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B HacTonmett pa6oTe paccMaTpHBaeTcn aaaaqa HaxomaeHHH noKanbHhlX 

TOKOB COCTSBHh!X qaCTHU B paMKax penHTHBHCTCKH KOBapHaHTHOro KBaHTOBO

MexaHHqecKoro onHCSHH51. 

B aoKnaae A.H.TaBxennaae ua ConbBeeBCKoM· KOHrpecce 1967 r. /l I 

6hmo npeanomeHO npH noCTpoeHHH noKanbHhlX TOKOB COCTaBHhlX qaCTHU HCXO

aHTb H3 oaHoBpeMeHHOro KB83HnOTeHUHanbHOrO MeToaa KBaHTOBOtt TeopHH no-
/2/ - . . 

nn • TaM me Ha OCHOBe KB83HnOTeHUHanbHOro ypaBHeHH51 6bmH nonyqeHbl 

Bb!pameHH51 ann HyneBhlX MOMeHTOB HnH aapgaOB BeKTOpHb!X H aKCHanbHO-BeK

TOpHblX TOKOB aByX cnHHOBhlX qaCTHU. 

TipH 9TOM aapnahI onpeaennnHCb KaK BapHSUHOHHbie npOH3BOaHhie OT non

Hott 9HeprHH CHCTeMhl qacTHU no He3aBHCHMhlM OT BpeMeHH H oaHopoaHhlM B 

npoCTpaHCTBe BHemHHM nonnM. 

TioaqepKHeM, qTo o6bJqHhlil BhlBOa KB83HnOTemmanbHOro ypaBHeHH51 ann 

oaHoBpeMeHHOtt BOnHOBOtt ¢yHKUHH CHCTeMbl qacTHU Tpe6yeT ¢HKCHpoBaH_Hoil: 

CHCTeMbl OTcqeTa, uanpHMep, CHCTeMbl ueHTpa HHepUHH qacTHU. B npHCYT.CT

BHH BHeWHHX nonett ¢HKCHp0B8Tb CHCTeMy ueHTpa HHepuHH, Boo6me rOBOpst, 

HeBoaMomHo, aa HcKmoqeuneM cnyqasi:, Koraa none stBnsteTcst oauopoaHhIM B 

npocTpaHCTBe H HMnynbc cncTeMbI qacTHU coxpaasi:eTcsi: •. noaToMy 06h1qaasi: 

¢opMynHpOBKa KB83HnOTeHUHanbHOro noaxoaa OK83bIBaeTCst HenpeMeHHMOtt B 

npHCYTCTBHH. HeoaHopoaHhlX BHellIHHX nonett. 

Cneayn nporpaMMe, HaMeqeHHott B conbBeeBCKOM aoKnaae A'.H.TaBxenna

ae, MhI npeacTaBHnH HHme npoueaypy, noaBonmomy10 B1,1q:1c.;nmb auaaMHqecKHe 

3 



I 
I 

IMOMeHTbl TOKOB COCT8BHb!X '18CTiiU Ha OCHOBe o6o6meHHOro KB831inoTeHUll8nb-
! 

IHoro ypaBHeHllH. 

B nepBOM naparpaqie pa60Tbl onpeAenHeTCH 2-BpeMeHH8H <pyHKUliH rpiiHa 

I -
ABYX CKansipHb!X '18CTliU Ii aHan11a11py10TCH ee CBOllCTBa B np11cyTCTB1ili BHelll-
1 

'H11X noneii:. 

Bo BTOpOM naparpaqie <pOpMyn11pyeTCH o6o6meHHOe KB831inOTeHUli8nbHOe 

ypaBHeH11e AnH ABYX 6ecCnllHOBblX '18CTliU B np11cyTCTBlill BHe!llHliX noneii: Ii Bbl

BOAiiTCH Bb1pa)KeH11e AnH npOii3BOAHIUeH qiyHKUlili AliH8Mll'leCKliX MOMeHTOB TO-

KOB 0 

B TpeTbeM naparpaqie nony'leHHbie Bb!!lle pesynbT8Tb! 0606IUaIOTCH AnH 

cnyqag ABYX cnliHOBb!X 'laCTHU. 

B 'leTBepToM naparpaqie AnH 11nn10cTpau1111 MeTona paccMaTp11BaeTCH cny-

qaii: ABYX CB060AHb!X '18CTllll. Cneu11anbHO Bb!IlliCb!B8lOTCH Bb!pa)KeffllH 

AnH aKClianbHOH KOHCTaHThl, MarHliTHoro 11 aneKTpH'lecKoro Allnonb-

Hb!X MOMeHTOB CiiCTeMblo 

OCHOBHb!9 onpeneneHliH Ii o603Ha'leHHH, 11cnonb3yeMb!9 Hll)Ke, T8Klie )Ke, 

KaK B pa6oTe 
131 

§ 1. -.aByXBpeMeHH8H <pyHKUHH I'pHHa IWYX CKanHpHbIX 

qacTHll B rrpHcyTCTBHH BHeIIIHHX rroneH 

Y:eTh1pexBpeMeHH8£ qiyHKllli.H rp11Ha CKanSipHb!X '18CTHU B np11cyTCTB1iH 

BHellIHliX noneii: onpeAen.HeTCSI cneAYIOIUliM Bb!p8)KeHlieM: 

< 0 I · T ( cp ( x 
1

) cp ( x
2 

) cp ( x ; ) cp ( x; ) S) I O > 
G(x

1
x

2
;x\ x'2 --

< o I s I :o > 

rAe <p ( X ) - none CB060AHb!X CKan.HpHb!X '18CT1ill, 

ciiyHKUliOHanbHO 38BliCH!UaH OT BHellIH!iX noneii:. 

(t.i) 

S - M8TpiiU8 pacce.HHHSI, 

P aanaraH ciiYHK111110 rp11Ha ( 1.1 ) no cTeneHSIM BHe!llHero non£ A ( x ) 11 

OCTBBn.Hsr nlllllb qneHbI, nHHeii:Hbie no non10, nony'IHM 

4 

G(x 1 x 2; x'1 x;)=G
10

\x 1x 2 ; x'
1 
x; )+ f::£(x

1 
x

2 
;x\x'

2
;z)A(z)dz, (1.2) 

I'Jle 

8G(xx;x'x' 
::£(x

1
x

2
;x;x; z)= 

8 A ( z ) A= 0 ( 1.3) 

( 0) 

II G ( X? 2; X '1 X ; ) - - qJYHKUIIH fp1rna llBYX CKanHpllblX 'IOCTIIU B OTCyT-

~TBUe nonH. 

8 )l8flbHeihneM Yll06110 l!CilOflb3OB8Tb nepe11,re1111b1e X, X. 11 X ' , JC 

X 
1,2 

X • X + -2~-' X 
1,2 

X 
X, + --2-

l!cnonb3YH TpancnHUIIOHJIY!O IIHBapuanTJIOCTb, MO)1{liO IlOK.338Tb, 'ITO 

G ( X I X 
2 

; X '1 X ~ ) = G ( X, X X, X ') 

Gto)( > •) (O)( X' ') x 1 x2 ;x_1 x 2 =G X- ,x,x 

::':_ (XI X 
2

; X X 
2 

z ) ::E(X-X'• xx'· X+ X' , , ,z----) 
2 

TTyCTb BHeWHee none Me)lneHJIQ MeHHeTCH D npOCTpal!CTBe 

A(z)=a+aµzj,.+ .•• 

B 3TOM cny'lae ypanneaue ( 1.2) !WH aemt'IIIH ( 1.5) np111111MaeT BIIJl 

G(X,X'; x,x')=G
1

(X-X'; x,x')+Gn(X,X';x,x '), 

5 

( 1.4) 

(1.6) 

( 1.6) 

( 1. 7) 



r· 

rJJ.e 

G1 (X-X',x,x')=G
10

~X-X',x,x')+f }:(X-X',x,x',,;)(a+aµ'~)d~ (1.8) 

G11 (X,X',x,x')=+aµ(X+X')µ f~(X-X',x,x',t) d,;. {1.8') 

Ben11q1111a G 1 ( X - X ', x , x ' ) COOTB0TCTByeT TOH qaCTH ¢yHKUHII 

fp1rna Jl.BYX qaCTIIU, KOTopag 38BIICHT mllllb OT pa3HOCTH ( X - ,x ') II S1BnS1eT

CSI TpancnstUHOHHO l1HBap11aHTHOfi. 3Ta qacTb ¢YHKUHH fp1rna COOTBeTCTByeT 

npoueccaM, B KOTOpblX nonHblft IIMnynbC JJ.Byx qaCTllU coxpaHste,:cst, a B3aHMO

JJ.eiiCTBHe C BH0WHHM noneM npo11cxOJJ.1IT 3a cqeT B036Y>KJJ.0HHS1 BHyTpeHHHX 

CTeneHeft CB060JJ.bl. 

B nanbHeftweM Hae 6yJJ.eT HHTepeconaTb l!M0HHO 3Ta een11qHHa, KOTOpag 

MOlKeT 6b!Tb BbIJ].eneHa H3 nonnoii ¢YHKIUIH fpmia 113 ycnOBUSl 

GI (X-X', x,x ')= G(X,X', X ,x ') I 
X+X'=O ( 1.9) 

OnpeJJ.en11M ¢yphe-o6pa3~1 eem1q11n ( 1.5) cneJJ.y101u11M o6pa3oM: 

1 lpX -lp'X': qx-lq'x' 

G(X,X',x, x ')= --- ( G(p,p ', q,q ',' e dp dp 'dq dq ' 

(2 17 )B (1.10) 

( 0 ) ( , ) 1 ( 0 )( , ) , ) 
~ X-:X ,x,x' =--fG q,q .8(p-p 

( 2rr 1 
lpX -lp 'x '+ lqx -lq 'x, 

e X X (1.10') 

X dp dp, dq dq, 

6 

l'.(X-X', x, X ', X+X)=--1 
z- 2 (217)12 

J:£ (p,p', q, q') 8 (p-p '-k) x 

~ 

!pX-tp'X' +tqx-tq'xf lkz 

x e d p dp' dq d q ' d k 

-lk z 
A(z)=JA(k)e dk. 

BBOAH nepeMeHHhie 

5'. 
p + p, 

2 
A=(p-p'), 

nony'll!M C00TH0WeHHe- MelKAY qiypbe-o6pa3aMH aenwrnH ( 1.5): 

( 0) . 

GP ( q, q', l\ ) = GP ( q, q' l 8( A) + :£ P ( q, q' , /\ l A ( /\ ) . 

(1.10") 

(1.10"') 

( 1.11) 

(1.12) 

OnpPAelllfM Tenepb cj,ypr,e-o6pa3 JlByXBpeMeHI!Oii ,t,yHKUIIH fpi!IW B "Gpeii

TOA~Koil" CHCTeMe 

➔ 

p = 0 p 
0 

F. 

B npncyTCTBIU! 13Hewmix H0il81! CIICJ.(y!OlllHM o6pa30M: 

~ 

G(& 
➔ ➔ +o.:i 
q,q')= J dq 0 dq~ di\ GP=o (q,q',/\\. 

7 

(1.13) 

( 1.14) 



l1HTerpnpoeamie no nepeMeuuoii " A " aeTOMaTH'leCKH Bb!Jlen.1reT, cornac-

' Ho· ilJopMyne ( 1.9 ), TpaucmnrnoHHO-IIHBapHaHTHYIO 'laCTb nonHOii ilJyHKUHH fpHHa. 

B pesynbTaTe nony'IHM ypaBHeHHe nnH iliypbe-o6pasa nayxapeMeHHOH 

! iliYHKUHH fpHHa 

=:s ➔ ➔ =:::( 0) ➔ ➔ = ➔ ➔ 
G(&,q,q')= G c&,q,q')+ f'I. c&,q,q',A)A(A)dA 

+00 
G < o l ( & • q, ; ') = J 

-oo 

.. +oo 

d q o d q'o 
I o l 

G ➔ 
P=O 

( q, q,) 

I. (&.,q,q', A)= f dq 0 dq'0 I. ➔ (q,q',A). 
-oo P=O 

§2. KB83IIIIOTeHUH81IbHOe ypaBHeHHe B 

npHcyTCTBHH BHemHHX noneu 

"' Onpeb.emtM o6paTHbiii onepaTop G-1 COOTHOJlleHHeM 

~ -1 = ➔ ➔ ➔ ➔ 
fG (&,q,q") G(li,q",q')dq➔ "=8(q-q'). 

B nHHeHHOM npH6nmKeHHII no BHewueMy non10 nng Beml'IIIHbl 

cneny10mee Bblpa*eHne: 

~-1 

s::s_l ➔ ➔ ~ -l ➔ ➔ i ~ ➔ ➔ 
G ( & , q , q ') = GI H ( & , q , q ')- - fr ( & , q, q ', L\) A (A) d L\ , 

2 IT i 

8 

( 1.15) 

(1.16) 

(1.16') 

(2.1) 

nony'IHM 

(2.2) 

rne BepiuHHHhiii onepaTop r HMeeT Bun: 

SI: =s -1 ~ 

re&. q,q', A) =211i J G< 0 > (&,q,q")'J.(&. 
-1 

➔" ➔,,, ") G< 0 >cc- ➔,,, .. ,,d ➔"d .. ''' q ,q ,u '-",q ,qi q q 

nocTy'nnpyeM Tenepb ypaBHeune 

.. 
f G-

1
(&,q,q')'!1 (q')dq'=0, (2.4) 

KOTopoe HBnHeTCH o6o6meHHeM KB831IIT0TeHUHanbHOl"O ypaBHeHHH 

• a -1 

f G I o J ( & , q, q' ) \JI I o l ( q' ) d q ' = 0 
(2,5) 

B npncyTCTBHII BHeWHIIX noneii. 

< o l ➔ 
HanoMHIIM, 'ITO BOITH0BaH <pyHKUHR \JI (q) CBR3aHa C 8MilllHTynofi EeTe-

ConnnTepa ABYX 'laCTHU cneny10mHM o6pa3oM: 

+oo 
Ip I o \ q➔) = J d q o x;,=o(q) 

(2.6) 

II HopM11pyeTCR II3 ycnOBl!H 

a ., -I 
2 . JW*(O)( ➔) GI0) (C' ➔ ➔,)m(O)_( ➔ ')d ➔ d ➔' 1 rtl q --2 l•' , q , q 'r Q q Q = • 

a& 
(2. 7) 

YpaBHeHHe (2.4) HMeeT peweHHe 11' ( q) C 9Hepr11eii E , KOTOpoe MO-

JKeT 6b!Tb pa3IlOJKeHO no CTeneHRM BHewHero nonH 

➔ (0) ➔ ➔ 
W(q)=IJ' (q)+B'l'(q)+ 

(2.8) 

E E
101

+8 F.+ ••• 

9 



. () n,* ➔ ➔ 
YMH0)K85l ypaaHeHHe 2,4 Ha 2 rri 'J' (01( q) H HHTeI'pttpy.sI IIO d q • IIO-

ny'IHM a nttHeftHOM nptt6nn)KeHHll 

Bff.. = fj(L\) A(L\) d L\, 
(2,9) 

I'Ae 

( L\)=-1-J'l',i.(O)(➔ )f'(& ➔ ➔, L\)'I'(OJ( ➔') d ➔ d ➔, 
2 & ( 0 , q • q. q • q ~q q (2.10) 

B AanbHeftmeM 6yAeM C'lliTBTh, 'ITO BHemHee none He 38B1iCHT OT Bpe-

MeHH, 

rAe 

TorAa Bblpa)KeHJi.sI (2 ,9) MO)KHO npeACTBBliTb a ct>opMe 

8& =Jj(;,&) A(;)d;, 

i<x,&) 
1 

(2rr) 3 
fj ( i;· L\o = 

➔ 

-i/1 t 
0) e 

➔ 

d L\ 

(2.,11) 

(2. 12) 

BenH'lHHa - j (L\) onpeAenS1eT Ty 'laCTh TOKa cocTaBHOA CHCTeMbI, KO

Topa.sI o6ycnoaneHa BHyTpeHHliM ABJi)KeHtteM '18CTHU, TioaTOMY ee CKOpee MO)K

HO paccMaTpHBaTb KBK np01i3B0ASlmyro ct>YHKUHIO AliHSMH'leCKliX MOMeHTOB TO

Ka COCTBBHOA CJiCTeMbl, 

TiyCTb none A ( x) 
6hITb paano)KeHO a PSIA 

MeAneHHO· H3MeHsreTCSI B IIpOCTpaHCTBe H MO)KeT 

A(;)=a+i:-;_+,.. (2.13) 

10 

' ;•'.; 
!,\ 
!,: 
'f 

_,\ .1' I 

i ~' .;~ i 
I! t 
fl 

·,,i 

:11! I 
,) 

!
/ 

,\ 
' 

-, \ i f1 ; I \ 
+l ,:( 

-'I' 

1 
r·t 
,ii 

}; 
'i'. 
:) 

1\l 
11, 
t:' 

·\ 

! 

/1 
I: 

J ,,, 
', 

i 
/., 
H 

1'ol"'A8 AnSI aapttaUHH nonHoA aHeprHlI CJiCTeMhl nony'lHM Bblpa)KeHJie 

➔ ➔ 

B&=aQ+aD+ •.. , (2.14) 

I'Ae 

Q = Jj (;,&;)d; 

(2.15) 

➔ 

D = f J (;, & ) ; d; 

eCTb eyneaoft Ii nepBbIA AliHSMH'leCKJie MOMeHTbl TOKa COOTBeTCTBeHHO, 

TaKHM o6pa30M,· AliHSMH'leCKHe MOMeHTbl TOKOB 6yAyT onpeAenSIThCSI 

BapHSUHOHHblMJi IIp01i3BOAHblMli OT nonHoA 9Heprnn CHCTeMbl IIO napaMeTpaM 

BHemHero nonSI, 

§3. O6o6meHHe IUIH CIIHH0BbIX 'U3CTHU 

Pa3Bl1Thlft Bblille annapaT An.sI Bbl'lHCneHH.sI AHHaMH'leCKliX MOMeHTOB TO

KOB MO)KeT 6bITb o6o6meH An.sI cnyqag 'lBCTliU co CnHHOM 1 /2 

TipH 9TOM He06XOAliMO Y'lliTblB8Tb TO o6CTOSITenbCTBO, 'ITO Benn'lHHbl 

G , G( O) Ii T,II, SIBnSIIOTCSI onepaTopaMH, · AeftCTByromHMH B npocTpaHCTBe 

16-KOMnoHeHTHbIX CIIJiHOpOB, <1>ypbe-o6pa3 ABYXBpeMeHHOA ci>yHKUHJi fpHHa ABYX 

CIIHHOBblX '18CTHU B npncyTCTBHH BHenrnero nonSI onpeAenHM Bblp8)K0HHeM 

G(&,q,q')=AJT+(l;q)G. (q,q',L\)T+(-i, q')A dq dq' d/1. 
• P =o . o o 

(3, 1) 

➔ ➔ -
3AeCb T ( L\, q ) - onepaTOP YHHTapHoro npeo6pa30B8HHSI <1>onAH-BoTxay-

3eHa AnSI ABYX cnHHOBblX qaCTJiU / 41 ,' 

➔ 

➔ ➔ (1) /1 ➔ ( 2) ~ ➔' 
T(/1,q)=T (-+q)T (--'-q ), 

4 4 
(3,2) 

11 



I'J:{0 

II 

(l) 
T ➔ 

(k) 

m+W(k)-y(i)k 
➔ .. 2 

W(k)=ym 2 + k (3.3) 

v'2W(k) (m + W(k)) 

A _1_ ( 1 + y< 1 ) y ( 2 ) ) 
2 0 0 

(3.4) 

eCTb npoeKUHOHHblll oneparop Ha ttOJ:{IlpOCTpaHCTBO CillIHOpOB, IIM0IOIUIIX TOnb

KO "BepXHIIe"(y 1> .. yf 2 ) = 1) IInlI_ )K0 TOnbKO "HII)KHIIe" ( y(l) = y< 2> =-,1) 
4J O • o o 

KOMilOHeHTbl / 

B n1IH0llHOM IIp1I6n1I)K0HIIII no BH0U!H0MY nonro o6paTHblll onepaTop Ben1I

'llIHbl (3.1) onpeJ:{enSieTCSI ypaBHeHIISIMII (2,1-3), B KOTOpb!X 

.. 
G101(&,q,q') .. AT+(O,q)f G .. (q,q')dq 0 dq'o T+ (O,q')A 

P=O O 0 (3.5) 

ic&,q,q',A)=AT+(;,-;)f~=o(q.q',A)dqodq; T+c-K,q') A. 
(3.5') 

KaK II B cnyqae 6eccn1IHOBb!X 'laCTIIU, nocTyn1IpyeM o6o6meHHOe KBa31I

IIOTeHu1IanbHOe ypaBHeHIIe (2.4), peUieHIIe KOTOporo MO)KHO pasnO:>KllTb no 

BHeUIHeMY nonro 

q, (q) .. ~q,< 0) (q➔) + 8 q, (q➔) + (3.6) 

12 

3J:leCb BOnHOBaSI ~YHKUHSI HyneBOI'O np1I6n1I:lK0HIISI 
. (0) .. 
lfJ (q) CBSI3aHa C aMilnlI-

TyJ:loil: EeTe-ConmtTepa .J:lBYX CillIHOBbIX 'laCTHU COOTHOUieHIIeM . 

+oo 
'I1 10 iq) .. AT+(O,q) f x .. '(q)dq 

P =o (3.7) 

II HOpMIIpyeTCSI II3 ycnOBIISI 

.. -1 

2 1T i f 'I'*( 0 )- ( q ) ad 0 > 

a& 

c:- ➔ ,. ') m < o l (,.,) d ➔ d ➔, 
( (.n • q, q ..- q q q 1. (3.8) 

BapliaUIISI nonHoil: 3HepI'IIH. CHCTeMhl J:lBYX CilHHOBb!X 'laCTIIU onpeJ:{enSieTCSI Bbl

pa)KeHIIeM (2.9). r):{e 

j( & , A ) = f 1P *1 0 > ( q ) r ( & , q, q' , A ) 'l' c 
O 

> ( q' ) d q d q' . 

§4. .llHHBMII'IeCKJie MOMeHTbl TOKOB .llBYX 

CllHHOBbIX 'lBCTHil 

(3.9) 

B Ka'leCTBe 11nn10cTpaum1 pa3BIITOI'O 'BbIUie MeTOJ:{a paCCMOTPIIM Il0J:{po6-

HO cnyqail: CHCT0Mhl H3 ll.BYX cno60ll.Hb1X 'laCTllll co CilHHOM l /2 • .IlnR KOHKpeT

HOCTII 6yll.eM I'OBOpIITb O MOll.enn N'Me30Ha" 1 COCTosnn:ero 113 ll.BYX He3aBIICH

MbIX KBapKOB. B npucyTCTBHlI BHernuero nong A ( x ) WHKI1H51 rpuaa ABYX 

He3aBHCIIMblX KBapKOB Yll.OBJI0TBOp51eT ypaBHemuo 

[iyll>a -m-r(llA(x)J[iy< 2 >a,, -1:1-r' 2
>A(x)]G(x, x x'x')= 

"1 l -2 2 l 2 1 2 __ 
(4.1) 

=- 0 ( X - X ' ) 8 ( X - X ' ) • 
l 1 2 2 

13 



I 1, 2 l 
3AeCb f' . - onepaTopbl, nocTpOeHHbie II3 3apSIAOBblX II AIIPBKOBCKHX y -

MaTpIIU II IIMe10nme He06XOAIIMbie TpaHccpopMau HOHHbie CBOHCTBa. HanpIIMep, 

ecnII BHellIHee none SIBnSieTCSI BeKTOpHbIM IInII aKCIIanbHO-BeKTOpHbIM, TO f' ( l) 

HMeIOT cneAyIOmIIii: BIIA: 

Pi:te 

( 4.1) 

( 1) 
yµ 

,\ I 11 
BeKTOpHoe none 

( l) 

(4.2) r = 
i . I 1 l I l) ,\ ( l) 

yµ Ys aKCHnbHO- BeKTOpHoe none, 

i = 1, 2 , II 
( l) 

,\ - eCTb spMIITOBbl MaTpIIUbl 3 x3. 

ITepeXOASI K IIMnynbCHOMy npei:tCTaBneHHIO II OCTaBnSISI B ypaBHeHIIII 

nHlllb qneHbl HyneBoii: II nepBOH CTeneHeii: no BHelllHeMy nomo, nony'IIIM 

1 
G~

01
(q,q ')= -B(q-q ')---------

o1 1 
> c ~ + q > o1 2 

> c L - q ) 
2 - 2 

( 4,3) 

}: = "i,( 1 I ~ ( 2) 
. +- ( 4.4) 

B(q-q'-~' 

t 11 ( q, q ', A ) = - l r 11 1 
2 

, A ( A ) 
p ~ 

I.' 2) 

p 

D(l)( P+M~+q) 0(1)( P-L\/2+q')D(2)(P-A/2 --q')(4,5) 
2 ? 2 

o(q-q'+~-) 
1 (2) 2 

(q,q', ~) = - ---- r ------------A(Al4.5') 

0
121(P+A/2_q) 0 <z>c P-i\/2 _

0 
') 0111 ( P-A/2 

'] ? ' 2 
+ q ') 

n'il (p)=(yli) p _ r,; 
(4.6) 

14 

BbmonttuB onepauuu yauTapaoPo npeo6 paaoBaHHH <l>onnu-BoTxayaeHa 

(3.2) u npoeKTHPYH c noMomhJO (3.4) aa no.nnpocTaHTBo cnuaopoB, ynoBneT-

BOPHJOmux ycnoBHIO y~ l) :I y~ 2) = y O , nony<mM 

IO) 
G.. {q,q')--o{q-q') 

P=O D F(t,'. • q,) DF{f., -q) (4.7) 

( l) 1 ( 1) 
I.. (q,q', /\ )=➔ - ----- r F 

P=o A 
D (&,-+q) 

F 4 

0 {q-q'- ~) 
2 t, {A) 

/\ . /\ 
DF{/i:,--+q ') D~ {f.,-- -q ') 

4 ' 4 

/J. o { q - q ' + - ) ( 1.8' ) 
I 2 I 1 I 2 l 2 

I .. {q,q',A)-------rF ------------A{/\). 
P=o A 6 6 

D(f.--q) D(f----q')D (fo--+q') 
F'4 · F'4 F'4 

3~ecb ucnonbaoeaHbl cneny10mue o6oaHa'leHnH: 

f, .. 
D {f,p)=y C-+p )-W(p) 

F O 2 (4.9) 

r 111 ,,,r 111c;j,q .. ',!l.)=AT0
\ A +q .. >r111 T 111<- A +q'lA 

F 4 4 (4.10) 

.. .. 
(2) (2) -+ ➔ (2) i\ ➔ (2) (2) /\ ➔ 

r ,,,r {q,q',i\)=AT (--q)r T (---q')A 
F ' 4 4 

(4.10') 
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Bbllllll!Jel\f HlllKe B l!BHOM Bll.[1e onepaTopbl (4.10) ,nng cnyqag BeKTOpHO

ro II aKcnanhHO-f\eKTopuoro none11. 

Bao.nll .nnll y.no6CTBa nepeMeHHbJe 

.. 
TT= 

i 
4 

.. 
+ q 11, = 

.. 
!\. .. , 
4 

-q 

W=,jm
2

+ 
.. 2 
17 W'= ,j m2 + 172, 

nony'I11M cne.ny10m11e BhipalKemrn .nnH onepaTopoB ( 4. 10): 

( 1) ➔ ➔, r (q,q ,t.J=yo 
0 

(1) .... , '1c (q,q,A) 

'1) ➔ ➔, ➔ r (q,q ,Al= 
50 

r<ll=/11 
0 

(m+W){m+W')-(;;.;) (;; • .;,) 

y'2W(m+W) ,j2W' (m + W') 

t 1) ( ll 
f' = yk k = 1, 2, 3 

(m+W')(;;.;;) ak-(m+W)ak (a .. ,;;,) 

,j2W(m + W ,j2W'(m+W') 

r.( 1 J • ( 1 J ( I ) 
=ly5 YO 

(m+W)(;,;,)_ (m+W')(;.;) 

,j2W(m + W) ,j2W'(m+W') 

16 

(4.11) 

(4.12) 

(4.13) 

( 4:14) 

r' 1, . < i, < 1, k - i 2 3 = 1 y 5 y k ' -· • • 

( 1 J .. .. .. ' 
I' · ( q, q ', !\. ) = Y

0 5k 

• 
(a➔, rr➔) ak(;. ;•)- (m+W){m+W')ak 

v 2W (m + W) v' 2 W' ( m + W') 

(4.15) 

3.necb a k - 'IeTb!peXpll/:1HBll CIIIIHOBBll MaTpnua, ,nei1:cTBYJOmall Ha ·IIH.neKCbl 

rrepBOH 'IBCTl!Uhl, 

TTpOH3Be.[1l! llHTerp1-1poBaH11e B qiopMynax ( 3,5) II ( 3.6.). nony'IHM 

1 
• • ➔ ➔-)------:;--

G(O\&.q .. ,q .. ') = 211i 8 (q-q y [_ 2W(q➔) 
0 

(4.16) 

.. .. A 

..,.<ll(& .. q,q~,A)IAo - =2rri --. --:-:;1--➔-)_W_ (-K __ ;) 
"". il-0 (-+q- 4 

B(q-q'--) 
4 r 111 (q, q'',K). 

y/f, - w 4 (4.17) 

1 

A .. !\. .. 
Y &; - W ( -- + O ') - \17 ( -- -· q ' ) 

o 4 · . 4 

(4.17') 

.. .. A 
1 B(q-q'+-) .. 

...(2) ➔➔ 2 121 .... , ) 
2; c&.q,q',t.)I 

O 
=2rri .. r {q,Q ,ti. .. .. 

ti. =O C' !\. .. i\ .. /1,. ➔, A ➔ 
y l"-W(-+q)-W(--~) y f._W(-+q )-W(---q1 

0 4 4 0 4 4 

B l!Tare, 11cnonh3Yll onpe.neneu1-1e (3,9), uall,neM 

➔ 

➔ 0 (OJ ➔ (1)-➔ ·➔,--➔- --➔- ➔, -/1,. -
j(A,A =0)= ['I'* (q) II' (q,q ,A)B(q-q --)+ 

2 

r 121c .... , ~)B< .... , K )1'11101< .. ')d .. d .. , + q, q ' q -q +2 q q q . 

17 

(4.18) 



3necb BOJU~OBSSI <pyHKUIISI CB060.[lHblX 'ISCTIIU HyneBOI'O IIp1I6nmKeH1ISI qt ( 0 ) 

HOpMIIPOBaHa ycnoBIIeM 

f'l'*!Ol(q) Yo IJ1!ot(q➔) dq = 1, 
(4.19) · 

KOTopoe SI~nSieTCSI 'ISCTHbIM cny,:1aeM HOPMIIPOBO'IHOI'O ycnOBIISI (3.8). 

KaK YKS3bIBanocb BbUUe, Ben1I'IHHa ( 4, 18) SIBllSieTCSI npOH3BOASIIUeii: <pyHK

UIIeii: AIIHaMII'leCKIIX MOMeHTOB TOKOB ABYX aeaaBIICIIMblX cnlIHOBblX 'ISCTIIU. 

HmKe B Ka'leCTBe 1InmocTpau1III Mb! Bb!IllIWeM B SIBHOM BIIAe Bb!pa:>KeHIISI 

AnSI HyneBbIX II nepBbIX MOMeHTOB BeKTOPHbIX II SKCIISnbHO-BeKTOpHbIX TOKOB. 

a) Hynel3bie MOMeHTbl T~OKOB. 

ITyCTb BHeWHee none He 3SBHCIIT OT BpeMeHII II OAHOpOAHO B npocTpaH-

CTBe: 

A(~) aB(~). (4a.1) 

B 3TO cny'lae BapHaUHSI nonaoii: 3HeprHH CIICTeMbl ABYX CIIIIHOBblX 'ISCTIIU Bbl

pa:>KaeTCSI 'lepea HyneBOii: MOMeHT TOKa, T,e. .. aapSIA.. Q , conocTaBneHHbIH 

9TOMy nomo, 

JO) ➔ (1) ➔ ➔ (2) -+ ➔ (0) ➔ ➔ 
Q=flJ.1 (q) (r (q,q ,O)+T (q,q ,O))IJ.1 (q)dq. 

. EcnH BHewHee none SIBnSieTCSI :aneKTpOCTaTH'leCKHM, TO 

(1)- ➔ ➔ (1) r (q,q,0)= e Y
0 0 

Y'IHTblBSSI ycnOBHSI HOPMHpOBKH (4.19), HSii:AeM 

Q=e111 +e' 21 

18 

(4a,2) 

(4a,3) 

(4a,4) 

B · 6onee o6meM cny'lae MO:>KHO 6bin0 6bl paccMaTpHBaTb BMeCTO aapSIAOB 
. '1) 

( 1) 
e B qiopMyne (4a,3) npOH3~0nbHbie 9pMHTOBCKHe MaTpHUbl 3 x3 e A • 

Torna 

SU( 3) 

( 4a.2) 6yAeT onpeAenSITb MaTpH'IHbie :aneMeHTbl reHepaTopoB rpynIIbl 

B Ka'leCTBe Apyroro npHMepa paCCMOTpHM cny'laii:, KOI'AS BHeWHee no

ne SIBnsieTCSI aKcuanbHO-BeKTOpHhlM, y KOToporo nHWb npocTpaHCTBeHHbie KOM

noHeHTbl OTnH'l'.Hbl OT aynsi. 

l1a ijlopM'ynhI (4.15) cnenyeT, 'l'.TO B :aTOM cnyqae 

r(l) ( ➔ ➔ O) q, q, 
Sk 

y ::£(1) (1) 
0 k A 

< 1 > m 
:I =-1 CJ + qt 

t: w t: 

k =1,2, 3 

➔ ... 
(c, q ) 

l. 
m(m+W) 

(4a.5) 

(4a.6) 

CooTB0TCTBy10IUHii: 3TOMY rron10 aapSl.r:l HMeeT CMbICn aKCHanbHOH KOHCTSHTbl 
. ➔2 

CHCTeMbl. 0TMeTHM, '!'.TO B HepenSITHBHCTCKOM np1I6nH:>KeHHH, KOI'Aa _L << 1, 
m2 

onepaTOP (4a.6) IIPHHIIMaeT BHA 

l:t:=CJt: 
(4a. 7) 

0AHBKO yqeT penSITHBIICTCKIIX nonpaBOK MO:>K0T cymecTBeHHO II3MeHHTb 5enH

'IHHY aKCIIanbHOH KOHCTSHTbl, 

YcpeAHHM, aanpHMep, onepaTop 

COCTOSIHIIIO / 2 /, 

::£ k 

< :I > 
t: 

c,·t:(1-

< .. 2 > 
q )+0(-1-) 

3 m 2 m 4 

no cq>epH'l'.eCKH CIIMMeTplI'IHOMY 

(4a.8) 

3TOT peaynbTBT 6bm BnepBbie nonytieH B pa6oTe 
141 . Ha OCHOBe MOAenlI He-

38B HCHMbIX KBapKOB, ABII:>KYIUHXCSI B :aq>q>eKTHBHOM caMOCornaCOBBHHOM rroTeH-

19 



UHane, a T8K)K0 B pa6oTe / 6 / Ha OCHOBe anre6pb1 TOKOB. npn: 6eCKOHe'lHOM 

n:Mnynbce. B pa6oTe /6/ cpopMyna ( 4a.8) 6bma nony'leHa Ha OCHOBe pensrrn:

BHCTCKH KOBapn:aHTHblX ypaBH0HHfi AnSI CHCT0Mbl KBaan:noTeHUHanbHblX KBap

KOB. 

6) ITepBbJe )lHHSMH'leCKne MOMeHTbl 

nnsi BHelllHero nonsi, noCTOSIHHOro BO BpeMeHH H 38BHCSlll1ero nn:HefiHO 

OT npocTpaHCTB0HHblX KOOPAHHaT, cpypbe-o6pa3 HMeeT, BHA 

➔ 

A(.1.) = i .. a s<.1.>. a--
o.1. ( 46.1) 

CornacHo cpOpMyne (2.14), BapnaUHOHHaSI npoH3BOJlH8£1 OT nonHoii SHep-

rnn cncTeMbI no napaMeTpy 

TOKa: 

➔ 

a onpeJlenSieT nepBbIH AHHaMH'leCKHH MOMeHT 

~ =J'P*(O)(q) I D(l)(q),\(I) +n'<2lq),\(2fq,<Ol (q) dq, 

r.Qe 

;<1>(q)= 

➔ (2) ➔) -1 • D (q -

➔ ➔ 

a <1> .... .. . i c11 .. ➔ a -.-r Cq,q,.1.>lt ---r (q,q,O)--
af.. =o 2 aq 

➔ 

a 
a.1. 

·➔ 

c2> ➔ ➔ ➔ i c21 -- ➔ a 
r (q,q,t....)I .. +-r (q,q,O)-. -

f..=o 2 oq 

( 46.2) 

( 46.3) 

(46.3') 

PacCMOTPIIM cny'lall , KOr.Qa Cl!CTeMa JlBH:lK0TCSI BO BH0111HeM OAHOpOAHOM Mar

HHTHOM none, HarrpaBneHHoM B.QOnb ocn z • 

TorAa seKTop-noTenuuan HMeeT cpypbe-o6paa 

i 
A(i\)=-H 

X 2 

i 
A (.1.}=--H 

y 2 

a 
~ oUd 
• y 

a 0 (,,\,). 
a t.... ){ 
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(46.4) 

CooTBeTCTBY!OlllllH STOMy non10 nepBblH AHH8Mll'l0CKHH MOM0HT 6y.QeT onpeAe

nSITb _MarHHTHbIH MOM0HT CHCTeMbI. 

Hcnonb3YSI cpopMyny ( 4. 14). nony'IHM JlnSI z - KOMnoHeHTbl MarHHTHoro 
• 

, MOMeHTa CHCTeMbl cneJly101Uee Bb!pa)KeHHe 

mz =J'P*(O)(q) I e<llm~ll(q)+ J2lm<!>(q➔) Jq,(Ol(«t)dq, 
(46.5) 

rJle , 

c1>() 1 IL _<11 
m z q = --· z + IL., 

2W 
(46.6) 

➔➔ 

( l l m+W ( q q ) ( l l 

/L =lu - qz l 
z z 2W W (m + W) (46.7) 

➔ .. a 
L =-i[qx--] 

z a q z 

B Hepensrrn:Bn:CTCKOM npn:6nn:)KeHn:n: onepaTop (46.7) coBnaAaeT c MaTpn:uefi 

U z • ITpn: ycpeJlHeHHH no ccpepu'!eCKll CHMMeTpll'IHOMY COCTOSIHHIO, H8HA0M 

< q2 > 
< /L >' =· U ( 1- --- ) + 0 ( _l_) 

z z 6m2 m• .(46.8) 

3TOT peaynbTaT 6bm BnepBbJe nonyqeH B pa6oTe 
151 

B paMKBX MOAenn: He-

38BHCHMb!X KBapKOB, JlBH)KYlllHXCSI B CaMoCornacoBaHHOM noTeHun:ane~ 

PaccMOTpllM B 3aKnlO'l0H110 cny'laii OAHOpOAHOro 

<t>ypbe-o6pa3 ::inei<TpOCTSTH'leCKOro noTeHUllana 

➔ 
➔ 

ef,(li)=-i~ 
a 

a.1. 
B( .1.) • 

21 

sneKTpH'lecKoro nonsi. 

cf, HMeeT BHA 

(46.9) 



TOKa onpe.uenm:iT; aneKTpH'10CKHii .UH-

rronbHhr_fi, MOMeHT. cncTeMhJ: 

d ... -= f'P*to> (~)I e<lldlll(q)+ e<21_;r12)(q) l 'P(Ol(q) dq, 
(4,6,10) 

·, .. r.ue 
.,. 

d' l) {q) 

➔ . a 
1-1_, -•+ 

r o 2 a q 

[qx;) 
W (m + W) 

( l) 
l . · (46.11) 

AHanOI'H'!'IHh!M o6pa3 OM Bhl'IHCnsuoTCSI Bh!Cllllle . .ClHHaMH'10CKH0 MOMeHThl. 

ABTop Bh1paJKaeT rny60Ky10 6naro.uapHOCTb H.H.Eoron1060By H A.H.TaB

.. _xenn.use 3a HHTepec K pa6oTe H U0HHhl0 3aMe'laHHSl 1 a TaKJK8 p, M,Mypa.usrny , 

n: B.TT.IllenecTy. sa. rrone3Hhl0 o6cyJK.Cl0HHSI, 
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