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OKcaK A.M. P2-3739 

0 HOpManbHOA ~OpMe onepaTOpOB B npoCTp8 HCTBe ~OKa 

B J:ISHHOA pa6oTe CTpO!lTC!l KnSCCbl HeorpaHH'I9HHbiX onepaTopOB B npo

CTpaHCTBe BTOpH'IHOr'O KB8HTOB8HH!l 1 KOTOpb19 npHBOJ:I!lTC!l K HOpManbHOA ~OpMe, 

0K83biB89TC!l 1 'ITO B03MOJKHOCTb ITOJ:I06HOr'O npHB9J:I9HH!l HBXOJ:IHTC!l B T9CHOA 

CB!l3H C o6naCT!l MH onpeaeneHHSI onepaTOpOB H HX COITp!llK9HHbiXo noK838H0 1 

'ITO out- nonH KBSHTOBoA TeopHH nonH pasna raJOTCH a pHa no in- nonHM. 

fipenpHHT Ofu.e,o;HHeHHOrO HHCTHTyTa g,o;epHbiX HCCJie,D;OBaHHli. 

~y6Ha, 1968. 

Oksak A .I. P2-3739 

On the Normal Form of Operators in the Fock Space 

Some classes of unbounded operators in the second quantiza

tion space which can be reduced to normal form are pointed out. The 

possibility of such reduction is associated closely with the doma ins o 

operators and their adjoint. It is shown in particular that the out- fieldE 

of the quantum field theory can be expanded in the i~ fields. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1968 



§ 1. B B e a e H H e 

B pa6oTe H3y~aeTCR B03MO*HOCTb paano*eHHR HeKoToporo Knacca 

HeorpaHH~eHHbiX orrepaTOpOB B rrpoCTpaHCTBe BTOpHqHoro KB8 HTOB8HHR ITO HOp

M a nbHblM rrpoH3Be neHHRM orrepaTopoB PO*LleHHR H yaHqTo>KeHHH. 

¢.A.EepeaHH / 1,2/ rroKaaa n, qTo BCHKHH orpaHHqeHHbiH o rrepaTop norryc K a 

eT rrono6Hoe pa3no*eHHe. CnenyR/2/, 6yneM c~HTaTb, qTo rrpocTpaHCTBo H 

OLlHOqaCTJiqHbiX COCTORHHi% peanH30B8HO KB8Llp8THqHo-CyMMHpyeMb!MH cpyHKUH-

HMH r ( p ) Ha HeKOTOpOM MHO*eCTBe I p I . CHa6*eHHOM MepoA p. • 

nycTb C -orpaHHqeHHhlH orrepa Top B cpOKOBCKOM ITpOCTpaHCTBe 6o3e-~aCTHU 

H, HBTHHYTOM Ha o6o6ureHHbie aeKTOpbr 

-1/'1. + + 
( n I) a ( p 

1
) ••• a ( p 

0
) I 0 > =I· P 

1 
• • •• • P 

0 
> • ( I. 1) 

1/2 (m,n) 

<pi•••••PmiCiql, ••• ,qn> =(mln!l C (pl, •• ,pm;q!"'""'q )-
n 

ero MaTpHqHbie aneMeHThl. Torna OH rrpencTaBHM B BHLle PHL18 

00 

C =I (1 m,n 
~.a=O 

( 1. 2 ) 

rne 

(1 
m,n 

(m,n) + + 
=fA (p, ••• ,p ;q , •• ,q )a (p ) ..... (p ) x 

1 m 1 n 1 m 

Koa<M>HuHeHTHhre cpyHKUHH pa3no*eHHR ( 1.2) cnR3aHbi c MaTpH~HbiMH 

aneMeHT8MH ( 1. 1) COOTHO!lleHHRMH! 
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(m,n) mln(m,n) (-1) a a 

A < P ••••• P • q •••• q > = l: -- sYM 1 n 8 < P - q > x 
1 m 1 n a-o s l tal · I J 

( 1.4) 
(m-a,n-8) 

XC (p {'''•P ;q ,. .. ,q )I, 
e + m a+l n 

mln(m,n) (m,n) 

c (p, •• ,p ;q .... ,q >-
1 m 1 n l: 

a 
SYM I n 8 ( p - q )x 

sf 1•1 I I a•O 

(m-s,n-a) 
( 1.5) 

X A ( p •••• p ; q .... q ) I . 
a+ 1 m a+ 1 n 

rne 

a (m-a,n-a) I 
sYM 1 n 8 < P - q > F < P •••• P , q • • • . • q > -

l-=1 I I e+l m a+l 

( 1.6) 

= (mlnl)-
1 l: 

"r;;.a , rl;,.a 

a (m-a,n-a) 

n 8< p - q > F < p .... P , q .... q >. 
lal "(I) r(l) ll(a+l) ll(m) ll(a+l) rc.) 

m n 

a 8 (p -q) - SJnpo enHHH'!Horo onepaTopa B H • (!lnSJ npoH3BOnhHoro nHHel!-

Horo onepaTopa IC Cm,n) 

TH'!HblX COCTOSlHHI! H (n) 

c o6nacTbiD onpeneneHHSJ B npocTpaHcTee n -'lac-

H CO 3Ha'!eHHSlMH B H(m) BBOllSlT SlllpO 
(m,n) 

IC (PI , "• , P m; q I , •., , q 
0 

) - 3TO CHMBon, onpenenSJeMbti! <jlopManb-

HblM HHTerpanoM; 

(m) (m,n) (n) • 
g (p ,.,p >-JIC lp , •• ,p ;q , ... ,q )f lq , ... ,q )dl'(q ) ... dl' (q ), 

1 m 1 m l n 1 n 1 n ( 1.7) 
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'ITO 03H8'18eT 

(m) K (m,n) f (n) 
g = • . ) 

n - qacTH'IHbie rroarrpocTpaHCTBa B J{ 

(rrpH'IeM ct <l> .. 0 rrpH n > N ( <l>) m,n ), ITosToMy ecTeCTBeHHO 6bmo 6bi 

C'IHT8Tb, 'ITO CXOLIHTCH IIOBTOpHbllt pHLI 

N(<lJ> 
~ I (1 <l> .. c <l> • ( 1.8) 

m,n 

0UH8KO pHU ( 1.8) 1 B006me rOBOpH, He CXOLIHTCH He TOJibKO B CHJibHOM, 

HO' H B cna6oM CMbiCne, ( B LIOIIOJIHeHHH, rr,4, IIpHBeneH COOTBeTCTBy!OtnHlt IlpH

Mep orpaHH'IeHHoro orrepaTopa; CM., onHaKo, ·1 2/, cTp. 41, rne rronaraeTCH , 

'ITO pHLI ( l,l:l) CXOLIHTCH B CHJlbHOM CMb!Cne, H B HeM MO)!{HO rrepeCT8BJIHTb 

H rpyrrrrHposaTb cnaraeMbie). 

PHLI B ( 1,8) CX OLIHTCH, ecnH ero rrpeasapHTenbHO CK811HpHO YMHO)!{HTb 

Ha rrpoH3BOnbHbilt cjJHHHTHbllt BeKTop. (B sTOM cnyqae B cyMMe I (<l>, <l m,n 'I') 

OTJIH'IHO OT HynH KOHe'IHOe 'IHCJIO cnaraeMbiX), TaK 'ITO p83JlO)!{eHHe ( 1,2) 

MO)!{HO IIOHHM8Tb B CMblCne paBeHCTBa LIBYX 6HJIHHetfHbiX cjJopM H8LI cpHHHTHbi-

MH BeKTOpaMH, EcnH Mbl )!{enaeM IIOHHM8Tb pHLI ( 1.2) KBK npeaen 'laC-

TH'IHblX CYMM, CHJlbHO CXOLIHtnHXCH Ha MHO)!{eCTBe <fJHHHTHbiX BeKTOpOB, TO 

cneayeT '18CTH'IHble CyMMbl KOHCTpyHpOBBTb CIIeUH81lbHblM o6pa30M ( Hai!pH

Mep, K8K B § 3), 

n C C(m,n)((p),·(q)) nH orpaHH'IeHHoro orrepaTopa MaTpH'IHhle sneMeHThl 

H Kos<flcjJHUHeHTHble ¢YHKUHH A (m,n) (( p) ; ( q)) HLipa HerrpepblBHblX 

nHHeltHbiX rrpeo6pa30B8HHlt n- qaCTH'IHbiX COCTOHHHfl H (n) B H(m) 

06pamaHCb K cny'la!O HeorpaHH'IeHHoro onepaTopa C, B o6nacTb 

OI!peaeneHHH KOTOpOrO BXOLIHT IIJIOTHble MHO)!{eCTBa COCTOHHHfl C onpeaeneH

HblM 'IHCJIOM '18CTHU 1 Mbl CTBJIKHBaeMCH C LIBYMH IIpo6neMaMH: 

KaKoBa MaTeMaTH'IeCKaH rrpHpoaa Kos¢¢HuHeHTHbiX ¢yHKUHtf, orrpeae

nHeMbiX COOTHOllleHHHMH ( },4)? 
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Bo3MO)f(HO nM KB)f(IJ.OMY cnaraeMoMy ( 1.3) pSIJJ.a ( 1.2) rrpHJJ. B Th CM h iCn 

orrepa Topa, orrpeJJ.eneHHOf'O B HeKOTOpOH rrnOTHOH o6naCTM M IJ.OITYCKBIOIUero 

38Mb!K8HH.e? 

8 IJ.8HHOi1: pa6oTe Mbl p8CCM8TpHB8eM orrepaTOpbi, KOTOpbie BM8CT8 CO CBO-

MMM corrpSI)f(eHHhlMH orrpeaeneahl B D ( M ) -o6nacTM orrpeaeneHMSI HeKo-

TOpOrO C 8MOCOIIpSl)f(8HHOf'O orrepaTopa M B H. KOMMYTMPYIOIUero C orre-

paTopaMM rrpoeKTHpoBaHMst na n - 'IB CTM'IHhie rroarrpocTpancTBa M yJJ.oBneTBO

pstiOmero ycnoBMIO ( 2.5), § 2; ( ecnM rrpocTpa HCTBOM <l>oKa SIBnSieTcSI nrnh-

6epTOBO IIpOCTp8HCTBO in - '18CTMU, TO B KB'IeCTBe orrepaTopa M MO)f(HO 

B3stTh orrepaTop sneprMH Po MnM ~YHKUMIO OT Hero M=f(P 0 ) , COOT-

BeTCTBYIOIUYIO IIpOH3BOnbHOH MOHOTOHHOH ~YHKUMH f ( t) H8 HHT8pBane ( 0, 00 )), 

B STOM cnyqae MaTpH'IHhie sneMeHThi ( 1.1) orrepaTopa C M K09<j$M-

UH8HTHbie ~yHKUMH pa3nO)f(eHHSl ( 1 . 3) - SlJJ.pa HeKOTOpbiX 38MKHYTbiX OIIepaTO-

P OB, rrepeBOIJ.SliUMX H(n) B H(m) • a rrpeo6pa30B8HMSl ( 1.4), ( 1.5) stBnstiOT-

CSI B38MMHO o6paTHbiM rrpeo6p830B8HMSIMM HeKOTOpOrO IIpOCTp8HCTB8 8 =3M 

KOS~~MUMeHTHhiX ~YHKUMH H8 ce6st. 

noKa3biBaeTcSI, 'ITO KB)KJJ.Oe cnaraeMoe pstJJ.a ( 1.2) rrpeacTaBnsteT co6oH: 

IJ.OIIYCKBIOIUHH 38MbiK8HHe orrepaTOp H8 HeKOTo'pOM flnOTHOM B J{ MHO)f(eCTBe 

~ ~MHMTHhiX B8KTOpOB, H OITpeJJ.eneHHhiM o6pa30M Bbi6paHHbie '18CTM'IHbie 

CYMM b l pSIIJ.8 ( 1. 2) C XOIJ.SlTCSl H B ~ B CHnhHOM CMbiCne K OIIepaTopy C • 

B KaqecTBe rrpHno)f(eHHSI paccMaTpHBBIOTCSI ont-H in- rronSI (COOT-

B e TCTBYIOIUHe '18CTHU8M ITOnO)f(HTenbHOH MaCChi) KB8HTOBOH TeOpHH rronSI. 

OHM orrpeaeneHbi B o6meH: o6nacTH D ( P 0 ) - o6nacTH orrpeaeneHHSI orrepa-

Topa S H e prHH. 3TO Il03BOnsteT 3aKnJO'IHTb, 'ITO out - rronst pa3n a raiOTC st B pst iJ. 

IIO in - IIOJHIM. 

§2. ITpocTp8HCTBO eM KOsr/Jr/JHUHeHTHbiX r/JyHKUHti 

1. n oeiJ.B8 PMTe nbH bi e 38Me'I8 HMSI 

B p a6oTe/ 2 / (cTp. 32) a aeTc st o6mee orrpe.aeneHMe Bbipa )f(e HHst ( 1.3). 

Ono rro3BOnsteT HeKOTOpb iM o6o6meHHhiM ~YHKUHSIM A (m,n) • q ) 
\ p ' •• , p ' q I , •• , , 

1 m n 

3 8/J.BHHhlM H B H e KOTOPOM nMHe i1:HOM MHOf'006P83HM B IIPOCTP8 H C TBe KB8 llP8 -

TH'IHO -cyMM HpyeM!>IX ITO Mepe d /l ( p 1 ) • •• d /l ( q n) ~YHKUH H ( m + n ) 

rrepeMeHHbiX, COITOCT8BMTb orrepaTOp (1 m ,n , OIIpe.aen e HHblH HB IIOllMHO)f(eC TBe 
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!fiHHHTHbiX aeKTopoB B rrpocTpBHCTBe <l>oKa. B 'IBCTHOCTH, .ueAcTBHe (! m,n 

• C BOnHOBOA !flyHKUHeA' f (n) ( P 1 • • •• P n ) Ha D -'IBCTH'IHbiA BeKTOp ~(n) 

m - 'IBCTH'IHbiA BeKTOp (! m,n ~(n) 

(m) (m,q) (n) 
g ( p , .. , p ) .. fA \ p , ... p ; q , .. ,q ) f ( q 

1 m 1 m I n 

( 2.1) 
1' •• ,q ~ d ,. ( q 1 ) '" d ,. ( q D) • 

EcnH orpaHH'IHTbCSJ TOnbKO .uorryCK810!UHMH 38MbiK8HHe onepaTopaMH am,nJ 

TO yK838HHbiA Knacc Kaa!fl!fiHUHeHTHblX !flyHKUHA OK83biB8eTCSJ CnHillKOM lllHpO-

KHM. 11MeHHo, anR Taro 'IT06bt paano)KeHHe ( 1.3) aaaano onepaTop 

C1 m,n TaKol!:, 'IT06bt D(Ci m.n) H D((j .! ... ) coaep)K8nH nnoTHbte 

B J{ MHO)KeCTB8 !fJHHHTHbiX BeKTOpOB, He06XOLlHMO, 'IT06bi ( K8K 8TO Cne-

a yeT H3 ( 2. 1)) Koa!fl!fJHuHeHTHaR !fJyHKUHR A (m,n'l. ) "\p\ .... p ;q .... q m 1 n 

6hma SJLlPOM aaMKHyToro rrpeo6paaoaaHHSJ (eM. onpeaeneHHe ( 1. 7)) c 
nnOTHOJ!: o6nacTbiO onpeaeneHHH B H(n) H CO 3H8'1eHHSJMH B H(m) ( 2,2) • 

no-BHLlHMOMy0 ycnOBHe ( 2.2) SJBnSJeTCH H LlOCT8TO'IHbiM, 

OaHaKo, 'IT06bt 6ecKoHe'IHBH cyMMa aaaaaana onepaTop c rrnoT-

HOJ!: o6naCTbiO OITpeaeneHHH 0 eme HeLlOCT8TO'IHO, 'IT06bt _Kos!fl!fJHUHeHTHbte 

!fJyHKUHH A(m,n)((p);(q)) yaoaneTaopSJnH ycnoBHJO (2.2),TaK KaK ace cna

raeMbte cyMMht LlOn)KHht HMeTb o6my10 rrnoTayro B H o6nacTh orrpeaeneHHH. 

Mbt o6paTHMCH K Knaccy eM KaacP!fiHUHeHTHblX !flyHKUHA, .UnR KOTO-

pbtX 8TO ycnOBHe OK83btBaeTCSJ BbtnOnHeHHbiM, 

2. H -rHnb6epTOBO npocTpaHCTBo OLlHO'IBCTH'IHhiX cocToHHHA; Hen> .. H vn 

n - 8SJ CHMMeTpH'IH8R CTerreHh npOCTp8HCTB8 H ( CM, LlOITOnHeHHe rr.3) 

npOCTp8HCTBO D - '18CTH'IHblX COCTOSJHHft; 
00 

J{ '" Cf) H (n) 
.... o 

nycTb M 

- !floKOBCKOe npoCTp8HCTBO 6oae-'18CTHU • 

- caMoconpH)KeHHhtA onepaTop B H c o6nacTbiO onpe-

aeneHHH D ( M) • nepecTaHOBO'IHbtA c onepaTopaMH E,. npoeKTHpoBaHHH 

Ha H<n> : E ,.M C M E,. M <n • 11 > - qacTb onepaTopa M, ne)KamaH B noarrpo-

cTpaHCTBe H<n> aTo caMoconpH)KeHHhtA onepaTop c o6nacThiO onpeaeneHHR 

D(M(n,n)) -D(M)n H(n) E,.D (M), , KoTopyro B .uanhHeAilleM 6y.aeM 

o603H8'18Th 
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(n) (n,n) 
G = D (M ) • ( 2.4) 

Ha orrepaTop M HBnO)I(HM cnellYJOUiee JlOIIOnHHTenbHOe ycnOBHe: II pH nJO-

6biX s,k=O,l, ... 

D(l < "•"'v M (It, It)) ::l D (M (s+lt,a-Ht) ), ( 2.5) 

(s,s) (lt,lt) ( ) 
r.ae [ V M - CHMMeTpH'IHOe TeH30pHOe IIpOH3Be.aeHHe eJlHHH'IHOI'O 

orrepaTopa I(s,s) B rrpocTpaHCTBe n<a> c orrepaTopoM M (lt,lt) (eM. ilorron-

HeHne rr,3), C ITOMOlllb!O neMMbl } H3 JlOIIOnHeHHSI rrony'IHM HepaBeHCTBO 

II ( I ( "' ") V M (It ,It) l <Ill I 3 :5 a ( II <ll II 3 +II M (s-Ht, s-Ht) <Ill I 2 l 
s,k 

.anSI V <ll <;; G (a +It) 

pa TOPbl M (n • n) 

T,e. B OIIpe.aeneHHOM CMbiCne MO)I(HO CK838Th, 'ITO orre

"pacTyT" c yeenn'!eHHeM n. 3To rrono)l(eHne HarnSIJlHO 

HnnJOCTpHpyeTCSI B § 3, II, 2 • 

nycTh K (m,n) - rrpoH3BonhHhiil: nHHeil:Hbiil: orrepaTop c o6naCThJO 

orrpe.aeneHHSI 

T8KOH, 'ITO 

D ( K (m,n) ) C H (n) H o6nacTbJO 3H8 qe HH il: R ( K (m,n) ) C H (m) 

D(K(m,n)) ::lG (n) • D(K(m,n)* ) ::l G (m) ( 2.6) 

( vb ( 2. 6) cne.ayeT. 'ITO K (m ,n) .aorrycKaeT 38 MbiK8HHe). 

Vf3 TeopeMbl ( JlOIIOnHeHHe, rr.3) cne.ayeT , 'ITO ycnOBHSJ ( 2.6) BneKyT 

3a co6oil: 

D ( I ( 8 ' s) V K ( m,n) ) ::l D ( I ( " ' a) V M ( n,n) ) , 

(a, e) (m,n)* (e,s) (m,m) 
D (I VK ) ::l D ( I VM ) , 
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'ITO BMeCTe C Tpe60B8HHeM ( 2.5) .QSeT: 

(a •" ) (m n) ( ) 
D ( I V K ' ) ::) G a+n , 

( 2. 7) 

D (I ( a,a) V K (m,n)*) ::) G (a+m) 

C noMOU!hiO neMMbi 3 (llononHeHHe, n.3) ycTaHaBnHaaeM, 'ITO onepaTop 

l<"·"'vK<m,n) aonycKaeT aaMbiKBHHe; H3 (4.17) nony'laeM: 

(l ·(a,a) V K (m,n) ) * .::> I (a,a) * V K (m,n) *,. I ( a,a) V K (m,n)*, 

T8K 'ITO H3 (2,7) cnenyeT 

D(l (a,a) VIC (m,D)) J G (a+n>, 

( 2.8) 

l
(a,a)V F (m-a,n-a) 

( 3aMeTHM, 'ITO ecnH ljJopManbHO BbinHC8Tb SI.QpO OllepaTOpa 
1 

TO nony'IHTCH Bbipa>KeHHe ( 1.6). noaToMy, ecnH F <m-• ,a-a) - onepaTop, 

YAOBneTBOpHIOUIHA ycnOBHIO ( 2,6), TO Mbl MO>KeM .QBTb cneayiOUiee onpeueneHHe 

Bbipa>KeHHH ( 1.6): 9TO H.Qpo aonycKaiOmero aaMbiKaHHe onepaTopa 

T (m,n~ I (a,a\r F (m-a, n-a) 
1 

TSK>Ke y.QoBneTBOpS!IOIUero ycnoBHIO ( 2.6)), 

HH>Ke Mbl BOCliOnbayeMCSI cne.QyiOIUHM CBOltCTBOM BCCOUHBTHBHOCTH: 

OnepaTOpbl I (a,a) V (I (t,t) V K (m,n) H ( I (a,av I (t,t)) V K (m,n) ( 2.9) 

HMeiOT o6my10 o6naCTb onpeueneHHH c<a+t+nl H COBIT8Ll810T Ha He It, 

noKaaaTenbCTBO. Ma (2.6), (2.8) cneayeT, 'ITO o6a onepaTopa onpe-

aeneHbi Ha G (a+t+n) • 
EyaeM o6oaHa'laTb: 

HB ITO.QllpOCTpaHCTBO H (t+m) , Pca,t,m) - npoeKTOp H (a)0H (t) & H (m) 

Ha H(a+t +m) CornaCHO OITpeaeneHHIO CHMMeTpH'IHOrO llpOH3Be.QeHHSI H 

CBOI!:CTBy (4,9), .QnH HMeeM 
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[ I(s,s) V (I (t,t) V K (m,n) ) ] <1J = Pcs,t+m) [ I (s,s)® (I (t,t.) V K (m,n) ) ] <II 

p { l(s,s) r->. [ P (I (t, t.) .c'\ K(m,n) ) ]I"' 
(s,t +m) ~ (t,m) 'CI '¥ 

.. p [I (s,s) ~ p ] [I (s,s>-.( I (t,t.) .c'\ K (m,n) )] ,... 
(s,t+m) ~ (t,m) QS.I \01 .., ,. 

.. p [ I (s,s) ~ I (t,t.) c.. I( (m,n) ] <II 
(s,t,m) ~ • 

AHanoriPIHO 

[(I (s,s) VI (t,t) ) VK(m,n)] <II= [ I (s+t,s+t.) V K (m,n) ] <II = 

p [ (s+t, s+t)/0\ I( (m,n1 <II .. p [ p ® (m,m1 
(s+t,m) I ~ (s+t,m) (s,t) I X 

x ( 1cs,s) ~ I (t,t) @ K (m,n)] <II "" p [ I (a, a)® I (t,t) 0 I( (m,n)] <II • 
(s,t ,m) 

3. BBeJieM MHO)f(CCTBO 9"" 8 M M8TpHU 

(m,n)] 
K .. [ K m,n=O,l ••• 

( 2.10) 

3neMeHTbi K (m,n) aTHX MaTpHu SIBnsnoTCSI orrepaTcpaMH, yaoBneTBopsnomHMH 

YCnOBHIO ( 2.6), 

B .o.anhHe~rneM ~ 6yaeT o6o3H8'!8Th MHO>KCCTBO !j>HHHTHbiX BeKTopoB 

H3 D ( M ) , T.e. 

g)={<ll:<II~D(M), ED<II 0 II pH D > N (<II ) I . ( 2. 11 ) 

3.necb E 
0

- rrpoeKTOp B J( Ha 
H(n) 

10 



Ka)KllOMy oneparopy C B npOCTp8HCTBe <l>oKa, TBKOMY 'ITO 

D(C) :::> iJ D(C*):::> iJ, 
( 2. 13) 

COOTBeTCTByeT M8TpHU8 C aneMeHTBMH: 

ecTb 'IBCTb onepaTopa 

(min ! )- 1/ 2 C, 
( 2.14) 

npHH8llne)K8W8R fiOllfipOCTp8HCTB8M H (onpeneneaHe 

'18CTH onep8T0p8 CM. B ,!:IOITOnHeHHH n. 1), T.e. 

( 2.15) 

V· <l>(o) r;. D ( C l () H (o) • 

06paTHOe, B006me roBOpR, HeBepHO ( MaTpHUe K I;; (3 

CTBOB8Tb onepaTop B }{ ). 
M bi 6yneM H83biB8Tb MUTpHuy K r;. e "RK0 6HeBoti", ecnH cymecTByeT 

TBKOe, 'ITO npH I m - n I > r , H ~HHHTHOW 0 ecnH OTITH'IHO 

OT HYITR KOHe'IHOe 'IH Cn O 3 IT eMei!TOB K( m ,n) 

flaMMa . B CRKOH "51K0 6 HeBoii" (B 'IBCTHOCTR, ~HHHTHOM) MBTpHue K c;;. e 
COOTBeTCToyeT ( L\OITYCKBIOIUHH 38MblKBHHe) onepaTop C , 

VCnOBI151M ( 2.13), { 2.14 ) • 

ynoa:teTaopR JOII!Hii: 

LloKa3aTenbcTBO. OrrpenenHM C H a ~HHHTHbiX BeKTopax <I> =G) ct><n>c;;. il 
r 

pBBeHCTBOM: 

@ ( ~ (m !n! )1/2 K (m,n) Cl>(n) ) . ( 2.16) 
m n 

TaK KBK <l>(n) =0 npu n > N ( <I> l, H K (m,n?, 0 npH I m - n I > r , TO 

B rrpaooll qacTH (2.16) cyMMa no m,n KOHe'IHB, H onepaTOp c orrpenenel! 
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Ha rrnoTHOM MH0)1(8CTBe ~ c J{ • MaTpHua K+ ~ 8 ; ( r )(m,nh K (n,m) * 
TaK)Ke "51K06Hesa", rroaToMy oHa orrpeaen51eT orrepaTop 8 Ha 

( 8 II> 1 'P ) = ( II> • C 'P ) Arr51 '¥II> , 'P G- ~ • CneaosaTenbHo, 

neMMa AOKa3aHa. 

~, rrpH'IeM 

D(C*) ::::> ~. 

iln51 Ka)KAOro KOMrrneKcHoro A OrrpeAerrHM rrpeo6pa30B8HHe H8A 8 : 

( 2.17) 
K-+1, *K, 

(") 

rae rrpasag qacTb ( 2.17) ecTb MaTpHua c aneMeHTaMH - orrepaTopa:~.iu, orr-

peaeneHHbiMH Ha G (n) COOTHOill8HH8M 

( I <A>* K 
(m,n) mln(m,n) 

~ 
s=O 

( 2. 18) 
A 8 

(a,a) (m -s , n-s) 
I V K • 

s I 

Ha peaynhTaTOB rr. 2 cneayeT, 'ITO rrpasag qacTb (2.18) ecTb orrepaTop, 

orrpeaeneHHbiJ.i Ha G (n) a s o6nacTb orrpeaeneHH51 corrp51)KeHHoro BXOAHT 

G (m) , T,e, ( 2.17) eCTb rrpeo6pa30B8HHe 8 B ce651 . 

( DpH A= 0 1<o> * K orrpenen51eTC51 paBHhiM K. EcnH pacrrH-

caTb rrpeo6paaosaHH51 

A (m,n) = (I * C ) (m,n) 
(-I) 

C (m, n) = ( I * A ) ( m ,q) 
( I) 

( 2.19) 

B TepMHH8X 51Aep orrepaTOpOB, TO rronyqaeTC51 COOTHOilleHH51 ( 1.4), ( 1.5)) • 

Dpeo6paaosaHHe (2.17) o6naaaeT o6paTHbiM, KaK aTo cneayeT H3 

TO)KA8CTB8! 

I *[I • K]=l *K 
< A> < I.L > < A+~.t> 

( 2.20) 

iloKasaTenbCTBO, iln51 mo6oro II> ~ G(n) (eM. (2.9)) 

* (m,n) min (m,n) A 8 (s,s) (m-s,n-s) 

(I< A> [I< ) * K ]l II> = ~ -- I V ( I< > * K ) II>= 
I.L s=O s! I.L 
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mln(m,n) 

~ 
a=O 

mln(m-s,n-a) ,.. t ( ) ( ) ( ) 
~ ~-~ I s,s V [I t,t V K m-s-t,n-a-t ] Cl> = 

t=O .. ! t I 

mln(m,n) mln(m-s,n-s) ~ • L [ I (s+t,s+t) V K (m-B-t, n-a-t) 
~ ~ )Cl> 

s=O t=O s I t I 

mln(m,n) (A+ I')P I (p,p) V K (m-p ,n-p) Cl> K )(m,n)Cl> 
~ pi (I <A+I'> * . 

p=O 

§8. HopMBnbHBH ¢opMB onepBTopoB B npocTpBHCTBe ~OKB 

1, ilnH mo6oll: 4JHHHTHOll: M8TpHUbl A G- 8 H n106oro KoMnneKcHoro A 

- "HK06Hesa" MaTpHua, npHHaane)KaJUaH 8 · no neMMe §2 

COOTBeTCTByeT onepaTop B B H. T 8KOll: 'ITO 

D( B) ) ~ D(B*)) ~ H 
( 3,1) 

'IBCTb B (m,n) onepaTopa ( m I n )- 1/ 2 B , npHHaane)l{amaH noanpocTpaH-

CTB8M a<n> H , p8BH8 

mtn(m,n) 
B (m,n) = (I * A )(m,n) = ~ 1 1(8,8) VA (m-s, n-s) 

(I) s=O -;;T 
( 3.2) 

[ 
(m,n)] 

OnpeaeneHHe 1. nycTb A~ A - 4JHHHTH8H M8TpHU8 H3 (~ • Paano-

( 3.3) 

6yaeM H83b!B8Tb onepaTop 8 B npOCTp8HCTBe <l>oKa, COOTBeTCTBYIOIUHll: 

"HK06HeBoll: " M8TpHUe I( l) * A (H onpeaenHeMb!ll: paBeHCTBOM (3,2)), 
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(Mo*HO nepe~opMynHpOB8Tb 3T~ onpeneneHHe B TepMHH8X stnep: KOHe~

H8H cyMM8 ( 3.3) COOTBeTCTByeT onepaTopy B , onpe~eneHHOMY Ha ~HHHT-

HbiX BeKTOpax i) C 0 ( M ) H HMeJOlUeMy M8TpH~Hbie aneMeHTbl - Hll-

pa nonycKaJO!IlHX 38MbiKBHHe npeo6paaoBaHHtt H(n) B H(m) 

< p ' ••• , p I B I q 
1 m 

1/2 (m,n) 
, •.. ,q >=(mini) B · (p , .•• ,p ;q ,.,q ), 

1 n 1 m 1 n 
(3.4) 

B (m,n) ( p , .•. , p ; q , ... , q ) 
1 m 1 n 

mln(m,n) 1 SYM 
= .. ::o --;T 

8 

llB(p -q )x 
1=1 I I 

(m-s ,n-,.) 
X A (ps+1•···• p m;q s+1 , ... ,qn) • 

( 3.5) 

0603Ha~eHHH anecb T8KHe *e, KBK B (1.4), (1.5)). 

OnpeneneHHe 2. nycTb A - npoH3BOnbH8SI M8TpHU8 H3 8 • Paa-

no*eHHeM 

B = A { a + , a - I = k f A (m ,n) (( p ) ;(q )) a + ( p 
1
) . · .. a- ( p ) X 

mtn m 

( 3.6) 

x a- ( q 
1

) . .. a- ( q 
0

) djL ( p 
1 

) •. . d!L ( q n) 

6yneM HB3biBBTb npenen npH N -. oo onepaTopoB 

BN = k ( 
(m,n)~J N 

A(m,n\(p );(q))a+(p ) ... a-(q )d!L(P ) , ... d!L(q ) , 
1 n 1 n 

(3.7 ) 

ecnH OH cy!IleCTByeT H8 MHO*eCTBe ~HHHTHbiX BeKTOpOB :l) c D(M). 3necb 

J N =I (m, n ) : I m - n I ~ N , m + n _< N + d ( N ) ; d ( N ) -. oo npH N-. oo .I ( 3.8) 
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TeopeMa. OycTh C -onepaTop B rrpocTpaHCTBe <t>oKa, yAoBneTaopsuouu-lti 

ycnOBHJO (2.13): D(C) :::> ~. D(C*)) ~; K = ( K(m,n) ] <:;. 8 -COOT-

B8TCTBYJOlU8SI eMy M8TpHU8 ( CM, ( 2.14)) 1 

(3.9) 
A= I * K (-1) 

TorL\8 orrepaTopy C COOTBeTCTByeT B CMbiCne 0Ilp8LI8.'18HHSI 2 p83Jl0-

)1(8HH8 (3.6)1 H 

( 3. 10) 

iloKaaaTenbCTBo. no orrpeAeneHHJO 1 orrepaTopy B COOTB8TCTByeT M8TpH-

lm n) A )(m,n) 
ua ( B N r • = ( I < 1 l * N rne 

(m,n) 
(A l 

N 
n pH 

{

A(m,n ) 

0 B npOTHBHOM cnyqae. 

(m,n)<;.JNJ 

06o3H8'1HM r(N) = min(N, + d(N)l Torna npH n .$ r ( N ) 

'•.f···'-f.'"·"' 
npH m -n.::;; N 

npH m- n > N 

E c nH n _$ r(N), m-n ~ N, TO n p H acex s: O < s < min(m ,n} 

(A J(m-e , n-s) = A (m-e , n- e) 
N 

" Hl3H 8 l.IH T, 

( ) ( ) mln(m,n)..L (m • n s) 
( B } m,n =(I * A ) m,n ~ I_ I (s,s) V (A } -~. -

N ( I) N s =0 s I N 

15 
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mtn(m,n) 
• ,I _1_ ;<s,s) VA (m-a,n-s) = (I * A )(m, n~ 

s=O sf (I) 

= [I (I)* (1(-I)*K)](m,n) •K (m,n) 

EcnH n ~ r(N) , m- n > N, TO npH acex s: 0 ~ s ~ min ( m , n ) 

H, 3H8'IHT, 

mln(m,n) 
(B )(m,n) = ,I _1_ I(s,s>y(A )(m-s, n-a).., O 

N a=O sf N 

06'bel{HHSISI (3.12), (3.13), llOllY'IHM 

llpH n .:5 r ( N ) , m S n + N 

(8 )(m,n) 
N = { . :···' 

npH n .:5 r ( N) , m > n + N . 

BoabMe M npOH3 BO!lbHhi A n - 'IBCTH'IHhiA BeKTop <J!Cnl c;. ~ ; 

C'IHTa Tb H BCTonbKO 6 onbWHM, 'ITO r ( N l ~ n . Toraa 

II<C-BN)cll(n) 112• £ m l nlii[K(m,n)_(BN)(m,n)]cll(n)ll2• 

maO 

N 

l: mln!IIK(m,n~(n) 112-11 p C cll(n)ll2 ... 0 n p H N ... oo 
m-n+N+l n+M 

( 3. 12) 

(A ) (m-a, n-s) 
N =0 

( 3. 13) 

( 3.14) 

6yaeM 

( 3. 15) 

(3aecb Pk - onepaTop npoeKTHposaHHR Ha noanpocrpaHCTBe c 'IHc n o M 

'IBCTHU 6onhwe It ) • TeM caMbiM aoKaaaHo, 'ITO ( 3.6) onpeaenReT onepa 

Top B, yaosneTBOpRIOWHA ( 3.10) • 
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out - noneA no in - nonHM. 

06paTHMCH K penHTHBHCTCKOJ;i KBBHTBOBOH TeOpHH OQHOrO CKanHpHOrO 

nonH, B KOTOpoJ;t BblilOnHeHO ycnOBHe BCHMnTOTH'IeCKOJ;i nonHOTbl/6/. 

HH~e H o6oaHaqaeT rHnb6epToBo npocTpaHCTBO ¢yHKUHA f(p) 

(p = ( p 0 , p 1 , p2 ,p8)) B 4-MepHOM npocTpBHCTBe MHHKOBCKOro, H3MepHMbiX 

II KBBQpBTHqHO CyMMHpyeMbiX no Mepe d /L ( P ) = () ( pO) l) ( P 2- m 2) 
Q 

( m
0
> 0 - Macca qacTHU). Ka~aoMy f c;;. H conocTaaneHbi onepaTopbi a;S; ( f ) = 

= afn (f) B npOCTpBHCTBe c:l>oKa J{= J{ In OnHCb!BBIOWHe "'BXOQHWHe" 

qacTHUhi. KaK HaBeCTHo/ 2/, onepaTOPhi 

HB D (yN ) , rae N = N In -onepaTop qHcna 

MO>KHO npoaon>KI!Tb 

in - 'IBCTHU: 

(3.16) 

B J{ aaaaHo YHHTapHoe npeacTaBneHHe HeoaHopoaHoA rpynnbi flopeH-

UB, B '18CTHOCTH 0 noarpynnbJ TpBHCnHUHi%: 

I( 1 pk)a 
( U (a ) cl> )(n) ( p , •.• , p ) = e k=l 

I n 
p ) • 

n 

Pa (a= 0 ,1,2, 3) - reHepaTopbi npeacTaBneHI!H U (a l, H M = (p 
2

) l4 = (p;

pa. pa...p2)l!. KBaapaTH::.Iil KopeHb 1!3 onepaTopa MaCChi - nono>KI!TenbHhiil caMo-
1 2 8 

conpH)I(eHHhiil onepaTop: 

( M ,... )(n) ( [ ( ) 2] 1/ ( ,..,(n) ( 
'I' p I' ... p ) = p + .. . + p • 'l' p 

n 1 n 1 
p ) • 

n 
( 3.17) 

oo 2 1/2 (n) I 2 
~f[(pl+ ... +p)) •lcl> (p, .. ,p) X 

n=O n 1 n 

(3.18) 

> < oo I . 
n 

( 8 KaqecTBe M MO>KHO 6brno Bbi6paTb KBaapaTHbiil: KOpeHb H3 onepaTopa 

9HeprHH P 0 ; HB B03MO)I(HOCTb HCllOnb30B8HHH penHTHBHCTCKH-HHB8pH8HTHOrO 

onepaTopa KBaapaTa MaCChi P :1 yKa3an L. Streit , 
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KaK BHAHO H3 ( 3.1S), M nepecTaHoBo~eH c onepaTopoM npoeKTHpoaa-

HHSI H8 n -~8CTH~H ble COCTOSIHHS!i 

B H(nl 

M<n,nl - ~aCTb onepaTopa M, ne>KamaSI 

(n n ) (n) (n) [ 3 ) 1/2 I ..,. (n} ) 12 
D(M' l=l<l> r;;. H : ( (p + ·-+P) •"' (p , •.. ,p x (

31
g) 

· 1 n 1 n • 

X d~t(p ) ••• d~t(p) <oo} • 
I n 

noKa>KeM, ~TO M 

( 2.5). ileHCTBHTenbHO, 

YAOBJTeTBOpS!eT ~YHA8MeHT8l!bHOMY COOTHOWeHH~ 

D ( I (s.,.)® M (k,k) ) = { <I> r;;. H(s) ® H (k) 

(3.20) 

(((p + ···+P l 2
]

1
/

2 l ll>(p , . . ,p ;p , . . ,p ll 2 d~t(p ). .• dll(P ) <oo } 
· s+I s+k 1 s s+l s+k I s+k 

T aK KaK Ami ¥ p . r;;. s up p d ll ( p l 
1 

(p + . .. +p ):l~(p +···+P )~(p + · ·· +P l 2~ (p + · · ·+ P )
2

, 
I s+k I s "+I s+k s+l s+k 

TO 

( 3. 21) 

D( I ( s , s )& M (k,k~ :::> D ( M (s+k, s+k) ) =I <l> G. 1f (s+k) 

/ ( (p + ... +p )2 ]t/ 2 J<!> ( p , ... , p l l 2dll(P ) ... d f.! (p ) < oo I. 
· I ~+k 1 s +k 1 R + k 

CornacHo onpeneneHH ~ cnMMeT~H '!!!Or o npoH 3 BeQeHIHI ( .ao n o nHen!! e , n . 3), 

H3 (3.21) c nenye T (2.5): 

D (I ( s ,s ) VM <~ .k)) ) D ( M< s+k, s +kl ) . 
(3 '22 ) 
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38M8THM 0 'ITO H3 (3.16), (3.18) H H8p8BeHCTB8 [ (p 1 + •••+P n)2 ]1i~n m 0 

cneayeT 

Dh/N) :::> D(M), T8K 'ITO 

D(a! (f)):::>D(M). 

C noMOillbiO yHHT8pHoro onep8TOp8 p8cceSIHHSI S 

onep8TOpb! 0 OITHCb!B810IllH8 "Bb!XOJlSIIllHe' '18CTHUbl 

t. 
V f ~ H a 

eut 

c o6nacTbJO onpeaeneHHSI 

( 3. 23) 

( 3. 24) 

B J{ 38118 IOTCSI 

( 3. 25) 

( 3.26) 

OnepaTop S B KBBHToaoA TeopHH HHB8pH8HT8H OTHOCHTenbHO H80JlHO-

pOJlHOH rpynnbi flop8HU8 , B '18CTHOCTH, OTHOCHTenbHO Tp8HCnSIUHA: 

SU(a)=U(a)S 
(3.27) 

OTKYJl8 cneayeT, 'ITO S H S - 1 
nepeCT8HOBO'IHbl C reHep8TOpBMH p a 

npencTaaneHHSI H onepaTopoM M = ( P 2 
)

1
;.' , 3HB'IHT, 

S - 1 D(M) D ( M ) • 

J.-13 (3.24), (3.26), (3.28) cnenyeT, 'ITO HapSiny c <#±(f) 

onpeneneHbi a± (f): 
out 

D(a .± (f))::> D(M). 
out 
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(3.28) 

B D(M) 

( 3. 29) 



Ha Toro, 'ITO (a±(f))*) a+"(f (eM. I 21 ) cneuyeT 

D ( (a ± ( f )) * ) ) D ( a ::j: ( f )) ) D ( M ) • 
·~ 0~ 

( 3.30) 

± 
KaK IIOK83biBBIOT ( 3. 29), ( 3.30), orrepaTOpbi a eut (f) yuosneTBOpSliOT 

ycnoBHIO TeopeMbi § 3. 

ABTOp Bbip8)1{8eT rny6oKyiO 6narouapHOCTb Hay'IHOMY pyKOBO.IlHTeniO 

M.K.TionHBaHosy, B.C.BnaLlHMHposy, Yf.T.Touoposy H C.C.Xopy*eMy aa 

IInOLlOTBOpHbie LlHCKyCCHH, CBSl38HHbie C Ll8HHOA: pa60TOA:. 

DononHeHHe 

1. TlpHseueM rrpocToe yTsep*uenHe o · nHHeA:HhiX neorpaHH'IeHHhiX orrepaTopax 

B rHnh6ePTOBhlX IIPOCTPBHCTBBX. 

fleMMa 1. TlycTb A H B -aaMKHYTbie orrepaTopbi c nnoTHbiMH o6nacTSlMH 

orrpeueneHHSl D (A) H D( B) B OLlHOM H TOM )Ke rHnh6epTOBOM npOCTpaH-

CTBe H H C o6na CTSlMH 3H8'18HHA: COOTBeTCTBeHHO B Hl H H .2 ' 

TiycTb c ymecTsyeT o6nacTb D CD ( A ) (\ D( B) , T8K8Sl 'ITO 

Bl =B 
D 

( 4. 1) 

(auecb B I 0 - cy*eHHe orrepaTopa B Ha o 6 nacTb D ) . 
T o r ua y c noBHSl 

a) D(A))D(B) 

e) II A £11 2 s. a (II f 11 2 + II B f II :I) IIpH HeKOTOpOM a H ¥" f <.;. D SKBHBa -

neHTHbi. 

DoKaaa TenbCTBo. 3aMKHYTOCTb orrepaTopa B oaHa'laeT, 'ITo D ( B) 

ecTb(nonHoe) rHnb681pToBo rrpocTpaHcTBo H 8 C HOpMOti: 

II f II :1 =II f 11 2 + II B f 11!1 • 
B 
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EcnH Bbmonaeao a), TO onepaTop A' onpenenea so seeM npocTpaHCTBe 

H B CO 3H8'!eHH51MH B H 1 tflopMynol:t: A 'f = A f nnR V f t;; H B • 

J.13 38MKHY1'0CTH onepaTopa A ( c rpaljmKOM B H e HI ) cnenyeT 38MK-

HYTOCTb A' (c rpaljmKOM B H 8 @H 1 ). J.13 TeopeMbl Baaaxa(/ 4 /, § 51, 

TeopeMa 3) cnenyeT, 'ITO A' orpaHH'IeH: \\ A 'f \\
2 ~ a \! f \\ ~ nnR 

Y f t;; H 
8 

6) cnenyeT H3 a) . 

nycTb BbinOnHeHO 6); H3 ( 4.1) 38Kni0'!8eM, 'ITO nn51 V"f t;; D ( B ) cy-

npR n -+oo. 

J.1cnonh3Y51 6), nonyqaeM \\A ( f n- f m) \1-+ 0 npH n, m -.. oo , 'ITO nne-

'1€\T 38 C060J:t CXOllHMOCTb A f n npH n -+ oo . 3aa 'IHT, f t;; D (A } , H 

a) !lOK838HO. 

ilnR Ka~noro 38MKHyToro onepaTopa A c nnoTaol:t o6nacThiO onpe-

neneHH51 0 (A )C H H o6naCTbiO 3H8'!eHHH R ( A ) C J{ cymecTsyeT 

nono~HTenbHbil:t caMoconpR~eHHbil:t onepaTop A* A 

HH51 0( A* A) c H • TBKOH 'ITO A\ D(A *A)= A 

c o6nacTbiO onpenene

/3/, fleMM8 12.7. 1). 

0603H8'1HM K = y-;:rA - nonO~HTenbHbiH 38MKHYTbiH KBanpaTHbiH 

KopeHh H3 A*A Oa o6nanaeT csol:tcTBaMH: 

K\ D(A*A) K, II Kf!l = II A f II nnR V"f C- O(A*A ). 

K onepa-::-opaM A H K llpHnO~HM8 neMM8 }, T8K 'ITO 

D (A)= 0 ( y A * A ) ; (4.2) 

T8K K8K 0 ( y 1 + A* A ) = 0 ( y A * A ) , TO TBK~e HMeeM 

D(A) O(yl + A*A ). 
(4.3) 

M bi 6yneM nonh30BaTbC51 cnenyromHM onpeneneHHeM '!aCTH onepaTopa. 

OnpeneneHHe. nycTh c - nHHeAHhll:t onepaTop, O(C)CH, R(C)C }{ 

H' H }{' - 38MKHYTbie nonnpOCTp8HCTB8 B H H J{ COOTBeTCTBeHHO; 

p H P - orrepaTOPbinpoeKTHPOBBHHR: H'= PH, }{'= P J{ l.JaCTb!O 

orrepaTopa C , npHHanne~amell: rronrrpocTpaacTBaM H' H J{ ', H83biBaeTC51 

onepaTop X c O(X)CH', P ( X ) C J{, , TaKOH 'ITO 
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n<x> .. n<c>nn', (4.4) 

xr~ .Per :(PCPlf "f"ft;.D(X). ( 4.5) anSI 

l.JacTb X aaMKHyToro, nnoTHo onpe.ueneHHoro onepaTopa C , aoo6me 

roaopR, He aonycKaeT aaMbiKaHHSI. OaHaKo, ecnH "'BCTb Y onepaTopa C*, 
npHHaane*amaR noanpocTpaHCTBaM R' H H', HMeeT nnoTHyro o6nacTb 

onpe.ueneHHSI D ( Y l c R', TO '18CTb X onepaTopa C , npHHaane*amaR 
H, 

H H'. .uonycKeT 38MbiK8HHe, H X c Y*. EcnH 
noanpOCTp8HCTB8M 

K TOMY *e D ( X ) nnoTHO H', TO Y TBK*e JlOnyCKaeT 38MbiK8HHe, 

HYCX*. (4.6) 

2. TeHaooHoe nooHaaeaeHHe HeorpaHH'IeHHbiX onepaToooB. 

llycTb H 1 , ••• , H n - rHnb6epTOBbi npocTpaHCTBa; :S:. ( H 1 , ••• , H n l-

lTHHettHoe nooCTD8HCTBO T8KHX MV1TbTH8HTif1Tl'flfe tt lff.TX ( T.e. 81fTI'f1THHettHhlX 

no KB*IlOMy apryMeHTY) tf>opM H8Jl H ! = H 1 , •.. , H : a H n , aneMeHTbi 

KOTOporo F = ! f 1
8 @ . . . . 0.. f 8 

~1 ~ D c npoHaaonbHbiM N H npoH3BOnb-

HblMH f ~ !;. H 1 onpeaenRroTCSI <!JopMynoit: npH "¥ x 
1 

r;. H 
1 

Jl " s ( .. 
}. 

1
( X I , f 1 ) ( X :1' f :1 ) • • • • X n, f n) , .... F(x 1 , ••• ,xn) 

rae ( x I ' f I ) - CKanSipHOe npOH3BeJleHHe B 8 1 • ~(81 , ••. ,Hnl 

C,T8HOBHTCSI npearHnb6epTOBhiM npOCTp8HCTBOM, ecnH BBeCTH CKanSipHoe 

npOH3BeJleHHe: 

M s a N t t 
( ~ f 10 ···€> f • ~ h 10 ···® h ) 
-I n tal n 

M N 
11 

~~(f 1 ,h a=lt=l 
) ••• (f

8
,ht). 

n n 

nononHeHHe npearHnh6epToaa npocTpaHCTBa ~ ( HI H n) H83bl-

BaeTCSI TeH30pHblM npOH3BeJleHHeM H 1 ' ••• ' Hn H o6o3H8"18eTCSI 

H 1 ®···® Hn 151. 

ilnH TeH30pHoro npOH3BeJleHHSI HMeeT MeCTO CBOitCTBO 8CCOUH8THBHOCTH 

( B CMbiCne H30MOp<fJH3M8 rHnb6epTOBbiX npOCTp8HCTB): 

(H 1®H 3 l€) H 8 a H 1 ®H
3

€)H
8 

= H 
1

(8) (H
3

®H
8
). 

(4.7) 
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EcnH 0 1 - UpOH3BOJihHOe JIHHeAHoe MHOroo6p83He B H 1 ( i = 1, ... , n ) , 

TO 

B 

f ( D I • .••• D D 

H 10··· ® HD BeKTOpOB I I @ .. .. @In C mo6b!MH f I ,;;:: D I · 

DycTh A 1 (i=l, .. ,n) - 38MKHyTble (HJIH AOUyCK8!0lUHe 38Mb!K8HHe) 

onepaTOPbi c nnoTHbiMH o6nacTSIMH onpeaeneHHSI D ( A 1 ) C B 1 H CO 3H8-

qeHHSIMH R (A tl C J{ I Toraa Ha nnoTHOM B H 1 @ MHO-

)l{eCTBe f (D(A 1 ) , ••• ,D(A
0

)) onpeaeneH onepaTop A co 3Ha'leHHSIMH B 

A( I 1 @ ···0 (A I I I ) ~ ... @ ( A D I D ) • 

( 4.8) 

D(A) IIJIOTHO B B I@ ... ® B D ' U03TOMY y A eCTb COIIpSI>KeHHbiH A*. 

D (A*) IIJIOTHO B J{ 1 ® • •• · • .& J{ n J T8K K8K nerKO IIpOBepHTb, 'ITO 

f(D(Ai), D(A*)) C D(A*). 
D 

CneaoBaTenbHO, A HMeeeT 

38MbiK8HHe. 

OnpeaeneHHe. TeH30pHoe npoH3BeaeHHe 38MKHYTbiX 

( HJIH aonyCK8IOlUHX 38MbiK8HHe), IIJIOTHO onpeaeneHHbiX onepaTopOB A I : 

D(A1lCB1 

peaeneHHoro B f 
(4.8) /81). 

ecTh 38MbiKaHHe onepaTopa A, on-

ilnSI TeH30pHOrO IIpOH3BeaeHHH OIIepaTOpOB HMeeT MeCTO CBOHCTBO ac-

COUH8THBHOCTH: 

(A ~A ) €} A A @ A @ A 
~ 8 1 2 8 

(4.9) 

( s CMbtcne paBeHCTBa onepaTopos onpeaeneHHbiX B C O 3H8-

'leHHSIMI! B CM, 4.7). 

neMM8 2. DycTb A H B - aBa 3aMKHYTbiX onepaTopa c nnoTBbiMH o6na c -

TSIMI! onpeaeneHI!SI B OAHOM H TOM JKe rHnbaepTOBOM npOCTp8HCTBe lJ ( A) C H, 

D(B)CH I! CO 3H8'1eBJH IMH R(A)CH 1 , R(B)CH 2 

D(A)::>D(B) s 

D(S)CR', R(S)CJ{ ' 

38MKHYTbiH IIJIOTHO onpeaeneHHbiH onepaTop, 

Toraa 
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D(S,g)A) JD(S®T> ,., rne -~ (4.10) 

T=y1+B*B ( 4. 11) 

( aaMKHYTbiit) rrono)KHTenhHbiit KBaapaTHbiit KopeHh H3 1 + B * B • EcnH 

BbliTOnHeHO OLIHO H3 Tpe60B8HH A: 

a) 

6) 

s 

B 

orpaHH'IeH , 

HMeeT orpaHH'IeHHbiit o6paTHbiA, TO 

D(S@A) J D(S~B). ( 4.13) 

fiOK838TenbCTBO. D(A)JD(B) 03H8'I8eT ( CM. LlOITOnHeHHe, neMM8 1) 

II A f 11
2 

S- a ( II f II 
2 

+ II lH II 
2

) nm1 ..,.f r;;. D ( B > • ( 4.13) 

C ITOMOlllhiO orrepaTopa T = y 1 + 8 * 8 , o6n8LI810lllero CBOlkTB8MH ( CM. 4 ,3): 

D(B) = D(T), IIT£11
2 

=11£11 2 + IIB£11 2
, ( 4.13) 

38f!HCblB8eTCSI : 

II A f 11
2 ~ a II T f 11 2 

AnSI ¥ f r;;. D ( T ) . ( 4 .14) 

06a orrepaTopa s ® A H s (g) T orrpeaeneHbi B o6meA o6nacTH 

D ~ ~ ( D ( s ) , D ( T ) ) , rrpH'l~M, cor nacHo orrpeaeneHHIO TeHaopHoro rrpoHa -

seneHHSI, S ® T - S ® T I 0 Yla neMMbi 1 6yaeT c neuosa Th 

( 4.10), ecnH Mbl ITOK8)KeM, ' 'ITO 

II ( S 0 A ) F 11
2 

S: a <ll F 11
2 

+ II ( S ® T ) F f~ ) LinSI ;r-F r;;. D • 

npoH3BOnhHbiA BeKTOp F G- ~ (. D ( s ) ' D ( T)) HMeeT BHLl 

N 

F =If @ g" , 
pool p 

rue "r;;. D(S), gPr;;. D(T). 
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Torna N 

II (S6JA>FII 2
= II I.<S®A>< fp ®sp > 11 2 

p=l 

N 

I. ). 
p,q=l Q 

MaTpHua [(Sf P , Sf qllp,q=t, •• ,N rronO)I{HTenhHO orrpeneneHa, rroaToMy oHa 

rrpeACT8BHM8 B BHAe 

u pk u qk • TBK 'ITO 

N 

II ( s ® A ) F It 
2 

p,;: k=/ : u pk u qk ( A g p • A g Q ) 

N 
T I, 112 q=l u qk g Q = 

a l A : U pk U qk ( T g P , T g q) = a II ( S <8) T ) F II 2 ~ 
p,q,k=l 

5 a II F 11 2 
+ II ( S ® T) F 112

) • 

ilOK838HO (4.15). 

BKmo"'eHHe (4.12) IlpH BbiilOnHeHHH O.QHOro H3 ycnOBHti a), 6) AOK83bl-

B8eTCSI C IlOMOIUblO He3H8'1HTenbHbiX H3MeHeHHHo 

( 113 neMMbi 2, B 'IUCTHOCTH, cnenyeT, 'ITO TeH30pHoe IlpOH3BeneHHe 

HerrpepbiBHb!X orrepaTopOB S H A - HerrpepblBHblH orrepaTop: AOCT8TO'IHO 

B3SITh B ( 4. 12) B = 0 ; D ( S @ A ) ) D ( S €) 0 ) = H ' €) H CM,/8/). 

3. CHMMeTpH'IHoe ( TeH30pHoe) npoH3BeaeHHe onepaTopoB 

H - riinh6epTOBO npoCTp8HCTBO QJYHKUHH f ( P) • KB8.Qp8TH'IHO CYMM!py -

eMbiX no Mepe d IL ( p) ; H vn - n - 8 SI CHMMeTpHqHaSI CTerreHb IlOOCT-

p8HC TB8 j H- rHnh6epTOBO npO CTp 8HCTBO CHMMeTpHqHbiX !f>yHKUHti 

t<n>(p , •. ,p ) , KB8.Qp8THqHO HHTerpHpyeMbiX no Mepe 
I n d IL ( p I ) ... d IL ( p n) 191. 

TeHsopHoe npoH3Be.QeHHe H v m 0 H v n 
MO)I{HO peanH30B8Tb ~YHK-

UHSIMH </> (m,n) (pI • ••• P m ; 
P m+l ' • · · ' P m+n ) ' CHMMeTpHqHblNIH IlO 

P 1 ' ••• • P m H no ' ••• ' p 
m +n KB8Ap8TH'IHO CyMMHpyeMbiMH no 
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HH)I{e CHMBOnaMH THna A (m,n) Mbl 6yneM 0603HaqaTb 38MKHYTbie 

(HnH .nonycKaJOIUHe aaMbiKaHHe) orrepaTopbi c rrnoTHbiMH o6nacTs:rMH orrpe.nene-

HHSl D ( A (m,n) ) C H Vn H o6nacTs:IMH aaaqeautt R (A (m,n) ) C H v m. 

KaK cne.nyeT H3 rr.2 norronaeaus:r, Bbipa)l{eHHe A <m ',m) (8) B < n ', n > 

onpe.nens:reT aaMKHYThltt onepaTop c nnoTHott o6nacTblO onpe.neneaus:r 

D(A(m', .m) 
0 

B(n',n) )C H vm 08 vn 

H 

R (A (m ',m) ® B (n ',n) ) C H V m, G H Vn 

Qqesu.nao, qTo H 
V(m+n) H V(m '+ n '> 

cyTh ( aaMKHYTbie) no.nrrpo-H 

CTp8HCTB8 COOTBeTCTBeHHO B Hvm@ H Vn H Hvm' 0 Hvn' 

Orrpeneneaue. CHMMeTpH'IHbiM npouaseneHHeM A(m',m) VB(n',n) 

A (m ', m) 
H 

B (n',n) HaaoBeM 'IBCTb onepaTopa A (m ',m) 

orrepaTopos 

(8) B(n',n) 

npHHanne)I{BIUYJO nonnpocTpBHCTBBM HV(m+n) 
H 

H V(m'+n') 
(Onpe-

neneHHe qacTH orrepaTopa naHo B nononHeHnH, n. 1). 

fleMMa 3. EcnH orrepaTOpb! A (m ',m)y a<n ',n) H A (m ',m)* V B ( n ',n) * HMe-

lOT ITnOTHble o6nBCTH OITpeneneHHSl COOTBeTCTBeHHO B H V( m + 0 
) H 

HV(m'+n ' ) 
TO OHH ,QOITyCKBIOT 38MbiK8HHe, rrpH'IeM 

, , , * , * 
A ( m 'm ) V B ( n ,n) C ( A (m ,m) V B (n ,n) )*, 

(4.16) 

, * , * , , 
A (m ,m) VB (n • n) C ( A (m ,m) V B (n ,n) ) * • (4.17) 

lloK838TenbCTBO. Mbl BOCITOnh3yeMCSl yTBep)I{.QeHHeM (4.6). 0603H8qHM 

C ~ -A (m ',m) 0 B (n ',n) ; X = A (m ',m) V B (n ',n) - qacTb onepaTopa 

C • npuaanne)l{amas:r H V( m + n) H H V( m '+n ') nerKo suneTb, qTo 

, , , . , . 
C * 5 (A (m ,m)G) B ( o ,n)) * J A (m ,m) @ B ( n ,n) (4.18) 
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( 3TO cnenyeT H3 TOI'O, 'ITO o6a orrepaTopa 38MKRYTbi, COBII8ll810T B 

D = f'(D(A(m',m>*), D(B < n',n>* )), 

H, ITO OIIpeneneHHIO TeH30pHOI'O IIpOH3Be)leHHR 0 

( ' >* ( , , * , * A m , m ® B n ,n) = A (m ,m) @ B (n ,n) I D 

H3 BKnJO'IeHHR (4.18) c n enyeT BKnJO'IeHHe nnR qacTeti 3 THX orrepaTopoB, 

rrpHHanne)l{amHx H V( m ' +n '> H V( m + n): 

( '>* < '* y ) A m ,m V B n ,n) • 

Oo ycnOBHIO IIp8BbJH orrepaTOp 8TOI'O BKnJO'IeHHR, a , 3H8'1HT, H Y' HMeeT 

rrnoTHyJO o6nacTb orrpeneneHHR, H3 (4.6) cnenyeT, 'ITO X 

38MbJK8HHe, H ( 4, 1 6): 

X= A(m',m) VB(n',n) c Y*C(A (m',m>* vB<n ',n)* )*. 

norrycKaeT 

To'IHO TaK )l{e rronyqaeTCR ( 4.17). H3 neMMbi 2 norronHeHHR HerrocpencTBPHHo 

cnenyeT 

TeopeMa • OycTh . A (m,n) B (m ',n) , S (k, f> - 38MKHYTbie orrepaTOpbl C 

IInOTH biMH o6naCTRMH orrpeneneHHR COOTBeTCTBeHHO B H V n , H Vn , H yf 

H CO 3H8'1eHHRMH COOTBeTCT'neHHO B H Vm , H Vm', H Vk ITpli'leM 

D ( A ( m ,n) ) ) D { B ("' ',n) ) • 

s ( k ,f ) 
HerrpepbiBeH. Torna 

(3aMeTHM, 'ITO TeopeMa OCT8eTCR CilpaBellnHBOH, ecnH BMeCTO 38MKHYTOI'O 

onepaTopa A (m ,n) B351Tb llOIIYCII.810lliHH 38MbiK8HHe A (m,n ) ) • 

4. B 3aKniO'Ieime npHBeneM npHMep, KOTOpbii1 noKa3bmaeT, 'ITO nnR orpa HH'IeH

HbiX orrepaTopoB IIODTOpHbiH PHll ( 1,8) , COOTBeTCTBY IOUIHH pa3nO)I{eHHIO ( 1. 2), 

( 1,3), D006ute I'OBOpR , He CXOlli1TCSl H8 cpHHHTH blX BeKTOpax <fl • 

B KB'IeCTBe rrpocTpaHCTBa H OllH0'18CTii'IHblX COCTORHHH BbJ6epeM 

OAHOMepHOe 

CH !jlopMynaMH 

YHHT8pHOe IIpOCTp8HCTBO, (ilnR TOI'O 'IT06bi BOCIIOnh30B8Tb-

§ 1, cneaye T n Ka'leCTBe p. B3RTb Mepy, COC pe.QOTO'IeHHYIO 

I p I ) . HeKoTopoMy eaHHH'IHOMy seKTopy f ,<;;. H 

CO ITOC T 8BHM onepBTOpW a+= a+( f ) H a - = a - {f) . B rr pocTpaHcTBe R 
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cocToHHH H 6 o 3e-qacTHU BeKTOPbi I n > = ( n l l- 1/ 2 (a+ l n I 0 > SIBJIHIOTCH 

opToHopMHpoBaHHbiM 6aaHCOM. OrpaHH"leHHbiH orrepaTop C 3aaaaHM MaTpH"l-

HhiMH a n eMeH TBMH : 

< m I C I n > = ( m ! n l ) 1/2 C (m,n) 
Um.lJn,O 

rae nocneaoaa Te nbHOCTb u m TBKOBa, 'ITO 

2. 

IVm 0 100 ~I 0 m I< 00 . m m 0 

( nanpHMep, 
00 

m -t/'8 He orpaHw'leHa u =l: 
m, kll 

). m k=l 

l13 ( 1.2). ( 1.3). ( 1.4) HBXOL!HM pa3JIO}I{eHHe L!JISI C , 

C = I A (m,n)(a+)m ( a-)n, 
m,n=O 

rae 

A (m,n) :ln~,n) (-1) a cCm-s,n-~l~mt(m- s) I ]-1/2 i::Q" o [) 

s=:O s! saO s r m-s n-a,o 

noKa}l{eM, 'ITO HH llpH KBKOM k > 0 ne cymecTayeT npeaen nocneaoaa-
TeJibHO C TI! 

C I k > = l ( !, A (m,n) (a + ) m ( a - ) n ~ k > ) 
N m ::::O n=O 

npH N -> oo 
HH B CHJibHOM, HH B cna6oM CMbiCJie. npH N > k 

II c N I k > II~ I < N + 1c I c 1 
N 

k >I 

I N k (m,n) I + m - n I I . 
= l: l: A <N +k (a) (a) k>= 

m~ n~ 

N k (m,n) -1/2 . - M+k +. m - n + k 
l: l: A [( N+k)lkl] <OI(a ) .(a) (a) (a) 
m::zO n~ 

N k n) -~ ] - 1 . ., 
=ll: l: A(m,L(N+k)llc!] (N+k)lkl [(k-n)l • oN+k+n,k+n 
m~ n=O 
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I o >I= 

( paaeHCTBO N + n- m B03MO}I{HO JIHWb npH m = N , n- 0 ) 

I A (N,O) [ (N+k)! ]1/2 I = [ (N +k)! 
kl N! k! 

. N k/ ll I 
]1/ll fuNI ~ ~ I u'N 

-He. orpaHH'leHo npH N ... oo • 
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