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1. B B e a e H H e 

no HeaaBHero BpeMeHn B ¢nanKe sneMeHTapHhlX qacTHU cymecTBoaano 

. MHeHne, 'ITO TeopHH C HenepeHopMnpyeMbIMH BSaHMollefiCTBHSIMH OTHOCSITCSI 

K paapsiny HenoKanbHhIX Teopntt ( cM., HanpnMep/ l /). OaHaKo_ nocneaane 

nccnenoBaHnsr/2-7/ noKaaann, 'ITO cymecTByeT 6onbmott Knacc TaKnx Henepe

·HopMnpyeMblX B3aHMOllefiCTBHfi, .KOTOpbie MoryT 6bITb, onncaHbI B paMKaX no

KanbHbIX Teopnfi. 3aMeTHM npn STOM, tiTo KOHKpeTHaSI ¢opMynnpOBK8 IlpHH-

unna noKanbHOCTH TeopHH MO)KeT 6bITb naHa paanH'IHbIMII cnoc·o6aMH, HO 

Bcerna TeCH0 CBSI38Ha C TeMH npocTpaHCTBaMH o6o6meHHblX 1 0CH0BHbIX ¢yHK

unfi, Ha K0T0pbIX CTp0HTCSI nayqaeMaSI Teopnsr. 

flpH H3y'leHHII rrepeH0pMnpyeMbIX B38HMoneficTBHfi Tpe6yeTCSI. paCCM8TpH

BaTb rrpocTpaHCTBO o6o6meHHbIX ¢yHKUHfi yMepeHHOro _pocTa. nnsi onncaHHSI 

HenepeHopMHpyeMbIX B38HMOllefiCTBHfi Heo6xollHMO pa6oTaTb C coaepmeHHO 

HHblM IIpOCTpaHCTBOM o6o6meHHblX ¢YHKUHfi. CooTBeTCTBeHHO MeHSieTCSI H 

npocTpaHCTBO OCHOBHbIX ¢yHKUHfi. 

ileTanbHblMH nccnell0BaHHSIMH, II0CBSIIIleHHbIMH ¢opMynnpOBKe HenepeHop

MHpyeMbIX Teopnfi Ha HOBOM npocTpaHCTB0 o6o6meHHbIX n OCHOBHbIX ¢YHK

unfi aaHHManHcb il:>1<a¢¢e, MefiMaH, r10TTHHrep, E¢nMoa12- 61 • He paa6n

pasr anecb rronpo6ao nx pa6oT , MbI nnmb yKa)KeM, 'ITO ace OHH xapaKTe

pnayIOTCSI npe)Kae acero BbIXOllOM aa paMKH npocTpaHCTBa o6o6meHHbIX 

¢yHKUHfi yMepeuuoro pocTa, onpeneneaH_bIX Ha rrpocTpaHCTBe OCHOBHbIX 

cbvHKUHfi S (rrpocTpaHcTBO ll1Baoua11, 8- 101 ). B uamefi pa6oTe MbI ncnonb

ayeM To orrpeneneune ycnoansr noKanbHOCTH, K0Topoe nauo a 13-61• B orrpe

neneHHH ycnoBHSI noKanbH0CTH il:>1<a¢¢e HeCKOnbKO 0TnHqaeTCSI OT 0CTanbHblX 

aBT0p0B. 
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BMeCTO npocTpaHCTBa OCHOBHblX cpyHKUHtt S , KOTopoe ncnonb3OBanoCb 

B nepenopMnpyeMbIX Teopm1x, paccMaTpnBaeTcSI npocTpaHCTBo Z aaannTrr

qecKHX cpy11Kuntt, Ha KOTopoM onpe.oensuoTCSI cpyHKUHOHanbI 6bICTpor:o pocTa, 

xapaKTepHbie ,on51 aenepeaopMHpyeMbIX B3aHMO.llettcTBHtt. 11ccne.oyeTC51 cpyHK

UHSI fpHHa CKanspHhlX 'laCTHU, KOTopyro, KaK H aMnnHTY.llY pacceHHHSI, B aene

peHopMHpyeMbIX TeopHHX nong MO)KHO aanncaTb B BH.lle: 

00 C D 

F(x) =:£a [A (x)] 
1 n 

(1. 1) 

C 

rae A (x) - npH'IHHHaSI cpyHKUHSI fpnna cBo6o.onoro cKanHpHoro nonH. 

cI>ynKUHH, no.oo6HaH ( 1. 1), n~yqanacb, nanpnMep, B pa6oTax14)i, 11/ 

YcnoBHe noKanbHOCTH Teopnn no (3-6) npHBb.llHT K cne.oyro1nnM Tpe6oBa-

HHHM Ha KoacjlcjlnuneHTbl psna ( 1.1) 

-- . t/n 
fim I an I = 0. ( 1. 2) 
n ➔oo 

11CXO,ll51 H3 aToro ycnOBHH noKanbHOCTH, Mb! 6y.oeM B .oanbHettmeM ycTa

H8BnHB8Tb rpaHHUY M8)K.llY noKanb,HbIMH H nenoKanbHbiMH B3aHMO,llettcTBH51MH. 

B pa6oTe nocTpoeH ·,cpypbe-o6pa3 Bblp8)KeHH51 ( l.1). 11HbIMH cnoBaMH, 

onpeneneHo 3Ha'leHHe 0606111eHHOtt cpyHKUHH (1.1) Ha cpyHKUHH e 
Ip X 

npnHa.one)Kame tt rrpocTpaHCTBY OCHOBHbIX cf>yHKUHtt z • ITpe.oBapHTenbHO nm1 

(1.1) H8XOJ:lHTC51 TBKOe HHTerpanbHOe rrpencTaBneHHe, KOTOpoe IIO3BOnHeT 

6ea oco6oro Tpy,oa rrepexonHTb K HMnynbcHoMy rrpocTpaHcTey. 

HayqaroTCH KaK noKanbHbie, TBK H HenoKanbHbie HerrepeHopMHpyeMble 

B3aHMO,llettCTBHH. 11ccnenyGTC51 BOIIpoc, CB5138HHblii C HeO.llHO3H8'1HOCTbro 

npe.onaraeMott npouenypbl. BbrnCHeHo, 'ITO IIpH HenoKanbHbIX B38HMO.llettCTBH-

51X MO)KHO IIOCTpOHTb •"cpypbe -o6pas nn6o OJJ:HO3H8'1HO, nn6o C TO'IHOCTbID 

ao onHoro IIpOH3BOnbHOro napaMeTpa. CpenH noKanbHblX B38HMO.OettcTBHtt Hatt~ 

.oeH ,llOBOnbHO lliHpOKHtt Knacc TBKHX, KOTOpbie nonycKaroT O,llHO3H8'1Hbltt rrepe

XO.ll OT KOHcpHrypaUHOHHOro' K HMnynbCHOMY npocTpBHCTBy. 

Paspa6oT8HHbltt 3,ll8Cb MeTO.ll IIpHMeHHM K 6onblllOMY 'IHCny TeopHtt, 

OIIHCbIB810lllHX HerrepeHOpMHpyeMb!e B38HMO.llettcTBHH/ 12-201. 
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. ,/' 
2. HenoKanbHbie nenepenopMHpyeMbie B38HMo.aeiicTBHH 

3arrmneM .llBYXTO'le'IHYIO ~YHKUHID fpHHa B cpopMe 

<I> (x) 
m 

OO C n 
~ C(n) [ i A (x)] 

m • 
( 2.1) 

2 

Hamett OCHOBHOH 3a)W'leli 6y,oeT HOCTpoeane npeo6pa3oBaHHH ct>ypbe :3TOro Bb!pa)Ke

HHH. 1.JneH c n =1 He paccMaT~HBaeM, nocKonbKY ero "cpypbe-o6paa aaxo

.llHTCH 6e3 Tpy.oa. 

IToCKOITbKY paccMaTpHBaeTCH HenoKanbHOe B38HMO,llettCTBHe, Koscpcpn-

UHeHTbl C ( n ) IIO.ll'IHHHIDTCH ycnOBHID 

-b t/n 
·limn IC(n)I =A, 

( 2.2) 

n ➔ oo 

r.oe A eCTb HeKOTopag KOHCTaHTa, OTJIII'IHBH OT HynH, a b IIO.ll'IHHHeTCH 

ycno_BHID 2 > b <!. 0. 3To B38HMonettcTBHH, nnH KOTOpbIX MO)KHO BBeCTH 

HOHHTHe uaneMeHTapHOtt ,onHHbl f u/6/ 

BMeCTO ( 2.2) Mb! IIOTpe6yeM BblIIOITH8Hll51 ,ll8)K8 6onee CHnbHOro ycno-

BHH. A HMeHHo; uenaH cpyHKUHH f ( z) , rrpe.ocT8BHM851 CTeIIeHHbIM PR.llOM 

f( z) I, (-Un C(n) 
1 ~-

( 2 n) I 

n 
z 

non)KHa 6bITb orpaHH'leHa B HeKoTopoM ceKTope I cf, I ~f , 

HaaoBeM :3TO Tpe6oBaHHe ycnoBHeM ( 2.3). HH)K8 6y.oeT 

( 2.3) cne.oyeT ycnoBne ( 2.2). 
0 D 

( 2.3) 

I cp 
1:::::_0, z=re 

IIOK838HO 1 'ITO H3 

IlnH [ i Am (x)] HMee'J· MecTo cnenyromee HHTerpanbHoe rrpeacTae-

neHne qepe3 cpa30Bbitt o6'beM O (m) (µ.2 ) n - CKanHpHblX '18CTHU/:?1/ 
D 

C D 

[i Am(x)] = +<- l a ,n-1 j d µ.2 0<:> (µ.2)Ao/xl. 
16 tr (nm) 2 

( 2.4) -

IlnH cny'laH 6e3M8CCOBblX '18CTIIU paBeHCTBO ( 2.4) BbirnH.llHT oco6eHHO rrpocTO 

oo HC'J) (µ.y >.. l 
f dµ.2(µ.2)n-1 f 

4Dr<n)r(n-l} 0 

-n 
>.. =-------2 rri (-lt 

µ.-[r ( 2.5) 
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(2) - 2 
3L(eCb H ( µ y .,\ > - <jJyHKUHSI faHKemt, r ( n > - raMMa-<jJyHKUHSI, A=x - i8. 

1 

( 8 - 6eCKOHe'JHO ManaSI nonO)IUJTenbH8SI BenH'IHHa). B LlBnbHeii:llleM 6yL(eT 

P8CCMOTPeH HMeHHO 3TOT cuyqafi. 

Bbip8)1(eHHe ( 2.1) C Y'l~TOM ( 2.4). npHBOLlHTCSI K BHLlY 

l 00 l D 
00 

2 (m) 2 c 
<I> (x)=--I(----) C(n+l) f dµ 0 (µ) 6. (x) 

m 2 1 16 r, a [Cn+l)m]2 n+l µ 

HIIH, npn m =O, 

oo } D 

<I>0 (x) =-I(--) 
1 (4rr) 2 

C(n+U j 
T(n>r<n+l) o 

2 
dµ 

.(µ 2) l-n 

C 

·6.µ(x). 

( 2.6) 

( 2.7) 

lJT06bI npeo6pa30B8Hll8 <l>ypbe• <jJyHKUHH cl>o (x) HMeno CMbICll, BB8.ll8M 

· 2 2 
o6oe3aene no µ Macco:ll: M < 00 

r!le 

M2 .. 
oo n d u2 2 

<1>
0 

(x) =-I (-1) f ~F(n, µ )6. 0 (x), 
per 1 o µ µ 

F ( n , µ 2) • ( _e__ ) 2n 
4rr 

C(n+l) 

r (n) r ( D + l) 

Tenepb noCT8BHM nepe!l co6o:ll: 38LlB'Iy: no 3Ha'JeHHSIM F ( D , µ 2
) 

( 2.8) 

( 2.9) 

B 38Ll8HHO:ll: nocneL(OBaTenbHOCTH TO'JeK D = 1,2,3, • • • BOCCTBHOBHTb aea-

lIHTH~eCKYIO <liYHKUHIO, perynSipHyIO B npaBOii: nonynnoCKOCTH Re z >. 0 

'IHHSIIOWYIOCSI ycnoBHSIM ( z = X + i y) 

a) IF'(z,µ 2 >l<BeAlzl:(Rez ~.-o),· F(x,µ. 2 ) .. 0 (x-+ oo ) 

6) I 2 . <rr--0lil : F ( i y , µ. ) I < Be ( - oo < y < oo , € > 0 ) • 

H IlOLl-

( 2.10) 

( 2.11) 

EcnH TBKBSI ¢YHKUHSI 6yaeT nocTpoeua, TO 

B BR.Cle 

cl> (x) 
0 
per 

MO)1(ffO npe.QCTaBHTb 

6 

a-loo 

<I> (x)=.l_f 
0 
per 2 a+loo 

dz M2 2 
-- f _!e_ F ( z • µ 2) 6. 0 ( X ) 

sinff'Z·O µ2 e µ 
(O<a<l). 

( 2.12) 

3To npencTaBneHne oKa3bIBaeTcSI BeCbMa yno6HbIM nm1 no_cTpoeHHSI ·<jiypbe-06-

pa3a <jJyHKUHH <I> (x). 
0 

CymecTBYIOT p8311H'IHbie MeTOLlbl nocTpoemrn uenoii: <jlyHKUHH no ee 3Ha

qeHHSIM B 38/:lSHHOii: noc11eL1OBaTe11bHOCTH TO'JeK/22/, YcnoBHSI (2.10) H (2.11) 

AOCTaTO'IHbl AIISI OAHO3H8'IHOro BOCCT8HOB11eHHSI TaKoii: <jlyHKUHH. M bl Bb!6HpaeM 

MeTOA, OCHOB8HHblii: Ha cneL1y10meii: TeopeMe/22/: 

Teope.ua 
IlycTb n - nocne!lOBSTellbHOCTb HaTypanbHblX qncen, a f l z, /L - ) 

YLlOBlleTBOpSieT ycnoBHSIM ( 2.10) H ( 2. 11). Tor!la, npH .CIOCT8TO'IHO 601IblllOM 

q <jJyHKUHSI • F ( z • µ 2 ) MO)l(eT 6b!Tb npencTaBnena B BH.Cle 

rne 

F ( z , µ. 2 ) = 

p ( z ) 
µ 

sin rrz 
IT Z 

00 -zx qx 00 n 2 e 
{f P (x)e dx+e I (-1) n F(n ,µ. \ ---
-q µ 1 z-n 

-qn 

I. 
( 2.13) 

- ana11HTH'JeCK8SI <jJyHKUHSI, npe.C1CT8B1ISieMaSI B .CIOCT8TO'IHO .(18-

neKoii: nonynnocKocTH Re z < a pm1OM Ilnpnxne 

<l>yHKUHIO 

F(n,/L
2

) 

p (z) 
µ. 

00 D , 2 DZ 
I(-ll nF(n,µ le • ( 2. 14) 

F ( z , µ 2 ) , O.ClllO3H8'IHO BOCCT8HOB1Ienny10 no 3Ha'ieHHSIM 

C noMOIUblO TeopeMb! 1, 3an1IllleM B BH.Qe: 

µ. 2z C(z+l) . 
2 ( ·) • 

F(z,µ. l= 417 r(z)r(z+l) ( 2.9)' 
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rne, qiyHKUHSI C ( z + 1 ) B ueno•rncneHllhIX T0'IKax na peanbH0l!: rrono>KnTenb-

1101!: ocu rrpmmMaeT 3HaqeJIHSI C ( D + 1 ) • 

Ycnos1rn, rrpn K0T0pbIX crrpasenmrna TeopeMa 1, Hanara10T orrpenenennhie 

orpa11nqe11uH 11a Koaqiqinune11Th1 C ( n ) • Hal!:neM nx. 

CxollHMOCTb pHna ilnpnxne B rronynnoCKOCTR Re z < a snonne 

o6ecrreqnsaeTCH ycnosueM ( 2.2), rrpn n1060M nono:>KnTenbHOM a 

_ llpyrnM Ba>KHhIM Tpe6osanneM, rrpu KOTopoM crrpase.cmnsa qiopMyna ( 2.13), 

SIBnSieTcSI ycnosue, tJT06b1- cyMMa pSilla ilnpnxne ( 2.14) aHanuTnqecKn npo

non>Kanacb B rronocy I ·1m z I < € If 6bma orpannqena a nett. 3To ycnosne. 

Tecno CBSI3aHo c ycnosneM ( 2.11). ITocMoTpnM, KaKne orpam1qe11n:S1 0110 Hana

raeT na K03qJqJHUHeHTbl C ( n) , 

CorrocTaBHM c pHll0M llnpnxne ( 2.14) CTerrennol!: PHll, K0T0pbll!: rronyqaeTCSI 

n:3 Hero 3aMe11ol!: rrepeMeHHhIX V = e z 

=:s oo n 2 
P (v)=I(-l)nF(n,µ )v 0

, 

µ l 
( 2.15) 

Torna ycnomie orpanntJeHnocTn pSina ilupuxne ( 2.14) B nonoce I Im z I < € 

ananorH'IHO ycnOBUIO orpaHU'lellH0CTH CTCIIe1moro pSIIta ( 2.15) B ceKTope 

I q, I'<£ ( v = re lcp ) • 113 Teopun uenhIX qiyHKUHl!: H3BecTHO cneny-

10mee ( TeopeMbl <l>parMena-nenneneqia): tJT06b1 uenasi qiyHKUHH 6bma orpann

qena B neKoTopoM ceKTope, n_eo6xonnMo, qT06b1 rropHll0K ee pocTa ynosneT-

p ~ 1/2 (rrpn p= 1/2 ceKTop nepexonnT B nyq). BOpHn ycnoBHIO 

Terrepb nnH 

T~opeMol!: 2/221. 

rronyqennH ycnosn:SI aa C(n) ll0CTBT0'lH0 B0CII0nh30B8TbCSI 

·TO 

TeopeMa 2 

ITycTb P ( v) ? d 
O 

v n 
0 

- -p ' 
fimr fnM.,(r) .. u 

r ➔ oo 
p 

Ecnu 

fim ~ 1/p I anll/n = C eu p ) 1/p 
D ➔ oo 

8 

( 2.16) 

( 2.17) 

n,nao6opoT, H3 (2.17) cnenyeT (2.16).(Mi'l(r)=max!P(v) j). 

PaseHCTBo ( 2.17) B rrpnMenennn K ( 2.15) naeT cneny10mee cooT110I11e.:. 

nne 

fim D 2-b 
2 " t/n <Te · 2 I n F ( n , µ ) I = ( -2-) , ( 2.18) 

n ➔oo 

rne 2 > b ~ o , 'ITO cnenyeT H3 ycnosnSI p ~ l/2 • OTCIOita, ItnSI K03qlqJH-

unenToB C ( n) rronyqaeM 

- -b , 1/n <T 2 
fim n IC (n) I = (2 1T --) 

n ➔ oo IL 
( 2.19) 

CpaBHHBaSI rronyqeHHOe paBellCTBO c (2.2) n (2.3), Mb! BllllHM, 'ITO ItnSI 

paccMaTpnsaeMbIX H8MH Teopnl!: C nenoKanbHblMH B38HM0itel!:CTBHSIMH qiyHKUHSI 
2 

F(z, µ ) 0llll03H8'1H0 B0CCTaHaBnnsaeTCSI II0 CBOHM 3HatJeHHSIM B uenoqnc-

neHHblX T0'IKBX Ha peanbH0fi rronO>KHTenbHOfi ocn. 

11cnonb3YH Bllll qiyHKUllH F ( z • IL 
2

) • npnseneHHbll!: B ( 2.9) '. 3aIIHilleM 

<I> (x) B qiopMe: 
0

per 

a-loo -2z 
<l>o _(x)=...!_ fdz (4,r) C(z+l) 

per, 2a+,100 silurzr(z)r(z+l) 

M2 
z-1 o f dµ2(µ2) /!!,. (x). 

0 µ 
( 2.20) 

ITepel!:neM Tenepb K HMnynbCHOMY npocTpaHCTBy. ITocKOnbKY npn npnMeHeHHH 

orrepaUHH qiypbe-npeo6pa30B8HHSI K ( 2.20) BCe HHT.erpanbI a6con!OTHO CXOllSIT
o 

CH, TO 3TY orrepaun10 M0>KHO 0TH0CHTb npSIMO K /!!,. µ ( X ) •• B pe3ynb-

TaTe ltMeeu: 

i a-loo 
<l>o (p)=-fdz 

per 2 a+loo 

-2z 
(471') C( z+ 1) 

M2 

I dµ2 
sin 71' z r ( z ) r ( z + 1 ) o µ 2 - · p 2 ..: i 8 

( µ2)z-l 
( 2.21) 

Macey M2 M0>KH0 ycTpeMHTb K 6eCKOHe'IHOCTH. Torna Bbipa>KeHne (2.21) M0>K

H0 C'IHTaTb crreKTpanbHbIM rrpencTasnenneM llBYXT0'le'IH0l!: qiyHKUHH ~ o(p). 

Ono o6ecrrequsaeT yHn:TapnocTb Teopnn. 
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2 
11HTerpan no µ nerxo 6epeTcSJ

1 
H i:tnSJ clJ 

0
(p) nony-<taeTCSJ ewe 

OllHO noei:tCTBBneHHe B BHi:te HHTerpana THila MennHHa-EepHca123/ 

11 
clJ (p)=-i-2 

0 • 

a-too -l11z 
I J e 2--- dz __ 2 __ _ 

(p+i8)a+foo sin 11z 

p 
2 + i 8 z 

(4 11 )2 

C(z+I). 
r(z)r(z+l) 

( 2.22) 

OCT8BllIHficg HHTerpan CBOi:tHTCSI K cyMMe i:tByKpaTHbIX Bbl"IeTOB B uenO'IHCneH

HhlX T0'IK8X i:tefiCTBHTenbH0ii OCH. OKOH'l8TenbHO rrpHX0i:tHM K peaynbTaTy: 

I 00 • p 2 + i8 n C(n+ I) p 2 + i8 -111 ( 2.23) 
clJ

0
(p)= 

2 
~(----)---:{f.n( 

2 
e )+U'.nC(n+l)]'-'I'(n)-'I'(n+l)} 

p +i8 1 (4 11 )2 n!Cn -U! (411) 

'I' ( n) .-rrcH-cpyHKUHH 3iinepa. Ha nonyqeHHOii cpopMynhI BHAHO, 'ITO llBYXTO

qeqHaH cpyHKUHH ( 2.1) c KOacpcpHUHOHTaMH C ( n) > 0 B HMrrynbCHOM npocTpaH

CTBe aanHCbIBaeTCH qepea 3H8KonepeM0HHblH pHi:t. 3Ta cpyHKUHH HMeeT paa-

pea B rrnoCK0CTH ~ 2 
C TO'IKOfi BeTB;J0HHSI ITpH p 

2 =0. CKS'IOK Ha paa-

peae paBeH uenoii cpyHKUHH no 

CTeneHHOH pHi:t. 

p 
2 

Bbipa:lKaIO_IU0HCH qepea 3HaKorrepeM0HHhifi 

CrreKTpanbHaH cpyHKUHH, Bblp8:lK8IOir.8HCSI 3H8K0ilOCT0HHHbIM CTerreHHbIM 

pHi:tOM no 
2 

p C0OTBeTCTBY0T <PYHKUHH fpHH8 

00 C D 

X (x)=i ~C(nl[-ill.
0

(xl] 
0 2 

X 
0
(x) 

( 2.24) 

Hafii:teM <pypbe-o6paa aToH <PYHKUHH. llnSJ 3Tofi uenn rrpHBeneM ee K BHi:tY, 

rroi:to6HOMY ( 2.8) i:tnH <pyHKUHH clJ O (x) 
per. 

2 
oo M dµ2 2 o 

X ( X) = ~ J -- F ( D • µ ) fl.µ( xl • 
oper. I o µ 2 . 

( 2.25) 

10 

ri:te F ( n , µ 
2

_) i:taH0 B ( 2.9) • TTo 3TH¥ 3H8'1eHHHM M0:lKHO BOCCT8H0BHTb 

cpyHKUHIO F ( z , µ 
2

) , perynSJpHyIO B rrpaBofi rronyrrnoCK0CTH Re z > 0 

H rroi:t'IHHHIOIUYIOCH ycnoBHHM ( 2.10) :a ( 2.11). TTo3TOMY i:tmI ( 2.25) HMeeT 

MeCT0 HHTerpanbHOe rrpei:tcTaBneHHe 

2 
I M d 2 2 

X
O 

(x) = -.- J d z ctg 11z f ....!!L F ( z ,µ ) fl. 0 
( x), 

21 O "2 µ 
per. L 

( 2.26). 

ri:te KOHTYP L yxaaaH Ha pHc. 1. 4T06b! nocTpOHTb <pypbe--o6paa 3T0ii 

aenH'IHHbI, Heo6xoi:tHMO npei:taapHTenbHO K0HTyp L paaaepHyTb TaK, 'IT06bI 

oH Uien napannenbHO MHHMoii ocH a rronoce O < Re z < I • HenocpencTBeH

H0 B HHTerpane (2.26) T8KOfi orrepaUHH rrpoaecTH Henb351. Oi:tHaKO M0:lKHO 

rrpHMeHHTb rrpoMe:lKyT0'IHYIO rrpoueaypy, Hcrronb30B8HHYIO B pa6oTax11 91. 

Baei:teM napaMeTp y rroi:t aHaK CHHyca a aRaMeHaTene rroi:tHHTerpanb-

Horo Bbipa:lKeHHH ( 2.26) 

X y (x l =...!..;_ f dz 
oper. 2iL 

cos 11 Z 

sin y rt z 

-2z M2 o 
(4tr) C(z+l) fdµ 2 (µ2)z-l /l. (xl. (2.27) 
r(z)r(z+l)o µ 

TTpH y -+ I y (x) 
X o per. 

nepexoi:tHT B "-'o ( X) EcnH :lK0 rrono-

:lKHTb Y > 2, TO K0HTyp L 

Y 1 a-loo 
X

0 
(x) = -.-J dz 

per 
21

a+foo 

cos rrz 
sin yrrz 

per. 
B ( 2.27) M_0:lKH0 BbIITpHMHTb •. 

-2z 2 
(4,r) C(z+l) fdµ2(µ2) .z-1/l.;(x). 
r(z)r(z+l)o 

( 2.28) 

Terrepb cpypbe-o6paa Haxoi:tHTCSJ rrpocTo, H cpaay rronyqaeM crreKTpanbHOe 
- 2 

rrpei:tcTaBneHHe cpyHKUHH xy (p) ( M -+00) 
0 

y 1 a-too 
X (p) =-- J dz cos rrz 

O 2 i a+foo sin yrr z 

-2z 00 2 z-1 
(4rr) C(z+ll fd 2_(..:.µ_l ___ _ 

r(z)r(z+ll o µ µ 2-p 2 -i8 

11 

( 2.29) 



11HTerpnpysi: no nepeMeHHbIM µ 
2 

H z n nepexoasi: K npeaeny y = 1. 

i OKOH'laTenbHO nony11aeM ansi: 'PYHKUHH rpnHa X/Pl 

(-1) oo 2+ i8 n C(n +l) P 2 + i8 -llT ( 2.30) 
X Cpl= 2 . ~C P 2> ----(fnC 

2 
e l+[fnCCn+Ul'-'l'Cn)- 1l'fo+UI. 

o p +i8 1 (4,r) nlCn-1}1 (4n-) 

- CneKTpanbH8SI 'PYHKUHSI aaecb 
2 

CTporo nonO>KHTenbH8SI BenH'lHHa, SIBnSIIO-

maSICSI uenofi <pyHKUHefi OT p 

nocKonbKY KOa<pcjinuHeHThl C(n) nponopunoHanbHbl KOHCT8HTe CBSl3H g 

B COOTB8TCTBy10mefi CTeneHH, TO nerKO BHll8Tb H3 ( 2.23) H ( 2.30). 'ITO 

<pyHKUHH rpnHa 4> 0( P ) H X J p) HM8IOT norapH<pMH'leCKHe TO'lKH 
2 2 

eeTBneHHSI no g npn g =O. 

3. lloKBllbHbie HenepenopMHpyeMbie B3BHMo.aeilCTBHH 

PaccMOTpHM Tenepb llBYXTO'l8'lHYIO <pyHKUHIO clJ 0( X), Korna ee KO-

a<p<pHUHeHTbl YllOBneTBOpSIIOT ycnoBHIO noKanbHOCTH TeopHH 

. fim I C { n ) I l/n = 0 ( 3.1) 
n ➔oo 

YcnoBHe (3.1) H8XO/:IHTCSI B npoTHBope'lHH C ycnoeneM (2.18). TToaToMy 
2 

B ll8HHOM cnyqae no 3H8'l8HHSIM F(n,µ ) HenbaSI O/:IH03H8'lHO BOCCT8HO-

BHTb aHanHTH'leCKYIO 'PYHKUHIO, perynsi:pHyIO B npaBofi nonyniioCKOCTH Re z > 0 

n yaoeneTBOpSIIOIIIYIO ycnoBHSIM ( 2.10) n ( 2. 11). 

Mb! orpaHH'lHMCSI Hay11eHHeM TaKHX noKanbHbIX B38HMOJ:lelicTBHu, B KOTO

pb!X I C{n) I t/n CTpSMHTCSI K Hymo, KaK HeKoTopasi: K0He11aasi: o6paTHasi: CTe

neHb D 

- It . 1/n 
f.im D I C (n) I -=A, A>O, k>O. 
n➔oo 

( 3.2) 

12 

t 

i 
I 

' ~ 
I 

l 
\ 
I 
I 
' I 
' 'f I 

:( 

I 
I 
! 
:] 
' 

3To orpaHH'l8HHe He Bb!B8/:18T HBC aa paMKH HaH6onee HHTepeCHbIX' cny11aeB 

noKanbHbIX Henepe~opMHpyeMbIX B38HM~J:lefiCTBHfi ( CM., HanpHMep,/ 13-20/). 

nnsi: <pyHKUHH clJ 0( X) C K03!p<pHUH8HT8MH7 yaoeneTBOpSIIOIIIHMH ycnOBHIO 

( 3.2), Mb! npeanaraeM cneay10my10 npouehypy nepexoaa K HMnynbCHoMy npocT- · 

p8HCTBY, 

2 
BseaeM B F (n , µ ) napaMeTp y 

2 µ 2n C{yn+l) 
F {n,µ ) ={~) rCy11lP{yn+l) y ( 3.3) 

2 
TTpn y =1 Fy(n;µ ) 

2 
nepexoanTB F(n,µ). Ycnoene (2.18) enpnMe-

HeHHH K F y { D , µ ) Bb1rnsi:anT cneay10runM o6paaoM: 

-· 2 - Iii • 2 l_/n u e 2 
fimn 1nF (n,µ )I ={--) 
n➔oo y 2 

(2>b2:_0), (3,4) 

OTKyaa ansi: KOa<p<pHUHeHTOB c < y n l nonyqaeM 

1/n b+2Cy-1) e u y Y 2 
IC(yn)I. ➔ n [2ir--{-) ]. 

µ e 
n ➔ oo 

(3.5) 

Bb16npaSI napaMeTp y TaK, 'lT06bI OH ne>1<an B HHTepeane O < y < l..;. b/2. 

MO>KHO 'ao6HTbCSI Toro, 'ITO ycnOBHSI (3.1) n (3.4) 6yayT yaoeneTBOpeHbl 0/:IHO-
· · 2- b 
epeMeHHO, (Ha (3.2) n (3.5) cneayeT y= ---- ). 

2+k 
nocKonbKY ycnoBHe (3.4) BbmonaeHo, no aHa'leHHSIM F ( D , µ. 2 ) MO>K-

y 2 
HO Tenepb y>Ke BOCCT8HOBHTb aHanHTH'l8CKYIO cjiyHKUHIO F y ( z , µ. ) , . pery-

nsi:pHyIO a npaBoli nonyrmoCKOCTH n YllOB~eTBOpSIIOIIIYIO ycno"Blrn_M ( 2.10) n 

( 2.11). 3To 03H8'l8ST, 'ITO ansi: cyMMbl psi:aa, qepea KOTOpblfi Bblpa>1<aeTCSI 

<pyHKUHSI 
y 

4> o {x), 
per. 

4> y 
0 
per 

oo n M2 dµ 2 2 c 
{x) =-~ (-1) f -· - F {n, µ ) a {x) 

0 µ2 y µ 

MO>KHO H8ITHC8Tb HHTerpanbHOe npeacTaBneHne 

13 

( 3.6) 



Y . a-loo 

<I> (xl=-
1

- fdz 
0 2 
per a-Hoo 

-2z 
( 4,r) 

sin ff' z 

M2 

C(y z +ll ddµ2(/lz-1 

r(yzlr(yz+ll 
8)x> ( 3. 7) 

y 
<l>yHKUllll <I> (x). npeLICTaBneHHBll B cpopMe (3. 7). nerKO aan11Cb1Ba-

Oper ·. 2 

eTCH B IIMnynbCHOM npocTpaHCTBe ( M ➔ oo ) H Mb! cpaay nony<1aeM 

cneKTpanbHoe npeucTaBnea11e unsi <t>Y (pl 
0 

(3.8) 

y . a-400 

<I> ( p ) = -'- f d z 
O 2 a-Hoo 

-2z 
00 

(µg)11-l 
(4,r) C(yz+ll fdµ2 _____ _ 

sin ITz r( yz )r(yz+l) 0 /L 2 -, p 2-i l; 

HHTerpanbI no /L 
2 

11 no z nerKo 6epyTcsi. ·nonarasi Y =1, Mb! 

CHOBB IlpllXOLlllM K cpopMyne ( 2.23). 

PaCCMOTpllM Terrepb Bb!palKeH11e ( 2.24). <l>opMyny ( 2.25) MOlKHO rrepe-

nllC8Tb T8K 

2 
00 DM dµ2 2 0 

X {x),.::£(-1) f --D( n,µ )6, ( x), 
o per I o /L 2 /L 

( 3.9) 

rue 

2 2 
D(n,µ )= cos rrn F(n,µ ). ( 3. 10) 

BBeueM napaMeTp Y B D(n,µ
2

) 

D (n,µ
2
l•cosrrynF (n,µ

2
). 

y y 
( 3. 11) 

HeTpyLIHO y6eLIIITbCH, 'ITO napaMeTp y MOlKHO Bb!6paTb T8KIIM o6pa30M, 
2 

'IT06b! nony'IIITb B03MOlKHOCTb BOCCTBHOBIITb cpyHKUIIIO F y ( z • /L ) no 

F y ( n • " 2 ) II Bb!IlpHMIITb KOHTYP B IIHTerpane ( 2. 26). 3an11weM 

cpyHKUIIIO O ( z, /L :I ) B cpopMe 
y 

14 

,. 
2 

Dy(z, I' cos IT y z ( J!:_) 2 z 
411 

Torua LinH rrapaMeTpH3OB8HHOH ¢yHKUHH 

uy10mee HHTerpanbHoe npencTaaneHHe 

C(,tz+ 1) 

,r(yz) rlyz+l) ( 3. 12) 

X y (x) MOJK:HO aarrncaTb cne-
0 

per 

Y G-loo -2z M2 (3 13) 
Xo (x) ,._1 ___ f dz cos 11yz (4 IT) C ( y z + 1) f di' 2(112 ,z-1 ~ ;ex) • 

per 2 l a+!oo sin IT Z r ( yz ) r ( Y Z + 1 ) 0 w 

4>yphe-o6paa ,/ix) 
0 

2 
HMeeT BHLI (M ➔ 00) 

1 a...foo 
Xy (p) =-. f dz 

0 2 1a+!oo 

cos IT y z ( 4 ,r )- 2z C ( y z +l) jd/12 (112)z-l ,(3.14) 
0 /12 - p2- i 8 sin IT Z r ( y Z ) r ( y z + 1 ) 

\3Ty -¢opMyny MOJK:HO C'IHTBTb crreKTpanbHb!M rrpeucTaBrieHHeM x~ ( p) •. 

ITocne B3HTHH HHTerpanoB H rrepexona K rrpeueny 

JK:eHHe ( 2.30) • 

y = 1, nony'laeM Bb1pa-

Bee, 'ITO ObinO CK838HO B paanene 2 OTHOCHTenhHO HeaHanHTH<iHOCTH 

LIBYXTO'le'IHbIX. ¢YHKUHH no KOHCT8HTe CBH3 H g , B rronHofi Mepe OTHOCHTCSI 

II K noKanhHblM HenepeHopMHpyeMblM TeopHHM. 

CneKTpanbHb!e ¢YHKUHH B OOOIIX cny'IBHX HMelOT cymeCTBeHHO OCOOb!e 

TO'IKII rrpH 6ecKOHe'IHb!X HMrrynbcax. PaanII'IHe noKanbHblX II HenoKanhHb!X 

B38HMOLieii:CTBHii: COCTOHT B TOM, 'ITO, ecnII B nepBOM cny'lae cneKTpanbHaSI 

$YHKUHSI pacTeT Ha 6ecKOHe'IHOCTH BO Bcefi p 2 rrnoCKOCTH, TO BO BTOpOM 

cny'lae oHa HMeeT o6naCTb, 38BHCHmy10 OT BenH'IIIHb! b • B KOTOpofi OHa' 

yob!BaeT. IlmI Tex B38HMOLieii:cTBIIH, rue Koa¢¢IIUIIeHTbl C (n) Bb!paJK:aIOTCSI 

CTeneHHb!M o6pa30M qepea raMMa-¢yHKUHH, ¢YHKUHH ct>o<P) H Xo(p) ecTb 

G -¢YHKUHH Maiiepa. Hx rroaeneHHe B rrnocKOCTH p 2 xopowo II3BeCTHo/ 23/. 

15 



4. llpo6neMa oano3naqnocTH MeToaa 

BBeA0HlI0 npoMe:lKyToqHofi napaMeTp1I38UIIII, Heo6xOAIIMOfi nplI nocTpo-

0HIIII cpypbe-·o6pa30B cpyHKUIIfi cl> ( X) 
0 

II Xo(x) B noKa:JbHblX TeOplIHX, 

a JlmI x
0

(x) II B HenoKanbHhlx, BneqeT sa co6ofi noHBneHIIe onpeneneH-

HOfi H00AH03HaqHoCTII. Onm11eM ee Ha nplIMepe noKanbHbIX B331IMO/l0llCTBIIfi. 

Koa¢cfniu1IeHTbl C ( n ) , qepe3 KOTOpbie BbJpa:lKaIOTCH cpyHKUIIII ct>o< x ) 

II'X,
0
(x), MO:lKHO 38nlIC8Tb B B1Ill0 

C ' ( n ) = C ( n) + a ( n ) sin 11 n • 
( 4.1) 

QqeBIIllHO, 'ITO C ' ( n ) = C ( n ) II qiyHKUIIII cl> ~ ( x) II X ~ ( x ) , BbIPB:lK0H-

Hbie qepe3 HOBbl0 KOScp!plIUII0HTbI, He II3M0HSIIOTCH. 0JlH8KO nplI BBeAeHIIII 

napaMeTpa y paBeHCTBO C '( n) = C (n) HapyrnaeTcsi, II, nocne B03Bpa-

meHIIH K 3HaqeHIIIO y ~= 1, ·¢ypbe--o6pa3bI cl>~ ( p ) II X 1
0 ( P ) 

paBHbl0 0Tn1IqaTbCH OT npe:lKHIIX Ha uenb1e ¢YHKUIIII no p 2 , 

2 

A ( p 2 ) = 1 - i (- l t ( _P_~ ) n a ( n + 1 ) 
p 2 + i8 1 ( 411) :i nl ( n -1} I 

llnH ¢YHKUIIII <Ii; ( p) II 

(-1} 
B ( p 2) = -r-;-<> 

p + 1 U 
I < 1 --

llnH IPYHKUIIII X ~ ( p). MHIIMbie 'IBCTII 

n 
) 

a (n +l) ----nl(n-1)1 

cl>o(p) II Xo(p)' 

II cneKTpanhHbJe qiyHKUIIII, onpeJlenHIOTCSI OllH03HaqHo. 

6ynyT 

(4.2) 

( 4.3) 

a 3HaqlIT0 

B HenoKanbHbIX Teop1rnx ll>o(p) onpene1rneTCH OllH03HaqHo, II npOII3BOn 

B onpelleneHIIII 'X, O ( p) MO:lKHO CBeCTII K OllHOMy HeonpelleneHHOMY napaMeT

py, nplIMeHHH MeTOJl aHan1IT1I<1eCKoro npoJlOn:lKeHIIH no KOHCTBHTe CBSl31I K 

Bb1pa:lKeH1IIO ( 2.23). TToKa:lKeM aTo. 

3anlillieM K03cp!plIUII0HTbl C ( n) B ¢opMe 

C ( n ) = ( g :i ) n h (n ) • ( 4.4) 

16 

Torua ( 2.23) np11H11MaeT BIILI 

g 2 .. 
flio<P> ••------l: (- g2 

p2 + i 8 I 

p 2 + i8 -C41d" 

n h(n+l) 
) 

~l(n- 1 ) I 

+ (!'nh(n+lll'-'P(n)- 'P(n+l)}, 

I l'n(g 2 P
2
+i 8 -in: 

(417)2 e l+ 
(4.5) 

Aaan11Tl!'recK11 npouomKaSI ( 4.5) no g 2 

g2 . 2 
II Y'IIITb!BaSI paapea B nn0CK0CTII g • 

LIO 0TpnuaTenbHbJX 3H8'IeHIIH 

nonyqaeM 

XO ( p) ;_ a fl) 0 ( p 2 g 2 e 117 ) + ,8 fl) 0 ( p 2 g 2e -117) , (4.6) 

rae napaMeTpb1 a n ,8 . /19/ 
yaoBneTB0pS!IDT ycnoBIIS!M 

a+,8=1, Re (a - fJ) = o. 
( 4. 7) 

nocneaaee ycnoa11e cneayeT na yanTapaocTn. OKOH'IaTenbHO nonyqaeM 

() g
2 

~( g
2

(p 
2

+ i@)n h(n+l) (D( 2 p 2 + i8 11(271-0 
X P = - -..:a.--..,. ----- -----· m g ......., ___ e ) + 

O p
2

+i8 1 (417)
2 

nl(n-1)1 (417) 2 

+ (fnh(n +l l)' -'l'(nl- 'I' (n + 1) I. 

rue 1/.- eunHCTBeHHbiii napaMeTp, 'Iepe3 K0T0pblH Bb!p8)K!IIDTCSI a 

,8 . C y'It\T0M ( 4. 7)" 

(4.8) 

II 

a = 1/2 - i 7/ , /3 = 1/2 + i 17 • (4.9) 

17 



11TaK, B HenoKanbHblX Teopm1x npeo5pa30B8Hlie ct>ypbe llBYXTO'le'IHblX 

'PYHKIUiil: yaaeTCSI npoBeCTH nH5o OllH03H8'1HO, nn5o C OllHHM ueonpeaeneHHbIM 

napaMeTpoM. B noKanbHhlX TeopHSIX B03HHKaeT qiyHKUHOHanbHasr ueonpeaeneH

□ (4) HOCTb. B X - npocTpaHCTBe OHa HMeeT q>OpMy A ( ) l, ( X ) HnH 

B CO) S({)(x) H noKannaoBaua B X =O. 

Tioao5HaSI HeO)lH03H8'IH0CTb onncana B pa6oTaX f10TTirnrepa1'4;5 ; 

H n,Kacpcpe1241 , II0CBSillleHHblX accneJJ.0BBHHIO HerrepeuopMnpyeMblX B38HM0aeil:CTBHH. 

OauaKO OK83bIBaeTcSI, 'ITO H cpeaH noKanbHbIX uenepeHOpMHpyeMbIX 

B38HMO)leil:CTBHH cymecTnyeT ll0CT8TO'IHO llIHpOKHH Knacc TaKHX, KOT0pb18 

aonycKalOT OllH03H8'1HOe . nocTpoeHHe ·. <pypbe-o6pa3a llBYXTO'le'!HblX qiyHKUHH. 

Ileil:CTBHTenbHO, sanHUieM ct> 
0 

( x ) B BH)le 

<t> ex>= ii 
0 l 

C(n+l) 

.( 2 IT ) 2 ( n + l ) 

I n+l 
----) 

x 
2 

- iS 

( 4.10) 

BBOllSI npoMe,KyTO'IHYIO perym1pH38UHIO amI rrponaraTopa x2 _ i S TaKyIO, 

'IT05bl MO,KHO 6bmO IIOCTpOHTb <pyphe- o6pa3 nro6oil: ero CTeneHH, nepexoa:tiM 

K HMnynbCHOMY npocTpaHCTBy (perynSipH38UHSI 6ya~T KOHKpeTH3HpOBaHa B 

aanhneil:UieM). 

(llo 

00 

( p) = i ~ 
l 

per 

C(n+ I) 

( 2 
77 

) 2 (n+'i> f d 
4 

x 

lpx 
e 

( x 2 - i l,) n + l 
per 

( 4.11) 

PaccMOTPHM He<pH3H'18CKYIO o6naCTb p 2 < 0 H Bb16epeM CHCTeMy KOop

llHHaT, rae p = I o, p I . Tora.a MO,KHO rrepeil:TH K eBKnHJJ.OBoil: MeTp11Ke1 19/ 

H KOHKpeTH3HpOB8Tb perynsrpH38UHIO BBeJJ.eHHeM o5pe3aHHSI 1IpH ManblX ,\(.\=-x2) 

I 00 n 
ct> 0 (p) = --. -~ (-1} 

per I Pl 1 

-- ~' ··~------.--

C( n+ I) j dH-n 1
1

(1 j,fy,\ l • 
(277):ln £2 

18 

(4.12) 

BoccTaHOBHM 'PYHKUHIO cf, ( z , ,\) , perynsrpHyIO npH Re z > 0 H YJJ.OBneTBOpSI-

101uy10 ycnoBHSIM ( 2.10) H ( 2.11), no ee 3Ha'!eHHSIM cf, ( ~ , ,\ l 

C ( n +>I) 
cp(n,.\) 

[(277)2 ,\]n 

3TO MO,KHO cnenaTb, ecm1 k B paBeHCTBe (3.2) ne,KHT B o6nacTH 

O<k<2. 

Torna nnsr (4.12) HMeeT MecTo HHTerpanhHOe npeJJ.cTaBneHHe 

• a-loo 
cl>

0 
(pl=-•-.. f dz 

per 4 I P la+ioo sin 77 z 

C(z+ll 

(277)?1'z 

00 -z -
fd,\,\ ~1<IPlv'.\). 

£2 

. 2 

(4.13) 

( 4.14) 

( 4.15) 

B 9TOM Bblpa)KeHHH MO)K}IO nepeil:TH K npeneny f ➔ 0 H B3SITb HHTerpan 

no >. H no z 

cl> (p)a (-1} I(JL) :In C(n + l) , [fa ( J!.L / + ( fa C (n +I)) '-'I' (n)-'P(n+ll] ( 4.16) 
O !Pf l ·4,r I'(n) r<n +ll 411 

AHanHTH'!eCKH nponon)KaSI 9TO Bblpa)KeHne no p
2 

TaK, 'IT06bI BblHTH H3 He-

q>H3H'leCKOH o6nacTH p 2 < O na BepXHHit 5eper paspesa p 
2 + i l,, 

rronv'laeM y)Ke H3BeCTHblit uaM pesynbTBT ( 2.23). 
AHanorH'IHYIO npouenypy MO,KHO npoBeCTH H AnSI <pyHKUHH Xo(x). TOnbKO 

TaM cneayeT paccMaTpHB8Tb CH8'Iana qJH3H'I8CKYIO o5naCTb p 
2 > 0 H Bbl'IHC-

nSITb MHHMYIO H neitCTBHTenbHYIO '18CTH cpyHKUHH )( 0 ( X) pasnenbHO. 

11TaK, Mb! BllllHM, 'ITO n llOBOnbHO llIHpOKOM Knacce noKanbHblX uenepe

HOpM11pyeMblX B3BIIMOJJ.efiCTBHit B03MO)KeH OJJ.H03H8'lHbIH nepexoll .OT KOHq>Hrypa-

UHOHHOro K HMnynbCHOMY npocTpaHCTBy. 
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5. Cny•IBii MBCCOBbIX '-IBCTHII 

il1rn. M8CCOBbIX 'IBCTHU Mbl HafiJ:leM 8CHMnTOTll'i0CKO0 Bblp8)K0HH0 llJIH 

llBYXTO'i0'iHOH cpyHKUHll rpnHa B nMnynhCHOM npocTpaHCTBe npu p
2 ➔ oo 

B cnyqae noKanbHOro HerrepeHOpMHpyeMoro B38HMOll0HCTBHH. 

PacCMOTpHM cpyHKUHID 

BOpHIDlllHMH ycnoBHID ( 3.1) 

X (x) 
m C K03qJqJHUH0HT8MH C ( D ) • YllOBneT-

I oo 
)('.. ( x) =-~ (-It 

m 2 1 

oo 2 (m) 2 o 
COSITD C(n +I) J d µ on +1 ( µ ) 6. µ (xl. 

(16 IT 
3

) n [ (n+ 1)m]2 

( 5.1) 

2 
TiocKOnhKY HBC HHTepecyeT 8CHMIITOTHK8 )('. m(p) rrpn p ➔ 00 , TO, K8K 

3TO BllllHO, HanpHMep, H3 qiopMynhI l 3.14). OCHOBHOil: BKnaa 31l8Cb aaeT 

HHTerpan no µ 
2 

B o6naCTll 6onbillllX 3H8'10HHH µ 2 
ITosToMy MO:)KHO 

ncnonb3OB8Tb cneay101uy10 npu6nll)K0HHYIO <popMyny 

rae/25/ 

oo n oo dµ2 2 
X (x) .. ~ (-1) J -- R (n, µ ) 6. ~ (x) , 

m 1 4m2 µ2 

µ 2n C ( D + 1 l 
R(n, µ.2) = costrn ( ~) r(n)r(n+l) II+ n(n-1)(~)

2 
X 

µ 

x [fn( __!!!_) 
2 + 'l'(nl+'P(n-1) -'1'(1)""."'P(2)]1. 

µ 

( 5.2) 

(5.3) 

Bao.1111 rrapl.lMeTp Y n nponenbrnas onepaunn. onncaHHbie B qacTu 3. nonv

•rneM ans ·<pyphe--o6pa3a 

a-loo 
Xy(p) .. _I __ J 

m 21 ~loo_ 

dz 
sin rrz 

00 

J 
4m2 

20 

dµ 2 

µ 2 

Ry(z , µ 2 ) 

2-Jp -i8 µ -
( 5.4) 

·I 

\ 

HHTerpupyH ( 5.4) no µ 2 
n no z n nepexoAH K npeaenaM y =1, 

p 2 >> m 2 
' Mbl npHXOllHM K Bb!pa»ceHliID, 6nn3KOMY K <popMyne ( 2.30). Pa3-

HHUB M0)KllY HllMH 6yaeT TeM M0Hbille, '10M 6bICTpee y6bIBBIOT K03<p<pHUll0HTbl 
• 

C ( n ) npn n ➔ oo • 

6. llpHMepbI B38HMo.aeilCTBHli 

ilnH nnnrocTpaunn pa3pa6oTBHHOI'O H8MH M0TO1l8 paCCMOTpnM H0KOTO

pbl0 KOHKpeTHbl0 HenepeHopMHpyeMbl0 B38HMOll0ii:CTBHH. 

BoabMeM CHB'iana nceBllOB0KTOpHoe B38llMOll0ii:C~Bne CIIHHOpHoro nong 

'I' (x) C nceBllOCKBJIHpHblM M03OHHblM noneM cp ( x } 

V 

L c x > = L 
O 
c 'P c x >. ct,< x > > - i g : w c x > r 

5 
r.., w c x > a ct, < x > : , ( 6.1) 

rae LO ( 'P (x) • cf, (x) ) . - narpaH»cllBH CB060llHblX nonett. YHnTapHblM 

npeo6paaoBaHneM/20/ 

'I' '(x) = exp{- gy
5 

,p(x) l'l'(x) ( 6.2) 

narpaH»cHBH (6.1) npHBOllHTCH K BllllY 

m - -2sn1 cp(.x) 
L ( x) = L

0
( 'I' '(x) , q,(x)) - 2 : 'P'(x) e 'I' '(x): ( 6.3) 

3nech L
0

('1''(x), q, (x)) - CB060llHbI:il: narpaH)Kll8H C 6e3M8CCOBblM 

CIIHHOpHbIM noneM, a 3H8K HOpMa~bHOI'O nponaBeaeHHH B (6.3) OTHOCHTCH 

Jlllllib K CilllHOPHbIM nonHM. 

ilBYXrO'i0'iH8H <pyHKUllH rpHHa, K8K ll 8MilJIHTYllB p8CC0HHHH CK8JIHpHblX 

'IBCTHU BO BTOpOM nop
0

HllKe no m , Bbipa»cBIDTCH qepe3 cpyHKUllIO F (x) /19/ 

F(x) 
,2 0 0 2 0 

iC(gln) Sp{S (x)S (-x>lexp{-i(2g} .:\µ(x)I, 
( 6.4) 
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ri:te s 
O (x) - nponaraTop CB060AHOI'O 6e3M8CCOBOI'O CilRHOpHOI'O nom1, 

m ' ,. m exp I i 2 g 
2 /!,. ; ( 0 l I , a C - KOHCTaHTa. TTonaraR R MaCCbI cKansip-

HbIX '18CTHU paBHbIMII nymo, nonyqaeM i:tnR F(x) 

F(x)=iC 
2 ( 1:an O n 

(um') I(-lln 2g [il::.o(xl]. 
s' a I'Cn -2) 

4>ypb0-06pa3 3TOI'O Bb!p8lK0HRR paBeH ( K. = ( J_ )
2 

) 
217 

F(pl=-CK.m' 2(p 2 +i8) I 
0 

[ K. { p 2 + i a) ]D . I fn [ K. ( p 2 + i a ) e -117 J -
nl(n+ l)l(n+2l I 

- 'l' ( n + l) - 'l' ( n + 2) - 'l' (n + 3) I. 

( 6.5) 

( 6.6) 

3TOT pRA MOlKHO ·aam,caTb •1epe3 nonycyMMY G .:. cpyHKUHll Mafiepa/23/ 

20 2 20' 2 -12111 
G

03
(K.(p +iBlll,0,-ll+G

03
(K.(p +iB)e l,0,-1), 

8 MHHMYIO '!8CTb· qepe3 
10 2 

G 
03 

( K. ( p ) I l, 0, -1 ) • 

OH8 3KCilOH0HUH8nbHO pacTeT 

~m F(p),. c' exp(3 ( K p2)1/3 

p2➔ 00 { K. P 2 l 1/a 

TTpH p 2 ➔ oo 

(6.7) 

8 K8'10CTB0 BToporo npHMepa Mb! npl1B01l0M Bblp8lK0HR0 nm1 EeTe;..con

nRTepOBCKOll aMnnHTYAbI pacceRHRR cpepMHOHHbIX qacTHU A + A ➔ A + A 
/4,5/" 

KOTopasi 6bma Hafineaa rroTTlmrepoM· · (Llnt(xl=gj A(xl j
8

(x), j A(x) .. 

:WA(x)y 'l' (x):, m =m =0, s=(p +p )2 = 0), 
5A A B I 2 

(6.8) 
'l'F(x l =a){ F(x) + bqJ_F(x) 
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I 
l 

ri:te 

X ( x l ,= e x p { -
F 

v'""i"" 
X :a - i 8 

l, <I> ( x ) = exp { yg 
F x 2 -i8 

Torna nnR nceBnocKansipHofi rrpoeKuHH T aMIT.'IHTYAbl 

Cr = s p I i r t/4 l l 
5 

T =T (p,pl= 
X X 

.!..[___.fd 4x exp(ixLI V~(x)x (x)= 
4(211) 3 2 " F 

= ig(2rr)3 f d
4 x exp(ix ..LI (i~~(x)) 3 exp {-i(2rr)

2 yg ~~(xll 
• 2 

( 6.9) 

( 6. 10) 

( p = P2-P I p'= ~Pa 
2 - VF ( X ) - .ITOTeHuHan) Mb! rronyqaeM 

Bb!pa)KeHHe, O'!eHb 6JIH3KOe K ( 6.6) 

7. 3 a . K n 10 q e H H e 

I1TaK, paapa6oTaHa yHHTapHa.lI rrpouenypa rrocTpoeHIIR cpypbe- -o6paaa 

LlBYXTO'l0'!HblX cpyHK~HH fpHHa B TeopH.IIX C HerrepeHopMHpyeMbIMII B3aUMO

nelicTBIIRMH. HalineHbl crreKTpaJibHble rrpencTaBJieHH.II 9TIIX ¢yHKUHfi. OrrucaHO 

ITOBeneHHe crreKTpaJibHb!X cpyHKUilfi rrpu 60JibllIIIX 3HB'l0HHRX IIMIIYJibCOB. 

PeaynbT8TbI, rronyqeHHbie 3/leCb AJIR 110K8JibHblX Teopnfi, HeCKOJibKO 

6mr3KH K TOMY, '!TO nonyqan froTTHHrep
14•5/ Oi:tHaKO HMe!OTC.II rrpHHUHITHaJibHbJe 

OTJIH'IH.II, Mb! rrpHXOAHM K HeaHanHTH'!eCKOH 38BHCHMOCTH ABYXTO'!_e'!Hb!X ¢YHK-

UHH OT KOHCTaHTbl CBR3H B HMITynhCHOM rrpocTpaHCTBe, qero HeT YITOM.II-

HyToro aBTopa. 3To - cnencTBIIe Toro, '!To Haiua rrpouenypa rrpnMeH.HeTc.lI 

K ABYXTO'!e'IHOH ¢YHKUHH fpHHa KaK K ei:tIIHOMy Bb!pa)KeHH!O, B TO BpeMR, KBK 

npoueaypa, paapa6oTaHHasi B /4/, neficTByeT Ha Ka)K/lbIH rropRAOK no g 
2 

neaa

BHCHMo, '!TO paapyrnaeT CTpyKTypy BCefi <fJyHKUHII, Mb! C'IHTaeM, '!TO HeaHa-

nHTH'!eCKaR 3UBHCHMOCTb qJH3H'!eCKHX BerrH'IHH OT KOHCTBHTbl CB.II3Il-
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I 
I 

xapaKT0pHaH qepTa Bcex HenepeHOpMHpyeMbIX TeopHfi /7, l 9, 26, 27 /. 

/4 5/ 
KpoMe TOrO,B pa6oTax • cjJaKTH'l0CKH He ycTpaHeHa cjJyHKUHOHanbHBH 

H0O1lHO3H8'1HOCTb, BO3HHKa10masr npH nocTpoeHHH cjiypbe-o6paaa llBYXTO'10'1HOfi 

cjJyHKUHH fpHHa. 

B aaKnJO'l0HHe aBTOP BbipaJKaeT rny60Ky10 npH3HaTenbHOCTb npocjJ.n.H.Eno-

XHHUeBy aa BHHM8HH0 K pa6oTe, P.neH'l0BY, r.B.EcjJHMOBY H H.TollopoBy aa~ 

none3llbl0 llHCKYCCHH. 
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