8HHSIMH no S npH 3H8'1eHHSIX t 1 lle)K8WHX B HeKOTOpOM Kpyre 

I t I ~a c MallbiMI Ho KoHe'IHbiM paauycoM a ( a< y ) 
1 

To H3 ( 4) H yc

noBHR YHHT8pHOCTH Clle.QyeT 1 'ITO OHa YAOBlleTBOps:!eT .QHCnepCHOHHOMy COOT-

HOllieHHIO C ABYMH Bhl'IHT8HHHMH no s ITpH BCeX t 1 lle)K8lliHX B Kpyre 

ltl<y 

6 

• 
I ··-·----· 

Mbi rroKa>KeM Tenepb, 'ITO F(a,t) .ueAcTBHTenbHO yaos 

nepCHOHHOMY COOTHOWeHHIO C .QBYM.51 Bbi'IHT8HHHMH .QllSI BCeX 

pOM Kpyre n I t I ~ cz • 

nocpe.QC'TBOM KOH!j!OpMHOrO OTOopa>KeHHSI 

~ •z+vz 2 -1 

Mbl npeoopaayeM 3lll1HIIC E ~ O B KOllbUO C U9HTpOM B • TO'IKe 

paaHycoM 1 H BHewHHM paaHycoM R 

R • z 0 + V z: -1 

H nono>KHM 1 (a, ~) - 1m f ( a , z ) • 05oaaa"'HM 11epea m H 

Hbie 3Ha"'eHHR I g (a, ~ ) I aa OKPY*HOCT.51X 1 e 1 - 1 H 

-t :5 z ~ 1 I Pt <z> I :5 Pt 

, TO B aTOM HHTepsane I 1m f (a, z ) I 
seTCTBeHao. TaK KaK B HHTepsane 

Im •t (a) ;? 0 

rne 1m f (a , 1 ) H H3 HepaBeHCTBa (8) CneayeT, "'TO 

m < oonat a 1 + B 

ansr n106oro CKOllb yroaao Manoro B > 0 • C llpyroA cTopOHI 

BH.51 IIOnHHOMHSnbHOH orpaHH'IeHHOCTH 

M < oonat aN 

npHMeH.51.51 TeopeMy AaaMapa 0 Tpex Kpyrax /17 I I Mbl "' 

5oro z B HHTepsane 1~z,=::z 0 

ln I'Im ln r l n r 
f(a, z) I < (1--) In m +-In M < 

In R In R 

Ia r la r < 1'0 - - ) (1 +B)+ -- N ] Ia a , r • z + v z ll - 1 
- JaR JaR 

7 



iTor~:~a AnH scex z , neJKaiiUIX BHyTpH H Ha rpaHHUe E., 
0 

, 

aseHCTBO I P p ( z) I :5 P f ( z 0 ).. C llpyroA CTopoH&r, a CHny yc-

H 

Imaf(s)~lafl 2 > 0. 

(6) 

H f( s, z) aHanHTH'IHa no z 
BnnOTh liO TO'IKH Z • Z O , TO 

BCTH: 

• IS oo 

"_v_! (2P+l)Imap(s)Pp(z) 
k P=o 

(7) 

z = z 0 • Cne~:~oaaTen&Ho, nocne~:~HHA PSl.ll ~:~onJKeH a6comoT-

cxo~:~HThCH B snJJHnce E z H Ha ero rpaHnue, H onpeJle-. 0 

nHTH'IeCKyiD no t B 9TOM 3BMKHYTOM snnHnce H pBBHQ-

HBnbHO orpaHH'IeHHYID 110 S • 

liY fpHH6epra H noy H HCIIOnh3YSI ycnoB,He (3), Mbl MOJKeM 

e 9THX CBOfiCTB BHB~HTH'IHOCTH H nonHHOMHBnbHOfi OI'pBHH

pyaccapa 

s, 0) I < cons s In 2 s 
(8) 

s, t) I < oonst s 3/4 (In s )3/2 
t < 0 - ,, (9) 

a H MapTsHa /15/ 6&mo liOKaaaHo cneilYIDIUee yTsepJK~:~e-

YliOBneTBOpSieT JlHCIIepCHOHHOMy COOTHOWeHHID C liBYMSI 

np1:1 3Ha"'eHHS!X t , neJKBl.UHX B HeKOTOpOM Kpyre 

HO KO<ie"!Hh!M PBL!HyCOM C1 ( C1 < y ) , TO H3 (4) H yc-

cne~:~yeT, "'TO OHa YliOBneTBOpSieT liHCnepCHOHHOMy COOT-

bi"'HTBHHqMI:l 110 s IIpH BCeX t , neJKaiUHX B Kpyre 

6 

.# 

M&r noKaJKeM Tenepb, 'ITO F(a,t) JlefiCTBHTenbHO YilOBneTaopHeT JlHC-

nepCHOHHOMy COOTHOWeHHIO C JlBYMSI Bhl'IHT8HHS!MH JlnSI scex t 

POM Kpyre n l.t I ~ Cl • 

nocpeJlC'TBOM KOH4JOpMHOI'O OT06paJKeHHSI 

e-•z+yz 2 -1 

B H9KOTO-

Mbl npeo6paayeM snnH!IC E ~ O B KOnbUO C UeHTpOM B .TO'IKe '• 0 
1 

ManbJM 

paJlHYCOM 1 H BHeWHHM P8JlHYCOM R 

R • z0 + y z: -1 

H nonoJKHM 1 (a, e-) • 1m f ( a, z ) • 06oaHa'IHM 'lepea 11 H M MaKCHManb

H&re 3Ha'l9HHSI I g (a, ' ) I Ha OKPYJKHOCTSIX I e I - 1 H I e I - R COOT

BeTCTseHHo. TaK KaK a HHTepaane -1 ~ z ~ 1 I Pt (z) I :5 Pt ( 1 ) • 1 , a 

Im at (a ) ~ 0 , To a STOM HHTepaane I 1m f (a, z ) I acerJla MeHb-

we lmf(a,l) H H3 HepaseHCTBa (8) Cne)lyeT, 'ITO 

m < oonat a 1 + 8 
( 10) 

JlnSI n106oro cKon& 
YI'OJlHO Manoro lJ > 0 • C JlpyroA CTOpOHbi, B CHny ycno-

BHSI !IOnHHOMHanhHOfi OI'paHH'l9HHOCTH 

M < oonat aN 
( 11 ) 

\• 

npHM9HSISI TeopeMy AilaMapa 0 Tpex Kpyrax /17 I, Mbl nony'IHM JlnSI ni0-

6oro z a HHTepsane 1 ~ z !: z 
0 

. Ia r I a r 
In I Im f (a, z) I < ( 1 - - ) Ia m + - Ia M < 

- Ia R Ia R 

ll2J 

. Ia r Ia r 
< IU - - ) (1 + 8) + - N] Ia s , r • z + v z 2 - 1 
- JaR lnR 

~ 
7 
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PaccMOTPHM cHa'l:ana cnyqaa, Koraa N ~ 2 

HHH (12) nerKO yeHaeTb, 'ITO 

• Ha OCHOBe COOTHOWe-

anH HeKoToporo 

I lm f ( s, z ) I < const 

t > 0 , ecnH 

In r 

In R 

1-8 _,l 

<----
N- 1 -8 

2-l 
s 

3TO ycnoeHe BbinOnHH9TCSI0 B '18CTHOCTH, npH 1 < r < r 
- 0 

Ia r 
1 ---=0-<--

la R 2N 

( 13) 

H Ha'l:e roeopSI, lVlSI ecex z e HHTepeane 1 < z < 1 + 
2
f3k , f3 • ....L.2 HMe-

- - 2 4N 
eT MecTo HepaeeHCTBO (13). B CHny ycnoBHSI yHHTapHOCTH H ceoAcTe nonHHO-

MOB Jle)KaHapa oHo cnpaeeanHeo npH ecex z 

e TO'l:Kax z "' ± 1 H c 6onhwoa nonyocbJO 

TH, npu ecex z e Kpyre I z - 1 I ~ 2~ 2 • 

e snnHnce E z c ¢oKycaMH 
1 

z 1 •1+{3/2k2 , B '1:8CTHOC-

TaKHM o6paaoM, anSI ecex I t I ~· {3 HMeeT MecTo aucnepcHOHHoe cooT-

HOW9HHe: 

N 

F(s,t) = I. dn(t) sn + 
.... o 

2 
s I 
IT 

rae <jlyHKUHH d
11
(t) aHanHTH'l:Hbi no t 

lmF(s',t) 

s'2(s'-s) 
ds' , 

( 14) 

e aaHHOM Kpyre. CooTHoweHHe 

(9) nOK83biB8eT, 'ITO d., (t) !!! 0 npH D .:: 2 anH BC9X t B HeKo-

TOpOM HHTepeane t 2~ t ~ t 1 < 0 • 0HH TO)KJJ.9CTB9HHO paBHbl HynJO H npH 

ecex t e Kpyre I t I • f3 • Ha STHX peaynhTaToe H TeopeMbi )I(HHa H 

MapTSH8 115/ CneayeT, 'ITO aucnepCHOHHOe COOTHOW9HHe C aeyMH Bbl'l:HT8HHSI-

MH no s cnpaeeanHeo anSI ecex I t I ~ y . 

E cnu )Ke KOHCTaHTa N e (11) MeHbWe 2, TO nocneaHee yTeep)KaeHHe 

BbiTeKaeT HenocpeacTeeHHO H3 cooTHoweHHH ( 14) anSI ecex I t I ~ y • TaKHM 

o6paaoM1 ~HTerpan 

8 

• I ~· 

Im F(s', t) 
f. ds' 

s'2 (a'-2) 

a6conJOTHo cxoaHTCSI npu ecex t e Kpyre It I·~ y 
c t) 

ecex t e snnunce Ey c ¢oKycaMH e TO'l:Kax 

6onhwoa nonyocbJO 2 k 2 + y • B '18CTHOCTH, 

I ·1m F ( s, t) I ~ coast s 2 

anH ecex B E' tl y • 

H, cne, 

t • 0 H 

CaenaeM Tenepb oaHo npeanono)KeHHe. llonycTHM, 'ITO 

BOpSieT aHcnepCHOHHOMy COOTHOWeHHJO C KOHe'l:HbiM 'l:HCnOM E 
( t) 

npH ecex t e snnHnce Ey • Toraa e CHny a6conJOTHc 

HHTerpana (15) Mbl HSnHWeM aHcnepCHOHHOe COOTHOW9HHe ( 

B STOM snnHnce. Ha OCHOBe (9) Mbl 38KnJO'IaeM, 'ITO aHcnepc 

W~HHe C aeyMSI Bbl'l:HT8HHHMH no ts HM99T M9CTO TOraa 

snnHnce E c tl 
y • B 'l:SCTHOCTH, 

I F ( a , t ) I < const s 2 

anSI scex t B E C t l 
y 

nHnce 

§8. floBet:teHHe t:tHl/JpBKllHOHHbiX flHKOB ynpyrHX H 

npoueccoB 

npHMeHHM Tenepb K WHKUHH 1m f ( 8,. ) • 8H8nHTE 

E. , ¢opMyny KowH ( cneayH fpHH6epry H Jloy 1 

0 

lmf(s,z) • 
1 

211'1 ' c9E •o 

1m f ( II, t ') 

z , - z 
da ' , 

rae a E •o o6o3Ha'l:aeT rpaHHUY snnHnca E•o· nonb3YHCb TE 

¢opMynoa 

9 



M caaqana cnyqall:, Koraa N ~ 2 • Ha OCHOBe COOTHOllie-

YBHA9Th, "'TO 

I Im f ( s, z ) I < con8t 
2-l 

s (13) 

l > 0 ecnH 

In r 

In R 

1-8 _,l 

<-----
N- 1 -8 

e BbiiTOnHSI9TCSI0 B "18CTHOCTH, ITpH 1 < f < r 
- 0 

< 1 
In R 2N 

nSI scex z B HHTepsane 1 < z < 1 + ~k , f3 • 2-
2 

HMe-
- - 2 2 4N 

HCTBO ( 13), 8 CHny ycnOBHSI YHHT8pHOCTH H CBOil:CTB ITOnHHO-

HO cnpaseanHBO npH scex z 

1 H c 6onblliOil: nonyocbJO 

B annHnce E • c ljloKycaMH 
1 

z 1 •1+{J/2k 2 , B "'SCTHOC-

B Kpyre I z - 1 I ~ 2~ 2 • 

3oM, anSI scex I t I ~ f3 HMeeT MecTo AHcnepcHOHHoe cooT-

N ImF(s',t) 
= I d n(t) 8n + 

8 2 

I ds' , 
n=o , 

s'2(s'-8) 
(14) 

t ) 8H8nHTH"'Hbl ITO B ASHHOM Kpyre, COOTHOlli9HH9 

"'TO dD ( t ) !!! 0 npH n ~ 2 anSI scex t B HeKo-

0HH TO:lKJJ.9CTB9HHO paBHbl HynJO H ITpH t 2~ t ~ t 1 < 0 

I t I = f3 • l13 3THX pe3ynhT8TOB H TeopeMbl )f(HHa H 

"'TO AHcnepcHoHaoe cooTHOilleHHe c ABYMSI Bbi"'HTaHHSI

anSI scex I t I S, y • 

HCT8HT8 N B ( 11) M9Hhllle 2, TO nocneaaee YTB9p:lKA9HHe 

ACTBeHHo H3 cooTHOilleHHSI ( 14) anSI scex I t I ::S y • TaKHM 

8 

# 

.. ~ .... 

Im F(s', t) 
f. d s' 

•'2(•'-2) 
( 15) 

a6conJOTHO cxoaHTCSI npH scex t B Kpyre I ·t I·~ y H, cneaosaTenbHo, npH 
c t) 

BC9X t B annHnce Ey C ljJOKYCSMH B TO"'KSX t- 0 H t •-,4 k 2 H C 

6onhllloll: nonyoChJO 2 k 2 + y • B "'SCTHOCTH, 

I "Im F ( 8, t ) I :: con8t 8 2 
(16) 

anSI acex B E' tl y • 

CaenaeM Tenepb OAHO npeanono:lKeHHe, llonycTHM, "'TO F ( s , t ) y aosneT

aopSieT AHCnepCHOHHOMy COOTH01ll9HHIO C KOH9"1HblM "'HCnOM Bbl"'HTSHHil: no 8 

( t) 
npH acex t a annHnce EY • Toraa a cHny a6conJOTHoR CXO.IlHMOCTH 

HHTerpana ( 15) Mbl HanHill9M llHCnepCHOHHOe COOTH01ll9HH9 ( 14) )lnSI BC9X t 

B 3TOM annHnce, Ha OCHOBe (9) Mbl 38Kni0"189M, "'TO llHCnepCHOHH09 COOTHQ-

Illj:!HHe C ABYMSI Bbl'IHTSHHSIMH no t9 HMeeT MecTo Toraa .ansr acex t B 

annHnce E ( t) 
y • B 'ISCTHOCTH, 

I F ( s , t ) I < con8t s 2 
( 17) 

ansr acex t B 
E c t l 

y 

., 

§3. floBe~eHHe ~H¢p8KUHOHHMX nHKOB ynpyrHX H HeynpyrHX 

npoueccoa 

npHM9HHM Tenepb K WHKUHH 1m f ( 8, z ) ' aaanHTH"'9CKOA B sn-
nHnce E. • ljlopMyny KOiliH ( cneaysr fpHH6epry H noy /2/) 

0 

lmf(s,z) • 1 -
2n· i o£ •o 

1m f ( • , t ') f ds ' , 
z , - z 

( 18) 

rae a E •o o6o3H8"189T rpaHHUy annHnca E •o· nom,aysrcb Tenepb H3B9CTHOR 

ljlopMynoR 

~ 
9 



~ 

.. 1 

z '-z 
I ( 2 t + 1 ) Pt ( z ) Q f ( z ') , 

r-o 

Mbl MOlK9M nony'IHTb OTCIO.Qa: 

It 
( .) -

lmat 16irr 2 v'• 
f lm f ( • , z ') Q t ( z ') d z ' . 

aE•o 

T 8K KBK Ha KOHType iJ E sO 

.lQf(z')l ~(T)Ih 
( z 0+ v' ·:- 1) -(f+11 

( 1 - 1 112 ) 

(z +v'z 2 -1 
0 0 

TO H3 !jlopMynbi {20) cne.Qye.T HepaeeHCTBO 

R(s) y -t 
lmat(8) < -

1 
[ 1 + 2 v'-1 , 

- ,1 2 8 

R (s) • coast s'/ 4 

B CHny ycnOBHH YHHT8pHOCTH {6) Mbl HMeeM: 

latl<const 
8 

t/e 

t l/4 
[ 1 + 2 v' -L 1 -t/ 2 

s I 

0603H8'1HM qepe3 l T8KOe f , npH KOTOpOM R(s )[ 1 +2 v' L1-t 
8 

paana e.QHHHue: 

L = 
In R ( s ) .. ...!_ v _8_ 

- 2 y 

lo[1+2v'L1 

lo R(1) , s .... 

s 

10 

• 

{ 19) 

{20) 

{21) 

{22) 

{23) 

H paccMoTpHM psm (5) npu z = 1 , Paao6heM ero aa ase 'lac· 

( I+JI) L-1 

[ :I + 
t- 0 

... 
:£ ) ( ( 2f + 1 ) I f (I ) ) • 

( I+JI)L 

rae v - HeKOTopoe noaxoaHwee nonolKHTenbHoe 'I:Hcno, anH K01 

-uenoe, 11a (22) aeTpyaao nony'IHTb cneayiOWYIO oueaxy anH s 

I i ( 2f + 1 )(an ( 8 ) I < / J [ 2 ( 1 + v ) L .J - 8
- + 2 ..!__ ] 

t -..Jiel4 y y f•ti+V)L K L 

.Qng OU9HKH nepBOlt CyMMhl Mhl nonh3yeMCH HepaBeHCTBOM llJBap 

Mhi HMeeM Toraa: 

(lTV) 1.. -1 oo 
2 2 2 I :I (2f+1)a2 1 ~(1+v) 2 L :I (22+ 1)1 •r 1· • 

t-o f•o 

2 2 
•O+v) L 

8 

16 II' 
q .t ' 

rae u J. - nonaoe ce'leHHe ynpyroro pacceHHHH, HanOMHHM, 'ITO au 

Hoe ce'l:eaae pasao: 

d C7 .r 
dt 

1 

6-4rrak 2 

Mhi 6yaeM Bhi6upaTb v TaK, 'IT06hi 

IF(8, t)l
2 

• 

' 1 
.1/2 » •h L s/ 4 u ef R 

Toraa BTopaH cyMMa HC'Ie3al0we Mana no cpaBHeHHIO c nepE 

npeanonO>KHM, 'ITO C7 .t > -.t .-p' p > 0 • B STOI 

(26) cneayeT, 'ITO 

-p _..,.!_ v- _l_ 
8 >> 8 4 4 ,8-+0D. 

OTc10aa nony'laeM ycnosae anH v v>..!.p _ _L 
9 9 

• PaL 

11 
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.. 
, =I(2f+1)Pe(z)Qr(z'), 

z - z r •o 

HTh OTCIOilB: 

k 
; Im f{s,z')Qr (z') d z '. 

CIE
00 

) -
16irr2ys 

ype iJ E•o 

(z')l <(...!!..)1/2 
- t 

( z 0+ v' z:- 1) -(l+ll 

( 1 - 1 112 ) 

(z +v'z 2 -1 
0 0 

20) cnenyeT HepaseHCTBO 

(s) < ~ [ 1 + 2 v' Y 1-l , ,.;2 8 

R ( s ) .. coast s 8 I 4 

YHHTBpHOCTH (6) Mbl HMeeM: 

< const 
8 

e/e 

t 1/4 
[ 1 + 2 v' .L. I -f/ 2 

8 • 

qepe3 l TBKOe , 1 npu KOTOpOM R(s)[1+2y...L.]-l 
s 

In R ( s ) .. ...!_ v' _s_ In R ( • ) 1 

I 2 y 

n[1+2yL] 

8 .... 

s 

10 

* 

( 19) 

(20) 

(21) 

(22) i 

(23) 

H paccMoTpHM PHLI (5) npu z = 1 • Paao6beM ero Ha aae 'laCTH 

(1+11IL-1 oo 

[ I + I 1 [ ( 2f + 1 ) • t (I ) ] ' 
f• 0 , ( 1+ 11) L 

rae 11 - HeKoTopoe noaxoasrwee nono>t<uTenbHoe 'IHcno, ansr KOToporo ( 1+11) L

-nenoe. Ha (22) neTpyaao nony'IHTb cneayiOWYIO oneHKY ansr BTopoA cyMMbi: 

.. 1 s s 
I I ( 22 + l) (at ( s ) I < I / · [ 2 ( 1 + v ) L v' - + 2 -.- ] 
f..,C1+111L -rf·•L14 Y Y 

nnsr 0Il9HKH nepsoA CYMMbi Mhi OOJib3yeMCSI HepaBeHCTBOM llJaapna, 

Mbi HMeeM Toraa: 

t l't'V}L-1 oo 2 

I I (2f+1)af 1
2 ~(1+11) 2 L

2 
I (2t+ 1) I •t 1· • 

t-o t-o 

2 2 
•0+11) L 

8 

16 II' 
u .t ' 

(24) 

(25) 

rae u J. - nonaoe ceqeaue ynpyroro paccesrausr, HanoMHHM, 'ITO aucMJepeanuam,

Hoe ceqeaue pasao: 

1 du.t 

dt 64rrsk 2 

Mbi 6yaeM Bhi6upaTb 11 TaK, 'ITo6bi 

1/2 » u· 
.t 

I F(s, t) 12 
• 

" 
(26) 

Toraa BTopas cyMMa HC'IeaaiOme Mana no cpasHeHHIO c nepsoA, 

npeanonO>KHM, 'ITO u .t > -.t .-p' p > 0 • B aTOM cny'lae H3 

(26) cneayeT, 'ITO 

-p 
8 

-..L v- _1_ 
>> 8 4 4 

0TciOaa nony'laeM ycnosue ansr 11 

,a .. eo. 

4 11>-p---L 
9 9 

t 11 

• Paa H yao6cTsa 



Mbl BbJCSepeM II• ~ ( p+ •>- +• r.11e f -.llOCTaTO'IHO Manoe nonolKHTenb-

HOe 'IHCno, H nony'IHM: 

--L 
t 

du.t p+t 2 1 2 s so -1 <[1+-] -Ia --[1+0(-)] 
dt t•o- 2 y s

0 
s' (27) u.t 

COOTHOWeHHSI TSKOI"O THna, CO,IleplKSWHe HeH3BeCTHble KOHCT8HTbl 0 6bJnH nony

'leHbl BnepBbJe B pa6oTe /9/, npe.llnonolKHM, 'ITO nonaoe ce'leHHe cTpeMHTCSI 

K nOCTOSIHHOi!: npH 116. .. "" 

1 

u.t 

d O'.t 
dt 

, T.e. p • 0 • Tor.na HMeeM: 

I < _1_ la2 
t• 0- y 

·S 

•o 

B cnyqae paccesrHHSI aa aeayneBoA: yron, Bocnonb30BSBWHCb oueaKoA: .nnsr 

nonHHOMOB nelKSH.Upa 

1 I P (cos6)1 < "M , 8-/: o,,, 
t - .;., t cos 6 

MOlKHO nony'IHTb aaanOI"H"'Hhle COOTHOWaHHSI 

1 d 0' .t a 1/ 11 1a(.; a ) p+t 
I s 0 

[ 1 + --
u.t d cos 6 6{. o,, rr sin 6 ../y 2 

1 d 0' .t -
u. t dt ltf.o < 

Ia s/s 
0. 

rrvltl y 

[ 1 + 

Tenepb paccMOTpHM npouecc 

a+b .. c+d. 

'!"+ f 

2 
] . 

PaanolKHM aMnnHTy.ny T( a, z) Ha napuHanbKble Bonabl 

8 00 

T(s,z)•Brrv- l: (2t+Obe<•>Pe(z), 
kk' t-o 

12 

• 

(28) 

(29) 

<n > 

(30) 

r.ne k H k' -TpeXMepKbJe HMnynbCbl HS'ISnbHbJX H KOHe'IH: 

YcnoBHe YHHTapHOCTH HMeeT BH.Il: 

2 2 
Imae<•>=l•e<•>l +lbe<•>l + 

Ha (31) H (21) Mbl HMeeM 

R 1!2 -- -P/2 
I be<•> I <vim •e<•> <---:rr;£1+ 2 v-"-J 

L s 

noBTOpSIH Te lKe Bbi"'HCneHHH1 'ITO H .nnH ynpyi"HX npoueCCOB
1 

1 duinef -- I <-1-[1+ p'+t ]2 I 2 I n a s· 

0'1nef 
dt t = 0 - y 2 0 

1 du f __ ,_n_•_· I < 
dt t"O rrv I tl y 

Ia s/ s p ' +d ] 
---,=0=- [ 1 + -2-

~nef 

1 < 
sl/2 In s/so 

[1 + 
u, n .e 

du1.,J 

d cos 6 I rUo,ll' 
II' sino...;, 

p '+ f 

2 

3.1leCb p - KOHCTSHTS T8KSH0 'ITO npH S .. - u1 " .t > coast 

HaKoaeu, Mbl pad'cMoTpHM npouecc MHOlKeCTBeaaoro pc 

a+b .. C-t-A, 

rAe A o6oaaaqaeT BCeB03MO)I{Hbie CHCTeMbJ aApOHOB, B pa6oTe 

KS3SHO, 'ITO nonaoe Ce"'eHHe HeynpyrHX npoueCCOB BHAS ( m 
eM "'SCTHUbl "C" nOA ASHHblM yrnoM (J HMeeT BHA: 

due 211' ) - l: (2f+1)(2f'+l)Pn(cos8)P,,(cos 9 Cft, 
k2 ft' [ t dcoa (J 

I"Ae, B CHny ycnOBHH yHHTapHOCTH, KOs$$HUHeHTbi Cff' CBH3aH 

'ISCTHMH napUHSnbHblX SMnnHTYA ynpyroro pacceHHHH (1) He 

13 



v• ~ ( p+ ,)- +• rne ' -nocTaTO'IHO Manoe nono>KHTem.-

nony'IHM: 

f 

p+t 2 1 2 • 
8

o I <[1+-1 -Ia -[ 1 + 0 <->1 
t•o- 2 y • 0 •' 

(27) 

Taxoro THna, conep>KamHe seHaaecTHbie xoscTaHTbi, 6binH nony

a pa6oTe /9/. npennono>KHM, 'ITO nonsoe ce'leHHe cTpeMHTCSI 

npH 86. -+ oo , T.e. p • 0 • Torna HMeeM: 

1 

u.t 

du.t 

dt 
I < _1_ la2 
t• 0- y 

·8 

•o 

paccesrHHSI sa sesyneaoA yron, aocnonbaoaaamHcb ouesxoA nnsr 

snpa 

1 
I P <cos e > I < • 

t - .; " t 008 8 

8-/aO,w, 

asanorH'IHbie cooTsomeHHSI 

I < 
8-l- o, fT 

< 

1/ 2 1a( a/ a ) 8 0 
[ 1 + 

fT aiD (} •lY 

[ 1 + 

paccMoTpHM npouecc 

a+b-+c+d• 

p+f 

2 

p"+ f -2 

1 

1 . 

TYllY T ( 8, z ) sa napuHanbHbie aonHbi 

- 8 00 -s,..;- I. (2t+1)be<•>Pe<z), 
kk' 2-o 

12 

•"-

(28) 

(29) 

<n> 

(30) 

. -- .~ .. ' -~"--- -~~-- ........... ~~.,..Jl/1 

r.ne It H It' -TpeXMepHbie HMnym.Cbl H8'18nbHblX H KOH9'1HbiX '18CTHU. 

YcnoaHe yHHTapHOCTH HMeeT BH.n: 

2 2 
lmae(8)•1•e<s>l +lbe<•>l + (31) 

Ha (31) H (21) Mbi HMeeM 

R 1/2 - -P/2 

I be<•> I <vim ae<•> <--:174£1+ 2 ..;...L-1 L s (32) 

noaTopsrH Te >Ke Bbi'IHcneHHH, 'ITO H .nnH ynpyrHx npoueccoa, Mbi nony'IHM: 

1 

uinef 

1 

~ .... P 

1 

duinef I <.!_[1+ 
t = 0 - y 

-'---12 ln2 a/ so 
dt 

du f 
--~-"-"-· I < 

dt tf,o -

In s/ s p ' +e2 
1 ---=0=- [ 1 + --2-

,..;I t I " 

< 
8 1/2 In s/so P '+ 

[1 + --'] 
2 

ul n .. e 

duin.l' 

d ODS(} I o.;, o, " rr sin (} v y 

3.necb p ' - KOHCTaHTa TaKaH1 'ITO npH S -+- u1 .. .. t > COli at a -p' 

" Haxoseu, Mbi paccMoTpHM npouecc MHo>KeCTaessoro po>K.neHHSI 

a+b-+C-t-A, 

(33) 

(34) 

(35) 

r11e A o6oasaqaeT aceao3MO)I{Hbie CHCTeMbi allpOHOB, B pa6oTe 
141 

6bmo no

xaaaso, 'ITO nonsoe ce'leHHe seynpyrHx npoueccoa BHlla ( In ) c pO>KlleHH-

eM 'laCTHUbl "C" llOll )laHHbiM yrnOM () HMeeT BHll: 

du 0 
2rr ) -I. (2f+1)(2f'+l)Pn(oos())P,,(ooa8 Cm, 
k2 l't' [ t u (36) doos () 

I')le, B CHny y<.;nOBHSI yHHT8pHOCTH, KOS$$HUH9HTbl Ctp' CBSI3aHbl C MHHMbiMH 

'laCTHMH napuHanbHbiX aMnnHTYll ynpyroro pacceHHHH ( 1) sepaaeHCTBOM 

• 
13 
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I C tt, I < V 1m a r (a ) 1m at, ( • ) · 

noACTaBnSISI (21) B (37), nonyqaeM 

e + t' 

I C ft'l < 0011st s 114 [ 1 +2 y.L.]--
2

-

• 

(37) 

(38) 

noBTOpSISI npHB9A9HHb19 Bb!W9 paccy>Kll9HHSI0 Mbl MO>K9M nony'IHTb Ha OCHOB9 

(37) H (31) cnellyiOWHe oueHKH: 

1 du 0 • 1 p"+f 2 2 
< - - [ 1 + 1 Ia ( s/ s 0 ) 

6-o- 2 y 2 
(39) 

tiC d cos 6 

1 
t/2 I 

d!'o I ::; _!__l,a a ~ 
d coa6 6 .J. o, " rr ala 8 v y 

(40) 

0'0 

[ 1 + ~'1 2 • 

I"A9 p "-KOHCTaHTa TaKaS!, 'ITO u
0 >coast S -p npH s .. ee , 

§4, HeKoropbie o6o6meHHH 

4>opMyna (27) HM99T M9CTO TaK>K9 lln~ C9'19HHSI paCC9SIHHSI Ha3all (Ha 

yron 8 •·180 ) , 0llHaKO ITOCK9nbKY OCHOBHOA BKnall B 0' ( 8) )laeT HHTepean 

yrnoe e6nH3H 8 • 0° , a llH4KIJpeHUHanbHOe ce'leHHe npH () > T y6bi-

eaeT C pOCTOM 8 0 
KaK STO ITOKa3biBaeT SKCnepHM9HT 0 TO STa <JlopMyna 

npaKTH'I9CKH He npellCTaenHeT HHTepeC )lnSI paCC9SIHHSI Ha3a)l, ~nSI H3Y'I9HHSI 

XapaKTepa AH<JlpaKUHOHHOI"O ITHKa Ha3aA Mbl BB9ll9M BM9CTO nonHOI"O C9'19HHSI 

y11pyroro pacceHHHH u·( s) 

PY 17 Haa (a) 

... 

nonHoe ce'leHHe pacceHHHH Ha aaAHIOIO nonyc<Jle-

14 

u 
Ha3 

0 d (f 
(s)• f-- dz. 

-1 d z 

noKa>KeM Tenepb, 'ITO BenH'IHHa 
1 du 

dt 't•-41<2 T8K>Ke 
O'Ha3 

eT HeOaBeHCTBV THna (27), 

BMeCTo cTporo AOKasaHHbiX aHanHTH'IeCKHX CBOHCTB Mbl n 

'ITO F(s,t) aHanHTH'IHa B TononOI"H'I9CKOM npOH3B9ll9HHH 9< 

nnoCKOCTH s c paapeaaMH. TorAa, KaK aTo 6bino noxaaaHo B §~ 

TO H9P8B9HCTBO (17), 

06oaHa'IHM 11epea E' annHnC C $OKyCaMH B TO'IKaX Z • 

H C U.OnbWOti nonyOCbiO Z; ""+ + 4f- 0 s .. 00 • Mo>KHo noKaa 

snnHnc coaep>KHTCH a annHnce MapTsHa E •o , noaTOMy f(s 0 

aHanHTH'IecxoA <JlYHKUHeA B E' n OCpe)lCTBOM 3aM9Hbl fie) 

1 w = 2 (z + -
2
-) 

Mbi npeo6paayeM E' B annHnc MapTaHa Ew
0 B nnOCKOCTH 

W0 al+-¥
dg(s,w) n 

C8MH B TO'IK8X W = ± 1 H C 6onbWOti nonyOCbiO 

nonO>KHM 

fle>KaHllpa 

f(s,z)ag(s,w H pasnO>KHM 

g(s,w)=h ~s I (2i+1)s'p(s)Pp(w) 

J1a 8H8nHTH'IHOCTH ,&(s,w) H ycnOBHSI (17) cne.r:tyeT, 'ITO 

£•e<•>l < 
R '(s) ~ r 1 + 2 ..; .2.L. re 

• 
f'lle 

R' ( s) const 8 s/ 4 

noBTOpSISI BCe npHB9.Q9HHbl9 B §3 paccy)I{.Q9HH H, Mbl I 

15 
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ICu,l <..;1m •r<•>Im .,,<•>. 
(37) 

TSBnSISI (21) s (37), nonyqaeM 

e + t' 

I C tt , I < coast a e/ 4 
[ 1 + 2 y L 1 - --r• (38) 

,neHHbie Bb!We pacCy)K,neHHSI, Mbl MO)KeM nony'iHTb HS OCHOBe 

cne.nyiOWHe oueHKH: 

du 0 s 1 p"+f 2 2 
< - - [ 1 + 1 la ( s/a 0 ) (39) 

d cos e e-o- 2 y 2 

(70 

1!2 I 
dp-c I ~ 2,__1a a ~ 

d cosO (J.j. o,rr rr siD e VY 
(40) [1+~~ 

2 ' 1 

KOHCTSHT8 T8K851, 'iTO u 0 > const a -p npH s-+ eo~ • 

§4. HeKoropbie o6o6meHHH 

(27) HMeeT MeCTO TSK)Ke ,nng ce'ieHHSI pacceSIH~SI aaaa.n (aa 

) , 0.nHaKO IIOCKOnbKY OCHOBHOH BKna.n B C1 ( 8) .naeT HHTepsan 

8 ., 0° , a .llHtMJpeHUHanbHOe Ce'ieHHe npH 6 > + y6bi-

M S , KSK aTO IIOK83biBSeT aKCnepHM9HT, TO aTa ljlopMyna 

npe.ncTaBnSieT HHTepec ,nnH pacceSIHHH H838.llo anSI H3y'ieHHH 

.llHijlpaKUHOHHOT'O IIHK8 H838.ll Mbl BBe.neM BMeCTO nonHOT'O ce'ieHHH 

pacceHHHSI u·( a) 

(a) 

• 

nonHoe ce'ieHHe pacceHHHH Ha aa.nHIOIO nonycljle-

14 

(7 
H83 

0 d C1 
(s) • f -- d z. 

-1 d z 

1 du 

( 41) 

noKSm9M Tenepb, 'iTO BenH'iHH8 -I 
O'Ha

3 
d t t .. - 4 1< 2 

T8K)Ke Y.llOBneTBOpH-

eT HeDSBeHCTBV THII8 (27), 

BMecTo cTporo .noKaaaHHbiX aHanHTH'ieCKHX csoHCTB Mbi npe.nnonO)KHM, 

( 1) 
'iTO F (s, t) aHanHTH'iHa B TononorH'ieCKOM npoHaBe!leHHH annHnca E y H 

nnOCKOCTH S C paape3SMH, Tor.na, KSK 3TO 6binO IIOK838HO B §2, HMeeT MeC

TO HeoaBeHCTBO (17), 

06oaHa'iHM qepea E' annHnc c ljJoKycaMH s TO'iKax z • -1 H z = 0 

H c u.onbWOH nonyOCb!O z; .. + + it- ' s .. 00 • Mo>KHO IIOK838Tb, 'iTO a TOT 

annHnc co.nep>KHTCsr e annHnce MapTaHa E • , noaToMy f (a, z ) srsnsreTCH 
0 

aHanKTH'iecKoA tPYHKUKeA B E' , nocpe/lCTBOM 3aMeHbi nepeMeHHhlX 

1 w = 2 (z +-) 
2 

Mbi npeo6paayeM E' B annHnc MapTaHa E w 
0 

B IInOCKOCTH W C tfloKy-

W -=1+~' 8-+DO, 
0 s 

CSMH B TO'iKSX W = + 1 H C 6onbWOH rronyOCb!O 

nonO>KHM f(s,z)•g(s,w) H paanO>KHM dg ( S, W) IIO IIOnHHOMSM 

fle>KaH.npa 

g(s,w):Srr ~s I (2P+l)a'p(s)Pp(w) (42) 

Ha aHanHTH'iHOCTH g ( s, w) H ycnoBHf! ( 17) cne.nyeT, 'iTO 

[af (s)l < 
R '(s) "72 [ 1 + 2 ..; ...!L rt 

8 (43) 

r.ne 

R' ( s) const 8 9/4 
(44) 

noBTOpSlH BCe IIpHBe.neHHbie B §3 paccy*.r:teHKsr, Mbi rrony'iHM 
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1 
dl7 

--I 
d t t -- 4t 

2 

E 
1 r+t 2 2 s <- [ 1 + --] In sis [ 1 + 0 ( - 0

-) ] 
- y 4 0 SE 

(45) 17Ha3 

3aecb T - nonO)KHTenbHaSI KOHCTaHTa TaKaS, 'ITO npH S-+ oo 17 
( s )2: const s-r . 

Ha onhlTe aecbMa TPYAHO onpeaenHTb AH¢¢epeHuHanhHOe ce'IeHHe npH 

8 .. 0 H 8 = 180° • PaaH yao6cTsa aKcnepHMeHTanbHOft nposepKH Mhi cner

Ka MOAH¢HUHpyeM nony'IeHHhl& COOTHOWeHHSI ( 27) H ( 45) • KaK H B Ha'LJ:ane 

aToro naparpa¢a, Mhi npenono)KHM aHanHTH'IHOCTb F ( s, t) B TononorH-

( 1' 'LJ:eCKOM npOH3BeaeHHH annHllCa E y H nnOCKOCTH s c pa3pe3aMH. nns 

onpeaeneHHOCTH paccMoTpHM paccesHHe Ha Manhift yron ( snepea). 06oaHa

'IHM "!epe3 t 
1 

H t 
2 

H&KOTOpbl& ¢HKCHpOB8HHbl6 OTpHU8TenbHbl6 3Ha'I&HHSI 

t t2 < t 1 < 0 • JierKo noKa3aTb, 'ITO MaKCHManhHbift annHnc E" 

C ~OKyCaMH B TO'LJ:K8X t
2 

H t
1 

, coaep)KaiUHftcs ~ annHnce MapTaHa, HMe-

eT 6onbWYIO nonyocb 

t - t 
. t .. 1 2 1 
• 0 

nocpeACTBOM OT06pa)KeHHSI 

1 
U• 

t' - t !l 

t 

2 

2 

t1 + t ll -
t - t 

' '1. 

[1+__11:_] . 
s 

t 1 .;. t 2 

B annHnc Eu 
0 

B nnocKOCTH u c ¢oKyca-Mhi npeo6paayeM annHnc E" 

MH B U "'± 1 H C 6onbWOft nonyOCb!O U O\ = 1 + + • npH llOMOWH H3-

no)KeHHoro MeToaa MO)KHO nony'IHTb cneayiOIUee HepaseHCTBO 

1 ~, 

At 17
8 nep 

dt 

rae 

• 

t .. t 1 

<-1-
'Y 

'"2 

A q- I 
t 

t 1 

s r' +E 2 2 
- [ 1 + ~] ln a/s 0 , 

It a-t11 

dl7 

dt 

16 

d t • 

1.•'; 

(46) 

AaanorH'LJ:HO MO)KHQ ycTaHOBHTb COOTB&TCTBYIOIUee HepaBeJ 

C&SIHHSI Ha3aJ(: 

1 du --
At 17 aaa. d t ' .. -o a + I , 1 I 

< 1 

'Y 
!__ [1+~12 

lt2-t11 4 

rae 
t .. - 4 k2 + I t 

1 
I , 

A·, 17 Haa J 
t-- n 2 +I, I 

I 

du 

dt 
d t , 

3aecb r H r -KOHCT8HTbi, T8KHe, 'ITO llpH S -+ oo 

(1 

snap 
(s) > const s-r 17 

Haa 

> const s -r" 

§5. 06 oaHoM cneacTBHH rrpeacTaBneHHH MaHaeJlbc 

npeanonO)KHM, 'ITO aMllnHTyaa ynpyroro paCC&SIHHSI F(s,tJ 
Ha 110 t BO BCeft nnOCKOCTH t C 110n!OC8MH H pa3p938MH E 

HOA OCH. nycTb aanee 9Ta aMnnHTyAa nonHHOMHanbHO orpaHH' 

H llYCTb npH K8)KJ(OM ¢HKCHpOB3HHOM t : 

• I F ( s, t) I < const s N c t I 

PaccMaTpHsaeMaSI KaK ¢YHKUHSI oT z 

)1(9 aaanHTH'LJ:Ha BO BCeft nnoCKOCTH 

B&HHOft OCH. 

z 

, 8 ~ ao • 

aMnnHTyAa pacceSIHHSI 

c non10caMH H paapeaaM 

BhiAenHM Tenepb HeKOTOpbiA HHTepaan -1 < Z 
2 
~ Z ~ Z I< l 

CMOTpHM MaKCHManbHblft annHnC E ,, C ¢oKyCaMH B TO'LJ:KaX Z • 

coaep)KaiUHftcs B o6naCTH aHanHTH'IHOCTH f ( s, z ) • BonbiUaH 

2 z + z 
ro annHnca pasHa a •1+ 7- 1

2 
2 • nocpeACTBOM 38ME 

HbiX 

17 



( 

1 r+t 2 2 s <- [ 1 + -] In sis [ 1 + 0 ( -
0
-) ] 

- y 4 o 8 t (45) 
t =- 41.: 2 

lK!ITeflbH8Sl KOHCT8HT8 T8K8Sl, 'iTO np11 S ... oo (1 
( s )~ oonst .-r . 

eecbM8 TPYAHO onpe.o.enHTb AH~~epeHuHanbHOe ce'l:eHHe npH 

• PaAII y.o.o6cTea sKcnepMMeHTanbHOH npoeepKII Mbl cner

nony'l:eHHbie cooTHOllleHHSI (27) H (45). KaK H e Ha'l:ane 

Mbi npenonoJKHM aHanHTII'iHOCTb F ( s , t) B TononorH-

( 1) snn!lnCa E y II nnoCKOCTH s c paapeaaMH. nnSI 

paccMoTpHM pacceSIH!Ie Ha Manbifi: yron (enepe.o.). 06oaHa

H t 
2 

HeKOTOpble ~!IKCllpOeaHHble OTpHU8TenbHble 3HaqeHHSI 

• flerKo noKaaaTh, 'iTO MaKCHManhHbifi: snnHnc E" 

t
2 

H t
1 

, co.o.eplKalliHiicSI !'! snn11nce MapTsHa, HMe-

t - t 
2 1 

to =I 
2 

oTo6paJKeHHSI 

1 

t 1 - t ll 

t 

2 

t1 + t 2 -
t - t 

1 ~ 

[1+..-1L]. 
s 

t1 1: t2 

E" e snnHnc Eu 
0 

e nnocKOCTH u c ~oKyca-

4v ' 
H c 6onblliOfi: nonyochJO u 

0 
.. 1 + --t-" . DpH noMOWH H3-

MOlKHO nony'l:HTb cne.O.yJOWae HepaeeHCTeO 

~I 
dt '"''1 

<-1-
y 

'2 

6. (1 - f t 
t 1 

s r ' +f 2 2 
[ 1+ ~] In a/s 0 , 

It -t I 2 1 

du 

dt 
d t • 

(46) 

AHanorH'l:HO MOlKHO YCT8HOeHTb COOTeeTCTeyJOWee HepaeeHCTeo .O.nSI pac

C9SIHHSI Ha3a.[l: 

1 du --6. . d t 
t (1 Ha3. 

r.o.e 

I 
•--·n 2+ I •11 

< _1_ 
y 

s [ 1 , , + ( ]2 I 2 I - +- n s s 
I t2 - t• I 4 o 

t .. - 4 k2 + I t 
1 
I • 

!-,. ·, (1 Ha3 = J du 

dt 

+I, 
1 

I t-- 411.: 2 

d t ' 

3.o.ecb r H r, -KOHCTaHTbl, TaKHe, 'iTO npH 8 ... 00 

t1 
enep 

(s) > oonst .-r (1 

Ha3 

> oonst s -r" 

§5, 06 o.anoM cne,aCTBHH npe.acrasneHHH Man.aellbcTaMa 

(47) 

Dpe.o.nonoJKHM, 'iTO aMnnHTy.o.a ynpyroro pacceSIHHSI F( s, t) aHanHTHq-

Ha no eo eceA nnocKoCTH t c nonJOcaMH H paapeaaMH Ha eewecTeeH-

HOt\: OCH, llyCTb .o.anee !3Ta aMnnnTy.O.a nonHHOMHanbHO orpaHHqeHa npH S .. oo 

H nyCTb npH Ka)l{.[l.OM ~HKCHpoeaHHOM t : 

IF (s,t)! < oonst a NCtl 

PaccMaTpHeaeMaSI KaK ~YHKUHSI oT z 

)l{e aHanHTH'l:Ha eo eceft nnOCKOCTH Z 

eeHHOA OCH, 

" 
' s ... C!IO (48) 

aMnnHTyAa pacceSIHHSI f(s 1 Z) TaK

e nonJOcaMH H paapeaaMH Ha eewecT-

Bbi.O.enHM Tenepb HeKOTOpb!A HHTepean -.1 < z 2 ~ z ~ z 1 < 1 H pac-

CMOTpHM MaKCHManbHblfi: snnHnC E'" C ~OKyCaMH B TOqKaX Z •·Z 1 H Z • Z I. 1 

co.o.ep)l{aWHiicSI B o6nacTH aHanHTHqHoCTH f(s, z) • BonblllaSI nonyocb !3To-
2v z + z 

ro snnHnca pasHa a - 1 + ~ - 1 
2 

2 • n ocpe.o.cTeoM aaMeHbi nepeMeH-

Hb!X 
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, I 

I , I 

2 
'11.. [ z 

z -z 2 1 

z1 + z 2 

2 ( 49) 

Mhl npeo6paayeM annHnc E '" s 
annHnc E

710 
s nnocKoCTH c cpoKycaMH s TO'I-

2 2 z + z 
Kax ~1 H c 6onbmoft nonyocbiO 

71 • - [ 1 + .2.1::. - 1 a 1 • C noMOIIlblO 
o z

2
- z

1 
s z 

H31IOJKeHHOrO Bb!We MeTOA8 MOlKHO TI01ly'IHTb ClleAyiOIIlee uepaseHCTBO: 

rAe 

1 

fi8u 

du I 
d cos 8 

( 1 + ") 2 M 
2 

1n 2 a/ s 0 

< 
e-81 1n 2 g ( z 

1 
, z 

2 
) ( z 1 - z 2 ) 

aoa81 du 

fi8 (] "' f ~8 

2 z + z 
d cos 8 , g( z , z ) = ( 1 _ 1 a 

1 a I z - z l 2 
..... 8't '1. '1. 

(50) 

~ 
+ (1 + z z -z -z ) ~ 

1 a 1 2 

s 
M .. max N ( t ) .. max N ( T (1-z ) ) , z ~' c , 

• EcnH F(a,t )-
rAe c -Kpyr B TIIIOCKOCTH Z C paAHYCOM 1 + 2 y/ 8 

paBHOMepHO TI01IHHOMH81lbHO orpaHH'IeHa (npe~CTSB1leHHe ~8HAe1lbCTaMa), T.e. 

N(t):S,n 1 
TO HMeeM: 

1 d u I 
dooa8 8-0 1 fi8 (] 

< 
(1 + r )2 n 2 111.2 a/ 8 0 

111.2 g(z
1
,za)(z 1 -z 2 ) 

(51) 

Ha ocuose npeAnonoJKeHHft, auanorH'IHbiX uamHM, Uepynyc H ~apT:aH/lS/ 
nony'IHIIH HHlKHlOlO rpaHHUY y6biB8HHSI Ce"leHHft npH 4>HKCHpOB8HHOM yrne H 

/18/ 
a .. oo • 3MnHpH"leCKaH cpopMyna OpHpa 

do 

d cos iJ 

.. 
-------- ····-·-

p 
-Ae_Po .... e 

18 

AIISI (J > 70° , (52) 

rLte P H 8 -: ~M:nyn&c naLtaiOmeA qacTHUhi H yron pacceHJ 

oueuKe Uepy H p O - HeKOTOp&le KOHCTSHTbi, He npOTHBOpe'IHT 

ua. 0AHaKo 4>oPMyna OpHpa uapywaeT nonyqeuuoe 

neftCTBHTe1lbH01 Mbi MOlKeM no~6paTb KOHCTaHTbl 8 

_p 8 --(a+baoa8] 

HaMH Hepo 

H b 

paseHCTBO A e-"l'OIIIn <A e Po HMellO MeCTO BO E 

tr 
yrnoe 0 < 6 < 8 < 8 < ---...-

1- - 2 ... 
, flerKO BHLteTb, 'ITO napa~ 

6YLIYT T8KHMH: 

·- Sin(8
2
-8

1
) Sin 9

1
- Sin 8 2 

(<OJ (>0), b 
Cos 9 

1 
- Cos 9 2 Cos 8 - Cos e 

l 2 

TorLta H3 (52) cneAyeT, 'ITO 

eoa9 -~ sln8 Coa8 2 - ..L [ a+ b CD a 
2 p 

t1 8 u • f A e o d cos 8 < I Ae Po 

Coa81 

.p 
0 

Co a 8 1 

p 
--a 

e Po P 
pb [e--p;bCDa81 

p 
- .; - '"!50 b a .. e a ] 

TaKHM o6paaoM, Mhi HMeeM 

1 -fifo 
d u I 

dcoa8 e-el 
> OODat v a , a .. oo , 

· 'ITO npoTHeope'IHT u•paeeHCTBY (50) x). Boo6me rosopst, ue: 

OKa3biBaeTCSI BeCbMS TI01le3HblM npH 8H81IH3e 3KCTiepHMeHT81lb 

paccestHHIO ua 6onbmHe yrnhi. 

x) 
3TO, 0!1HBKO, He 0.3HB'l8eT, 'ITO H8111H peaynbTBTbl HBRHlOTCH 6onee 

HblMH, 'leM peaynbTBTbl Llepynyca H Maprsna. Herpy/1HO nallTH noeeneH 

cornacyl0111H6CH C HepaaeHCTBOM (50), HO npoTHBOp6'l8111H6 OUeHKe LJepJ 

H MapT3Ha. 
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z + z 
1 2 

2 
2 

71 m [ Z 

( 49) z -z 2 1 

E ,, B 9nnunc E 710 B nnocKOCTH c <j>oKycaMH B To"'-
2 2 z + z 

7l "' --- ( 1 + .....!r.- 1 a ] , C IlOMO!UblO 
o z

2
- z1 a 2 moll nonyocbiO 

MeToAa MO>KHO nony"'HTb cneay10mee aepaeeHCTBo: 

dq 
(1 +v) 2 Maln 2 s/a 0 

I ~ 
cos (J () "' (J 1 In 2 g ( z 1 , z a ) ( z 1 - z a ) (50) 

(J 

(1 

2 z + z 
d cos (J , g( z , z ) = ( 1 _ 1 a 

1 2 
I z - z 1 2 

'1. 7. 

~ 
+(l+z z -z -z)~ 

1 a 1 2 

8 
M .,mszN(t).,muN(T(l-z)), z""•c, 

B nnocKoCTH z c paauycoM 1 + 2 y/ s , E cnu F (a, t )

HOMuanbHO OI'paHH"'eHa (npeACTaaneaue MaaaenbCTaMa), T.e. 

2 212s/ (l+v) n n 8 o 
I < 
0=01 -Ina g(z1,z2)(z1-z2) (51) 

dCT 
d COB (J 

npeanono>Keauii, aaanoi'H"'HbiX aamHM, Uepynyc H MapTsa
1161 

I'p8HHUY YObiBBHHSI C9"19HHii: npH 4JHKCHpOBBHHOM yrne H 

0 
/18/ 

pHpa 

- p 
•Ae ""PP .... e 6 > 70° , (52) JlnH 

18 

I'll a p 
H 8 - MM:nynbc nallaiOmeii qacTHUbi H yr'on pacceHHHH e c.u.M. A 

oueHKe Uepynyca H MapTs

HaMH HepaBeHCTBO (50), 

H p O - HeKOTOpbie KOHCTSHTbl, He IlpOTHBOpe"'HT 

aa. OaHaKo <l>oPMyna OpHpa aapymaeT nonyqeaaoe 

neliCTBHTenbHO, Mbl M0)1{9M IlOJWOPBTb KOHCT8HTbl a H b TaK, "'TOObl He-

paBeHCTBO P n --[a+booo8] 
A e-ro•n" <A e Po HMeno MecTo eo aceM HHTepaane 

tr yr'noa 0 < () 
1

_s 8 .S 8 
2 

< --r , fler'KO BHll9Tb, 'ITO napaMeTpbi a H b 

OYilY'I' T8KRMM: 

Sin(6
2
-6

1
) Sin 0

1
- Sin 6

2 
( < 0) • ·- (>0), b 

Cos e - Cos e 
l 2 

Cos 0
1 

-Cos 0
2 

Tor'.lla H3 (52) cneayeT, 'ITO 

p 
Coo62 -- ainO 

!!. 6 CT • f A e Po d cos 9 < 
Coo0 2 -L[ a+ b ooo ()] 

f Ae Po dcos(J 

Coo61 Coo 0 1 
p 

• p 
0 

e 
---a 

Po 
p 

--b e Po coo () 1 
p 

- .;-"150 baoo8a 
pb 

TaKHM o6pa3oM, Mbi HMeeM 

1 

&.,(1 
dq 

--~I 
d cos o e- e 1 

> oonst v s , s .. oo , 

] . 

(53) 

'ITO npoTHBope"'HT HepaeeHCTBY (50)x). Boo~me I'OBOpSI, HepaeeHCTBO (50) 
OK83biB89TCSI B9CbM8 rrone3HblM npH BHBnH3e SKCnepHMeHTBnbHblX .llBHHb!X nO 

pacceHHHIO Ha 6onbmHe yi'nbi, 

x) 
3'1'0, 011H8KO, He 0.3HB'l8e'1'1 '1'1'0 HBUIH peaynb'I'B'I'bl HBn!illOTCH 6onee CHnb

HbiMH1 'leM peaynbTBTbi llepynyca H MapraHa. HerpynHo naitTH noseP.eHHH, 

cornacyiOUIHeca c HepaseHcrsoM (50), HO npoTnsope'laUIHe ouenxe llepynyca 
B Jl1ap'1'3HB, 
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