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1. B B e a e H H e 

H3BecTHo, qTo aMrrnHTyAa rrpouecca TopM03Horo H3nyqeHHH B rrpH6nH­

)I{eHHH noy Bb!p8)1{8eTCH qepe3 8MITnHTYAY COOTBeTCTBYIOIUero "'yrrpyroro" 

rrpouecca/ 1/, ( 8 A8nbHetiweM TepMHH "yrrpyrHt:\., 6yAeT OTHOCHTbCH K ni0-

6oMy rrpoueccy 6e3 yqacTHH cj!oToHoB. ToT )l{e rrpouecc, corrpoBO)I{AaeMbiti 

HCITyCK8HHeM MHrKOrO Y -KB8HT8 0 6yAeM H83b!B8Tb rrpoueCCOM TOpM03HOrO 

H3nyqeHHH), 

8 pa6oTe/2/ ITOK838HO, qTO HerronHpH30B8HHOe ceqeHHe n106oro TOp­

M03HOrO rrpouecca B ITpH6nH)I{eHHH noy Bblp8)1{8eTCH TOnbKO qepe3 HerronH­

pH30B8HHOe ceqeHHe cooTBeTCTBYIOIUero .. yrrpyroro" rrpouecca. 

3To yTBep)I{AeHHe AOK838HO AnH cnyqaH, KOrAa qacTHUbi, yqaCTBYIO­

IOIUHe B rrpouecce, HMeiOT CITHHbl 0, 1/2, 1 H CAenaHO rrpeAITOnO)I{eHHe, qTQ 

OHO crrpaBeAnHBO AnH CnyqaH ITpOH3BOnbHb!X CITHHOB. 

B pa6oTe aBTopa/3/ rronyqeHbi HBHbie Bbipa)l{eHHH AnH rronHpH3aUH-

OHHbiX TeH30pOB rrpouecca NN -+ NN y B ITpH6nH)I{eHHH noy qepe3 8MITnH-

NN -paCCeHHHH, H3 KOTOpb!X BHAH0 0 qTQ B YK838HHOM rrpH6nH)I{eHHH 

KOMrroHeHTbi mo6oro rronHpH38UHOHHoro TeH3opa rrpouecca NN-+ NN y 

Bb!p8)1{8JOTCH nHHet:\HO TOnbKO qepe3 KOMITOHeHTbl 8H8nOrHqHOrO ITOnHpH38UH-

OHHOro TeH30pa • NN -pacceHHHH, 

B HaCToHweA pa6oTe rroKa3aHo, ~To aHanorHqHoe yTBep)I{AeHHe crrpaBeA­

nHBO AnH n106oro rrpouecca TOpM03HOrO H3ny'IeHHH 0 ecnH CITHHbl '18CTHU, 

y'IaCTBYIOWHX B rrpouecce, orpaHHqeHbi 3Ha qeHHHMH 0, 1 I 2, 1. 
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2. AMIInHTyaa IIpouecca TopMo3Horo H3ny'leHH!il 

B I1pH6flH)KeHHH !Joy 

PaccMoTpHM HeKoTopwl "yrrpyrul" rrpouecc . 3 aKOHhl coxpaHeHHH aHepruu -

uMrry nbca H aneKTpH qecKoro aapHaa nnH Hero aarruweM B aune 

rn e p l,l' - 4 - HMITynbC 

n 

:£ 
I= I 

a p I, 

:£ a I Q 1 
I= I 

0 

0 • 

i -ol qacTHUbi c Maccol (p2)=m2 
IL I I 

ml 

( 1) 

( 2) 

o , - ee aapHn, a1 -1 anH CT8nKHB8IDWHXCH qaCTHU H a I= 1 - anH pac-

C8HHHb!X qaCTHU, 

OyCTb M =M (p 1 - aMrrnHTyaa aToro rrpouecca, 

PaccMoTpHM TOT )i(e rrpouecc, corrpoBO)I(aaeMbii H3nyqeHHeM MSJrKoro 

y -KB8HT8 C 4-HMrrynbCOM k H TIOnHp!i38UHeif € • 

AMnnHTyay rrpouecca TOpM03Horo H3nyqeHHSI 6yaeM o6o3naqaTh 

M y = M y ( p
1
', k) • 

l13nyqeHHe MSJrKoro cjloToHa cnerKa aecpopMHpyeT HMnynhCbi qacTHU, 

rrpeBp81U8SI HX B P , = p + ~ 
I I I 

rae 

113 (1) H COXpaHeHHH 8HeprHH-HMITynhC8 

H3nyqeHHH 

C iH.);lyeT 

n 

D , 

:£ a I pI 
1=1 

+ k = 0 

:£a 1 ~ 1 +k=O· 
Ia: I 

~ .. k 
I 

anSI npouecca TopM03Horo 

(3) 

(4) 

B CHny 
2 2 2 ( P , ) =( P ) "' m 

iJ. 1 iJ. 1 I 

c TOqHoCTbro ao aenHqHH BToporo rropHaKa no k 

P 1 ~I = pI, iJ. ~ ... o. 
'·"' 

BaeaeM aHcp¢epeHuHanbHbie orrepaTopbi 

D 
pf ( __ a 

~ 1 = ( :£ a f Qf ) ~ 1,11 f=l Pf k a 
p I ,II 

a pI • I' 
0 I =0,£1'( k II- gl'll >--

n-1 

D ~ :£ 
~I 

(~I 

pI k a P I , y 

+ 0 I ). 

OrrepaTop 0 B CHny ( 1), ( 2), ( 4) 1 ( 5) o6naaaeT CBOICTB 

Dp
2 

=0 +0((~> 
I 

D P ~ ~ P 
I, iJ. I I •I' + 0 I PI, I' 

i=l,2, ... n 

~ 1,2 , ... ,n . 

AMrrnHTyaa My B npH6nH)I(eHHH lloy cneayro!UHM o6pa3o 

qepe3 aMnnHTyay M /2/, 
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B CHJIY 
2 2 2 

( P , ) =( P ) "' m 
/J.l /J.l I 

C TQqHOCTbiD UO BeJIHqHH BTOporo nopRUK8 ITO k 

~ .. o. 
I, p. ( 5) 

BBeaeM aH<!>¢epeHuHaJibHbie onepaTOpbi 

n 

~I ~ ( I a 
0 

Q
0 f=l L L 

) ~I II 
a ( 6) 

a p I ,II 

0 I ( 7) 

n-1 

l=ol 
(~I 

(8) 

OnepaTop 0 B CHJIY ( 1), ( 2), ( 4) 1 ( 5) o6naaaeT CBOitCTBBMH 

i=l,2, ... n (9) 

Dp =6p +Dp 
l,p. I 1,/l I I, /l 

=- 1, 2 , ... , n . ( 10) 

AMITJIHTyaa My B npH6JIH>KeHHH Jloy cneayiDIUHM o6pa3oM Bbipa>KaeTCSI 

qepe3 aMITJIHTyay M /2/. 
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M ='£a Q 
Y. L 1 1 

n 

+'£(D A )M 
1=1 I I 

p , f 
1 M + D M + 

p , lc 

I 

+ '£ (QI li-t 
I= I 

5 1.1.11 fj.l.ll 

p lc 
I 

A l M. 
I 

B ( 11) p. 1 - MarHHTHhiH MoMeHT i -o ti 'IBCTHUhi, 
I 

S,w 
MarHHTHoro MoMeHTa (rrporropuHoHanbHhiH orrepaTopy crrHHa), 

A, 

g/W 

A I ( p 

... 
Pt + m 1 

2m
1 

p l,j.l. • p 1,11 

m2 
i 

f f lc f lc 
p.v fL II II p. 

rrpoeKUHOHHhlH orrepaTop A2 
I 

=A 
I 

anSI s = o 

anSI s =r 

anSI s = 1 

H T • .a. 

( 11) 

- orrepaTop 

paBHblti 

llH~~epeHUHpOD8HHe B (11) rrpOH3BOaHTCSI 

HMITynhCy. 

ITO (n-ll He38BHCHMOMY 

B cuny csoi1cTsa (9) orrepa Topa D ITpOH3BOaHbie ITO M8CC8M OT BMITnH-

Tyaht M BbmaaaJOT H3 Bhipa >K eHHSI anSI My s rrp116n11>KeHIIII flay. 

3. Ha6niOJJ.BeMbie B TOpM03HOM H3ny'leHHH B 

llpH6llH)I(eHHH floy 

B aanbHeliweM, 'IT06ht ua6e >KaTb R3nHlliHeil: rpoMoaaKoCTH, 6yneM 

paCCM8TpHB8Tb "yrrpyrHti., H COOTBeTCTBYIO!.UHlt eMy TOpM03HOH rrpoueCCbl 

C rrpOHdBOnbH hlM 'IHCnOM 'IBCTHU CITHHB 0 H TOnbKO asyMSI '18CTHU8MH 

CITHH8 1/2. 
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f 

'· 

K aK BHaHo H3 aanbHe tiwero , 3TO yrrpoweHHe He cymecTB 

'18TenbHbiX BbiBOaOB, 

HMrrynbChl CITHHOpHhlX '18CTHU 6yaeM o603H8 '18Tb 

p I ( p I, ) H p 2 ( p; ) • 

06wee Bhtpa>KeHHe am1 Ha6moaaeMbiX ( rronstpH3aUHOHHhiX 

CM8TpHBaeMOrO TOpM03HOrO rrpouecca MO>KeT 6hlTb 38ITHC8ID 

suae 

lk 

py s p A II ( p ; ) 0 I 2A 2 ( p ; ) M y A I ( p ; ) 0 ~ A I ( p I, ) M ; 

2 I '2 :1 = s p A 2 ( p ; ) 0 II A 2 ( p ; ) M y A I ( p ', lO~ A2t(pt'lM;. 

3aecb 0 - HerrpusoaHMhle TeHaopHhle o rrepaTOphl, xapaKTep 

1 I 
Bbie COCTOSIHHSI '18CTHU. llnst s = .....- 0 =I, nH6o y }' 

" p. 5 

LJ.n~ aanbHei1wero cvwecTseHHO c n envJOwee 3 aMe'laHHe. 
i 

BenH'IHHbl 0 peanH3YIOT rrpeacTasneHHe rpyrrrrhl no 
My crrpaseanHBhl cneayJOWHe KOMMYTBUHOHHhle COOTHOWeHHSI 

[ 5 0 I 
p.v 

I k k 
A 0 

p.ll 

rae s P." - orrepaTop crrHHa ( reHepaTopbt rpyrrrrbi flopeHua) 
lk 

eMoll: qacTHUht, a A p.v - reHepaTopbt rrpeacTasneHHSI r · 

ua, peanuayeMoro senH'IIIHBMH 0
1 

B cnyqae crrHHOpHoti qacTHUhl 

anSI 0 = I 

anSI 01 •Y y p 5 

A 
p.v 

pu 
A 

p.v 

0' 

( s ·= 

g p.p g 1/U 
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KaK BHLlHO H3 nanbHeHwero, 3TO yrrpoweHHe He cyrueCTBeHHO nnH OKOH-

'18TenbHblX BbiBOLlOB. 

VfMnynbCbl CITHHOpHblX '18CTHU 6yneM o603H8'18Tb 

H p 2 (p; ) • 

06ruee Bbipa)l(eHHe nnH Ha6monaeMbiX ( rronHpH3BUHOHHbiX TeH3opoa) pac­

cMaTpHBaeMoro TopM03Horo rrpouecca MO)I(eT 6biTb 3anucaHo B cneny10rueM 

BHne 

lk 
p 

y s p A2 < P ; l o
1 

2A 2 < P ; l MY A 1 < P 

2 I '2 2 
= S p A 2 ( p ; l 0 2 A 

2 
( p ; l M y A ( p '

1 

0 : A 
1 

( p 
1
' ) M ; 

( 12) 

k A 2 ( , + 
)0 1 1 p 1 )~·\· 

3nech 0 - HeiTpHBOLlHMbie TeH30pHbie orrepaTOpbi 0 xapaKTepH3Y!OlliHe CITHHO­

Bbl8 COCTOHHHH '18CTHU. LlnH s = + o 1 
=I. nu6o 

lJ,11H aaJTbHeHwero cvruecTBeHHO cne nv10ruee 3 a Me'!aHHe. 

BenH'!HHbi 0 peanH3Y!OT rrpencTaaneHue rpynnbi flopeHua H IT03To-

MY CITpaaennHBbl cnenylOLTlHe KOMMYTBUHOHHble COOTHOWeHHH 

( S 0 I 
flY 

I k k 
A 0 

f'V 
( 13) 

rne - orrepaTop crruHa ( reHepaTopbi rpynnbi flopeHua) paccMaTpHBa -

eMOA '18CTHUbi 0 a 
lk 

A p.v 

ua, peanH3Y8MOrO BenH'IHH8MH 

reHepaTopbi rrpencTaBneHHH rpyrrrrbi flop e H­

o' 
B cnyqae CITHHOpHOA 'IBCTHUbl 

0 = I A 

pa 
A 

f'V 

0, 

( s = 1 

2 

g p.p g va 
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noncTaBJ15151 B npa ByJO 'I BCTb C OOTHOlllBHH51 ( 12) My B npH 611HlKB HHH 

Jloy ( 11), pa3 nar a 51 BBITH'IHH b l A 2 ( P;) H 1\ 1( P ; ) 
0 

COr n aC HO CXB M B, 

(I ae Oe 
!',. I 

p f ( 

Pe It 
l /\ l (p;l s 

= ( ~ aeQ f 
f=l 

Pel 
--"---l/\1 (pI)+ i\ I AI( pl) s 

Pelt 

= ( l a e Oe 
f=t 

p e ( 
p e~< 

l/\t(pll + DAI(p 1)- Dl/\ l(pll 

( 14) 

1 2 
H ynep>KHB851 B OKOH'IBTBITbHOM pe3yiTbT8TB TOITbKO BBITH'IHHbl ITOp51llK8 ( k) 

1 
H ~· nony'IHM 

lk lk 
p = p + 

Ik lk !k ( 15) p + p + p 
y,L y, I y,2 y ,8 

y '' 

rne 

P 
lk ( ~ pi l 2 lk = k ...;..&...._ . a Q ) P 
y, 1 P= 1 pfk f f ( 16) 

It I t + 
p = Sp A 2 ( p 2 ) 0 2 A 2 ( p 2) M \ ( p I ) 0 I A I ( p I ) M 

( 17) 

It .. Pel It 
p =(l-- afQp)DP 

y,2 f,t Pfk ( 18) II 

p lk 

y. 2 

+ 

lk n p ( 
1 

P =-(~ap Q o....:-_c_)![A 0 (D A )A + 
y , 3 P= 1 r Pp k 2 2 2 2 2 

I k + 
+ 1\ 2 ( D 2 1\ 2 ) O 2 1\ 2 1 M 1\ I O 1 :\ 1M + 

1 k k + 
+ /\202A2M [AI(D/1)0 / 1 I+A 10 I(Dl/\1)/\ 11M 

1k 
p 
y'' 

pf ( 
(~1 aeQf ~ 

IL Q 
_ 2_ 2_[ /\ 01/\ s 2 ~ 

ILV p2k 2 2 21LV . 

2 1 k + 
-A 2 SILV/\2 0 2/\21 M 1\ 10 IM + 

IL IQ I 

pI k 

1 I k k t I) + 
A'J. 0 2/\ 2M [ 1\ 1 s /LV 1\ I 0 I A I - 1\ I 0 I 1\ Is I'V A I l M 

lk 
B Bb!pB>KBHHH ( 15) BBITH'IHHB P y, l ITpOITO pUH O H8ITbH8 BBITH'IHHB 

~ 
Bhlp8>KBBTC51 qepe3 ITpUH3BOllHhlB OT p 

1. 

It 
p 

( 19 ) 

( 20) 

0CT8BTC51 ITQK·B38Tb 0 'ITO BBITH'IHH b l 
p lk 

y,3 II 
p It 

y.' B LI[JBlKB JOTCSI 

ITHHBnHo qepe3 BBITH'IHHhl 
p mf 

Pacc M oTp H M nepaoe cnar a e M oe B cjlnrypHbiX C K 0 6 K a x a ( 19) n p ac mii iJ B M 

ero 6onee nonpo6Ho 

I 1 k 

[ 1\ 2 ° 2 ( D 2 A2 ) A 2 + A 2( D 2 1\ 2) 0 2/\ 2 1 M A I 0 I 1\ I M 

I 
.. r~_!~_ao 2 (n 

2m 2 

P2+m2) 

2m 2 

,, ,, 

P a+ m2 + 
2m 2 

+ 
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+ 

+ 

p a+ m 2 

2m 2 

P2+m2 I 
( D ) 0 

P a+ m 2 

2m 2 

k + 
] M A 0 A M 

2 2m 2 2 I I I 

p a+ m 2 

2m
2 

I 
0 ( D 

2 2 

p' + m p 
~..!. . __ a_ (D 

2m m 2 
2 2 

P2+m2 P2 Pa +rna 
)- · 

2m 2 ma 2m 2 

+ 

k + P 2 + m 2 ) 01 P 2+ m 2 ] M A 0 A M 
--- 2 I I I 2m 2m 

B aonSI o6o3Ha '!e HI1e 

1 p 2! 
b = -- ( --- k - ( );: D 

2 2m 2 p
2

k 2 

p + m 
~ 
2m

2 

Y"411Tb!B8SI , 'ITO ( b 2 p 2]+ 0, ( 2 1) MO>KHO nepeni1C8 Tb B B11ne 

A 2 [ + ( y ll y v - y v yll 
I 

) 0 J 
2 -

k + 
AMAOAMA 

2 I I I #LV 

2 I 
= A [ S 0 ] 

2 #LV 2 

k + 
AMA 0 A M A 

2 I I I #LV 

A 
#LV 

( p b -p b ). 
m

2 
2 , 1-' 2,V 2,V 2,1-' 

8 CI1!1Y (13) Bhlp8>KBHI1e (22) npeo6pa3yeTCSI K BHlly 

If ft 
AI'~-' A I'V P 

Pm 
T,e, Bbip8>K8eTCSI lll1lleifHO 4 epe3 Belll1"4Holbl p 
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( 2 1) 

( 22) 

(23) 

AH8!10ri1"4H b!M o6p830M npeo6pa3yBTCSI BTOp8SI "48CTb Bb!p8>KBHI1SI ( 19) , 
lk 

'-'1To6b! npeaCT8BI1Tb BB!li1"411HY p y, 
4 

B Bl1llB lli1HBilHOfi KOM611H8UI111 

fm 
BBllll"411H p , QOCT8TO'IHO QOK838Tb 1 'ITO BB!li1"411H8 

I k k I 
AI s,...., A I 0 I A I- A I 0 I A Is #LV A I 

( 24) 

npOI10pU110H8llbH8 BB!li1"4HHB 

A 1 [S~vo:l_A 1 (25) 

k k 

J1nH 0 =I (24) 11 (25) COB!l8ll810T. J1nSI 0 = y p y 5 B Cl1llY 

p A I y p y A = 0 
l.p 

p p • 
A y p y 5 A = ( g - I.e 1,a 

)Alyay5 A 
1 P a 2 

m 

( 26) 

= ( g 
pa 

p 1.p p 1,a 

m 

) y y A =(g 
a 5 1 pa 

1, a ) A 
1 

y a Y 5 ---'"-'---· 

11 
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A Is,...., A I y p y 5 A I- A I y p y 5 A I s"v A I 

= ( g pa -
p I y 

Pl.p 1, a · )A
1

[SwvYa 5 
m 2 

( 27) 
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CHoBa Rcnonb3YR ( 13), nony'IRM, 'ITO 

Heil:HO qepe3 P fm • 

p 11:: 

y. 4 
T8K*e Bhlpa.aeTCR 

npoBeaeHHOe AOK838Te1JbCTBO HenocpeACTBeHHO pacnpOCTp8HReTCl. H8 

IY'IBH npouecCOB C 11106biM 'IRC1IOM CK81JRpHbiX 1 CllRHOpHbiX R BeKTOpHbiX 

~CTRU. 

B sTOM cnyqae anR nro6oro nonRpR38UROHHOro TeH3opa 

TOpM03HOM R31IY'IeHRR B npR61IR*eHRR noy RMeeM 

lit •• .. 
p 

y,L 

+ ( 
" 

" 
(I.afQf 

e,.l 

p £ f 
l,l a f Q f pf k 

lit ...... 

+' B p 
m q ••. r 

p i € 

p, k 
f 

2 lit ..... 
) p 

. ) D p 11t ••• a + 

m q ••• r 

+ 

lit •••• 
p 

y 

( 28) 

lit ..•• rae p - KOMilOHeHThl 8H81JOrH'IHOrO ll011RpR38UROHHOrO TeH30p8 CO-

" ,. B 11t ••• • 
oTBeTcTByromero ynpyroro npouecca, a - HeKoTopbie ¢yHK-ma .... r 

URR KRHeMaTR'IeCKRX nepeMeHHblX R napaMeTpOB 1,.1 1 H JL l , KOTOpble nerKO 

Bb!'IRCllRTb. 
B cnyqae HenonRpR30B8HHbiX ceqeHRH ( 28) nepexOART B Bbipa•eHRe 

( 10) pa6oTbi/2/. 

BepoRTHO, cooTHorneHRe (28) cnpaBeAnRBO anR npoueccoB c yqacTReM 

'18CTRU nro6oro cnRHa. 

4. 3 8 K II 10 "l e H H e 

CooTHorneHRe ( 28) 03H8'18eT, 'ITO pe3ynbT8Tbi nonSJpR38UROHHbiX R3-

MepeHRA B TOpM03HOM R31IY'IeHRR C TO'IHOCTb!O AO 'llleHOB nopRAK8 k
0 

il01IHOCTb!O onpeAellRIOTCR pe3y1lbT8T8MR 8H81JOrR'IHb!X ll011RpR38UROHHb!X R3-

MepeHHH B "ynpyroM" npouecce • 
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06p8THO: npOCThle 0011SipH38UROHHhle R3MepeHRSI B TOpM03HOM R31ly'le-

HRR He ll03B01ISIIOT nony'I8Tb HH<jlOpM8URIO 06 8Mil1IRTYA8X "ynpyroro" npouec­

ca, 38K1IIO'IeHHYIO B 6onee C1JO)I{Hb!X ll011SipH38UROHHb!X TeH30p8X 3TOrO npo-

uecca. 

ABTOp 6narOA8pHT n.H.nanHAYC8 38 HHTepec K pa6oTe R pSIA 38Me'I8HHH. 
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