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Oxcax A.H. 
P2-3740 

CnexTpanbHaH nnoTHOCTb 4enneaa-neMaHa 

B aaMeTxe noK83biBaeTcH , 'ITO B paMKax aKCIIOMBTII'!ecKoll Teopllll nonS! 
Yall:TMaHa c ycnos11eM aciiMnTOTII'!eCKoll nonHOTbi cneKTpanbHBSI nnoTHOCTb Ye11 

neHa-neMBHB p (A) • onpeaenS19M8SI COOTHOW9HII9M 

<A(x)A(y)> a..L~-(x-yl+ j .4--~~(x-ylp(A)dA, 
0 1 m 2m 1 1\ 

SIBflSI9TCSI flOK8flbHO IIHT9I'!JIIpyeMOI! tPYHKUIIel\. ( 3TO YTBeplKll9HII9 np11M9HIIMO 

T8KlK9 K aenepeHOpMIIpyeMbiM Teopl!HM np11 yCnO.BIIII 8CIIMITTOTII'!eCKOil: ITOflHOTbl 

B aoxaaaTenbcTse, no cymecTsy, 11Cnonb3osanocb TO o6cTOSITenbcTso, 'ITO a 

npOCTp8HCTBe CI>OK8 in '18CTIIU onepaTOpbl 4-IIMnynbC8 II acjJcjJeKTHB,HOil: M8C

Cbl a6cor.IOTHO aenpepbiBHbi aa noanpocTpaacTse , opToroaanbHOM saxyyMy 11 

OllHO'IBCTII'!H bT M COCTOHHIISIM. 

npenpHHT 06beA}tHeHHOrO HHCTHTYTa RAEipHblX HCCJieAOBaHMfi. 

,lzy6Ha, 1968. 

Oksak A.I. P2-3740 

Kallen- Lehmann Spectral Density 

It is shown that in the framework of Wightman axiomatic field 
theory with the condition of asymptotic c omple teness the Kallen- Leh
mann spectra l density p(A) given by 

I - I 
00 

-<A (X ) A ( y) > = -,- ~ (X- y ) + - . - J ~ A (X- y ) p ( A ) d A 
0 m 1 2 m 

is locally summable functio n , (The statement is true also for unreno~ 
malizable theories under the asymptotic completeness condition.) The 
fact that the operators of 4- momentum P and of effective mass M-y'fPi'T" 
in the " in" - particles Fock space are absolutely continuous on the 
subspace orthogonal to the vacuum and one- particle states has been 
used essentially. 

Preprint. Joint Institute for Nuclear Research. 
Duhna, 1968 

I 



• 

P2 · 3740 

COEKTP AJihHMI fUIOTHOCI'h IJEJIJIEHA -JIEMAHA 

MocKOBCKH~ ~H3HKo-TexaHqecKH~ HH CTHTYT 

.. . ~ r:·vr..,.. ... " 
.: ~ r . ·.,. ~ .. '1.! 



DoKa)l(eM, 'ITO B KBBHTOBOH TeOpHH IIOnfl ( Mbl orpaHH'IHMC51 paCCMOT

peHHeM BeWeCTBeHHOro CKanRpHoro IIOnR) C YCnOBHeM aCH MIITOTH'IeCKOH 

rronHOThi/ 1 I crreKTpanhHaR rrnoTHOCTh p ( A ) 

TO'Ie'IHoif ¢YHKUHH YaifTMaHa 

<A(x) A(y) > 
0 

1 -~-(x-y)+ J -1.-~,(x-y)p(A)d A 
m 2m 1\. 

m > 0 Mace a in- H 
out-'IaCTHU) 51BnReTC51 He TOnhKO o6o6meHHOH, 

HO H 06bi'IHOli ( T.e. noKanbHO HHTerpHpyeMoif) ¢YHKUHeif. 

3To yTsep*neHHe crrpasenn.HBo KaK l:tnR rrepeHopMHpyeMoif ( rro KnaccH

¢HKaUHH llipoepa/2/) TeOpHH IIOn51, TBK H llnfl HerrepeHOpMHpyeMoti, IIOSTOMY 

6vneM C'IHTaTh A ( p > 

CTpaHCTBOM D ( R 
4 

) 

onepaTOPH0-3H8'IHOli o6o6meHHOH ¢YHKUHeli Han IIPO

OCHOBHbiX ¢YHKUHH HMIIynhCHbiX IIepeMeHHbiX. 

HH)I(e H n -rJWh6epToso rrpocTpaHCTBO CHMMeTpH'IHbiX ¢YHKUHif 

<f> n ( k I, •• , k 0 ), KBanpaTH'IHO HHTerpHpyeMbiX ITO nopeHU-HHB8pH8HTHO lf Mepe 

B IIpOCTpaHCTBe n HMIIynhCOB Ha MBCCOBOH 060nO'IKe 

dll 
n 

2 2 
(cu =y(k) +m ). 

J J 

¢>OKOBCKOe IIpOCTpaHCTBO in - '18CTHU J( In 

IIpRMOH cyMMOH @ Hn , T.e. IIpOCTpaHCTBOM IIOCneuoBaTenhHOCTeli ¢YHKUHH n=O 

fll =14>
0

(1< 1 , •• , k
0

)J:0 <I> (k 
n 

CO CKanRpHbiM IIpOH3BelleHHeM 

3 



( 2) 

(anSI $ n ( k 1 ' •••' k n) 

o603H8'ieHHSI: 

H $:(k1 , ••• ,kn ) Mbl npHHSinH aHp8KOBCKHe 

ct> < k ••••• k l 2 <k ••••• k 1 ct>> ; 
D 1 D 1 D 

ct>* < k •••.• k l = < ct> 1 k ••••• k > l . 
D 1 D 1 D 

J{ = J{ 
In 

B cHny ycnoBHSI acHMnToTHqecKOH nonHOThi npOH3BOnbHbiH 

BeKTOp H3 npOCTp8HCTB8 J{ 

Y ¢(p)~D(R 4 ) 

npeacTaBHM B <PopMe ( 1). B qacTHOCTH, npH 

"' 3' "! "' 00 
A ( <p ) n ... I < k 1 ••••• k n I A ( cp ) n > I n=O 

U - BaKyyMHbiH BeKTOp) • 

• 
l13 ycnOBHSl Tp8HCnSIUHOHHOH HHB8pH8HTHOCTH: npH mo6oM a <;;.. R 

<k
1

, ••• ,kn1A <e
1
pa ¢<p)) n > e 

n 

(3) 

Ko 
n a a 

(3aecb H aanee K - 4-BeKTOp! =:£ wl . K :£ k ) cne-
n n 

j cOt 
n 

l =1 

ayeT: 

.. .. 
< k . ••• k A cplU > = cp ( K F ( k ' ... ' k ) ' 

I n n n 

(4) 

rae F n ( k 
1 

, ••• , k 
0

) - H3MepHMaSI, noKanbHO KsaapaTH'iHO-CYMMHpyeMaSI 

~yHKUHSl , iles\\CTBHTenbHO , 

b ( h 
n 

¢ ) = f h < k ••••• k l • < k ••••• k 1 A' < :; ) n > d
8
nk 

n 1 n 1 n 

6HnHHeHHbiH HenpepbiBHbiH ~yHKUHOHan no h ~ D (Ran 
n 

H no ¢ ~ 0 ( R 
4 

) • .. 
ilnH Siapa < k 1 ..... k n I . A ( p) n > c;. D ' ( Ran+ • 3TOrO ~yHKUHOHana 

4 



ycnOBHe Tp8HCnHUHOHHOii HHBapHSHTHOCTH (8) naeT: 

< P - x: .. < 1: 1 .... k .. I 'A < P > n > - o 

T.e. - an <k 1 , •• ,k .. IA(pl0>.8(p-K
11
lF

11
(k

1
, •• ,k

11

); F
11

<;;.D'(R ). (5) 

nycTb 0 - npOH3BOnbHOe orpSHH'leHHOe OTKpb!TOe MHO)l(eCTBO B R Sn ; 

(k 1 , ••• ,k
11
lG-OI C R 4 

; (p) 
0 

ljlyHKUHH H3 D ( R 4 ) 1 p 8 BH8SI 
B 0 '. Ha (5) nony'IHM 

F ( k ••••• k ) - < k ••••• k I A ( </>-) 0> 
n I n 1 n o 

(6) 

B CMbrcne paBeHCTB8 o6q6weHHb!X ljlyHKUHii B D '( 0) • T aK KSK 

< k 
1 

••••• k 1 A. <,; > n > c;;. a .. 
D 0 

To H3 (6) cnenyeT (4). 

Mbr 6yneM C'IHT8Tb ( n . A ( <P) n)- 0. Torna, cornacao ( 2). ( 4): 

Ha ycnoBHSI nopeau-HaaapHBHTHOCTH cnenyeT F (It ) = cons! 
I (nO'ITH 

BCIOny). EcnH <k 1·; ( ~) n > /. O,To npH nonxonHweli uopMI!pOBKe nonS! 

I F ( k) I -I • 
I (8) 
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BBeneM G ( p) ~ D' ( R •) (n= 2,3 , •. ) c HOCHTeneM B 
D 

- nm I 0 v+ = p:p >O, 

Enaronaps:! yKaaaHHOMY cBoAcTBy HOCHTenfl G ( p ) , 
D 

( 9) 

AOCT8TO'lHO p a CCMOT-

peTb ee K8K o6o6meHHy!O ¢yHKUHIO B D ' ( V + ) . JlopeHU-HHB8pH 8 HTHOCTb 

Bne'le T 38 C060A/
3 / cymeCTBOB8HHe o6o6meHHOA ¢YHKUHH 

1 
p D. ) G- D ' ( R + ) = D '(( 0, oo )) 

D 

C HOCHTeneM B nm • 00 ) T8KOA,'lTO 

( 10) 

rne 

; ( P ) -+ H ( A ¢ ) = + f ¢ ( V A 2 + P 2 ' P ) ( A 2 + P 2) -~ d a P 

eCTb HenpepbiBHO e OT06pa>KeHHe D ( V ) B D ( R I ) • 
+ + 

OyCTb [a , {3 ] -

npOH3BOnbHbtA orpaHH'leHHhiA 38MKHYTb!H OTpe30K B R: 
p ( A) - noKanhHO cyMMHpyeMa aa HHTepBane ( a , {3 ( p" - nono-

>KH.fe/IbtH:tH o6o6me HH8S'I tpyHKUHS'I 1 T,e. Mepa, H AOK838Tb ee a6COn!OTHYIO R e npe -

pbiBHOCTb MO>KHO C llOMOillbiO TeopeMbl PanoHa-H~KOAHMa; He cKonh-

KO npome cBeCTH neno K aaMene nepeMeHHhiX B MHoroMepHbiX HHTerpa n a x ne-
6era, 'ITO M bi H c nenaeM). Bbi6epeM <jJyRKUHIO ~ ( p ) ~ D ( V + ) T a KyiO , 'ITO 

rrpH A~ (a, {3 ) • Torna nnfl n106oA f c;. D ((a ,{3 )) 

( p (A), f(AH 
D 

(p (A),f( A)H(A; if,)) 
D 

--2- .. 
( p (A) , H ( A; f ( V ( p) ) • 1/1 (p))) 

D 

( cornacno ( 10) ) 

.. 2 .. 
G (f(y(p) )·1/J (p)) 

D 

D 2 

f ( ( v ( K )
2

) • "' ( K ) I F ( k •••• k ) I d " • 
D D D J D D 
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nocneAHHA HHTerpan 38HHllieM B BHAe 

rne 

I< ) :It I (c.> )-1 > ( l: 1t I) ( i 
O I • It I , •• , It n I I 1•2 I 1•2 

- CYMMHpyeMaSI $yHKUHSI 'B Ran • 

PaccMoTp HM aaMeHy nepeMeHHbiX 

rne ,\ = v ( K ,. l 2 

-MepHbiA BeKTop . 

( 11) 

( 12) 

npeo6p830B8HHe (J2) B38HMHO-QAH03H8qHQ H Herrpep b!BHO AH$$epeHUHpy-

eMo oTo6paJKaeT ( v- 1 , 2) B HeKOTOpyiD o 6naCTb Q C R 3
" 

C SIK06H8HOM J, OTnHqH biM OT Hymi. CnenoBaTenb H0/4/ , B HHTerpan ax ( Jl) 

MOJKHO rrepeATH K HOBbiM rrepeMeHHbi M ( ,\ , ~ ) : 

( p ( 13 ) .. 

anec b 

( v = 1 • 2 ) -

cyMMHpyeMbie s Q $ y HKUHH. TeopeMa 4>y6H HH rroasonHeT rrpasyiD q acTb 

B ( J3) 38ITHC8Tb B BHAe 
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f3 -(p • f) 
n 

f£(,\) t (,\;"')d.\. 
n 

a 

... 
rae t n ( .\. ; r/1 ) - cyMMHpyeMaR <i>YHKUHR ,\ • TaKHM o6paaoM, o6o6rueHHaR 

4JyHKUHll p n ( A ) G- D ' ( R 
1
+ ) ( n - 2 , 3 , • ••) Ha K8)1(J:10M KOHe'iHOM HHTep-

Bane (a , f3 ) ( a > 0 ) coarraaaeT c cyMMHpyeMoA 4JyHKUHeA, T.e. p ( ,\) 
11 

-UOKBUbHO CyMMHpyeMaR ~YHKUHR, 

C yqeTOM (8)-(10) ¢QpMyna (7) IIpHHHMaeT BHA! 

<A<i>n. A<$> n) = H(m; ¢•. $> +~ fH(.\.;¢*·r/f)· p(,\) d.\. ( 14) 
n=2 

-- 0 2 BsoaSI o6o6meHHbie <jJyHKUHH 6 A ( p l - i () (- p l 8 ( p ~ - A ) , no-

KBilhHO cyMMHpyeMyiO <jJyHKUHIO p ( A l - l: p ( A l ( pS!Il cxollHTCSI, TBK KBK 
n-= 2 D 

p (A) a 0 
n BHe [ nm oo l l neperiHmeM ( 14) B BHJle ( HHlKe 

~ (pl=:P(-p)): 

t::s ItS =:s -=- 1 ttl- .. : 00 1 s=s_ - "" 
( 0 , A ( ¢ ) A ( r/1 ) 0 ) "' -:-- 6 ( ¢ • r/1 ) + f -.- 6 ( ¢ • if, ) • p ( ,\ ) d .\.. 

1 m 1 ,\ 
2m 

TeM caMbiM noKaaaHo, 'iTO crreKTpanbHaR rrnoTHOCTb l.JenneHa-JleMaHa 

p( A) noKanbHO cyMMHpyeMa. 

npH llOK838TeilbCTBe 3TOrO yTBep)I(J:leHHR Mbl IIO CyiUeCTBY HCIIOilb30B8ilH 

TOT ¢aKT 1 'iTO orrepaTOpbl 4-HMIIYilbCa P H aqxpeKTHBHOA M8CCb! 

M = y ~"' V ( pO )2 _ ( p 1) 2 _ ( p :a) :a_ ( p s ):a 

B npOCTp8HCTBe <l>oKa 
}(in 

a6con!OTHO HenpepbiBHbi Ha noarrpocTpaHCTBe, 

opTOrOH8ilbHOM BBKYYMY H OAHO'i8CTH'iHb!M COCTORHHRM ( B CMbiCne orrpe-

neneHJHI § 95,/5/), 0TMeTHM1 'iTO CIIeKTp8ilbH8ll IlilOTHOCTb p ( ,\) B HH3!llHX 

IIOpliAK8X narp8H)I(eBOA TeopHH B03MyiUeHHA T8K)I(e OK83hlB8eTCll UOKBUbHO 

CyMMHpyeMOH, HanpHMep, BO BTopoM rropHaKe TeopHH c narpaH)I(HaHoM 

L - g • ¢3 
lnt 

~-----

p(,\)=(:1<A-2m) 3g 2 [2~r(.\. 2 -m2 )]- 2 y,\ 2 
4m

2
) 
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