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1. B psuJ.e aeuaaao rrostBRBWRXCst pa6oT/ 1,2,3/ 6bmo rroKa3aao, 'ITO no

moca Peu>Ke BCTpeqaJOTCSI ceMel1cTaaMH c orrpeueneHHbiMH rrpocTpaHCTBeH

HbiMR CBOll:CTB8MR, 'ITO SIBJlS!eTCSI CnellCTBHeM 0 ( 3 • 1 ) ... RHB8pR8HTHOCTR 8Mf!JlR

TYllbl paCCeSIHRSI IIpR HyneBOM 3H8'IeHHH rrepeuaaaeMOI'O RMIIYJ1hC8, J.1MeHHO, 

6binO f!OK838HO, 'ITO K8>Kllb!lt f!OJl!OC nopeHU-8MITJ1RTYllbi, T,e, K0:3!lJ!lJ»UHeHT8 

pa3JlO>KeHRSI 8Mf!J1RTYllbl f ( s , t ) IIO ¢YHKURSIM, peanR3YJOIURM rrpellCT,aB

l!eHHSI rpynrrbr nopeaua, reaepHpy eT 6ecKoHe'IHYJO cepRIO nonJOCOB rrapuHanhHOH 

8Mfll!RTYllbl a ( f , s ) B fll!OCKOCTH KOMITll e KCHOI'O MOMeHT8 f , npR'IeM H8pS!

llY c BellyWHM nonJOCOM f=a 0 rrostBl!st e Tcst pstll "llO'IepHHX rronJOcoa"': f=a 0 -1, 
a 0 -2, ... . 

CywecTaeaao, 'ITO rrostBnstJOIIIHecst T a KHM o6pa30M rron10ca rrapu»anbHOll: 

8MfiJ1RTYllhl S!Bl!SIIOTCSI ¢RKCiipOB8HHhlMii f!Ol!IOC8Mii B 

M8TR'IeCKHMii f!OJ110C8MII
11 

o 

f - f!JlOCKOCTR - "'KRHe-

TpaeKTopHR >Ke Peu>Ke KaK 6wno rroKaaaao a / 4 / , MoryT rrostBRThCSI nHWh 

Tipii HeKOTOpb!X llliH8MH'IeCKRX rrpellTIOJlO>KeHHSIX 06 8CRMf!TOTR'IeCKOM f!OBelleHRR 

nopeHu-aMf!JlRTYllhl 111'160 rrpH paCCMOTpeHRR p83110>KeHHSI 8MflllRTYllhl pacceSIHRSI 

B KOHKpeTHOlt llRH8MR'IeCKOlt MOllenR, 

8/5,6/ 6biJ18 RCCnenoB8H8 8MfiJ1HTylla, SIBJ1S!IOW8S!CSI peweHHeM ypaBHeHHSI 

EeTe-ConrrRTepa, npR'IeM 6brrr Bbi6paH orrpeueneHHbill: THTI u»arpaMM H aeou

aopouawA qneH, HHBBpii8HTHhlll: OTHOCHTenhHO rpyrrrrw 0(4) B He¢R3R'IeCKOll: 

o6nacTR, Ebrno rroKaaaao, 'ITO K8>Kllbill: rron10c B nnocKocTR qeTbrpexMepaoro 

MOMeHTa 0 ( 4) RHllYURpyeT cepHIO f!OJliOCOB Pell>Ke, npR :3TOM llO'IepHRe f!OJliO

Ca COOTBeTCTBYIOT 8HOM8JlhHbiM peweHRS!M ypaBHeHRSI EeTe-COllf!RTepa R He 

MOI'yT 6biTh OTiyiiieHbi, T,K, RX cyweCTBOB8HRe o6ycnoaneHO 8H8JlHTH'IHOCTh!O 

&MTITiHTYAhi B cnyqae aepaBHbiX Mace, 
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B 3TO~ pa6o Te 6yaeT IIOK 8 38HO, 'LITO IIpH 6 onee Bb!COKO~ CHMMeTpHH 

r a MHnhTOHHBHB, 'L!eM IIpOCTpBH C TBeHHBSI C HMMeTpHS! r p yiiiib! B p B !lle H H lf , B IIO 

T e HUHBnhHOM p acceSIHHH B03HHK8IDT wao 'L!epHHe Tpa eKTOpHH ' Pea*e· DpH'L!HHa 

cymeCTBOBBHHSI ao'L! e pHH X rroniDC OB IIpH p a cceSIHHH B K y nOHOBCKOM rrone -

cymeCTBOBBHHe rpyiiiib! aHHBMH'L!eCKO~ CHMMeTpHH y K y nOHOBCKOrO noTeHUHB -

na 0 ( 4 ) H 0 ( 3 , 1 ) ans1 E< OH E> O COOTBeTCTBeHHO. 

2 
e 

2. AMnnHTyaa pacceSIHHSI B none KynoHoBcKoro rroTeHuHana V ( r) =- -r-

Mo*eT 6 b iTh pa3no*eRa no napuHanhHbiM BOnHaM: 

r ae 

1 OQ 

A(E,tl=- l:(2£ +1) 
y E £=0 

a(E,fl-1 

2 i 
Po (1+ -- ); 

L 2 E 

t = - 2 F: ( 1 - cos (J ) ( h "' c 2m"" 1). 

D apuHanhHBSI B MnnHTyaa HMeeT BHa 

2 

r < e + 1 
i e 

a( E, f)= 2"JE 
i e 2 

r < e +1 + 
2../ E 

noniDca Pen*e orrpenenSIIDTCSI nono*eHHeM CHHrynSipHocTe~ rrapuHanhHO~ aM

/7/ 
nnHTYllbl a( E • f ) • Dono*eHHe k -ro non IDea naeTCSI Bblpa*eHHeM 

T.e. 

rue 

2 2 

e + 1 -
i e i e 

2 yE "' a k ( E ) + 1 _ 
2yE 

a.lr. ( E ) • - k + a 0 ( E ) , 

k.:.O, 1,2, ..• , 
2 

ie 
(El•- 1 + r.::-

ao 2yE 

I.J 

-- k ' ( 1) 

( 1') 



Yla HBHoro BHLia nonHoi!: aMnnHTYLlhi 

A( E, t) = 
f' (-a 

0 
(E)) . a < E > 

1 t 0 
<-H--l 

f' ( 1 + a
0 

( E) ) 2..j E 4E 

BHLIHO, 'ITO aCHMnTOTHKa A ( E, t) np:H t -+ oo onpenen51eTC51 nonJOC8MH ( 1) H 

HMeeT pen)KeBCKHi!: T:Hn: 

a
0

( E) 

A(E,t)t-+oo""g(E)t • 

Y!a ( 1) BHLlHO TBK)Ke, 'ITO TpaeKTOpHH Pen)l(e pacnono)l(eHbl ceMei!:CTB8MH 

H3-38 Bb!p0)KLleHH51 ypoBHei!: 3HeprHH B KynOHOBCKOM none no op6:HTanbHOMY 

MOMeHTY, T,e, LinH Ll8HHOi!: 3Hepr:HH CyiUeCTByJOT TpaeKTOpHH 

f =a
0

(E), f= a 
0
(E)-1 , ... 

3, DoKa)l(eM, 'ITO TaKaH CHTyauHH HBn51eTC51 HenocpencTseHHhlM cnen-

CTBHeM 0(4) - CHMMeTpHH KynoHOBCKOrO raM:HnbTOHH8H8, ilnH 3 TOrO YLI06HO 

BM8CTO aMnnHTYLlbl paCCM8TpHB8Tb cpyHKUHJO fpHHa, CB513b KOTOpOi!: C aMnnH-

Tynol!: H3BeCTHa, a nonJOca aMnnHTYLlhl H cpyHKUHH fp:HHa cosnanaJOT c TO'I

l 
HOCTblO LlO nonJOCOB !jlyHKUHH 

p
2
/2m- E 

illBHHrepoM 6b!n0 nOK838Ho/8/, 'ITO !jlyHKUH51 f pHH8 Lin51 KynOHOBCKOrO 

noTeHuHana HMeeT HaH6onee npOCTOi!: BHLl B KOOpLlHH8T8X ~OKa, YpaBHeH:He 

LinH !jlyHKUHH fpHH8 B HMTiynhCHOM npeLICTaBneHHH HMeeT BHLl 

G (p-+ ", P'l 
-------::-- .. 8 ( p - p ... , ) • 
(p-p')2 

... 
H nepeXOL151 K KOOp.r:tHH8T8M ~OK8 ( E < 0) , ( e, e o), 

HMeeM: 
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-> 

~ - 2 P
0 
P 

2 
p 

0 

2 
+ p 

2 -> 2 

~ = 
0 

~o+~ =1. 

2 2 
p 0- p 

p2 + p 2 
0 

YqHThlBaH.qTo aneMeHT o6~eMa Ha 4-MepHoA c¢epe 

d~l d~2 d ~ 8 2 p 0 3 

( d; ) ' d!l = = ( 2 ) 
~ 0 

!l 
p 0 + p 

a TaK)I{8 0 qTQ 

2 2 2 
p 0 + p 8 2 4 p 0 

8 < n-n 'l = < ) 8(p-p'), ( ~- ~-) = 2 2 2 ,!!i 
2 p 0 (p+p )(p+p) 

0 0 

2 
( p--- p ') 

nonyqaeM anH ¢YHKUHH r ( !1, !1 ') • CBH3aHHOH C G ( p, P ') COOTHOW8HH8M 

-> -> 8 . G ( p , p ' ) = - 16 m p 0 2 2 r<nn-
p0+p>2 ') 2 '2 2 

Po+ P ) 

cneay~ruee HHTerpanbHOe ypaBHeHHe: 

r <n .n , > - v f d n, o < ~" , ~ > r < n" , n, > .. 8 < n - n , > • 
( 2) 

2 
em 

< c e > 
1 1 

3aech v = --P-o-, a D - ----., 
(~-~')2 - ¢YHKUHSI 

211 

fpHHa qeTbrpexMepHoro nannacHaHa, , 
PeweHHe ypaaHeHHH ( 2) MO)I{eT 6hlTb npocTo nonyqeao B BHae pa3no-

)l{eHHSI ITO $yHKUHHM 0 peanH3Y~UIHM HeiTpHBO.[IHMb!e npe.r:ICTaBneHHSI rpyniTb! 

0 ( 4 l. ( 3aecb peqb H.r:leT o BbipO)I{LI8HHbiX npeacTaBneHHHX THna ( n ,0 l , peanH-

3yeMbiX B KynoHoBcKol!: 3aaaqe). Pa3nO)I{eHHe ¢YHKUHH D <e-.~') MO)I{eT 6biTb 

HaAaeHO H3 COOTB8TCTBy~wero pa3n0)1{8HHH AnSI H.c:lpa nyaCCOHa/9/, OHO HMe-
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eT BHLI: 

o<e.e') = I.-1 -<1> (U.l<l>* <n 'l . 
n,a n n,a n,a 

( til ) 

noLICT8BHB pa3no*eHHe (3} B (2} H BOCIIOnb30B8BlliHCb CBOACTB8MH OpTOHOp

MHpyeMOCTH <1> n,a ( n), H8ALieM: 

(4) 

r < n. n 'l = I 
n,a 

----<1> {n)<l> * {n ' ) , 
( 

1 
_ ~ ) n, a n.a 

n 

rLie qepe3 a o603H8'leH b l LlB8 KB81!TOB b! X 'lHCna , 38BHC SIIUHe OT Bb!60p8 IIOLl

rpyiiiibl rpyniibl 0 ( 4). E cnH B Ka'!eCTB e TBKOH IIOLir pyiiiibl Bb!6paTb rpyrrrry 

BparueHHA, TO a= (f ,m) 1i 

-f-+ 
p 1 (cos a) y em ( (), ¢ ), 
n+T 

rne Y fm ( (), ¢)- o6bi'lHbie c¢epH'!eCKHe ¢yHKUHH (eM. npHno*eHHe). <PopMyna 

(4) TOrLI8 rrpHHHM8eT cneLiyiDlliHA BHA: 

r<n.n'l ----v)Jnfm (a,O,¢l J:em(a',()',cp'). 
1-

n 

4. finS! HCCneLIOB8HHSI peLI*eBCKOrO IIOBeLieHHSI $yHKUHH 

( 4') 

He06XOLlHMO COBeplliHTb B ¢opMyne (4') 8H8nHTH'!eCKOe IIPOAOn*eHHe B KOMIT-

neKCHYID IInOCKOCTb f finS! <noro BBeAeM HOBOe KB8HTOBOe 'lHCnO k: 
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rae 
k 1 , 2 , 3, ..• , n • ( 5') 

BocnonhayeMcR TeopeMott cno)l(emrSI AnSI 4-MepHhiX c!jlepuqecKHX !jlyHKUHH/ 10/ 

~ J o (Q) J*o (Q')= 
Em nun nLm 

rae 

n 

2172 

sin n )( 

sin X 

4 sin 
2 

X =(e-e-> 
2 

2 

Toraa ( 4') npHHHMaeT BHil 

r(Oil'>=~ ~( v 
' 2 TT n , 

ll 

ln sin n)( 

sin )( 
~ r(n) n 
n 

( 6) 

sin n )( 
( 7) 

sin)( 

TaK K8K r(n) YAOBneTBOpSieT ycnoBHSIM TeopeMbl KapncoHa, TO AnSI 8H8nH

THqecKoro npOL\On)l(eHHSI ITO n B nnOCKOCTb KOMITneKCHoro n MO)I(HO B (7) 

rrpHMeHHTh npeo6paaoBaHHe BaTcoHa-3oMMep!jlenhAa. ITpH aToM OAHoBpeMeHHo 

C "peL\)I(H38UHeH.. n ..1 f T8K)I(e CT8HOBHTCSI KOMITneKCHbiM
1 

OAH8KO k OCTa

eTCSI uenhiM. OrpaHuqeHue ( 5') AnSI k nepecTaeT BhiiTOnHSIThcR, qTo MO)I(HO 

HerrocpeACTBeHHO YBHAeTb H3 orrpeaeneHHSI 
An E ( a ) (fl UI ) k 

)l(eT npMHHMaTb Bee uenhie aHaqeHHSI oT 0 ao oo. YIMeeM: 

r ( n.n, > = -
1
- Jr (., > 11 

2 i 0 

sin 71 X 

sin )( 
ctg ( 1T 71 ) d 71 • 

r ( 11 > 
HMeeT npocTbie rromoca B ToqKax 71 ~ 11 (Po). 

B bJqeT B OAHOM H3 T8KHX ITOn!OCOB 77
1 

1 • 2 r; ( n. n,) = --[vi (po )] 
2rr 2 

sin v
1 

( p
0

) )( 

sin )( 

8 

VI (po) eCTb 

c~ ( 17 J.l I (p 0)) • 

Tenepb Mo-

( 8) 



C Apyrofi CTOpOHhl, BOC TIOnh30B8BWHCb TeopeMOI CnO*eHHR AnR Tpe x MepHhlX 

c<)>epHqeCKHX tPYHKUHfi , HMeeM : 

( 9) 

rae 
c osB = cos Ocos O' +sinO s inO ' cos ( cp-cp'l . 

Cpa BHHBaR ( 7) H ( 8) , HMeeM 

n ~ 
211 2 sin X 

1 ( 2 e + 1 ) I A n e ( a ) A ne (a , ) I p e ( cos e ) . 
( 10) 

Ylcnonb3YR ( 8), (9), ( 10) H Y'lHT biBBR, 'ITO anR KOMnneKCH biX n,k -, 

OC T8B8RCb uen biM, He orpaHH 'le HO p aBeHCTBOM ( 5'), HBIAe M ll8pUH8nhHOe 

c onep*aHHe nonrocaoro qneHa 

3nech aa eaeao o6o a Ha 'leHHe: 

( 12) 

Q qeBHAHO, 'ITO ( 12) coana aaeT c ( 1 ' ) , 

T aKHM o6p830M1 H3 ( 11) BHAHO, 'ITO nonroc B KOMnneKCHOA nnOCKOCTH n, 

T. e . no KoMnneKC HOMY 4-MepaoMy MO Me HTy , nopo*aaeT c epHro nonrocoa Pea

* e a k ( E) .. "' (Po) - k B KO MnneKCHOI nnOCK OCTH e. Boo6me roao-

pR, p RA ( 11) 6ecKoHe '!eH, oaHaKo, ecnH nonroc no "' npoxoaHT qepea uenoe 

'lHCnO, TO, KB K HeTpyAHO BHAeTb , p RA o6p blB8eTCR !IpH k > n . ( 3Ta CHTy-

8UHR 8H8nOrH'lH8 CHTYBUHH C nonroCOM DoMepBH'lyKa: KOrAa a 0 .. 1, TO 

eaHHCTBeHHbi e aoqepaHe nonroca 6yayT k .. 0, 1 ) • 3To o6pbiBBHHe pRaa 
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CBS!38HO C TeM, 'ITO ITpH F.<O CyWeCTByeT KOHe'IHOe 'IHCnO COCTOS!HH~ COp-

6HT8nhHbiM MOMeHTOM f ~n -1, rrpHHaJJne)f(aWHX Jl8HHOMy ypOBHIO 3HeprHH, 

HeTpyJJHO 38MeTHTh, 'ITO 8CHMITTOTH'IeCKOe ITOBeaeHHe r ( 0,0 ') HMeeT 

peJJ)f(eBCKHH THIT, JleiiCTBHTenbH0 1 rrpearronO)f(HM, 'ITO B f' ( 0 ,0') - JlOMHHHpyJO

WHii ITOnlOC VI (Po) • Toraa OCHOBHO~ BKnaa B r( 0, 0 ') OITpeuenSJeTCSJ 3THM 

ITOnlOCOM H Mbl HMeeM: 

r (0,0') "'r (vl(po)) 

2 

[vl(po)] 

2" .1. 
ctg ( rrv I ( p o ) ) sin vI ( p o) )( 

sin)( 

Y'IHTbiBaSJ, 'ITO rrpH t-+oo 

cos X =cos a cos a ' + sin a sin a 'cos 8 -:::s cos S , 

H8HJleM: 

r< o .o '> 
t -+ 00 

g (E) t ao< E > 

YITaK, JlO'IepaHe rron10ca rrapuHanbHoti aMrrnHTYllbi MoryT rroSJBHTbCSI nH6o 

K8K CnenCTBHe ITOITIOCOB nopeHU-8MITITHTYJlbi llpH t = 0 /l-3 / (H 3TO <jJHICCHpO

B8HHhle ITOnJOCa), nH6o, K8K cneJJCTBHe p8CXOJlHCOMCTH HHTerpana OT 8CHMIT

TOTHKH nopeau-aMITITHTYJlbl ( H 3 TO JlBH)f(YWHeCSI ITOITIOC8 - TpaeKTOpHH PeJJ)f(e), 

HaKoHeu, paccMOTpeHHhlH auecb cnyqa!i - TpaeKTOpHH Peu)f(e, HHllYUHpoBaHHbie 

rron10caMH nopeau-aMrrnHTYJlhi - TpeTHii THIT rronJOCOB, o6ycnoBneHHbiH: "cny

qa~HhiM BblpO)f(JleHHeM", MeX8HH3M HX B03HHKHOBeHHS! OTnH'I8eTCS! OT MeX8HH3-

Ma B03HHKHoBeHHSJ TonnepoBCKHX rronJOcoB, TaK KaK rrpH t =0 
8MITnHTyJJa 

p8CCeSJHHSJ B KynOHOBCKOM ITOne paCXOJlHTCSJ, 

B aaKnJO'IeHHe rronh3YIOCh cnyqaeM rro6narouapHTh Moero Hayqaoro 

pyKOBOJJHTenSI .H,A, CMOPOllHHCKOro 38 ITOCTOSJHHOe BHHM8HHe K pa6oTe H UeH-

Hbie o6cy)f(JleHHSI, 

IIononHeHHe 

BbipO)f(JleHHbie rrpeucTaBneHHSJ rpyrrrrbi 0 (4) 
peanH3YIOTCS! H8 <jJyHK-

UHSIX J nfm( 0 ) • SJBnSJIOWHXCSJ C06CTBeHHb!MH <jJyHKUHSJMH yrnoBot!: '18CTH 

4-Mepaoro narrnacHaHa, 
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BeeaeM HB 4-c!jlepe ::;!jlepH'leCKOe KOOpllHH8Tbl 11 • 6 • tP • COOTBeTCTBYIOlllHe 

aepeey 

~- e 0 -cos a , e *J - sin a sin (J cos tP , 

e a - sin a cos 8 , e 1 - sin a sin 8 sin ¢ . 

J 
0 

fm (ca,6,.p) SIBnSIIOTCSI peweHHeM ypaeHeHHSI: 

1 a 2 a 1 a . a 1 a2 

---[--sin II--+-- ---8111 e -- + -- --1 J (a,6,¢l-
sin2a aa aa sin6 ae ae sin

2
6 a.p 2 

nfm 

(ll.l) 

PeweHHe ( 1) HllleM B BHJle J nfm ( n) - A D f (a) y fm ( e . ¢ ) . Toraa ansr 

A of (a l nonyqaeM ypaenenHe 

d
2 

d 
[ -- + 2 ctg a -- -

d a 2 
da 

PeweHHe (Ill HMeeT BHil 

f( f + 1) 
--::--]A

0
f(a) •-n(n+2)A

0
f(a). 

sin
2
a 

f+l 
A 

0 
f ( a ) • N ( n , f) (sin a ) cn-f (cos a), 

(ll.n) 

rae N(n , f - HOpMHpOBO'IHbiA KOs<IKPHUHeHT, a C: (cos a) - !jlyHKUHH re-

ren6ayapa, 
1111 

<l>yHKUHH rereH6ayapa HOpMHpOBBHbl ycnoBHeM : 

, r C2p+v > 
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OTKy.aa HopMHpoaaHHbie <I>YHKUHH Ant (a) eCTb 

f+-i- ( n + I l r ( n- f + I ) ~ f 
A (a)a:2 r<f+Il[- ] (sinal 

nf rrr<n+f+2l 
f+ I 

C (cos a l. 
n-f 

c n.III) 

Y'IHTbiB8SI CBSI3b Me)K.ay <I>YHKUHS!MH rereH6ayapa H <!>yHKUHSIMH ne)K8HLipa, rrony'IHM 

T8K)Ke A n f(a ) B BHLie 

( n + I ) r (II + f + 2 ) 
A (a)= [----------· ~ .nf r ( n - f + I l 

~ 
] 
~ 

-./sin a 
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