
OE'bE.Ll YfHEHHblM 
YfHCTYfTYT 
.fi.LlEPHblX 

YfCCnE.LJ.OBAH Yf M 

.Lly6aa 

I 

i 
I ·• I = :r 
! 

P2 · 3848 

... 
A. • - ... ... 

113JIYqEHHE OPB11T11PYIOIUEH qACT11Qbl B llOJIE 

a 
U (r)=--2 

r 

1968 



P2 - 3848 

H3JIYqEHHE OPBHTHPYIOIUEH qACTHUhl B DOJIE 

a 
U (r) = --;-2 

OG·~)/.!ili'J~b .. .__ :: t ~ ; , ;·;"'·· fi 
~ ~~;~~lk ,_____ if .~.~~f~ ~fl~:l~ .. lli 

t"v J' J..:_ jf -KA 



Bse11eHHe 

B KnaccuqecKoA Teopuu pacceHHHH B orrpeaeneHHOM Knacce c¢epuqecKn 

CHMMeTpHqHblX ITOTeHUHanOB CyiUeCTByeT HBneHHe op6HTHpOB8HHH ( CITHpanbH0-

/}-5 / . 
ro pacceHHHH) • CyiUHOCTh 9Toro HBneHHH 3aKmoqaeTCH B TOM, qTo rrpu 

orrpeaeneHHblX ycnOBHHX IT8A8101U8H qaCTHU8 B38HMOAeACTByeT C pacceHB810-

IUHM UeHTpOM T8KHM o6p830M, qTO, rrpu6nH3HBIUHCb K HeMy, OH8 COBepmaeT 

BOKpyr aero HeKoTopoe qucno o6opoToB, rrocne qero yaanHeTCH Ha 6ecKoaeq-

HOCTb ITOA HeKOTOpblM Ha6niOaaeMblM yrnoM pacceHHHH. Ecnu qucno o6o-

pOTOB BenHKO, TO qacTHUbl H8XOAHTCH BO B38HMOAeACTBHH annTenbHOe BpeMH, 

H T8KOe COCTOHHHe aon~HO HMeTb OrrpeaeneHHOe BpeMH ~H3HH. 

B o6meM cnyqae op6nTnpoBaHne rrpoucxoanT Toraa, Koraa a¢¢eKTHB-

H8H ITOTeHUH8nbH8H 9HeprHH 

M 2 
U (r) .. U(r)+---

eff 
2m r 2 

rae U(r) - rroTeauuan B38HMoaeAcTBHH qacTHU, M- MOMeHT naaa10UieA 

qacTHUbl, m - rrpnBeAeHH8H M8CC8, HMeeT XOTH 6bl OAHH 6apbep ( M8KCHMyM), 

u aaeprnH rraaaiOmeA qacTHUbl 6nu3Ka K Benuquae 9Toro 6apbepa 
13 •41 • B 

pa6oTe /6/ ITOK838HO, qTO rrpH KB8HTOBOMeX8HHqeCKOM p8CCMOTpeHHH HBne-

HHH op6HTHpOB8HHH B cnyqae AOCT8TOqHO BbiCOKOrO H IUHpOKOrO 6apbepa ITpH 
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9HeprHSIX nfl.0.810IUHX "'8CTHU 1 paBHbiX BbiCOTe s<jJ<jleKTHBHOrO ITOTeHUHanhHOrO 

6aphepa, B03HHK8eT pe30H8HC, COOTBeTCTBY!OlllH~ KB83HCT8UHOHapHOMY COC-

TOSIHHIO. TaK K8K BbiCOT8 s<jJ<jleKTHBHOrO noTeHUHanhHOrO 6apbepa SIBnSieTCSI 

<jlyHKUHeH MOMeHT8 na.o.aJOIUHX "'8CTHU, TO Mbl HMeeM ypaBHeHHe pe30H8HCHO~ 

TpaeKTOpHH, H8 KOTOpOH pu~ nono•eHhl pe30H8HCHhle 9HeprHH, COOTBeTCTByJO-

IUHe <jJH3H"'eCKHM 3H8"'eHHSIM MOMeHTa. 

EcnH Mbi HMeeM .o.eno c 3apSI•eHHbiMH "'aCTHUaMH, TO o6 HX noae.o.eHHH 

MO.eM Cy.O.HTb no HX H3ny"<IeHHIO, H3MepSISI KOTOpOe B Cnyqae <jJHHHTHOrO .O.BH-

•eHHSI, nonyqaeM HH<jJOpM8UH!O 0 KB8HT08b!X ypOBHSIX H KnaCCH"'eCKHX nepH0.0.8X 

o6paiUeHHSI qacTHU. AHanorH"'HO 3TOMy, nony"<IHB cneKTp H3ny"<IeHHH op6HTHpyJO-

IUe~ "'8CTHUhl, Mhl nony"'HM HH<jJOpMBUHIO 0 KnaCCH"'eCKHX KB83HnepH0.0.8X H 

KB8HTOBbiX KB83HypOBHSIX CHCTeMbl. 

CymecTBOBBHHe op6HTHpoaaHHH .o.on•Ho npHBO.O.HTh K H3MeHeHHJO cneKT-

pa H3ny"<IeHHSI op6HTHpyJOIUe~ "'8CTHUbl no cpaBHeHHIO C 06bi"'HO Bbl"'HCnSieMbiM 

cneKTpOM nponeTaJOIUe~ qacTHUbi. Cne.o.yeT o•H.o.aTb, "'TO a HopManbHOM ( cTy-

neH"'8TOM) CneKTpe TOpM03HOrO H3ny"<IeHHSI (Bbi"'HCnHeMOM no !jJOpMynaM Knac-

CH"'eCKOH 

<jlopMynbi 

sneKTpO.O.HH8MHKH) nOSIBSITCSI M8KCHMYMbl. HenpHrO.O.HOCTb 06bi"'HO~ 

17,8/ 
( HanpHMep: ) , O"'eBH.O.HO, CBSI38H8 C npe.o.nono•eHHeM 0 Ma-

noM apeMeHH B38HMo.o.elfcTBHSI ( nponeTa), Hecnpaae.o.nHBbiM B cnyqae op6HTHpo-

B8HHH. 

8 H8CTOSIIUelf pa60Te, KOTOpaSI HMeeT npe•.o.e BCero MeTO.O.H"'eCKOe 3H8-

"'eHHe, Bbl"'HCneHbl Kn8CCH"'eCKH~ H KB8HTOBblH CneKTpbi TOpM03HOro H3nyqe-

HHSI B .O.nHHHOBOnHOBOM npH6nH.eHHH .O.nSI noTeHUHana 

U(r)=-·-a- c>O 2, , 
r 

( 1 ) 

4 



. /5/ 
rae TSK*e BCTpeqaeMCR C op6HTHpOB8HHeM , H 3aaaqa pewaeTCR aHanH-

THqecKH KSK B KnaCCHqeCKOM 1 TaK H B KBSHTOBOM cnyqagx, CaenaH nepexoa 

OT KB8HT0Bb!X ~OpMyn K KnaccHqeCKHM, DnR noTeHUHana (1) qHcno o6opOTOB 

He 38BHCHT OT <:~HeprHH naaa!Olllel!: qaCTHUbl, 8 38BHCHT nHWh OT ee MOMeHT8 1 

M "'v'2am 
Kp. 

• ByaeM paccMaTpH-

B8Th H3nyqeHHe npH ynpyrOM paCCeRHHH, T,e, H3nyqeHHe qaCTHU C MOMeH-

TOM M > M . 3~eKTHBHaR noTeHUHanbHaR <:~HeprHR anR noTeHuHana ( 1 ) 
Kp. 

npeacTaanReT co6oii 6ecKoHeqHo BbiCOKHH 6apbep a Hyne. PeanhHbiH cnyqa11: 

KOHeqHoro 6apbepa a HeKOTopoii ToqKe r ~ 0 
B 

6yaeT paccMoTpeH noa*e a 

oTaenhHOH pa6oTe, 

KaaWTOBOMexaHHqecKHH pacqeT noao6Horo poaa anR noTeHuHana (1) cae-

naH TSK*e M.YI.<l>aiiHronbaOM H n.r..HKOBneBbiM. ABTOp 6naroaapHT HX 38 

npeaOCTaaneHHy!O B03MO*HOCTb n03H8KOMHThCR C Heony6nHKOB8HHblMH pe-

3ynhT8T8MH pa60Thl, 

KnacCH'lecxoe paccMoTpeHHe 

KonHqeCTBO <:~HeprHH 1 H3nyqaeMOe 38 BpeMR CTOnKHOBeHHR, B HHTepaa-

ne qaCTOT CU 

noli (7): 

rae e - aapRa aneKTpoHa, 

T8 yCKOpeHHR 
.. 
r 

B anHHHOBOnHOBOM npH6nH*eHHH aaeTCR ~OpMy-

?cu!~dcu, (2) 

.. 
C - CKOpOCTb CBeTa, r CU - ~yphe-KOMnOHeH-
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.. 
rcu 

+coc d 2 ;' 

f --·- exp ( i cu t ) d t . 
211-oo dt 2 

1 

nnH ABH*eHHH B none IT OTeHUHana (1) nonHpHhle KOOpAHHBThl 

38Hhl cneayromHMH COOTHOmeHHHMH: 

r ( 9) = 
MK M 2- M 2 

k2= ltp <1 

V 2m E sin K 9 
M 2 

1 9 ( r) = -arc ctg ( - r ) r ( r) 
MK (l+r2)I!2 

K ,/ ?m F. 

rae r = 
2 E t 

MK 
- 6e3p83MepH85! rrepeMeHH85!, t - BpeMH, 

(3) 

() CBH-

(4) 

m E , M -

COOTBeTCTBeHHO DpHBeAeHH85! MBCCa, 3 Hepi'H5! H MOMeHT ITBABJOmelt '!8CTHUbl, 

LfaCTHU8 npHXOAHT H3 6eCKOHe'!HOCTH napannenbHO OCH z ( 9 = 0 )H yXOAHT OIT5!Tb 

B 6eCKOHe'!HOCTb npH 

e = 
0 

IT 
= ( 2 n + 1 ) IT + X , n = 0, 1, ... , 

K 

npn'!eM n - 'H!Cno o6opoTOB 11 X - yron pacceHHI!~ nn 5! yao6CTB8 Bhl'IKC-.. 
ne HJHI I 

... 2 

rcu l BBeaeM KOOpAIIH8Thl 

~ x- 1 . r ± 1 e -=< z + 1y )=--::::-- e 
-/ 2 - , ·2 

OoaCTBBnHR B~PB*eHK5! (4) B I!HTerpan (3), nonyqaeM anH 

6 
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·•+ 1 2 a m 2 E +oo M K 1 d r x-w=-------v--' Jexp[i(--rur+-- arcctg (-r))] -----
2rry2 M2 K2 m_.., 2E - K (1 + r2)sh' 

KOTOpoe IIOCne rrpeo6pa30B8HH51 IIOJlHHTerpanbHOI'O Bh!palKeHHSI IIpHHHMaeT BHJl: 

1 3 
±1..!!.. ----2 --· 

( r + i) 2K 2 .. + e K 1- K E +coo MKcu 
X~ --..;- I dr 

• _1_ + _,_ exp [ i ( T ) ) • 

2rr K2 m -coo (r+1)2K 2 2E (6) 

l1HTerpanbl B (6) CX0Jl51TC51, H Il03TOMY MOlKHO IIepeHTH B KOMIIneKCHYIO IInoc-

KOCTh H 38MKHYTb IIYTb HHTei'pHpOB8HH51 'lepe3 6eCKOHe'lHO yaaneHHYIO rrony-

OKpylKHOCTb Jm T > 0 , HHTerpan BJlOnb KOTOpofi HC'le3aeT. 8BOJl51 B HH-

Terpanax (6) HOBYIO rrepeMeHHYIO S = - 1- ( 1+ iT) 1 MOlKHO HX CBeCTH K HH-
2 

TerpanaM, KOTOpble Bblp8lK810TC51 'le pe3 Bh!pOlKJleHHYIO I'HIIepreoMeTpH'IeCKYIO 

cPY HKUHIO IJI(a,c;z) 

IT 
1-

e 2 K 

/ 12 / •• + 
X~ rrony'laJOTCH BhipalKeHH.H: 

'I' (-1- - _1_ 
2K 2 

MK 
-1 ;-E- cu) 

r < __ 1 ____ 1_ ) 
2K 2 

MK --cu 
E 

MK 
exp (-~ w) 

2E 

MK 
X~ ..; _!:_ 

IT 
~1-

e 2 K --------------- exp (- -- cu) 
m 2E 1 1 ) r <- - -

2K 2 

( 7) 

Terrepb., rroacTaBnHH 3TH BhipalKeHHH B cjJopMy ny ( 2), rrony'laeM anH crreKTpanb-

Horo pacrrpeaeneHHH Hany'leHH.H: 
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dtbw 4rre 2 E MK 
exp (- -w) 

E d w 3mc 3 

'l'(-1 ___ 1_ . MK 
2K 2,-1,--w) 

IJI (- _1 __ ...!._ • M K 
2K 2,-1,--w) 

E .1[ E + 
1 f'(--- _!__) 
'U< 2 

1 1 
!(---) 

?. K 2 

)2 + 

1 1 MK 'P (--- -1. -- w) 
2K 2 ' ' E 

1 1 K M 'J.I(----- , -1 ; --w) (8) 
2K 2 E 2 

+ [ -------·---- '- I 
1 1 

1( - ---) 
2K 2 

r < _1 ___ !__) 
2K 2 

d& w 
Y!3 tjlopMynbi (8) JJ.nfl BliJJ.HO, 'ITO 

dw 

dS: w 1 d tb w 
-- I 

2 E 2 16 _e__ cos 
-+ --- 3 

MK 
exp (---c.~ ) 

-( MK J< H - E w ) 
rr 
-- ; 
2K dw w-+o 3 tr m c de.~ w-+oo E 

('ITO c n e JJ.ye T li 3 p a3nO)KeHii 51 'l'(a, c; Z) IIp!i M8n b !X H 6 onbWH X 3 H 8 '1eHH51X 

Z ) • Y! 3 T eOp!i!i HY n eii B b!p O)K JJ. eHHOH r HIIepreoM e T p !i'!eCK OH tjly HKUHH lp (a 1 C; Z ) 

/ 10 / 1 1 M K 1 1 
c n e JJ,y e T , 'ITO tPY HKUHH 'P (----, -1 , -- w ) If M eeT [ I ---ll 

2K 2 E 2K 2 

Hyne ii ([lxll- u e n a H '!aC Tb x ). Lla n ee tjly HK UH H !'l'(-
1--..!. , -1;MK w)l 

2K '2 E' 
H e If M ee T H Y neii If 51Bn 51e T C 5I MOHOT OHHO YOb!B810Weii ¢Y HKUH efl , l13 C K83 8 H-

d6;C'Ll 
Horo c n eJJ.yeT, 'ITO H MeeT 

dw 

1 1 8 o 1 
N =[1---0=0--- 0= 0 

Kn 2 K 2 2 rr 2 

8 

n+......x_U 
2rr 

n 
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MSKCHMYMOB ( MSKCHMYM npH CO • Q N He BXO.OHT). TaKHM o6paaoM 
Kll 

B 

B cneKTpe H311y"leHHSI "lSCTHUbl D o6opoTaMH noSIBIISieTCSI n nHKOB. Ta-

KOA xapaKTep cneKTpa CyUieCTBeHHO OTIIH"laeTCSI OT 06bi"lHO Bbl"lHCIISieMOI'O 

cneKTpa nponeTSIOUleA "lSCTHUbl H SIBHO CBSI38H CO CBOeo6pa3HbiM B38HMO.Oei!:-

CTBHeM op6HTHPYIOUieA "l8CTHUbl C paCCeHBBIOUlHM UeHTpOM. 

PaccMoTpHM euxe noae.oeHHe cneKTpa a npe.oenbHOM cny'lae, Kor.oa 'IHC-

1 1 
110 o6opOTOB BeliHKO. llnSI 3TOI'O npe.onOIIOJKHM, 'ITO 2K = D + 2 ; )( • 0 ·' T • e. 

na.(l810Ul8SI '18CTHU8 HMeeT MOMeHT 

II + 
1 
2 

..jn(n + 1) 

; M tp -..; 2"0 m , 

(pacceHaaeTCSI anepea). B 3TOM 'IBCTHOM cny'lae H3-38 f' ( - D -1) 

B 3HaMeHaTene BbipaJKeHHSI (7) H I: co 1
2 

pOJK.OeHHOA I'HnepreoMeTpH'IeCKOA 

( Cl) 

reppa L n (z) 

'1'(-n-1,-1; 

/11/ 

<j>yHKUHH 

I ~ _ , 1
2 

• Y"lHTbiBSSI CBSI3b Bbl-
(&) 

'P(a,c;z) H nOIIHHOMOB na-

• (-II+ 1, 3; 
llltp Q) 

--===), 
2Eyn(D + 1) .... p Q) 2 

-------------------[---=====~ 
r (n) 

( 10) 

• .. p Q) 

(-1). [ 1'"'2 

1111:pco ,c21 Mh, AI n-1 n-1 2EyD(D+1) 
-(-1)D-

1 [---~=:=J] L <--==~)-(-1) (11+1)11: --------
./ n-1 -o 

2E v n(n+l) 2EyD(n +1) al(a + 2)1 (D-1 -a)! 
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nony~aeM anH cneKTpanhHoro pacnpeaeneHHH H3ny~eHHH 

d&(L) 
---1 

8rr 

3 

e 2 E M k. CtJ 
]4[L(2l ( P )]2 

--~======~ n-1 

M CtJ 
kp 

dCtJ 
l 

- ·= 2 D + l m c3 
2 E V D ( D + 1 ) 2 E y' n (n + 1 ) 

Ylcnonh3yg Tenepb npeaenbHYIO c!JopMyny npH 6onbWHX D ang TIOnHHOMOB 

/11/ 
Jlareooa 

lim 
1 

n-+OO Q2 

L(2l(_:_)=-1-J (2-./z) 
n D z 2 

rae J ( z) - cpy HKUH H Becceng, nony~aeM 
2 

d & CtJ 

--~\ 
dCtJ n-+"" 

IT 

6 

2 2M k CtJ 2 Mk P CtJ 2 
eE [( P ) J (v )] • 

3 E 2 me E ( 11 ) 

B aTOM rrpeaenbHOM cny~ae B crreKTpe HMeeTCH 6ecKoHe'IHoe ~Hcno MaK-

CHMYMOB, ~TO CBR38HO C 6eCKOHe~HbiM ~HCnOM o6opOTOB, Heo6xoaHMbiM anH 

naaeHHR ~acTHUbi Ha ueHTp. BenH~HHa M8KCHMYMOB pacTeT ao 6ecKoHe~Hoc-

TH BCneaCTBHe Henpepb!BHOrO c6nH~eHHH ~8CTHU H Hey~eTa 38KOH8 COXpa-

HeHHR aHeprHH B KnaccH~ecKoA TeopHH H3ny~eHHR. B aToM npeaenbHOM cny-

~ae peanbHbiA CMbiCn HMeeT TOnbKO OrH68IOlli8R M8KCHMYMOB. 

ilnH HnniOCTp8UHH H8 pHC.1 110K838H BHa TpaeKTOpHH paCCeHHHOA ~8CTH-

Ubi B rroTeHUHane ( 1 ) , coaepwHBweA BOKpyr ueHTpa aaa o6opoTa H pace ega-

weAcg noa HyneahiM yrnoM. Ha pHc.2 noKa3aHo KnaccH~ecKoe crreKTpanbHoe 

pacrrpeaeneHHe H3ny~eHHH anH ~8CTHU, COBeplllHBlllHX OaHH, .QB8 H TpH rronHbiX 

o6opoTa BOKpyr pacceHBaiOwero ueHTpa. 
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KaaHTOBoe paccMoTpeHHe 

JlnSI H3ny"'eHHSI "18CTHUbl B AnHHHOBOnHOBOM npH6nH:lKeHHH KB8HTOB8SI Me­

X8HHK8 A8eT <iJopMyny /e/. 

d&Gl- ----1 < 
3 c 3 

... 

(12) 

rAe M8TpH"1HbJA aneMeHT 03H8"18eT nepeXOA H3 H8"1anbHOrO COCTOSIHHSI \k, L, M > 
... 

B KOHe"'HOe I k 
1 

, L 
1 

, M 
1 

>, npu"'eM 

k 2 -
2mE 

-:fiT 
k 2 

1 ---= 
k 2 

1- ii'GJ 
E 

E L , M - 9HeprnH, MOMeHT H MarHHTHoe KBaHToaoe "'Hcno naAaro-

... 
mel!: "18CTHUbl 1 u - BeKTOp nonHpH38UHH <\lOTOHa. Bbi'IHCnHM MaTpH'IHbiA 

aneMeHT B ( 12) B cnyqae noTeHunana ( 1). PewaH ypaBHeHHe WpeAHHrepa 

C nOTeHUHBnOM ( 1) 1 nonyqaeM HOpMHpOB8HHbJe BOnHOBbJe <iJyHKUHH, perynHp-

HbJe B ayne: 

... . k 
\k,L,M>~v'- J 1 (kr)Y (8,cp), 

r 11 +·- LM ( 13) 
2 

aeHo o6o3Ha"'eHne: 

(14) 

Bbl"'HCnHM Tenepb MBTpH"'HbJl!: a neMeHT AnSI nonSipH38UHl!:, HanpasneHHblX no 

OC SIM Z I 

1 
(x+iy) 

..; 2 

11 



r cos 8 
cos (J 

<k. ,L ,M I 
I I I 

1 1¢ 
-=sln(J e 
..;2 

1 1¢ . ) 
-rsln(Je J.,lk,L,M>=IJY* (8,¢)Y (9,¢ ..;2 ,. L1 M1 LM 

1 -= sln(J -
1
¢ 

v2 e 

rile '!epea I 0603HB'IeH HHTerpan OT PBJlHBnbHbiX <jJyHKUHI\: -. 

1-yk k JJ 1 (k r)J 1 (kr)r 2 dr. 
I 0 +- I a+-

1 2 2 

113 / 11 HTerpan l!O yrnaM B ( 15) 6epeTCSI C y'leTOM COOTHOWeHHI\ 

dO, 

( 15) 

( 16) 

(L+M+l)(L-M+l) (L + M)(L-M) 
cosBY (8, ¢l=v y (9,¢)+ v . YL .. (8,¢) 

LM L+J. M -I,M 
(2L+l)(21,.+3) (2L+1)(2L-1) 

1¢ (L+M+l)(L+M+2) (L+M)(L-M) ) 
sin 8 e Y ( 8 , ¢) = v Y ( 8, ¢ ) - v Y + ( 8, ¢ 

LM (2 L + l )( 2L+3 ) L+I,M+I (2L+l)(2L-l ) L-! ,M 1 

(17) 

sinfJe-1¢ y (fJ, ¢)= - y' (L-M+1)(L-M+2) y ( fJ,¢) + y' (L+M)(L+M-l)y (O ,ch) 

LM (2L+l)(2L+3) L+l, M-1 (2L+l)(2L-l} L-1,M-1 

12 



t 

r 

I 

' 

H anSI COOTB9 TCTBYIOIUHX nonSipH38UHH OH p aBeH: 

anSI llOnS!p H38UHH B.ttOnb OCH Z 

( L-M)( L+M) (L+M+ l)(L-M + 1) 
tv-------- 8 

(2L+1)(2L + 3) 
L I ,L + 1 

+vi ·--- 5 15 
( 2l+l)(2L-1) L I, L - 1 M1M(18 ) 

1 
a n SI n on HpH38UHH Baonb OCH - ..;.:- ( X + i Y ) 

vf 2 

_ 1_ 1 
<L+M+1HL+M+2>

8 
- v <L-MH L +M-1 > 5 18 - V · L ,L+I L L I M M+i 

y 2 (2L+1)(2L + 3) 1 ( 2L + 1)( 2L-1 ) I ' - 1 ' 

anSI nonSipH38UHH aaonb ocH --l-. (x- i y ) 

vf2 

1 (L-M+l)( L-M + 2 ) ( L +M)(L+M -1 ) 
lv' 8 - "' . 8 L ,L - 1,

5
M ,M-1 

y2 ( 2L + 1)(2 L + 3) L1 ,L+
1 

(2L+ 1)(2L - 1) 1 1 

Yf HTerpan ( 16) MO>KHO B3S!Tb, npHM9HSISI as a p838 cneayJOIUee COOTHOW9HH e 

/ 11 / x) 
anSI ~Y HKUHA EeccenH 

a v v k 
-- [ ( J (f. z) l = z ( J ( f. z) ' f. = - -'-' at: v v-1 k (19) 

x) 
Pac xoaHWHi-icSI HHTerpan /16 / B3SIT MeToaOM .':IH~~epeHUHpOB8HHSI no napa-

,~ 1 ,..,. 
MeTpy. Yfcnonb3YSI COOTHOWeHHSI KOMMYTBUHH AnSI t , p , H = -- p 2 + 

+ u en, MO>KHo HanHcaTb <k 1, L1 , M 111 k 2 , L, M > = ~ 2<it 1, L 1 , M 11.yuct')l"t. L,M> 
YIHTerpan OT paaHanbHbiX ~YHKUHH B MaTpH'lHOM 3neMeHTe cnpaBa cxoaHTCSI 

H Bbl'lHCneHHe .ttaeT OaHH8KOBb1H pe3ynbTaT. 
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nocne qero Bbipa>KeHHe ( 16) AnSI I npHHHMSeT BHA: 

s .. 
1 -·~-I a -1 a 8 1+-2-·--e -e -e f] s<ez>J l(s)d:r. 
k2 ae ae 0 •1+2 •+-;-

(20) 

/14/ 2 hcu 
Bbi'IHCnSieM HHTerpan B (20), n,BBeASI nepeMeHHYIO e B 1-' ---, no-

nyqaeM cneAyJOmee Bbipa>KeHHe AnSI I 

I-~( 1-t:} 
k2 ~ 

S + S a +! 
~ 2 rc-

1
2
-+2)(1-e> 

1 2 

2 _a_ 1 F < 
ae2 s-s-1 21 

lo r( I )r(s +2_) 
2 I 2 

s 1- s+3 s 
1 
+ s+4 7 . 

---,---,s +-, 
2 2 I 2 

E 

1- e> 1 

(21) 

( r(z)- raMMa..!jlyHKUHSI, 
2

F1 (a,b,c; z) 

1101 
KOTopoe C yqeTOM COOTHOUleHHSI 

- runepreOMeTpH'IeCKSSI !jlyHKUHSI) 1 

d2 
1 

a+b -c 
:r c- ( 1- :r ) F (a, b, c; z ) ] 

2 1 
d% 2 

r c c > 

r(c-2) 

c -3 

% 
a+b-e-)-

(1-z) 
2 1

(a-2,b-2,c-2; z) 

npHBOAHTCS! K BHAy: _!_( a + 1) 

(22) 

S + S -2 ) 2 I 
r(--L.-+2)e (1-e s -s-1 sl+ s 3 (23) 

4 2 F ( 
1 

----, s +--; 1-e) 
I= 2 1 2 ' 2 I 2 

k
2 

s-s -1 3 
r( I )r(s +-) 

2 I 2 
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TaKHM o6paaoM, anH crreKTpanbHoro pacrrpeaeneHHH H3nyqeHHH ¢oToHoB no-

nyqaeM ( MarHHTHOe KB8HTOBOe qHCno rraaaJOllleH qaCTHUbl rrpHHHM8eM paBHbiM 

dcu 3mc 3 

( s++1l . + ._ 
s - s 1 s + + s + 3 'bcu 

F (---- --,s +-;1--)+ 
21 2 2' 2 2 E 

s+- s 1 + 3 
rc-----lr(s +-) 

2 2 "2 

2L s+s-

--=========- rc -2- + 2 l 1 -

)(2L 1) .,.. -<• +1l 
+y~(~2_L_+~1~---~-----------( 1-~)2 F 

E 2 1 

s-s- 1 s+s- _ 3 li"')]2 
(--- - - --. s +-;1-- + 

2 2' 2 2 E 
s -s- 1 - 3 ) rc----)r{s +-

2 2 2 

(24 ) 
~L+D(L+2) + 

...; r<~+2) 
(2L+ t)( 2L+3) 

2 

s+-s 1 c+ 3 ) rc--- -- l r s + -
2 2 2 

4 L (L -1) 
...; rc~+2l 

2 1 -
(2L+1)(2L-1) '!iw ~· +ll s-s- 1 s+s- _ 3 ~"' 2

1 ----------(1--) F (-----,-,s +-;1--)] , 
E 21 2 2 2 2 E 

8- !1- 1 - 3 r<----)r(s +-) 
2 2 2 
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rJle 

± 1 1 2 2a m 
s ---+y'(L+-+1) ---. 

2 2 - t2 
(25) 

HccneJlyeM BbJpa:IKeHue (24) JlnR cneKTpanbHoro pacnpeJleneHHR uany'leHHR 

!jx:>ToHoe. npe:H<.ete ecero: 

d f.(<) 

de.> 

d&(<) 
- con at" 0 ; --- I = 0 . 

c.>• ·O de.> iiC<J•E: 

.Uanee, ua Teopuu HyneA runepreoMeTpH'IeCKoA !jlyHKUHH 
2 

F
1 

(a, b,c; z) /15/) 

cneJlieT, 'ITO JlnR 
t 

0<~<1 
E 

H Im .- • 0 (paccMaTpueaeM uany'leHue 

TOnbKO npH ynpyroM paCCeRHHH) $yHKUHR 

s-s- 1 s+s- ... 3 lie.> 
F (-----,--,s +-;1---) 

21 2 2 2 2 E 

HMeeT [J s-s- _ _j_ O HyneR,) Q x 0 
2 2 

- uenaR 'laCTb x ) . tf>yHKUHR 

+ ' r ( S +B l l.(a++!) 
-2- + 2) (1-~) 2 

E 
s+-• 1 s+s+ 3 'tc.> 

( ---- -- s+ +-,· 1- --) 
2 2' 2' 2 E 

F 
+ 2 l 

s -s 1 + 3 
r(-----)r(s +-> 

2 2 2 
(26) 

u ee npouaeOJlHaR He HMetoT HyneR. HcxoJlR ua aToro u aHaR, 'ITO BbJpalKeHRe 

1 , + 1i (26) npu c.>•O paeHo -sin..::....(s -s+3) H npu ·c.>·E paeHo Hynto, 
, 2 

38Knto'laeM, 'ITO a6contoTH8R eenH'IHHa BblpalKeHHR (26) RBnReTCR MOHOTOH-

1ic.> 
HO y6biBatomeR !jlyHKUHeR ( 0< T < 1 } • Ha CKaaaHHoro cneJlyeT, 'ITO BbJ-
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pa~eHHe (24) Ang 
dcu 

HMeeT 

1 2 2a m 1 2 2czm 
y(L+-) --- -y(L-- )- --

2 t 2 2 t 2 

B-S- 1 1 
N =Q -· --- 0 = U -) 

lcb 2 2 2 2 
(27) 

M8KCHMYMOB ( M8!CHMYM TlpH W = Q B 'IHCnO N lcb He BXOAHT), KaK BHA-

HO H3 tP OpMynhi (27) Ang 'IHCna M8KCHMyMOB., OHO cyrueCTBeHHO 38BHCHT OT 

2am 
napaMeTpa a • BBeAg o603Ha'!eHHe ~ ( f + 1) = --- , Bbipa)l{eHHe 

lcp Jcp t2 
Ang 'IHCna MBKCHMYMOB MO)I{HO rrepeTIHC8Tb cneAyiOIUHM o6pa3oM: 

N =Q-1 (y2L+-1-+(L+f )(L-f -1)- y' - 1-+(L+f )(L- f -1) -1) ~, (28) 
ltb 2 4 kp ltp 4 kp kp 

max N = N I 
kb kb L=L + 1 

kp 

1 9 3 
=Q-(y2LL +---)0 

2 LP 4 2 

(29) 

-4-1-+(L +1-f )(~+Lit +2)-10 4 kp kp kp p 
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HeTpy n Ho HaATH ~aay p a cceHHHH l)L nng noT e Hu Ha n a ( 1) . 0 Ha pasHa : 

l) L = _rr_ ( L + _1_ - V (L + _1_ ) 2-~) 
2 2 2 t 2 (30) 

C nOMOlllb iO Bbipa )l{eHHH ( 30) nng ~3bl lJ L MO)I{HO ~OpMyny nng 'IHClla MaK-

CHMyMOB n e penHCa Tb Cl!e!lyiOlllHM o6pa30M: 

N 
kb 

l3 - l3 
= 0 L -a L . 0 • 

rr (31) 

TaKHM o6pa30M 0 'IHCliO MaKCHMYMOB N pasHo uenoA 'laCTH OT pa3HHUbi 
KB 

~a3 KOHe'IHOrO H Ha'lallbHOrO COCTOHHHH, AelleHHOH Ha rr ~ 1 COOTBeTCTBeHH00 

yBeliH'IeHHIO pa3HOCTH ~a3 KOHe'IHOrO H Ha'lallbHOrO COCTOHHHH Ha rr COOT-

BeTCTByeT llOHBlleHHe MaKCHMyMa B CneKTpal!bHOM pacnpe!lelleHHH TOpM03HQ-

ro H3lly'I9HHH, 

B 3aKliiO'IeHHe XOTeliOCb Obi OTMeTHTb 1 'ITO KBaHTOBaH ~pMyna (24) 

LlliH CneKTpal!bHOrO pacnpe!lell9HHH H3liY'19HHH H ~OpMyna (31) LlliH 'IHCliB MBK-

CHMYMOB npH 6onhmHX MOMeHTax L >> 1 llOliHOCTbiO nepeXOAHT B KllaCCH-

'19CKYIO ~OpMylly (8) LlliH ClleKTpal!bHOrO pacnpe!lelleHHH lf3liY'I9HHH H KliBCCif-

'19CKYIO ~OpMyny ( 9) LlliH 'llfCliB MBKCHMYMOB, DpH 3TOM HeofiX0QifMO HCllOllb-

/1 0 / 
30BBTb npeAeli 
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r(c-a) 
lim ·-----(1-...!_c )c 

2
F

1 
(a,b,c;l-~)=e-EIJI(a, a-b+l; z)\ 

c-+""r(c)c-a (32) 

± 
c = s:t + 1 

2 
0 H p a3 HOCTb s- s c neayeT 3aMe HHTb Ha BenH~H-

HY 
a s 

a L 
Yl3 rrpeaenbH o ro nepe xoaa BHllHO, ~To Knacc~~:~eCKHe cjlopMynbx (8) 11 

(9) rrpH k .. 0 H e BepHb l, ~TO , KOHe~H0 1 BTIOnHe cneUOBano 0)1{Hll8Tb , T8K 

KB K, BO-rrepB biX, Kn8CCH~eCK8.11 TeOpH.II H3ny'leHH.II He y~HTblB8eT 3 8KOH8 COX-

p aHeHH.II 8 HeprHH H, B O-BTOpbiX, IIpH 6onblllOM ~HCne 060pOTOB !13ny~eHHe 

a on)I{HO C HnbHO HHTepcjle pHpOB8 Tb, 6naroaap .11 ~eMy MHOrHe M8KC HMYMbl B 

KnBCCH~eCKOH cpopMyne HC~e3810T , I..J: ucn o M8KC HMYMOB N Bcer aa MeHbllle 
KB 

'lHCna M8KCH MYM OB N 
Kn ' 

HecMoTp51 Ha To , 'ITO nony~eHHbie pe3ynb T 8 T bi Henb351 Herr o cpe a c TBeH-

H O 0606lllHTb 1 TaK K8K B cny~ae ITOT eHU Hana ( 1) K8K ~HCnO 060p0TOB 1 T 8 K 

ll cp8 3 8 pac Ce.IIHH51 He 3 8BH C.IIT OT 8HeprHH, T eM He MeHee , 8 T OT cny'lafi no-

K83hlBaeT , 'ITO crrupanbHhlH xapaKTep pacc e.IIHH .II CK83hlBaeTC .II H Ha cneKTp e 

H8ny~eHH.II T8KOH 'l8 CTHU hl , 

VI H T e peCeH TOT cjlaKT 1 'IT O y )l{e B K n8CCH'I eCKOM CITeKTp e H 3 ny'leHH.II Op-

6H TH py101UeH ~aCT HU b ! H Me!OTCH 51B H O Bb!LleneHHble ~8CT OT bl ( M8KCHMYMbl ), 

KnaCC H '!eCKHM x apaKTep cneKTpa H3ny'leHH51 OCTaeTC51 If B KB 8 H T OBOM p ac-

C MOT peHH H , HO 'lliCllO M8KCHMYMOB 38 C'!CT HHTepcjlejJeHUH OH H b !X acjlcjleKTOB 

MeHbllie 11 CyllleCTBeHHO 38BHCH~ OT HOCT051HHOH Ce513H a 

Ha p H c . 3 rr oKa3aHo c rreKTpanb H oe p acnpeaeneHHe Hony'! e HH.II cjloTOHOB 

an.11 Tpex p 8 3 Hb!X ITOCT O.IIHH b lX H MOMC H T OB L 1 lln51 KOTOpb!X B 03-
K p 

MQ)I{Hbl Oll!i H 1 llB8 H TpH M 8 KCH MY M8 C OOTB e TCTB e HHO , 
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B aaKmo'ieHHe asTop Bbipa)l{aeT 6naro.napHOCTb CMopo,nHHCKOMY .H.A. 

38 MHOrO'iHCneHHble o6cy)KJleHHSI 1 UeHHble 3aMe'i8HHSI H ITOCTOSIHHblA HHTepec 

K .118HHOft pa6oTe• 

IIHTepaTypa 

I. Ford K.W., Wheeler J.A., Ann.of Phys., :z, 259 (~ 95 9). 

2. Ford K.W,, Hill D.L., Wakano M., Wheeler J.A.,Ann.ofPhys., _L 
239 (~959). 

3. BamHpOB M.3., 4>altHrOnbP. M.U ., RKOBITeB n . r. Oco6e HHOCTH Kna c cuqec­
Q 

Koro pacc eHHHH B none --;; • YqeHbie aaiTHCKH YnbHHOBCKor o yHHBep-

curera, r.lB, BbiiTYCK 5, 1984r. 

4. 4>altHronbP. M.U. HeKOTOpble oco6eHHOCTH cnupanbHoro pacceHHHH, P.HC-

cepraUHH AH YaCCP. 11HCTHTYT naepHolt tjJHaHKH, TamKeHT, 1988r. 

5. flyKaq 11. llnnnoMHaH pa6ora, ljJuacjJaK MTY, I985r. 

B. flyKaq 11., CMopoP.HHCKHR R.A. Op6urupoaaHHe H peaoHaHCHbi e cocTOHHHH, 

npenpHHT OUR/1 P2-3892, I988. 

7. flaHP.ay n.a •• flHijJ11IHI1 E.M. TeopHH ITOITH, TU<PMn, MocKBa, I982r. 

B. l!JKeKCOH l!JK. KnaccuqecKaH 3neKTpOP.HHaMHKa, MUP, .t\'bCKBa, I985r, 

~9. l!aBbiP.OB A.C. KBaHTOBBH MeXaHHKa, ru<PMn, MoCKBa, I983r. 
y ' 

IO. BeRTMeH r •• 3paeRH A. BbiC11IHe rpaHCUeHP.eHTHbie 1/JYHKIIHH, r.I, HayKa, 

MocKBa I985r. 

II. BeRTMeH r., 3paeRH A. BbiC11IHe TpaHCUeHP.eHTHbie ljJyHKUHH. T.2, HayKa, 

MocKaa, I988. 

I2. Kparuep A., 4>paHI1 B. TpaHCUeHP.eHTHbie 1/JyHKIIHH, un. MocKBa, I963r. 

I3. BeTe r., Connurep 3. KBaHTOBBH MeXaHHKB aTOMOB c OP.HHM H P.BYMH 

3ITeKTpOH8MH, ru<PMn, MocKBa, I980r. 

I4. TpaamreRH U.C., PbiJKHK U.M. Ta6nHUbi HHTerpanoB, cyMM, pHP.OB H 

npouaaeP.eHHR, TU<PMn, MocKaa, I982r. 

15, · Van Fleck E,B., Trans. Amer. Math. Soc., 22, 277 (~902). 

PyKonHCb nocTynHna s H3aa Te nbCKHA oTaen 

5 MSSI t"968 rona. 

20 

- · - - · 

P uc. l . Knaccu1.J eCKaSI TpaeKTop n SI '-IBCT~, aau*yweikSI s none U ( r )o:o - -T 
25 - - r 

H 0611BJlBIOWefi MOMeHTOM M u.J~Mk p' Mkp • \/ 2 a m , KOTOpBi! COBep-

WBeT BOKpy r pacc e ueaiDwcro ueH Tpa asa o6opoTa u pacceusacTCSI 
non HyneBbiM yrnoM~ 
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Puc . 2 . B t-Ht Knaccu'-lecKoro cne KTpanbHoro pacnpeaeneHHst H31ly'ieHHSI .a.nst 

'-IBCTHU , n a.OBIOWHX C MOMeHT BMH ~1 ... , / +Mkp•..j ~MtP' - J !~ ~fk p 
If COBepWHBW H X BOKpyr p8CC8 H BBJOWero UeHTpa COOTBe T C TB9 HHO n 2 },2 ,3 
o6opor a. 
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Puc .3. Bua KBBHTOsor o cneKTpSilbHOro pac npeaeneHnst uany'feHnsr npu "Bt" 
2 am 

paMeTpaX ~ ""' }26,378, 1186 H MOMeHT BX fi8ll8101U9#t 'i8 CTHllb1 1 

pasHbiX L = 12,20,35, Koraa a cneKTpa1Ib HOM pacnpellelleHnH nany-
1ieHIHI OOSIBIISUOT CR COOT BeT C T BeHHO OllHH, llBB H T pH MSKCH MyMa. 
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