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BaeaeHHe 

M3aec THo, 'ITO B KnaccH'IecKoi% TeopHH pacceRHHR B onpeneneHHOM Knacce 

c<jlepH'!eCKH CHMMeTpH'IHbiX noTeHUHanoB CYIUeCTByeT RBneHHe op6HTHpOBBHHR 

/1-5/ 
orbiting ) • CymHOC Tb :nora RaneHHH COCTOHT B TOM, 'ITO pacceHBBeMaH 

'18CTl!UB B38l!MOllef1cTByeT C pBCCe HBB!OlllHM UeHTpOM TBKHM o6pa30M, 'ITO, npH6nH-

3 HBLUl!C b K 3 TOMY UeHTpy, COBepwaeT BOKpyr Hero HeKOTOpOe 'IHCnO 060p0TOB, 

noc ne •Iero ynanHeTCH na 6ecKoHe'IHOC Tb non HeKoTOpb!M Ha6n!OnaeMb!:IA yrnoM pac

ce <!HIHI. TaKHM o6pa3oM, B3BHMoneiicTBY!OlllHe 'IBCTHUbl MoryT HaxonHTbCST nnuTenb-

HOe BpeMST BO B3Bl!MOlleHCTBl!l! 1 'ITO l!On~HO COOTBeTCTBOBBTb HeKOTOpOMy pe30H8H-

C f!OMY CO C TOSTHH!O C onpeneneHHbiM BpeMeHeM lKli3Hll. 

B o6u!eM cnyqae op6nTHpoBaHHe npoucxonHT Torna, Korna 3<jl¢eKTHBHaST noTeH-

unanbHaST 3HeprHST 

U (r) U ( r ) + 
eft 

2 
M 

2 m r 2 

(I) 

rne U ( r ) - noTeHuuan B3BI!Monei1cTBIIST, M - MoMeHT nana!OU!eii 'IBCTHUbi, m -npu

BeneHHaR MBCCB HMeeT XOTR 6b! Olll!H MBKCHMYM (6apbep) H 3Hepi'HST nanBJOIIIeii 

/3,4/ 
'WCTHUbl 6nH3KB K BenH'IHHe 3TOI'O 6apbepa 

Ycnoaue cymecTBOBBIIIIST MBKCI!MyMa 3!jxpeKTHBHoi1 noTenuuanhHOii 3HeprHH B 

TO'IKe r 
B 

HMeeT BHll : 
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d U • f f (r) 

d r 
r=r 

R 

0. 

2 
d u.rr (r) 

d r 2 

< 0. 
(2) r =r 

B 

E c nH y cnoBHH ( 2) Bb!TIOnHeHbi, To U 
8 

ff ( r) B61!H3H TO'IKH r 
R 

B KOTOpOii HMe-

e TC H M 8 KCHMYM E B' MO>KHO p83110>KHTb B pHil no CTeneHHM ( r - r B ) , c oxpaHHH npH 

3 TOM '!lleH b l B TOpOrO nopHilK8 M8·1JOCTH, T , e, nOliO>KHTb 

U (rl=E [1 (r -r )2 
err - B 

B 

2 
d u. ff (3) 

p2 p2 2E6 d r 
rm r 

B 

H npoBe CTH HCCnellOBAHHe HBn eHHll npH 3HeprHSIX, 61!H3KHX K BenH'IHHe 6apbepa E B 

c npH6mnKeHHeM ( 3) llliSI U err ( r l . 

Y6ellHMCSI cHa'!ana , 'ITO B KnaccHqecKoM paccMOTpe HHH 'IBCTHua c aHeprHeii 

E ~ E B BpamaeTCSI BOKpyr paCCeHBa~mero ueHTpa , no H3BeCTHOll ¢QpMyne KlldC -

C H'!eCKoil MexaHHKH nnH non Horo nonSipHoro yrna (J 
M o 

-- d r 
,2 

(J 
0 

2 f 
r min Y 2m r E - U e ff ( r) J 

H 8 XOilHM , HC n011b3YSI npH611H>KeHHe (3): 

(J 
0 

M • p • [ 3 + sign ( E -Eel] f n ~ 

2 r
2

6 
y 2m E B 

I E - EBI 
+ const • (4) 

!13 (4) BHilHO , 'ITO npH E .. E
6 

, fJ 0 -ooo , H '18CTHU 8 'C81lHTC SI Ha 6apbep" , rne 

BpamaeTCSI npaKTH'!eCKH 6eCKOHe'IHO llOllrO C yrnOBOil CKOpOCTb~ 

M 
w= 

~ rB 

llnH H1111~C Tp8UHH H8 pHC , 1 nOK838H BHil TpaeKTOpHH '18CTHUbl, COBepwnsweii BOKpyr 

ueHTpa naa o6opoTa H pacceHameilcH n oll HyneBbiM yrnoM pacceHHHH . 

Op6HTHpoaaHHe naeT BKnan B K n accH 'ICCKoe ll H~epeHuHanbHoe ce'!eHHe pacce-

SIHHSI , rne nOSIB1!HeTCH CYMM8 no BHTK8M , T8K K8K H8 OllH H H TOT >Ke H861!~1la eMbi H 

yron pacceSIHHSI pacCeHB8~TCSI '18CTHUbi , COBepmHBmHe p83HOe KOliH'IeCTBO BHTKOB 

BOKpyr pacCeHBa~mero UeH Tpa , B 38BHCHMOCTH OT HX MOMeHTa , 
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B MHoroqHcneHnbiX Monorpat!JnSix no pacceSIHHIO o6 op6HTHposaann ynoMnnaeTcSI 

oqeHb perrKO H COBCeM He CTBBHTCR BOIIpoc 0 KBBHTOMeXBHHqeCKOM pBCCMOTpeHHH 

RBneHHR Op6HTHpOBBHHR. 

8 HBCTORWeli pa6oTe paCCMBTpHBaeTCSI IIOBerreHHe KBBHTOBO-MeXHHqeCKHX XBpBK

TepHCTHK 1Ipouecca pacceSIHHS! 1IpH 3HeprHRX IIOPRIIKB BenHqHHbl 6apbepa E
8 

H 

BbiSICHSieTcSI, qTo B cnyqae nocTaToqao BbiCoKoro n wnpoKoro 6apbepa npn aueprnn 

HMeeTCSI pe30H8HC, COOTBeTCTBYIOWHl! KB83HCT8UHOH8pHOMy COCTOSIHHIO, Yqn-

rne r
8 

E 
B 

U ( r ) + 
B (5) 

RBIIReTCR <jJyHKUHel! MOMeHTB M H rrapaMeTpOB IIOTeHUHana, Mbl
0 

TBKHM 

o6paaoM, HMeeM ypasueane TpaeKTOpHH peaouaacos, KoTopaSI rrpn t!JnanqecKnx anaqe-2 t2 
HHRX MOMeHTa M a L ( L + 1 ) , L ~ 0 , 1 , 2, ••• L ,, orrpenenReT CeMeltcTBO peao-

(L) ~p. 

HBHCHbiX 3Heprnlt E B • 8 :{OHUe pa60Tbi UIISI HIIIIIOCTpaunn paccqnT aHa H HBpHCOBa-

Ha 38BHCHMOCTb E ' = E 8 (M 
2

) IIIISI HeCKOIIbKHX IIOTeHUHBIIOB. 

C MeTOIIHqeCKOl! TO~H 3peHHR H8CTOSIW8SI pa6oTa HMeeT 3HaqeHHe IIIIS! IIOHHMa

HHR <PnanqecKoll KapTHHbi peaouauca s6nnan sepwHHbi rroTeuunanbuoro 6apbepa B 

KIIBCCHqecKOH H KBBHTOBOH MeXBHHKe H KBK KOHKpeTHbi l! 1IpHMep pacq~Ta TpaeKTOpHH 

peaouaucoa (TpacKTopnu PeJuKe) rrpn aanauuoM rroTeuunane B3anMonellcTsnsr U (r). 

He Meuee HHTepecHbl H BOIIpOCbi, CBR38HHbie C H3rryqeuneM op6HTHPYIOlllHX qaCTHU. 

PeaynbTBTbi :nux n ccnenosaunl! 6ynyT ony6nnKoBaHbi noaJKe B o Tnenbnoll pa6oTe, 

Pac'ltn- MBTpHabi paccenHHH 

S -MaTpHUbi B cnyqae , Korna a<Pt!JeKTHBHaSI noTeaunanb-

o6paayeTCSI a<!J¢eKTHBHBSI SIMa rny6HHbi E~ B TOqKe r
1 

HBSI 3HeprHsr ( J) HMeeT aQJ<PeKTHBIIbiH 6apbep BbiCOTbi E B B TOqKe r
8 

, 
38 

KOTOpbiM 

U (r) 
err MOJKHO 81I1IpOKCHMHpoB8Tb cnerryiOWHM o6p830M: 
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h~L(L+1) 

U (r) = 
e ff 

2mr ~ 

E
8

[ 1-

E + 
st 

KBK fiOK838HO HB pHC. 2. 

~ 
(r- r B) 

p~ 

h 2L(L +1) 

2m 

r > r 
~ 

< r < r 
~ 

[-1 ___ 1_] 
r~ r ~ 

O<r<r
1 

I 

(6) 

YpaaHeHHe WpenHHrepa B c~epHqecKHX KoopnHHaTax nnst panHanbHoA BonHoBoA 

~YHKUHH ( yMHO)I{eHHOA HB r HMeeT BHA! 

~ 

d RkL 2 
~:--- +[ k 

2m 

0 u.rr(rl]RkL- o. (7) 

<+> 
BbtnHllleM cHaqana pellleHHe R kL(r) ypaBHeHHst ( 7) 1 HMetOmee HB 6eCKOHeq-

HOCTH BHA e xp ( ikr - ..J.!L. L ) • 
2 

PellleHHst nnst acex Tpex o6nacTeA HMeroT BHn: 

2 

s..!.. s 
e 1 H(~ (kr) 

1rk r 
f(r) c y 

3 i 1 i 
g(z)z['(4-4kBpl) lJI(4-4kBpl, 

3 . 1 . 
h ( z ) = [' ( 4 + -t ~ pl ) '1'(-+....!._k pl 

4 4 B 

TT It I r 
t.!L 

H(ll (It r ) 

} 
k( r) = V 2 

2 
e 

A I 

IT 
-I-

f (r) = y TT It 1' 2 (2) 

e H A (It 
1 
r) 

2 

6 

1 
2; 

1 

r <r 
2 

T; 

iz) 1 
- i z )j 

r < r < r 
I 2 

0 < r < r 1 

(8) 



H(l)(2l 
rue v (x) - <I>YHKUHH raHKensi , [' ( X ) 

- raMM a <j>yHKUHR 3linepa, 

ljl (a, y, x) - Bblp0lKUeHH8R rHnepreoMeTpH'I8CK8fl <j>yHKUHR, H BBeUeHbl 0603H8'!e -

HHR 

h2 k 2 
E=--

2m 

(+) 
PemeHHe R 

kL 

(+) 

R RL (r) 

h 2 k 2 
B 

E =---
2m 

2 
h L(L + I) 

kB 2 
£=I- z= - -(r-r ), 

HMeeT BHU: 

y·g+B·h 

p B 

r / r 
2 

< r < r 
2 

0 < r < r 

2 2 
h k 1 

2m 

(9) 

rue a, {3 , y , 8 
- llOC TORHHbie, KOTOpbie O!Ipeuei!RIOTCR H3 yCI!OBali CWHBB!!HR 

BOI!HOBbiX <j>yHKUHli B TO'!KBX r I 

f 21 =y g 2 + /) h 2 ] 

f; = y g; + /) h' 2 

H r 2 • YcnoBHR CllmBaHHR HMeiOT BHu : 

y g I + Bh I a k 

ak' 
I 

+ {3 f I 

H 

( 10) 

H WTpHX 
rue HHUeKcaMH I H 2 o6ooHa'!eHhl 3Ha'!eHHH <I>YHKU»li B TO'IKBX r

1 

o6o3Ha'!aeT npoH3BOU HYIO no r • PewaH CHCTeMy ypaaHeHHli ( 10) 
OTHOCHTel!bHO 

llOCTO HH HbiX a, f3 • Y • /) • llOI!y'laeM UI!H HHX Cl!eUyiO!IlHe BblpBlKeHHH: 

w ( f 2 'h 2) 1':' ( f 2 ' h 2) W ( j I ' g I) y a 
·W ( g2 ' h2} W(g

2
,h

2
)W(k

1
,f

1 

w ( 12' g 2} w ( f 'g 2} w ( jl, h I ) B=- f3 - - 2 

(II) 

w ( g 2' h } W(g
2

,h
2
)W(k

1 
'f ) 2 

I 
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i) r a e 
rne '!epea w ( e . r ) - e ~ - r ---..a-','--- 0603H8'!eHhl BpOHCKH8Hhl COOTBeT-

CTBYIDlUHX ~YHKUHA B COOTBeTCTBYIDlUHX TO'IK8X H ~YHKUHQ Bbtpa>t<aeTcg qepe3 

~YHKUHID Eecceng I ( X) 
-"' 

cnenyiDmHM o6paaoM: 

rr k 1 r j(r ) s k -f=2h/ -___:~--
2 

I A ( k I r). 

Hai{neM Terrepb QBHoe Bbtpa>t<eHne nng MaTpHUbt pacceQHHQ 

S(k,L)aexp[2i8 (k)] 
L 

B TopbtM peweHHeM ypaBHeHHQ (7) QBnQeTcg peweHne 
(-) <+> 

RILL= [ R J* k L • 

peweHHe R kL (r) ypaBHeHHQ (7), HMeiDIUee H8 6eCKOHe'IHOCTH BHll 

3811HCblB8eTCQ K8K 

R k L ( r ) I r -+ 
00 

,. sin ( k r - .!!....L 
2 

R (r) 
kL 

R< ->(r) 
kL 

S R <+> (r)] 
kL 

+8 (k)). 
L 

06mee 

( 12) 

3To peweHn e B o6nac Tn 0 < r < r 1 B !IBHOM Bllne 3antt CbiBCle T c !l cnenyJO 'lliiM o6pa3oM: 

RkL(r) =a*k*+ ,9*f"' -S(alt + ,9fl = 
0 < r ( r 1 

= + l [ (a* + ,9 * ) - S (a + {3 ) ] ( It + f) + [ ( {3* - a* ) + S ( f3- a ) J ( k -f) I . 

Ha-aa peryn!!pHOCTH BonHoBoii ~YHKUIIH 

KO~HUHeHT 11p11 ~YHKUHH 

R ( r) 
kL 

B Hyne He06XOllii MO , 4T06bt 

(I) 
k+f,.yr[HA (k

1
rl-

(~ 
HA (k

1
rl] = 2 i yr NA (lr.

1 
r) 

paBH!Incg HyniD, T . e . 

a* +,9*- S(a+ {3) = 0. 

OTciDna cnenyeT , 'ITO MaTpnua pacc e !!Hll!l paBHa 

S(lr.,Ll~exp 2 ill ( k) J = 
L 

8 

a* +{3* 

a + ,9 ( 13) 



HUH )l{e, HCilOITb3YSI SIBHble BblpB)I{eHHS! ( )) ) lliTS! K03<fxi>HUHeHTOB a , {3 H yqHTbiBBSI 

1 qro -

F 

kB " 3 i 2 W(k ,f >=-2ilc; W(g ,h >=2iv'-exp(--k pc>!r(---k p d/ 
II I 22 p 4B 44B 

S(k,L)= W* ( f 2' h2) W * ( j I' g I) - W * ( f 2 ' g 2 ) W * ( j I ' h I) 

( 14) 

Pe3QH8HCHblB COCTOHHIJH 

nonJOCbl " -MaTpHU bl onpeaenSIIOTCSI Hy USIMH Bblpa)l{eHHS! ( ¢YHKUH if HocTa): 

F 
W(f 2 ,h 2 )W(j

1
, g 

1
)- W(f

2
,g

2
)W(j

1

,h

1

). 
( 15) 

Oepei!HWeM Tenepb B HeCI(OITbKO 6onee llBHOif cj>opMe Bblp8 )1{eHHe ( 15) lliTS! F 

a i 1 a h
2 f --(g 

2 ar I ar 
I 2 

- h 
I 

a g 2 

a r 
2 

a 
k ar 

B 2 

a r 2 a g
1 >-i-(-h 

I ar a r 2 
2 I 

a 
k a r 

B I lc ar 
B I 

9 

) -

a h1 
-g)= 
a r 2 

I 



'-. 

rae qacTHbie npoH3BoaHbie no r 
1

, r ~ aeACTByiDT HB ~YHKUHH C HHaeKCBMH 1 H 2 

COOTBeTCTBeHHO. 

iln51 aanbHeAwero Heo6xoaHMO 3BnHCBTb B SIBHOM BHae H Bbl'lHCflHTb QJYHKUHID 

( g lh - g2h I ) . 

npH 3TOM Heo6xoaHMO y'leCTb , 'lTO TO'lKB Z =Q 51Bfl51eTCSI TO'lKOA BeTBneHHSI 

anSI cPYHKUHA g • h ' 

rae Y>Ke arg z. = o. 

2 lr l 
TBK 'lTO g I : g ( Z I e H h

1
:h(z 

- 2 7r l 
e ) • 

/9/ 
H3 TeopHH BbiPO*aeHHoA runepreoMeTpH'lecKoA QJYHKUHH cnenyeT , 'lTO 

r<a-y+l) lf1 ( a, y 
~ 7r I 

z e ) = 

- 2 7r y I 2 7r(a- yl l 
[ I + e - e ]r( a- y +I l iJI( a ,y;izl+ 

- 2ry1 21ra 1 I z 
+ e [ e -I ] r (l -a) e IJI(y -a , y; - iz) . 

Hcnonh3Y51 COOTHOWe HH e ( 17) , MO*eM HBnHC8Tb: 

2 7rl " 
g(z ,e l=iexp( - 1< p< l [ g(z) - h(z l] + h (z) 

I 2 B I I I 

h ( z e - 2 7r I 

I 
l =- ie xp ( " 

B pe3ynbTaTe non yqaeM: 

i<
8

p<l[h (z
1

l - g(z ) ] + g ( z I ) , 

g h g h 
I 2 2 I 

( 17) 

h(z ) h (z l - g(z ) g(z l - iexp( ....!_l< p< l[g(z ) -h (z J ][ g(z ) - h(z l] 
I 2 I 2 2 B I I ~ 2 ( 18) 

Hac HHTepecyeT 3HB'l0HHe Bbi,:>a*eHHSI ( 18) npH 3HeprH51X E nopS!nKa E R , 

T,e , npH M8flb!X f , H fl03TOMy MO*eM p83flO*H T b Bb!pa*eHHe ( 18 ) B pS!a no CTene-

HSIM f • coxpaH5151 'lneHbi nepsoro nopS!aKa ManocTH 

g h - g h = < g h - g h 11 +, _a_ < g h 
I 2 2 I I 2 2 I f = 0 a f I g 2 h I ) I f = 0 • ( 19) 
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TaK KBK Mbl He MO)!(eM H8nHC8 Tb SlBHOe Bblp8)!(eHHe an11 npOH3BOaHoli BblpO)!(aeH

HOli rHnepreoMeTpH'IeCKOli !jJyHKUHH no n apaMeTpy, TO Mbl HCnOllh3yeM an11 !jJyHKUHli 

g , h HX 8CHMnTOTH 'IeCKHe Bblp8)!(e~HSl 
npH 60l!bWHX 

~(r 
3H8'IP.HHSlX Bel!H'IHHbl ( k

8
p l, T.K. 

l
2

"' k T 

kB 
I a-()- ( r B - rl )2 ., kB p ' 

p 2 
30M, Mbl !jJaKTH'IeCKH p83l!BraeM Bblp8)!(eHHe ( 18) npH 

- r B 8 p · 8 KHM o6pa-

YCIIOBI!H: 

l << << I . 
( 20) 

3anHWeM B SlBHOM BHae !jlyHKUHH g ( z ) , h ( z ) 

npH 60l!hWHX z • 
H HX npoH3BOaHbie no l 

I 
g( • l I z h* c. l 1 =I'( .L 

4 L k pl ) z- ':'xp [- i ( ..!L + ....L- ..J..~pl fnz)-...!!..~ ~J 
4 s 8 4 8-rr 

age. l 
a, a h "<. l 

=~ 
I I 3 i - T 

- k P r c- - - k P' l. z .. 00 4 B 4 4 B 

[ -
11
-- i(fn z- 'V(..l_j_ k plll] 
2 4 4 B 

exp [-( ....':.._ + _z _ --
1-k plfn z) -

8 2 4 B 
TT 

8 

rae '!J ( x ) -l!Or8pH!jJMHqecK8Sl npOH3BOaH8Sl rBMMa-!jlyHKUHH , 

noaCT8Bl!Sl51 3TH Bblp8)!(eHH51 B Bblpamemte ( 19), nonyqaeM 

. 2 3 
(g 1h 2 - g h ll = ..!...[' ( - )[G(z , z l - H(z ,z )k pl], 

2 I (kaP) -+ oo 2 4 I 2 I 2 B 

, .. 0 

rae an51 KpaTKOCTH qepe3 G , H 
o6o3HaqeHbi cneayiOum e BbtpameHH51: 

II 

( 21) 

(22) 



_.L 
4 z 1 -z~ G{z 1 ,z~)c 4(z

1
z

2
) [cos--

2
-- + y2 sin ~ 

2 

I -r 
H ( z , z ) ={z z ) I fn z [ y 2 cos 

I ~ I ~ I 

z 1 + z :J 
- sin 

z 1 - z 2 
l + (23) 

- z +z z -z z -z - z + z 
+ fnz [y2 cos ....::...L....: + sin--1-..a]-rr cos..:....L...::.. -[l{l(l) + ljl (l..J]y2 cos -1--~ j. 

~ 2 2 2 4 4 2 

Tenepb Heo6xonHMO K BblpalKeHH!O ( 22) npHMeHHTb onepaTop 

a fn 1 ~ 

k a r 
~ 

a - --){~ .a r ~ k a r 
I 

H Hal!TH Hynh <j>yHKUHH HocTa ( 15). 

a 

k=k 
• a, l I 

I . B 

( 24) 

llm1 6onee yno6Holi aanHcH nocneny!O!UHX ljJopMyn aaeneM eme cneny!OruHe o6oaHa -

'!eHHI!! 

afn i 1 
A{r 1 l= kar

1 

A I ---r k 
----+-

lA= 1 { k 1 r 1) 

I A { k I r I ) 

k2=~{E -F. l+L{L+ll 
I k ~ B r I~ k=k 8 

kBr k B 

afnl~ A-t 
B{r )=Re---1 •--- + 

~ kar k r 
~ kak B ~ 

B 

IA{k 8 r 2 JIA_1 {k8 r~l-I -A{k
8

r 2 l l_A+
1
{k

8
r2 l 

2 ~ 
I { k r ) + I , { k r ) 
A B 2 -1\ B 2 

C{r2) • lm afnl2 
.a, ----[I~ {It r ) + I~ { k r l]- 1 > 0 , 

"kBr ~ A B 2 -A B ~ 
2 k•k 

B 

(25) 

C llOMO!Ub!O 0603H8'!eHHA (25) nel!CTB3e onepaTopa (24) H8 <j>yHKUH!O (22) npHBOilHT 

K cneny!OrueMy ypaBHeHH!O nn11 (: 

[{ABG + a2 c ac 
~ -A_..:....,;; __ 

k
8 

ar
1 

ar 
2 

k8 ar~ 
- B ac )+iC{AG-

k 
8

ar 
1 

12 

J]
k ar 

B 



I 

aa aa aa 
k ar a, -A---- B---)+iC(AH- )]=0. 

kar kar kar (26) 
B I 2 B 2 B I B I 

113 3TO!'O ypaBHeHHSI nocne HeKOTOpbiX npeo6p830B8HHJ! H SIBHO!'O BbiJleneHHSI 

Jlel!CTBHTenbHOi\ H MHHMOil 'IBCTeli nonyqeHHO!'O BblpalKeHHSI H8XOJlHM, 'ITO M8Tp11U8 

pacceHHHII HMeeT noniDc np11 a Hepri!H 

rne 

E = 
l 

E =-
y 

1 [ A a L. a;c 
k

8 
ar 

2 

E=E -E __ i_E 
B l 2 Y 

13 

( 27) 

]2 + C 2 (A -

(28) 

2 -1 

> I 



B TOM, 'ITO senH'Il!Ha E > 0, 
y MOlKHO y6eaHTbCSI HenocpeaCTBeHHbiM Bbi'IHC-

neHHeM npoH3BOaHbiX no r 1 H r 2 OT ¢yHKUHli G H H , onpeaeneHHbiX BbrpalKeHn 

HMH ( 23). npH 3TOM OK8)KeTCSI, 'ITO 

H npH aOCT8TO'IHO 60JlbUIHX z 

2 

4-/ fnG 
.. ~ar 1 ar 2 

OTKyaa cneayeT, 'ITO E > O. 
y 

aa;c 
.,._sa, 

aa;~ < o 
~<ir 2 

aa;c 
~<sa' 2 

a
2

H/G ] 2 <o 
+ [ ._~a. a, 

"8 I 2 

TaKHM o6pa3oM MOlKHO 3aKnlO'IHTb , 'ITO npH aHeprr-tsix naaa10rnnx qacTnu npuMep

Ho paBHblX BeJlH'IHHe a!jl!jleKTHBHOro 00Te HUH8JlbHOro 6apbepa, B03HHK8eT KB83HCT8UHO-

HBpHoe (E y> 0) 
COCTOSIHHe, npH aOCTBTO'IHO 6onbUIH X Z l • Z 

2 
• T . e . B cnyq ae JlO-

cTaTO'IHO BbiCOKoro H rnHpoKoro 6apbepa E f << E 
8 n senH<JHHa E aocTa-

y 
TO'IHO Mana, TaK 'ITO nonyq aeM pe30HaHc npH aHeprnH E = E

8 
TaK KaK BbiCOTa 

a¢¢eKTHBHoro noTeHuHanbHoro 6apbepa E
8 

(5) 
S!Bn lleTCSI cPYHKUHeli MOMeHTa M 

naaalOUiei\ 'I8CTHU b i, TO IIpH 38Jl8HHOM IIOTeHUHane B3aHMonei!CTBHSI 'IaCTHU U ( r ) 

YPBBHeHHe 

E EB U ( r 
8

) + M 2 

2m r 2 
B 

orrpeaenSieT II pH cPH2H'IeCKHX 3H8'IGHHJIX MOMeHTa M 2 = h~ L ( L + I), L = 0, I, .• Lk P 

(L) ceMei!cTso pe3oHaHCHbiX 3HeprH ll E 
8 

noXOlKHH pe3ynbT8T IIonyqaeTCSI H B HeCKOnbKO 6onee rpy6oM IIpH6JlH)KeHHH 

an.H U err ( r) B o6naCTH r 
1 
< r < r 

2 a HMeHHo , rrpa6nHlKeHneM np.HMoyronbHoro 

rroTeHuHanhHoro 6apbepa BbiCOTbi E 
8 

• B 3 TOM c n yqae B o6nacTn 

perneHH.II 

g = e xp ( r k
8 

y-;-) 
h = ex p(-rk8 v"7> 

H an.11 cPYHKUHii G H H 

G = a 

nonyqaeM npocTwe swpalKeHnSI 

a= r - r 
H =-_!.._.a 

6 
H, COOTBeT CTBeHHO, anSI E v nonyqaeTCSI ; 

2 

E 
y 

3 2 
(A+ ---- )+ 

2 k 8 a 4 ( k 
8 

a )2 

< r < r 
I 

12 c 

(I< • la 
8 [ B (A+ _3_ )- _3_ (A + _2_ )]2 +C2(A + --1_ )2 

I< 8 a 1<8 a I< 
8 

a k 
8 

a 

rae qepe3 A, B, C 
0603H8'IeHbl no-npelKHeMy BblpalKeHHS! ( 25). 

14 

HMeeM 

( 29) 



llnSJ HITnJOCTpai!HH nony'IeHHblX pe3ynhT8TOB Bbl'IHCITHM TpaeKTOpHH pe30H8HC-

TOpbiX E B Bblp8)!(8eTCSI 

lliTSI HeCKOIThK~lX KOHKpeTHblX ITOTeHUH8ITOB, B c n yqae KO

qepe3 M2 
aHan nTH'IeCKH, 

npHMepb! 

8) noTeHUHBIT 

u <.r) a 8 
·~ v [( - ) 

o r 
( _b_) 4 l 

r 
(30) 

3ToT noTeHuHan HB 6onhlliHX paccTOSIHHSIX rrpencTaanSJeT co6oA rrpHTSJ)!(eHHe rropHnKa 

r- 4, npH MBITbiX r HBITSieTCSI OTTBITKHBBIOlliHM C OCo6eHHOCThiO ,-e B Hyne H B 

3 8 
TO 'IKe r =y- ..!._ HMeeT MHHHMyM , 3<jJ<jJeKTHBH8SI ITOTeHUH8IThH8SI 3HeprHSI lliTSI 3TOrO 

g 2 b2 
ITOTeHUHBITB HMeeT M8KCHMYM B TO'IKe 

\.. 

BeiTH'IHHOl! 

rne 

r 
B 

- 3 ~ y .L _a_[_2_] 
2 b2 I- ~ 

2 I b 
12 

E (M ) ~ -v ( - ) (I 
2 

~) (I + 2~) 
B 27 0 

M2 
< I • 

M 2 
k p 

M 
kp 

(3 1) 

2 
m v 

0 

npH MOMeHTBX M ~ M k P a~eKTHBHoro noTeHunanhHoro 6apbepa He cymecTByeT . 

BbiiTHrneM rrpoH3BOllHYIO E 
8 

a E8 

0TC!Oll8 BHllHO , 'ITO npH 

M = 0 

Pe30HBHCHbie :meprHH E(L) 
B 

L ~ 0, I , •• • Lko , rne 

I = o • 
M = 0 

2 2 
rrony'IBIOTCSI rrpn 3Ha'!eHHSIX MOMeHTa M = b L ( L+ I ), 

[ ...; 

2 

lt\o --+ 
h2 
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( [ x ] - uenaSI 'IBCTh x l. Bua KpHBOlf E 
8 

= E
8

(M 1 anSI noTeHuuana ( 30) noKaaaH 

Ha puc. 3. 

6) 0oTeHUH811 

a a 2 
U(r) =- v tR --

o ,2 (321 

OoTeHuuan (32) npeacTaBnSieT co6olf noTeHuuanhHy~ SIMy, perynSipHy~ , Hyne 

H paBHy~ BellH'If!He- v 0 • Ha fiOJlhlliHX paCCTOSIHHSIX OH yfibiBaeT KBK r -SI T,e, HMe

eT npaKTH'IeCKH KOH C 'IHblH paa11yc aelfCTBHSI OOpS!aKa a • 3cfxl>eKTHBH8SI OOTeHUHBJlb-

HBSI ::meprHSI U off ( r) anSI ::noro OOTeHUH8118 HMeeT fiapbep B TO'IKe 

1 - __ 1 en 
--- 2 

2 2 a 'a 
C BenH'IHHOH 

y2 +y1-~ 

/2 -v~ 

2 v a/2 3 2 
E (M ) =- --0

- ( 1- ~) + - v ( 1- ~ ) in 
B 2\12 8 o 

y2 +y1-~ 

y2 - yJ:""( 

rae 
M2 

0<~=y1---<1, 
- M2 -

kp 

2 3 
M =-

kp 2 m v a 2 
0 

(33) 

OpH 3TOM onSJTh 3<1><!>eKTHBHbiH noTeHuHanbHbiil 6apbep cywecTayeT TOnbKo anSI 

O<M<Mkp· 

a E B 

MOMeHTOB TaK KBK 

- --
Tm'2 =__!___en v2 +v 1 -~ >O 

4m a2 v2 - ..;~ - . 
TO nonyqaeM BHa pe30H8HCHOi! KpHBOH E 8 = E

8 
( M2 ), KOTOpbiH 00K838H HB pnc. 4. 

B) 0oTeHUH811 

U ( r) v 0[ .!!__ - ( _p_ )8 /2] 
r r a > 0. 

(34) 

a 
3TOT OOTeHUHan paCCMaTpHBaeM OOTOMy, 'ITO OH CBM B TO'!Ke r = _2_ _p__ 11MeeT 

4 3 o 4 a2 
6apbep, BellH'IIiHB KOTOporo pBBHB E =- v ( --.!L./3 ) . HaxonSJ M8KCHMyM 3<j><!>eK -

O 27 0 

THBHolf noTeHuuanhHolf 3Heprua nnst noTeHuua r.a (34), nony'laeM, 'ITO 6apbep Haxo-

aHTCS! B TO'!Ke 

H HMeeT BellH'IHHy 

3 2 
9 L<1 +~> r B = U a 2 

16 



rne 9 R a 
-mv ~ 
16 ° a 

(35) 

3qxpeKTHBHbll!: noTeHUH8flbHbll!: 6apbep cymeCTByeT TOflbKO Jlflll MOMeHTOB 0 S M < M kp • 

Danee, TBK KBK 
a E B 8 v a a -4 
--c- --

0 
-(-) (1 +e) > 0. 

aM 2 9 M!
0 

fJ 

TO B peaynbTaTe nonyGaeM pe30H8HCHYID TpaeKTOpHID 0 ITOK838HHYID H8 puc. 5. Hu-

TepeCHO TO, 'ITO 3T8 TpaeKTOpHSl H8'1HH8eTCSl npH L =0 

E(Ol • E 

C pe30H8HCHOI!: 3HeprHH 

B 0 

Ce'ieHHe pacceRHHR 

Ceqeuue yrrpyroro pacceStHHSl naeTcll ~opMynoA 

u (E) = " h 2 

2m E 

~ 2 
~ ( 2L + 1) I 1 - SL ( E ) I 
L..O 

(36) 

CnaraeMhre B BbrpaJKeHHH (36) c MoMeHTa ~· u 0 ~ L ~ L k 0 HMeiDT pe30H8HCHbliir 

xapaKTep (peaouauc npu L ~ 0 HMeeTcH Torna, Korna noTeuuuanbHall aueprHH saa

uMonel!:CTBHSl HMeeT 6apbep). no3TOMY ~OpMyna (36) npHHHMaeT BHJl 

u(El 

1Th2 Lkp [E(L)}2 

--- ~ ( 2 L + 1 ) -----,----y=--------::--
2 mE L..O [ E _ E(Ll }2 + ..!. [ E (Ll] 2 

B 4 Y 

(37) 

(L) ( ) (L) ( ) rne E 
8 

onpenen~teTcSt ypaaueuueM 5 u E Y - BbipaJKeHHeM 28 , npH'I~M oT-

6porueHbl qneHbi c L > L kp , KOTOpbie B naHHOM cnyqae ue uMeiDT peaouaucuoro xa-

paKTepa. 

<!>opMyna (37) OTflH'!aeTCSl OT o6bl'IHOit pe30H8HCHOit !jJopMYITbl TeM, 'ITO BCe 

(L) pe30H8HCHb!e 3HeprHH E B neJKBT HB OJlHOI!: pe30H8HCHOI!: Tp8eKTOpHH 0 onpeneneH-

HOI!: ypasueuueM (5). TaKall peaoHaHCHBSl TpaeKTOpHSt nonHOCTbiD onpeneneua napa

MeTpaMH noTeuuuana B3BHMonel!:cTBHil u HBn~teTCSt auanoroM TpaeKTopuu PenJKe, on

HaKo, aTH nsa noHHTHSl ue cosceM cosnanaiDT. PenJKe paccMaTpHBBn KOMnneKCHbre 

17 



MOMeHTbl K8K !jlyHKUHJO OT AeliCTBHTenbHbiX 3HeprHli
1 

H8111H )f(e pe30H8HCHbie TpaeK

TOpHI! Hal!neHbl K8K f10nJOCa S - MaTpi!Ubl l1nSl KOMnneKCHbiX 3Heprllli 11p11 aeliCTBII -

TenbHbiX MOMeHT8X. 

norryqeHHbJe pe3ynbT8Tbl f103BOnHIOT p8CCM8Tpi!B8Tb KBaHTOBO-MeXaHII'!eCKOe pe3o-

HaHCHOe COCTOHHI!e B61111311 Bepllli!Hbl ~eKTIIBHOrO 110TeHUI!anbHOrO 68pbepa KaK 
aHa-

nor KnBCCH'!eCKOr o SlBneHHSl op6HTHpOB8HHH . C KnaCCH'IeCKOH TO'IKH 3peHHSl K8pTHHa 

pe30H8HC8 BOCIIpHHHM8eTCSl KaK Bpalllei!He '18CTHU bl BOKpyr pacceHB8JOlllero UeHTpa 

c orrpe.ueneHHbiM apeMeHeM )f(II3HH , 3BBHCSlllliiM oT 'lllcna o6opoToa '!aCTIIUbi. TaKoli 

X8p8KTep .QBH)f(eHIIH 1IpOSlBnSleTCSl
1 H81IpHMep, B CIIeKTpe H3ny'!eHHSl Op6HTHpyJO-

men '!BCTHUbi. B TaKoM cneKTpe noSJBnSJeTcSJ MaKCHMyM, lllHpHHa KOToporo CBSJ3 ana 

C BpeMel!eM )f(II3HH .QaHiwro COCTOSlHIISl . 
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---------------

PHc. 1. KnaccHllecKasr TpaeKTopHR pacceRHHO A: llBCTHUbt a noTeHuHane - ~~ oeoaepwHB
wa51 aoKpyr pacceHB8IOIUer o ueHTpa naa o6opoTa H pacceRBwa srcsr non HyneBbJM 

yrnoM p8cceRHHR. 
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