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§1. B a e a e H H e 

11,21 C KanSipHoe nenHHelinoe none THna nonSI Eopna-11 H<jlenbaa B aayxMepHOM 

npocTpaHC TBe x t HMeeT CneayJOIUYIO cpyHKUHIO flarpamKa: 

I I 
K ~I 1 - I + K -

2
( </> 

2 
- </> 2 

) I 
X t (1 ) 

L = 

K X8p8KTepHCTH"'IeCKBSI KOHCTBHTB H e nHHeiiHOrO nOnS!, Hrpa!OIUBSI pOllb a6COli!OTHOro 

M8CIUTa6a rpaaHeHTOB nOliSI 

narpaH~H8H (1) nepexoaHT B 

</> ____2.!1!._ </> = ___j_!L_ • E c n H K -+ oo 

a. t at ¢>2-</>2 
,TO 

narpaH~HaH liHHei!Ho ro nonSI L
0 

= t x 
, nOA'IH -

HSIJOIUeroCSI ypaBHeHHIO DallaM6epa 

BL 
</> t t - </> xx = 0 • Ec;m BBeCTH conpSI~eHHhlli 

HMnynbc nonSI 17 (X, t) = 
, TO MO~HO 3BnHC8Tb <jly HKUHIO faMHnbTOH8 3 T OrO 

nonSI: 

H 
- 2 

g I 
;-2 2 

j(l + g </> )(I 
X 

2 
+ g TT 

3aeCb BBeaeHa yao6HBSI anSI aallbHelimero KOHCTBHTa g , 06pa TH8SI K K 

KOTOpaSI MO~eT paCCM8'•'PHBBTbCSI KBK KOHCTBH T 8 HeliHHef!HOCTH, 

TO HH aH (2) nepexoaHT B raMHllbTOHHaH liHHeliHoro nonSI H
0 

= 

(2) 

2 -2 
g =K 

2 
0 raMHnb-

Ypaane-
2 

HHe nOliSI, BbiTeKBJOIUee H3 ( 1) HliH (2), OTHOCHTCSI K KllaCcy KB83Hn HHeH H b! X ypaBHe

/ 3/ 
HHli rHrrep6onuqecKoro THna 

(3) 
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/ 4 / 
B p a6o Te 6 bJna peweHa a aaaqa pacceHHHSI aayx n noc K HX B OII H B s T oli T eopHH , 

VI M eHHO, 6 bJ il 0 Halia eHO peWeHH e ypBB H e HH SI (3 ) cp ( u, v ) . r .ae u :x x - t 

V = I + t , K O T o poe yaoan e T aop S!eT c n eayrowH M aC H M nTOTH'IeC KHM y cn o BHSI M : 

fim rp (u , v) = 1/J 
1
(u) fim </> . ( u, v ) = 1/J ( v ) . 

2 
u ->oo 

( 4 ) 

v ... - 0(1 

3aecb 1/J 1 ( u ) - n n OCKBSI B OIIHB npOHaBOilbHOH cpopMbl , aBH )!{YWBSIC SI B TIOilO)!{HTe iib-

H OM HanpaaneHHH no x 1/J 2 ( v ) - nn OCKB SI B OIIHB , aBH )!{Y illBSICSI B n pOTH B OnOIIO)!{ -

HO M Hanpaane HH H no x 

rae 

PeweHH e nony'le H o B cjlopMe : 

rp (u , v) = 1/1
1 

( u + ll(u , v )) + 1/1
2

(v +v(u,v ) ) , 

2 
ll(o,v)=g I dy 1/J'

2
(y +V (o, v) ) 

2 

v < u. v > = - s • I d r 1/1 • 
2
< r + ~' < u • v > > 

I 

( WTpHXH y 1/1 1,
2 

oa H a'!aiDT npo Haao aHy iD no a pryMe HTy I. 

(5) 

VIa (4) H (5 ) MO)!{HO nony'IHTb B O 'ITO nepe xOaSIT a Be niiOCK He BOIIHbl 1/J , ,/. 
I 'I' 2 

) npH I -> I = v - u 
H B o6o ux cny'IB SIX ( 4 I HMe eM 

2 
PacceHHHbJe aonHbl Mbl n o ny'!aeM, y cTp eMHB u ... H v ... 00 

cny'IBSIX I -> oo 

lim rp ( u , v) = 1/J ( u + g 
2

P ) 
I 2 

fim cp(u,v) = 1/1
2 

(v- g 
2 P

1
), 

v->oo 

rae 

p 
00 

I 1/J, 2 ( y) dy 
I 

p 
2 

00 2 
I 1/J ,2 < r> d r. 

-oo 

4 

(a o6oHX 

(6) 

l 7) 

T a KHM o6p aaoM , aae n noc KH e B OII H bJ 1/J ( u ) 
I 

1/J ( v ) 
2 

n ~ 

XOaSIT B p eaynb T B Te pa c Ce SIH H SI B ~Be IIIIOCKHX BOilHbl TOM )!{e cpop 

T biMH a pryMeH T B M H . B e nH'IHHbl P
1 

H P
2 

B eHH O 3 HeprHSIM nepBOH H B T Op O A BOIIH , 

, o npeaenSIJO WHe caaHr , 

§2. Kaa HTOBo e p accMo Tp e H H e npou ecca pacc enHH H 

0 6 pa TH MCSI K K BB HTOB OH cpOp M yiiHp OBK e r! p OU BC C a paCCeSIH HH 

" 
IIH . H aliTH onepaT Op b ! pacceSIHH b JX BOII H </> • pe w a SI y p a B He HH e r 

eul 

Onepa T OpOB n OnS! , Ype aB hl 'IBHHO TpyaHBSI a aaa 'l a , T B K K B K aa)!{e H 

aanH C B T b H B II HH BH H OB o n epa TOpH OB ypaB H B HHe, Cneayrow ee Ha nar 

nOC KOilbKY HBII HH B HHble K OM 6 HHB UHH HB KOMMYTHpy!OillHX o n e p a T Op 

TO'IKB x, t MOryT OK a a a Tb C H Heonep a TOpH OaHa'!H b iMH BblpB~<B HH H . 

M0)!{ 9 M B BTOMBTH'IBCKH nepe HB CTH B KBB HTOBY ID T eOpH ID ypa BHB HH 

H a w eA aaiia 'leH 6yaeT nol\ a aaTb, 'ITO a a )!{e B BCHMnTOTH'IB 

CBSIHHhlX BOIIH (6) p e weHHB KBBHTOBhl X ypaBHBHHH anSI CH C TBMhl 

( 2) OTIIH'IBBTCH OT KIIBCCH'IBCKOrO pewe HH SI ( 6) , BCIIH TBM HHTepnpE 

" 
'!eCKHB BBIIH'IHHbl KBK KBBHTOBble onepB TOpbl nOIISI rp ( x, t) . iliiS! Il"He 

npaBHIIO , pBWBHHB KIIBCCH'!eCKOrO ypa BHeHHSI aBH)!{e HHSI aae T BO a MO} 

/6/ 
HHB onepa TOpHOrO ypaBHe HHSI 

17 I 181 
B aeaeM , cneaySI HHry, <t> e naMaHy H LJenneHy , one paT 

</> In ( u • v ) , yaoane TaopS!IDWHli cac6oaHoMy ypaBHeHH ID ilanaMI 

</> -¢ 
tn tt 

= 0. 
fn XX 

HIIH 

" 2 

a </>In = 0 

a. a v 

VIa (8) cneayeT cjlypbe-npeacT aan eHHe anSI o n epaTopa </> 1n 

xr-,-- / 5/ 
8 npeabiayweA pa6oT e BBTOpa 6binO He060 CH OBBHHO nr 

ypaBHBH He (3) COXpBHS!e T CBOH BHa 11 B KBB HTOBOH TeOpHH . Ho 

'ITO y)!{e peweHH e 3 T OrO ypaBHeHHSI HT9p8UHSIMH n o KOHCTB HTe g 

BHCHT OT nOpS!aKa pa CCTBHOBKH o n e pBTOpOB cpx,cpt ,cp,_ B ypa B H € 

npaBHilbHOH paCC T BHOBKe o n e paTOpOB OC T BeTCSI OTKp b! T bJM , 
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141 
B pa6oTe 6hrna peweHa aaaa'!a pacceSlHJHr aayx rW OC KHX aonH a 3 TOII TeopHH, 

HO, 6brno HallaeHo peweHHe ypaaHeHHSl (3) ¢ ( o, v ) . rne u =- x- t 

I + l , KOTOpOe YllOBneTBOpSleT cnenyiDWHM 8CHMnTOTH'!eCKHM ycnOBHSlM: 

fim ¢ (o ,v) ~ 

v ... - 00 

t/J (o 
I 

fim ¢ ( o, v ) ~ 1/J ( v ) . 
( 4) 

2 
u-+ oo 

1/J I ( o ) - nnOCK8 Sl BOnHa npOH3BOnbHOA cjlopMbi, nBH>KYW8ACA B nonO>KHTenb-

anpaaneHHH no x I/J 2 ( v) - n nOCK8 Sl BOnHa, .QBH>KYW8ACA B n pOTHBononO >K -

anpaane HHH no I 

eweHHe nony'leHo a cjJopMe: 

¢ (u , v ) r/J
1

( u+ ll(u ,v) ) + rjl
2

(v +v(u,v)) , 

2 v 

ll(o,v)=g f 

v(u,v)=-g"f 

dy r/J' 2
(y +II (o, v )) 

2 

2 
dy r/1' (y + !l (u, v )) 

I 

Y r/J 1,2 03H8'1810T npOH3BO.QHYID no apryMCHTy), 

(5) 

(4) H (5) MO>KHO nony'!HTb BO 'ITO nepexonAT nae nnOCKHe BOnHbl r/J , ,/, 
I 'I' 2 

v - u 
H B 060HX cnyqa AX ( 4) HMeeM npH -2--

qbre aonHbi Mbi nonyqaeM, ycTpeMHB u .. H v .... 

t .. 00 

o , v) ~ r/J ( u + g 
2
P ) 

I 2 
fim ¢ ( u , v ) ~ r/J 

2 
( v - g 

2 
P 

1 
) ... 

p 
00 

f r/1 '2 ( y) dy 
I 

p 
2 

00 2 
f r/1 '2 ( y) d y. 

4 

t .. 

(a o6oHX 

(6) 

(7) 

TaKHM o6pa30M , aae nnocKHe aon HN 1/J ( 0 ) 
I 

t/J ( v) 
2 

np11 l ~ -oo nepe-

XOaSlT B pe3ynbT8Te pacceAHHSl B ~Be nnOCKHX BOnHW TOA *e cjJOpMhl, HO CO cnBHHy-

TbJM H apryMeH TBMH . BcnH'!HHbi P
1 

11 P
2 

BeHHO 3Hepr uAM nepaoA H BTOpOA BOnH, 

, OnpenenH!OWHe CllBHr, paBHbl COOTileTCT-

§2. KaaHToaoe paccMOTpeHHe npouecca paccenHHA 

0 6p8 THMC A K KB8 HTOBOA cjJopMynHpOBKe np o uecca paCCeAHHSl BOnH B 3 TOA MOne-

" 
nH, Hai!TH onepaTopbr pacceAHHbiX aon H ¢ , pe waA ypaBHeHHe feilaeH6epra anSI 

eut 

onepaTOpOB nonA, '1pe3Ilbi 'I8HHO Tpy nHaA aana'la, T8 K K8K .Qa>Ke He SlCHO, KB K MO>KHO 

aanHCB Tb nenHHeilnoe onepaTopnoe ypaaHeHHe, cneayiDwee H3 .'IarpaH>KH a Ha ( 1), 

" r!OCKOnbKY Hen HH eR HWe KOM6HH8UHH He KOMMYTHPY IDWHX onepaTOpOB ~(x,0 B O.QHOH 
~ 

TO'!Ke X, t MOryT OK838TbCSl HeonepaTOpH03H8'1HbiMH Bbipa>KeHHAMH , no3 TOMY Mbl He 

x) 
MO>KeM 8BTOM8 TH'IeCKH nepeHeCTH B KB8HTOBYID TeOpHID ypaaHeHHe (3) • 

H aweil 3atia'leH 6yneT nOK838Tb, 'ITO na>Ke B aCHMnTOTH'!eCKOH o6naCTH pac

CeAHHblX BOnH (6) peweHHe KB8HTOBbiX ypaBHeHHH UnA CHCTeMbl C raMHnbTOHH8HOM 

( 2) OTnH'!8eTCSl OT KnBCCH'!eCKOrO peweHHA ( 6), ecnH TBM HHTepnpeTHpOB8Tb Kn8CCH-

" 
qecKHe aenH'IHHbl KaK KBaHTOBbie onepaTopbi nonA ¢ ( x, t). DnA naHei\HbiX c HcTeM, KaK 

npaBHnO, peweHHe KnBCCH'!eCKOrO ypaBHeHHA .QBH>KeHHA naeT B03MO>KHOCTb H8HTH pewe 

/6/ 
HHe onepaTopnoro ypaBHeHHA 

/ 7/ /8/ 
BaeneM, cneaySI HHry, <t>enaMaHy H l:.JenneHy , onepaTop n aaaiDwHx aonH 

rp lo ( 0 'Y ) , yaoane TBOpHIDWHH CBC60llHOMy ypaBHeHHID flanaM6epa ( g ~ 0) 

a 2; 
lu ~ O rf> - rf> ~ 0. 

in tt in xx 
HnH (8) 

a. a v 

VIa (8) cnenyeT cjJypbe- npencTaaneHH e nnA onepaTopa </>
10 

/5/ 
B npeabJ.Qyweil pa6oTe aaTopa 6brno Heo6ocHOB8HHO npeanono>KeHo, 'ITO 

ypaaHeHHe (3) coxpaHHeT caoA BHn 11 a KBBHTOBoil TeOpHH. Ho 1erKO aa~eTHTb, 

'ITO y>Ke peweHHe 3TOrO ypaaHeHHSl HTepaUHAMH no KOHCT8HTe g CyweCTBeHHO 38-

BHCHT OT nOpAnKa p8CCT8HOBKH onepaTOpOB rpx,</Jt ,</J10tl B ypaBHeH!IH (3); BOnpOC 0 

npBBHnbHOH p8CCT8HOBKe onepaTOpOB OCT8eTCSl OTKpb!TbJM , 
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- ·- -

¢ 
In 

= I - f 
y~ -oo 

+ -lkx +l jkj t 
a ( k) e + • ( k ) e 

lkx -l jk j't dk 

v'211! 
l = 

I f d It a +(It) e -lku + a-(k) e lku l + 
yh 0 ..;T"k" 

(9) 

+ j d It [ a + (_It) e lkv + 8 - (_It) e -lkv ] , 

y2, 0 y2k 

r.oe , KaK o6hi'!Ho , Eo3e- onepaTOpb1 • t Y.OOBn e TBOpHIDT nepeCTaHOBKaM 

a +(k) a+(pl) = [ a (k) a -(p) ] = 0 

( 10) 

[ • (It ) a+ ( p) ] = B ( It - p) • 

06o3Ha'!HM no aHanorHH c KnacCH'!eCKOH 3a,oaqefi (4) o nepaTop na.oaiDmefi 

BOnHbl B n On O)!{HT e nbHOM HanpaBneHHH x '!epe3 

r/1 ( u) c 
I 

I 

y2tr 
"" f 
0 

~ [a+(k) e -lku +a-(k)e 

y2k 

H onepaTop BOnHhl B npOTHBOOOnO)!{HOM HanpaBneHHH '!epe3 

r/1 (v) = I j dk [a+ (-k) e lkv + a -(-It) e 

y2tr 0 ..;2k 

J.13 (9) HMee M 

A A 

¢ ( o , v) = r/1 ( u ) +r/1 ( v) 
In I 2 

I k u ( 11 ) 

-lk v ]. ( 12) 

J.13 nepeCTaHOBOK (10) cne.OyiDT KOMMyTa!IHOHHbl.e COOTHOmeHHH ,OnH r/1 ( o) H 
I " 

r/1 2 ( y) 

TOnbKO 

3aMeTHM, Bo-nepBbiX, 'ITO nOCKOnbKY onepaTOp . r/J I ( o) 
+ 

co.oep)!{HT .-(It) 

c nono)!{HTenbHbiMH 3Ha'!eHHHMH It , a onepa Top r/12 (v) co.oep-

6 

~ 
>KHT•c- '( Jr) TOnbKO C OTpH!Ia TenbH bi M H 3Ha 'leHH SIMII 0. , "'0 

[ r/J l ( u) <1- : v ) J : 0. 
2 

Llan ee 

A 

( r/J ( 0 ), r/J ( U' ) j a 
I I 

~ r~ 
2 17 0 It 

s in i:. ( o - u ) ~ £ ( o- ,. 
4 

(r/J ( y) 
2 

r/J ( v ' ) ] • - - 1
-· - j --...!iL sin It ( v - v ' l • - __L_ £ ( v -

2 2, 0 lr 4 

r n e 

X> G 
d x l ~ l 

-I X < ~ 

Eme HaM noTpe6yeTCH 3 HaHHe KO MMyTaTopo B .onH npoH3BO.OHht> 

pb!e nony'laiDTCH .OH<jxj>epeH!IHpOB8 HIIeM COOTHOUleHHH ( 13) 

( r/1 ( o) , r/1 ' ( o ' ) J = - _i_ 8 ( u - n ' ) 
I 2 

[ r/1 ( v ) 
2 

"'; ( v ' )j _i_B(v-v ') . 
2 

Tenepb npe.ononOJKIIM, 'ITO onepaTop pacceHHHb! X B OnH ¢out II 

BH.O, KBKOH Cne,oyeT H3 pemeHI!H KnaCCII'IeCKOI'O ypa BHe HHH (3) , no 
. " 

K aK ypaaHeHHe fell3eH6epra Ha onepa Topbi nonH ¢ . Ey.oeM e ro o ! 

cornacHo (6 ), HMeeM: 

"Kn 

</> out 
(o, v) = r/J 

I 

" (o+g 2 P l +r/1 
~ 2 

" 2 " " 2 "" 
CMbiCn onepaTopoB r/J ( o +g P ), r/J (v -g P) 

1 " " 2 2 1 

( v- g2; ) . 
I 

, B apryMeH 

HT ,opyrHe onepaTOpbl P2 II P
1 , C TaHOBI!TCH HCHbiM , ecnH 3a Me 1 

A A 

pI K OMMYTHpyeT C r/J 
2 

, a P 
2 

KOMMYTHpye T C onepaTOpOM t{J 

HO, 113 (II), ( 12) H ( 14) HMeeM COOTBeTCTBeHHO: 

7 



--L_ J 
Vh -oo 

dl:: + V 211:1 (a (ld e -fkx+ l l llt 
+ a 

J --..!U; 
..;-;;- 0 ..;2T 

8 +(1::) e -lku + 
8

-(k) e lku 

(I::) e lkx- ll t l't 

J + 

+ 
..;2, j d_k_ ( a + ( -1::) e lkv + a - ( -1::) e -ltv J , 

o VH 

6bi'!Ho,E o ae-crrepa TOpbl a t. 
yaoaneTBOp!I~T rrepeCT8HOBK8M 

a+(l::) a+(pl) ~ [a (1::) 
a-(pl]=O 

[ a (1:: ) 
8 + ( p) ] a 8 ( 1:: - p) • 

]= 

(9) 

( 10) 

IB'!I!M ITO BHBJ!Of'HH C KJIBCCif'!eCKOJ! 3BaB'leJ:I ( 4) OITepaTop ITaaa~lUeJ! 
•JIO)!{HTenbHOM HarrpaaneHIIIf x '!epea 

D) = I oo 

--=- J ..;2 , o d 1:: ( 8 + ( 1:: ) e -1 ku + a- ( 1:: ) e I k u vn 
BOJ!Hbl B IIpOTI!BOITOJIO)!{IfOM H B !TpBBJi e HIII! '!e p e3 

= --1.__ j d 1:: ( 8 + ( -1::) e lkv + a - ( -1::) e - lk v J . 
..;-;; o v2"k 

M 

cp ( u , v) a 1/J ( u ) + r/J ( v) 
In 1 2 

BOK (I 0) 
cneay~T KOMMYTBUI!OHHbl.e COOT!IOWeHifSI anSI 

( 11) 

( 12) 

~eTI!M, BO-rrepBbiX, 'ITO lTOCKOJlbKy OITepaTop . rjF I ( u) 
rjF ( u) II 

I + 
coaep)!{ifT 8 -(1::) 

lTOJIO>KHTenbHbiMII 
3Ha'leHIIHM1! 1:: , a orrepaTop r/F

2 
(v) 

coaep-

6 

~ 

lKHT •Cl-{ lr) TOJibKO C OTpifUBTeJibHbiMH 3HB'!eHHl'IMH ~ , -c 

[ 1/J I ( u) V- ( v )j=O. 
2 

flam~e 

1 He 

~ .. 
[ 1/J (a), 1/J ( u' ) J .. 

I t r~ 
2 r; c k 

sin 1: ( n- ) ~ _ i - ( ( a- 11 ") 

[ rp ( v) 
2 rp ( v ' ) ] • - _i_ j _jL sin 1:: ( v - v ' ) e - -L_ ( ( v - v ' ) , 2 

2rr o k 4 

{ (X ) ' k J 
X> G 

-J X ( () 

Eme HBM lTOTpe6yeTCH 3HBH I!e KOMMYTBTOpo a anSI lTpOl!3BOaHbiX r/1
1

:

2 pble lTOJJY'!B~TCH alf~epeHUl!pOBaHIIeM COOTHOU/etml! ( 13 ) 

[ r/J 
( u) , r/1 ' ( u ') ] ~ - _i_ 8 ( o - u ' ) 

I 2 

[ 1/J 2 ( v ) !{l' (v' l]. --L8(v-v ') . 
2 2 

( 18 ) 

KOTO-

( 14) 

Terrepb rrpearrono>KIIM, 'ITO orrepaTop pacceSI!IHbiX BOJI!{ ¢out II Mee T TBKOtl )!{e 

Blfa, KBKol! cneayeT 113 peweHIIH KnacCH'!ecKoro YPBBHeHHH 
- .. 

KBK YPBBHeHife feltaeH6epra HB orrepaTOpbl lTOllSI cp 
COf'JIBCHO (6), HMe eM: 

"Kn 

</>out 
.. 

(u,v)~rjF ( u +g 2 P l +rfr 
I 2 2 

" 2 " C MbJCn orr epa Topoa rjF ( u + g P 

J "" "" 2 
) ' rjF ( v - g2 p ) 

2 I 

( 3), ITOHifMBeMoro Terrepb .. 
EyaeM ero o6oa!Ia '!aTb ¢ Kn: 

out 

(v - g2; ) • 
I ( 15 ) 

, B Bpf'yMe!ITe K OT OpbiX C T O-SIT apyr11e onepaTopbl P
2 

11 P
1 

" pI KOMMYTifpye T C rjF 
2 

H O , H3 ( JJ ) , ( 12) II ( 14) 
a P 

2 

, CTBHOBHTCSI HCHbiM, ecn11 3BMe THTb, 'ITO OITepaTop 

" K OMMYTlfpye T C onepaTopoM 1/J 
1 

lfMeeM COOTBeTCTBeHHO; 
lleiic TBI!Tenb-

7 



r~. --------------------------------------~------

pI 

p 
2 

- f o/1 ' 2
( a) da • j It a + (It) a- (It) dlt 

I 0 

.. 2 -• f o/1 ' (v)dv •f lta+(-lt)a-(-lt)dlt 
-oo ~ 0 

; . ~ J-(~ .~ J -[P , ; J-(P. $J-o 
I I 2 2 I 2 I I 

" 
( pI ~ (a) ] • i; ' (a ) 

I I 
[P 

2 
~ (v)].-i; '( v) . 

2 2 

( 16) 

noaToMy orrepaTopbl B ( 15) MO>KHO npeacTaenS!Tb a BHile pS!IlOB Tei!nopa no 

p 
I 

H p 
2 

.. 
... o 

o/1 (a+g
2

P 
I 2 

) - l: 
( g2 ;2 >" 

nl 

A 

.t<n> 
'I' (a) 

I 

" - (-g2P l" "en> 
t/J ( v- g 2 pI) a I. I t/J ( v) • 

:i n•O n ! 2 

( 17) 

ilanee, npeJlriOnaraeMbli! orrepaTOp cp out 
, KBK 3TO H JlOrrlK HO 6h1Tb B TeOpHH 

.Hara ·-¢enllM8H8, YJlOSneTBOpS!eT CB06 0JlHOMY ypaBHeHH!O (8) H HMeeT ¢ ypbe-rrpellC T8B"'1·. 

neaHe 

" cp Kn ( u • v) • __ 1 __ j _iL_ I A +( k • g 2 ) e -lku 

out Y-;; 0 yTk" 
+ A- ( k , g 2) e lku l + 

+ .:.._ j d k I e lkv A+(_ k • g 2 ) + A- ( _ .k, g 2) e lkv l. ( 18) 

y2tr 0 y2k 

8 

< ne orrepaTOpbt .l.* <± k, g
2

) 0upenencuu cornacnc (1"'), (1 2 : 

Aj;(i:, g 2 l -
• i ( ~ l e + I kg 2 P2 

A± ( - ~ ' g 2) •" ,.3' ( lt \ ~ 
+ ·lks 2pl 

M o >KHO noKa3aTh, <ITO 

llJeHHS!M ( 10), <ITO 1i a± 

A± y noeneTeopmoT TeM ¥8 KO"'MY 

3To 6yneT n anee cnenoeaTh no ljlaK 

y nnTapn oro npeo6pa30BBHIHI s+ 
Kll 

at S 
K/! 

+ A-
A A 

wero c/> 10 H cp o ut • 

O n epaTop s Kn ocymecTBriH!OlllHH npeo5 paaoB3Hife 

S + i ( u, v ) S ; cp" ;c '! ( n v) , 
Kn in Kl! out ' 

1', e. OT 

KOTopoe c y~eTOM ( 12) H (15) pacnauae TCS! na naa paaencTBa 

HMeeT BHJl: 

+ A A 2 A 

S 1/J ( u) S a t/J ( u + g P 
Kn I Kn 1 2 

S ~n; ( v) S = ~ ( v - g 
2 

; ) , 
2 Kn 2 I 

S = e Kn 

A A 

I g2 p p 
I 2 

n oKa>KeM , 'ITO 5 YllOBneTBOpS!eT ypaBHeHH S!M (20) . npE 
Kn A A 

'ITO rrOCKOribKY onepa TOpbl p 1 II P 2 KOMMYTHpy tOT, ( CM. ( 16 

aKcnoneHTbl c orrepaTopoM P1 P 2 B noKaaaTene ne Bh;3biBBeT aaTp: 

( 21) JlO.itlKHO paCCM8TpHB8TbCSI KBK CyMM8 06btKHOBeHHblX rrpOH3B 

9 



P I • f , 2 f .. + -1{1 (a) da • It a ( It) a ( It) d It 
I 0 

p 
2 

PI 

" [ pI 

2 .. 
• J 1{1 ' (v)dv •J Jta+(-lt)a-(-lt)dk 

-- 2 0 

;11-[;J,PJ 1- [ Pl.$21 -[PI.$11- 0 

;(a)J.;$ ' (a) 
I I 

[P 
2 

~ (vl1--i$ '( v). 
2 2 

(1 6 ) 

1y orrepaTOpbi B ( 15) MO>KHO npeacTa anSlTb a BHae PllllOB Teitnopa no 

" ~ . - 00 (g2p2)o 
1{1 "(n) ( u) if! (u+g p ).~ 

I 2 n • 0 n I I 

(17) 

" " " oo(-g2P)n " if/ (v- g2pl) al; I if/ (n) ( v) • 
2 n•O n ! 2 

npennonaraeMbiA onepaTop </> 
out , KBK 3 TO H llOli>KHO 6b!Tb B TeOpHH 

HB, YllOBl!eTBOplleT CB060.llHOMy ypaBHeHHIO (8) H HMe eT cf>y pbe-npeaC TBB-< ·. 

1 00 dk + 2 -Iku (u,v) • ---J---IA (lt,g )e 

..;'"2; 0 ..;2k 
- 2 ltu 

+A (k,g )e I+ 

+ !...... r dk I e Ikv A+(-lt,g2) + A-(- .lt,g2)e Ikv I. (18) y2rr o y2k: 

8 

r :-te orrepaTopbi ·'·*" ( .± k , g 
2 

l cupeaencuu cornacno (I "i), ( 12) , ;: ( 1 I ) 

A j; ( k , g 2 ) _ • i ( ~ ) e + I kg 
2 

p2 

A±(-~ , g 2 l ., a.i-( .. ) ~ 
+ ·ll<g 2pi 

( 19) 

Mo>KHo rroKaaaTb, <JTo 

WeHHSIM (10) , qTO li a::!; 

A t. 
y::JOB•1eTBOpSliOT TeM +'8 KO"lMYTCIU.HOHl!b:M COO THO-

3To 6yaeT a anee cneaoaan, Jl 3 <Pa KTa cywec Tsoaa HHSI 

" 
H </>out 

+ + + 
S a- S = A- , T.e. Orrepa Topa , CBSI3bi BBIO-

KTI Kl! " 
wero </>

10 

YHHTBpHoro npeo6paaoaaHHSI 

O rrepaTop s , ocymecTBJHriOwHti rr peo5paao B3Hile 
Kn 

.. 
s + </> ( u, v) s 

Kn In KJ! 

""!\"'! 
</> ( 0 v) • 

out 

Koiopoe c y~e TOM (12) H ( 15) pa crraaae TCSI Ha naa paaeHCTBa 

+ "' "' 2"" S 1/1 ( u) S a t/1 ( U + g P 
Kn I KJI I 

" 
(20) 

s ;ll.p ( v ) s = "' ( v - g 2 p 
2 Kl! 2 I 

HMee T BH.ll: 

S I g2 p p 
Kn ""' e 1 2 

(21) 

noxa>KeM, q TO S YllOBl!eTBOpSieT ypaBHeHHSIM (20) . npe>Kae BCer o OTMe TH M , 
Kn "" " 

qTO TlOCKOl!bKy OllepaTOpLI p I H p 2 KOM MYTHpyiOT , ( CM. ( 16) ) , TO HHTep npeTBUHSI 

axcrroHeHTbi c orrepaTopoM P1 P2 B rroKaaa Tene He Bb;3hiBaeT aaTpynHeHHi<. B bipa}KeHv.e 

( 21 ) no"'>KHo paccMaTpHBB Tbc sr KaK cyMMa o6btK HoaenHLIX rrpoHa a e n e HH it o rrepaTopa P
1 
~ 

9 



r" 

It 

t g 2p I p 2 
~ 

n~o 

2 n 

~(PIP2 
n ! 

nn~ noK838Ten»CT&8 paaeHCTB (20) c onepa TOp OM SKn 
npon;Hp<\JepeHI.Utpye M 

+ + A 
S 1/J(u)S >1 S !/J (v)S 

2 no g H C y~eTOM K OM M )' T8UHOHH blX 

Kll I Kll Kll 2 

COOTHOWeHHA (16) nony~KM: 

a (S+ Y, (alSKll 
Kll • 2 as 

s + 
Kll 

A 

P [1{1 (ul,P ]S 
2 l I Kll 

+ a + A 

P S ljJ ' ( u ) S = P --- ( S 1{1 ( ul S 
2 Kll I Kll 2 a u Kll I Kll 

a + A + 
---(S ifJ (v)S l =5 iP [1/J (v),P ]S a g 2 Kll 2 Kll Kll I 2 2 Kll 

A 

P s+ ljJ'(v)S 
I Kll 2 Kll 

A a + 
P --(S 1{1 ( v) S ) . 

I av Kll 2 Kll 

+ .p 1(,.) S)g2=o Perna~ 3 TH ypaaHeHH~ c Ha~anbHhlMH ycnoBH~MH ( s 
Kll 

(S :n "' ( v) s ) 2 =1/J ( v) 
2 Kll g =0 

+ 
'S "' ( u ) s 

Kll I Kll 

-1/1 (u+g
2

P 
I 2 

~TO H Tpe60B8110Cb nOK838Tb, 

, H8XOnHM 

+ A 

s "'2 ( v) s 
Kll 

Kll 
1{1 (v 

2 
g2;1 ) • 

(22) 

"' ( u) 

QnepaTOp ~rt onpenen~eTC~ ypaBHeHHHMH (20) on H03H8~HO C TO~HOCTbiD no 

"' "Kn 
<jla30BOr'0 MHO>KHTellH, T8K K8K CHCTeMbl cp H cp onepaTOpOB, HBll~HCb peweHH-

ln out 191 
HMH ypaaHeHH~ llanaM6epa, o6paayroT HenpHBonHMbte Ha6opbi onepaTopoB a nsyx-

MepHOM npOCTp8HCTBe x, t, ynoaneTBOp~ID!UHe KOMMyTaUHOHHbiM COOTHOilleHH~M ( JO), 

TaKHM o6paaoM , H3 KnaccH~ecKHX peweHHA cnenyeT Bbipa>KeHHe nn~ S Kll 

10 

.I 

' 

' ' 

B HMnynbCHOM npocTpaHCTBe nnH onepaTopoa T aK>Ke nerKo nor 

aeHC Taa: 
+ 4S + + 

A- (±l<,g l=S a-(±i< lS 
Kll Kll 

H ano T onbKO yqecTb , 'lTO nnH 1< > o 

+ A ± 
[a-(i<l , P

1
]= +Ita (I<); 

+ A 

[a- ( -1< ) , P
2

]= +i<aj- ( -1<) 

+ 
Torna H3 3 THX K OMMY T8TOpOB cnenyJO T paBeHC TB 8 ( 19) nnH A-(+ 

+ -
K8K pa3 cnenye T, 'lTO A- ynOBJi e TBOpHIOT TeM >Ke KOMM yTa UHOHH b 

~M , 'lTO H a :!: , llanee nerKO 3aMe THTb, 'lTO o n epa T Op 'lHC118 n a n a 

N = fd i<a +(i<)a-(l<l + fd i<a+ ( - !tla-( -i<l 
In 

0 

KOMMYTHpyeT c SK 11 H no3 T OMY 
S Kll npHBOnHT T OllbKO K np OUe 

6e3 H3MeHe HHH 'lHC118 'l8CTHU. 0 T CJOn 8 c n enyeT paBeHCTBO onepaTO 

WHX H pacce HHHhlX 'l8 CTHU: 

A Kll 

N =N 
tn out 

f d I< A+( I<, g 2 l A- (I< , g 2 l + f d I< A+ ( -lr, g 
2 

l A - , 

0 0 

§ 3. s-MaTpHU8 B npenC T 8 Bl!eHHH B38HMOneACTBH~ 

T enepb o6paTHMCH K cTaHnapTHOA npoueny pe nony'leHHH S 

CT8Bl!eHH H B38HMOneACTBJH!, llnH 3 TOr'O Bbinf!llHM H3 r'8MH11bTOHH8H 

H -raMHl!bTOHH 8H 
cao6onHoro non~ , H3 KOToporo cnenyeT ypaBJ 

(8). KaK y>Ke OTMe'lanocb, npH 
g 2 =0 H8 lli r'8MHllbTOHH8H (2) ; 

Ho 
_1_ ( cp 2 + IT 2 ) . 

2 X 

T aKHM o6pa30 M M hl paa6Haa e M 
H H8 nae , 'l8CTH H=(H-H 0 )+ 

o6oaHa~HM qepea H tnt , 
H npeucTaBHM ero B BHue paano>KeHH : 

B npeuc TaaneHHH B38HMoneAcTBH~ HMeeM, cornacHo {12), 

cp ( x , t ) = 1/J 
1
' ( U) + "' 2 ' ( V) 

IT (X, t) ="'; ( V) 
1{1 • ( u) 

I 

H
0 

= 1{1 1 '~ul +.P/1
(vl. 
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t g 2p 1 p 2 

LlOKa3aTellaCTa a paBeHCTB 

+ " 

~ 
n:::: O 

(20) 

2 D 

j g ) ( p 1 p 2 
D ! 

c onepa T opoM SKJJ npoaH~~epeHuHpyeM 
2 

110 g H C y~eTOM KOMMYTBUHOHHhlX 
) S 11 S rp (v)S 

Kn Kn 2 

HHfi ( 16) llOlly~H M; 

a (S+ if! ( a )S 
a g 2 Kll 1 K JJ 

s + 
KJI 

P ($ ( u ),P ]S 
2 I I Kn 

P S + rp ' ( u ) S = P ___}_ ( S + r/J ( u) S 2 
Kn I Kll 2 a u KJJ I 

KJI 

a + + 
-(S r/J (v)SK l=S iP (rp (v),P ]S a g 2 KJJ 2 Jl KJI I 2 2 KJI 

" 
P s+ rp'(v)S 

I K Jl 2 KJI 
" a + 

P --(S r/J (v) S ) . 
I av KJI 2 KJJ 

(v) S ) 2 =rp (v) , HBXOJ:lHM 
KJI g =0 

+ 
( S rp I (,.) S ' 2 

KJI g = 0 

ypasHeHHR c Ha~anbHbiMlf ycnoBHRMl! 

KJI 

" •if! (u+g 2 P 
I 2 

s + r;," ( v) s 
2 KJI 

KJI 

2 " 
g pI ) ' r/J (v 

2 

s 

~aanocb aoKa3BTb. 

(22) 

r/1 ( 0) 

TOp SKn orrpeaeJJReTCR ypaBHeHIISIM H (20) 0LlH03H8~HO C TO~HOCTbiO LlO 

"" "'Kn 
HO)!{HTenR, TBK KBK CHCTeMbl ·rp H rp OllepaTopoB, RBliHHCb PBillBHH -

Io out 

191 IHR Ila naM6epa, o6pa3YIOT HerrpHBO.OHMhre Ha6op br onepaTopos a .osyx -

: T paHcTse X, I, YLlOBJJeTBOpRIO!lllfe KOMMyTBUlfOHHb!M COOTHO!UeHHRM ( ]0). 

30M, lf3 Kli8CC lf~BCKlfX pellJBHlffi cneayeT Bb!pB>KeHlfe .QJIR S Kn 

10 

.I 
I 

il , 

8 HMilynbCHOM 11pOCTp8HC TBe LlliH onepaTopos TBKlKe llei'KO LlOK83biB810 T C5l pa -
BeHCTBa: 

+ • + + 
A-(±k,g l=S a - (±k)S 

Haao T onbKo y~ecTb, ~To anH k > o 

Kn Kn (23) 

+ " ± + 
(a-(k), P 1 ]=:;:ka (k); (a-(-k),P

2
]=+ka.:t:-(-k), 

+ TOI'Jl8 H3 3 THX KOMMyTBTOpOB ClleJ:lyiOT paBeHCTBa ( 19) JlliH A-( :tk, g 2). vf3 (23) 
+ 

KBK pa3 cneayeT, ~TO A- YLlOBJJe TBOpHIOT TeM lKe KOMMYTBUHOHHhlM COO THOllJe HH-

HM , 'ITO H a :!: • [lanee nerKo 38MeTH Tb, 'ITO Onepa Top ~HCna ll8JlBIOillHX ~8CTHU 
N =/d ka +(k)a-(k) ... fd ka+ ( -!r. )a ·· ( -k) lo 

KOMMYTHpyeT C SKn H 1103TOMy 

S Kn llpHBOLlHT T OllbKO K 11pOUBCC8 M paCCBHHHH 

6e3 H 3MeHeHH 5l ~HCJI8 ~BCTHU. 0 T CIOJ:l8 ClleayeT p8BBHCTBO OnepaTOpOB ~HCJJa ll8Jl810-

llJHX H p8CCB SIHHb!X ~8CTHU: 

"Kn 
N =N 

In out jdk A+(k,g
2
)A-(k,g

2
) + jdkA+ (-lr,g 2 )A -(-k , g 2 ). 

0 0 

§ 3 . S -Ma TpHUa B npeJ:lC T aBne HHlf B 38HMOJ:lelicTBHS! 

C T BBliBHHH B38HMOJ:leikTBHH. ilnH 3 TOI'O BhlJ:lBliHM H3 I'8Mlfllb T OHH8 H 8 HBWefi CHCTBMbl 

T e nepb o6paTHMCH K C T a HaapTHofi npoueaype nony'IBH HH 
S -M a TpHUbl B np e,o-

H - raMHJJbTOHlfaH 

cso6oaHoro noliH , 11 3 KOT oporo cneaye T ypaBHBHlfe IlanaM6epa 

(8). KaK y>Ke OTMe~BliOCb, llpH g
2 

= 0 H8llJ I'8MHllb T OHH8 H (2) rrepeXO.QI!T B 

H = _I_ ( ¢ 2 
0 2 X 

2 

+ " (24) 

T aK HM o6pa3oM Mbr pa36Hsa e M H 
Ha ase . ~aCTI! H=(H-H

0
)+H

0
, rae (H-H

0
) 

o6o3HB~HM ~epe3 H fnt , 
If npe.QCTBBI!M ero B BilLi e p 83liOlKB HH5l 110 C T ellBHHM g 2 

8 rrp e.oc TasneHHH B3BHMoaeficTBHR HMeeM , cornacHo (12) , 

rp ( X , I ) = rp 
1
' ( o ) + rp 

2
' ( V) 

fT (X, I = r/1; ( v) r/1 ' (a) 
I 

H 0 = r/J/lul +rp2 ' ~v). 

11 

(25) 



Y paaHeHHe Ha s -M a TpHUY ( fim S ( 1 l s ) 

rne 

H (X. I } 
lnt 

a s< 1> 
a 1 

f d x H <nt ( x , I) S ( I ) , 

t JdxH (x) t -tt J dx H ( x ) 
e 0 ( H ( x ) - H

0
( x ) ) e 

0 

2 2 2 2 
- 2 I 2 2 2 2 

= g :1 V ( l + g ( r/1 ' ( ul + r/1 ' ( v) ) ]l l + 
I 2 

g ( "' •• ( u) - "' , 2 ( v ) ) 

( 26) 

(27) 

-ll: - H 
0

(x,l l 

3 To c n o lK HOe onepa Top Hoe BbipalKe HH e nnH H Int ( x, 1) 
HylKHO TIOHiiM8 Tb K8 K p All DO 

g 2 HOp Man bH biX npoa3aene HJii1 on epa Top o a ,P ' 
2 

( a) . I 

I , 
\ ' 

3 H8K HOp Manb-r/1 , ':It, v ) 
2 

Horo npoa3aeneH iiH on epaTopoa). 

T aKoe pa3nOKeHii e aMee T Blill 

H !nt ( u , v) = - 2 g 
2 : "' , 2 ( u) "' , 2( ,I) · : + 

I ~ 

+ 2 £ (-g2)n+li 
nr=l m =0 

2 (m+ I) 2(n+ 1-m) 
r/1 '

1 
(ttl ljJ '

2 
( vl 

(28) 

A m,n 

rne n ! ( n + l) ! 

A m,n 
m I ( m + l) ! ( n- m) ! ( n + l - llfl! 

H3 ypaaHeHiiA (26) c n eny e T Bhlp alKe Ha e nnH 
S -Ma TpiiUbi KaK T - 3Kc n oHeHTbi 

-lj dt Jd x HI (x ,t ) nt 
S = T I e -oo l · 

(29 ) 

.[ln A TOrO 'IT06bi IiMe Tb B03 MOlKHOC Tb Cpa BHii Tb Bbipa lKe Hiie SKn , n ony'leH

HOe H8Mii B npeAbi Ayille M n ap a rpa !j>e Ha o c Hoae npen nonomeHiiH o a a ne on ep a Top a 

12 

</> o ut li 
5 - Ma Tp •IUY (29) , He06 XOAii MO B ( 29) nep eHTii OT T-npOii ;2 

A 

TOpOB r/J I • r/1 2 K o6hl'IHOMY n p Oii3Bene Hii iD , TI OCKOnb KY 
A A 

5 Kn ec 1 

ae HHhl X np Oii 3BeneHii H onepa TopoB P 1 P2 • 3Ta npoueny p a anre6 ~ 

aan e HTHa Teop eMe Ba Ka nnH nepe x ona o T T K N - npOH3BeneHiiKl 

xp oHonora'leC Kii X c s e p TOK on ep a Topoa B TeopeMe BaKa a Ha illeM cJ 

30B8TbCH 38D83llbi B8IDillHMii CBepTK8 MH . 3TO BHAHO H8 npaMep e 
A A 

p oB r/J ; ( u) a r/J ; ( v) 

rne 

T ( r/J ' ( u l r/J' ( u ')) 
I I 

r/J '( u ) r/J '( u ') + D rot ( u' - u ) 
I I I 

T(l{l;( vll{l;(v')) = l{l;< vll{l;(v ' ) + 
D ro t ( v 

2 
- v) • 

rot 
D 

rot 

D I 

( u ' - u ) • (} ( I ' - I ) ( r/J ' ( u ' ) , l{f ' ( ·u } ) 
I I 

( v ' - v ) - (} (I - I ) [ 1{1 ' ( v ' ), 1{1 ' ( v ) ) 
2 2 

I '> I 

() ( I, - I ) =I 
0 I ' ~ I 

n onb3yACb Me Ton oM X op a 1 1 O/ , npoa3 s eneM n ep e xon oT T ~ npoH 
A A 

TOpOB 1{1
1

' , 1{1 ; B (29) K o6bi'IHOMY n pOH3 BeneHii iD C DOMOillbiD on ep 

/';. rot 

T exp I - i J d I J d x 1\nt ( x , I ) l = e exp I - i J dl d x H lnt 

ret "" A 
Ca Maon !'J. B cny qae HaillHX onepaTopoa 1{1 1' ( u} 11 1{1 2' ( v l v." 

2 
8 rot ) ___ _:::_ ___ _ 

A ro t z J d I J d X I 2 I D I ( U 2- U I ~ ,{, ' ( U ) 1l r/J , ( U ) 
u 1 ,2 • u 'I' I I 2 2 

rot 
+ D 

2 

2 

( v2- v I ) 8 l . 
81{1; ( v 

1
) 8 1{1; ( v

2
l 

13 



He H8 S -Ma T p HUY \ f im S ( 1) = s) 
r _., og 

a sc 11 
= J d X H ' n t ( < . 1) S ( I ) , ---

a 1 

tnt ( x ' t ) 

t J dx H
0
(x ) t 

= e ( H( x l-H(x)) 
0 

- ttJ d x H ( x ) 
e o 

~£ ~ 2 2 2 2 2 2 2 . 2 
( "' ' ( o.) + "' ' ( v ) ) J l 1 + g ( "' ' ( 0. ) - "' ' ( v ) ) 

I 2 1 2 
+ g 

( 26) 

(27 ) 

-l l : - H 
0

(x.t l 

lKHOe o nep a TOpHOe Bbipa >KeHHe nn H H int ( x, t) H)')!(HO IT OHHM8 Th K8K p51n ITO 

lMBnhHbiX npOH3BeneHH H o rrepa T Op OB rp ' 2 ( a) , 1/J ' , v ) ( : 3 H8K HOpMa nb-
1 2 

>H3 Berre HHH Orr epaTOpOB). 

<Oe p a3nOlKeHH8 HMee T BHn 

( u. v ) = - 2 g 2 : "' ' 2 ( 0. ) "' ' 2 ( -.1 )· : + 
I 

£' (- g 2)n+ l I A 
c 1 m =0 m • 0 

2(m+ll 2(n +l-m) 
rp '

1 
( a l if; '

2 
( v ) 

( 28) 

n ! ( n + 1 ) ! 
A 

m,n 
m I ( m + 1 )! ( n - m) ! ( n + 1 - !If) ! 

ypa BHeHH 51 (26) c n e n y e T B wpa>Ke HH e n nH S -Ma TpH Uhi K B K T - 3KcnoHeHT hi 

-l j dt Jd xH (x ,t) 

S = T l e - oo lnt l • (28 ) 

T OrO 'I T06bi HMe Tb B03 M O>KH OC Th Cp BBHH Th Bblp8 lKe HHe SKIT , riOITy'leH-

B rrp e nbtnywe M rr aparp a !jle Ha oC HOBe npe n rrono >K e HHH o BHrre o rr e p a Topa 

12 ......... ______________ _ 

¢ o ut H 5 - MaTpHUY (28) , Heo6 x onHMO B ( 28 ) nep ei1 TH OT T - npOH3 Bene HH 51 o n epa -

" 
TOp OB I/J 1 , 1/J 2 K 06bi'IHOMy n pOH3Be~eHH !O , riOC KOITh KY 5 KIT e C Tb CyM M 8 06biKHO-

BeHHbiX np o H3 sene HH H o n e p a T opoB P 1 P2 • 3Ta npo u e n ypa aiTre 6paH'! eCKH 3 KBH -

Bane H TH a Teope M e B HKa n iT H nepe x ona o T T K N - npoa3 BeneHH!O , TOIThK O B Mec T o 

xpoHOITOrH '!e CKH X CBep T OK onepa To poB B Teope M e BH Ka B Ha w e M c rry '!ae Hano n oiTb -

30B8 Tb C51 3 8IT!l3n hi B8 !OWH MH CB e pTK8 MH . 3TO BHnH O H8 npHMepe ITBYX OIT e p a TO-

p o B if! 
1
' (u ) H if! ; <vl 

rne 

T(ljJ '( u )ljJ ' (u ' )) = 1/J ' ( u ) I/J '( u ' ) + Dret ( u' - u ) 
I I I I I 

T( 1/J;( v li/J;(v ' ) ) a.p; ( v ) .p; ( v') + D re t ( v 
2 

v ) • 

ret 
D (u ' -ul- O( t 

ret 
D l (v ' -v)a {}( t 

() ( l ' - l ) =l 

t ) [ rp '( u ' ) , rp ' ( ·u ) ] 
I 

t ) [ "' ' ( v ' ) • "' ' ( v ) l 
2 2 

t '> t 

0 t ' $. t 

(30) 

( 3 1 ) 

n oiTh3 YHCh M e Ton oM X o pH/1 °1, npoH 3BeneM n e p e x on o T T - npoH3Ben e HHH o n epa -

" " 
TOpOB </1

1
' , rp ; B (28) K 0 6hl'!HOMY n p OH3 BeneHH!O C ITOMOWh lO OITepa T o p a e 

tJ. rot 

T exp l - i f d t f d x 1\nt ( x , t ) l = e exp 1- i f dt d x H lnt l · 

" " C HM BOIT tJ. rot B CITy '!a e H8WHX o nepaTopoB I/J
1

' (u) H rp 
2

' ( V) HMee T BHn 

- ~t tJ. zJdt 1, 2 Jdx 1, 2! D I 

ret 
+ D ( v- v 

2 

2 
0 

(u
2
-u 

1
) ----- ---

o!f! ; Cu
1
lo i/J ~ ( u

2 
l 

2 

0 l . 
oifl; ( v l) o .p; ( v 2 ) 

13 

+ 

6 -

(32 ) 

(33) 



II 

JlnH i11lnbHei1WHX 3b!'!HCI1CJ1Hll yno 6no ncpCllTll K l!Mil)'ilbCIIOMY npci1CT.~BJW1U<IO 

vn.cprJ ropon "'; .ojJ; 
rot 

II tjly!I·<UI!ii D't,J 

o/1 ( u) = 
1 

"'' ( v) 2 

-! pu "" 
---"-- f d p 0 " ( p) 

v' 2 " 

_ I 
./-=-::.._- f rl p. 
v 2 rr -

" 
·-I "v,A ( pl -

(34) 

Y'iHT'-'II?..~Il (! I ), (12 ), nony•J ::C M ::tnH onopilTGpon a ( pl 1< {3< p) cneilylOUJHe BhlpaJKc

HH !-C 

¢yHKUHI! 

a ( P) 

f3 ( p) 

0 rot 
1, 2 

or•• < u 
2 

n ret ( v 
2 

n~-c_ 
v--"---2 - () ( -- ,. ) a 1-p) J l _ [(J(p)a+(p ) 

I 

J JJ:L i [ () ( p) a+ ( p) -· ()( p) ~- ( ·- p)] . 
2 

»MClOT ¢ypbe-npcac rann0JIHC 

- u ) 
1 

- v 

() ( t •- t I) 

2 " 

f d P ~ e 1 0 ( ·• 2 - "1) 

) =-
() (12 - ll 

2" 

f dp p e lo ( v 2 - vi) -

B 4JOpMyny (32) renepb Haao noacraBHTb tJ. ret H J dt dx H lot ( x, t) 

ilYlOUieM EIHllE'-

8 2 

(j, ret a J d t J d p I (j, ( t p 1 ; t 2 p 2 ) 
1 ,2 I ,2 I I 

+ 

8 a
1 

( p 
1
) 8a

1 
( p~) 

I 2 

+ {j,2 ( t I pI ; t 2 p 2 ) 

~ 

8 l ' 
8{3, (pl)8 f3, (p2) 

I 2 

14 

(15) 

(36) 

B cne-

(37 ) 

rae 

{j, ( tIp I 
1,~ 

t~p~l--
() (t ~-·~) ll(p + p ~) 

---- p 1,2 I 

Jli~ 00 g~ 
fdtfdxH (x,tl~----+-- Jdt I(- ---t 

tnt tr u _ 0 2 rt 
I A 

a-=0 m , n 

~(m+l) ~"+1-m) 

• f d p 1 "' d p ~ lim+l)d q I ••• d q ~(B+l-m) 

~(m+l) 

~~~~~·! 
e 8< I p + I q l: a 

I I I I t 

f3 t (ql) ... f3t(q2(B +1-m)): 

B BblpaJKeHHHX (37) H (38) y oneparopos at , {3, nocTasneH HH! 

CBH38HO C TeM, '!TO XOTH 3 TH onep8T0pb1 SIBHbiM o6p830M H He 38 Bta 

TeM He MeHee 
HBnHeTCH "ynopsti10'!HB810UIIIM" napaMe TpOM B 

HHH onepaTOpOB B (32) CM. / 11 / . JlnH nonHOrO raMHnbTOHH8H8 Hint( 

nonHHTb onepaUHIO (32) nepeXOi18 OT T K 06WKHOBeHHOM)' npOH3B 
2 

yaaeTCH 6e3 pa3noJKeHHH B pHil no napaMeTpy g 

Hawei1 3aaa'!ei1 6yaeT noKa38Tb, '!TO ecnH orpaHH'!HTbCH nepBl 

( 38) , nponopUHOH8nbHbiM g 
2 

, TO C T04HOCTbiO AO g
2 

B nOK838' 

Tbl onepauHH (32) BbtnOnHHMa 6e3 pa3nolKeHHH B pHil H nony'!aiOWee 

T04HO cosnaaaer C S KW' H8i1AeHHOH B § 2. 

PaccMoTpHM BblpalKeHue: 

. :;~ oo oo ~It ( P + P ) 
S = T exp I _!.g_ f d t f d p d q e I ~ 8 ( p + p + q + q ) 

1 1T -oo _
00 

1,2 1,2 1 2 1 2 

... " 
a t (p 1 ) a t ( P ~) f3 t ( ql) ,8 t ( q ~) l 

(j, rot 

- e 
f dt H

1 
(t) 

e 

H 
1 

( t) - nepBblil qneH B pa3nolKeHHH ( 38) . EyaeM cosepwaTb see on 

Hble C BbtnOnHeHHeM B8pH8UI!OHHOPO AHtjltjlepeHUHpOB8HHH C TO'!HOCTb l 

Ka3arene 3KCnoHeHTbl. B pe3ynbrare nony<JaeM ( CM. npunoJKeHHe ): 
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JlnH r.wnr.. n eJ!w ux 3b! 'IH •'ncHuii y a o 6Ho ncpcii TH K I!Mll }' ilb C ii OMy npen cTaan c awJO 

r[• r opoo r/; ; ,r/J' If ¢Y'HU 1111 D{~ 
2 ' 

r/; ( u) 

r/; ' ( v) 
2 

GIC ,1 H (I I ), ( ! 2 ), nony 'L1CM 

-! p u "" 
-~·'--- J d p e n ( p) 
y 2 11 

I A 

~~- J rl p • ·· l vv , 
v 2 tT /> ( p) • 

(34 ) 

.:lll H or. cp.J'!' c..poo a { p) H {3 { p ) 
cneily;omue B bip a JKe-

>yHK UHH 

a {p) = j]~ J 1
- [ 0{ p l a + (p) 

I - 0{ - , ) a 

' I Pi 
i [ 0 { p ) a+ { p) - 0< p). - { - p ) J 

(j { p) = v -2--

D rut 

1. ~ HM C IO T <Py p b€·· IIP CilC T DDiiP IIH O 

nr•• < u - u > 
2 I 

0 { t < - t I ) 

2 tT 
J d p p e 

1 
P h 2 - "1' 

I -p ) J 

I) ret { v 
2 - v 0 ( 12 - l I 

2 tT J dp 
( p ( v - v ) . 

p e 2 ! 

4l OpMyr. y (32 ) T enep b H8.QO II O.QCT8Bl!Tb I'! ro t 

H j dt dx H lot ( x, I ) 
B H.Qe . 

r et a J d I J d p { I'! { I p ; t p ) 
1 ,2 1,2 I l l 2 2 

!)2 

+ 
S a 1 ( p 1) Sa, { p

2
) 

I 2 

+ 1'1 2 { t l pl ; 12 p2) 

, 
s ! ' 

Sf3, (p 1l8f3, {p
2

l 
I 2 

14 

( .'l5 J 

( 36 ) 

B cne-

(37 ) 

rae 

1'!1,2 ( tIp l 6 { t l- 12 ) 

-=--- P S(p + P 
1,2 l 2 

12p2l--

2 00 g2 D J d tJ dx H (x, t) m- -£ J dt I (- -
2 

) I Am D 

tnt tr 
11 

• 0 tr .. -o ' 
(38) 

2(m+l) 2(n+l-m) 
• J d P t'" dp 26m+J)dq l "' dq 2(n+l-m) 

2(m+l) 

21tl~ PI 
e " " S<I p + Iq l:a {p l ... a {p >· 

l I l I t l t 2(m+l) 

/3 1 (q,l ... f3,{q2(n+l-m) ): 

8 Bblpa)l{eHHHX ( 37) H ( 38) y onepaTopos a 
1 

, 
f3, UOCTBBneH HH.QeKC t , 8TO 

CBH38HO C TeM, 'ITO XOTH 3TH OUepBTOpbt HBHbiM 06pa30M H He 38 BHCHT OT BpeMeHH, 

TeM He MeHee 
HBnHeTCH "ynopH.QO'IHBa;omuM• napaMeTpoM B T -npOH3Be.Qefl 

HHH onepa Topoa B ( 32) C M ./1 1 / . JlnH IIOJIHOro raMHilbTOHH8Ha H lnt (I) B ( 38) Bbl-

nonHHTb onepauHJO (32) nepexoaa oT T 
K 06biKHOBeHHOMy UpOH3Be.QeHHJO He 

2 yaaeTCH 6ea paano)l{eHHH B PHil no napaMeTpy g 

HameJ! 3a.Qa'Iel1 6yaeT noKa3aTb, 'ITO ecn11 orpaHH'IHTbCH nepBb!M 'Iil eHoM a 

( 38) , llpOUOpUHOHBJlbHblM g 2 , TO C TO'IHOCTbJO AO g 
B UOK838Tene 3KCUOHeH-

Tbi onepauHH (32) BbrnonHHMa 6ea paano)l{eHHH B PHA u nony'IaJOmeecH Bblpa)l{eHue 

TO'IHO COBII8.Q8eT C S Kn • ' HBH.Q e HHOH B § 2. 

Pacc MoTpHM Bbrpa)l{eHu e: 

. 2 
00 00 

21t ( p +P ) 
S = T exp { .....!L_ J d t J d p d q e l 2 S { p + p + q + q ) 

1 " -oo _ 00 1,2 J ,2 1 2 1 2 

A A A 

at {p 1 ) at { P 2) f3 t { ql) f3 t { q 2) I 
I'! ret 

- e 
j dt H

1 
(t) 

e ' 
(39) 

H 1 {t) - nepBb!H 'IileH B pa3flO)I{eHHH (38) . Ey.QeM COBepwaTb BCe onepaUHH, CBH38H-

Hble C Bb!IIOilHeHHeM B8pH8UHOHHoro AH<jl<j>epeHUHpOBBHHH C TO'IHOCTbiO .QO g 2 

K838Tene 3KCUOHeH Tb!. 8 peaynbTBTe nony'IBeM (eM, UpHJlO)I{eHHe): 
B no-
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~ .. S •expl ig J dp 1 ~dq 1 ~(p 1+ p
2
l8(q 1 + q~l: a(p 1 l a (p 2 l tJ (q 1 l tJ(q 2 l \ . - .. 

(40) 

tJ(ql 'lepe3 a ± 
113 ( 35), y6e-

nonCT8Bflll ll C!Oil8 Bblp&>KBHIIll onepa T OpOB a ( p) 

>Kil&eMCll, 'lTO 5 1 
coananaeT c s DeAcTaH T enbHO, a noKa3aTene aKcnoHeHThl 

Kfl 

(40) IIMBBM 

I P I I q I 
4 f dp dq a(pl a (-pl 

tl (ql tl ( - ql: -_rdpdq 

( 11( pl a+(pl- 8(-pl a-(- pl]( 8( -p l a+ (-pl -8(p la-(pl1:. 

[ 8(-qla+(ql -8(qla-(-ql][8(ql a+(-ql-8(-qla -(q l1: l 

.. .. 
afdppa+(pla-(plfdqqa+(-qla-(-ql ~P P 

0 l 

( 41) 

T a KIIM o6pa3oM, Halli e yTaep>KilBHIIB noKa3aHO S 

2 
A A 

e I g pI P2 CnenoaaTenbHO , 

5 Kfl , KOT0p8ll, K8K 

H8lliB npH6fiii>KBHII B npH H8 XO>KilBHIIII 
5 - MaTpiiUbl npHBOJliiT K 

o TM e'lanocb Bbtllle, nae T T OflbK O ynpyrwe npoueCCbt pacceliHHll . 

To>lHBll S -Ma T pllua , onpenenl!eMall noHHbtM raM tiflbTOHIIBHOM Htnt(t l , co-

nep>KII T 'lfiBHhl , npHBOillllliH B K HeynpyrHM npoueCC8M . 3 T O Cflellye T 11 3 Bllll8 

5-M a T-

pHUbl B HOpM 8flbHOH <jlopMe , OOflyqeHHOH 110 T eOpHH B03MyllleH HH DO g 

4 nopllnK a 

BKfi!OqHTBflb H O: 

2 
s = 1 + ig p p 

I 2 

. 4 "2 
+ __!.lL..- : I P P 

2 I 2 

"2 00 "' " 
+ p Jdq l q lf3 (ql{3(-ql + ,_ .. 

+ ; 
2 
f d p I p I a ( p l a (- p l + f d PI p I a ( P l a"(- P l f d q I q I f3 ( q l f3 (- q l + 

2-

16 

A 

+(P 1 +P~ 

.. 2 
3\,fdpp) 

a 
( f dp p ) + 

a ~ 
2 i IT f 

+ . ~ 
1 IT f 

+ fdp ... dp [.;'(p l;(p l;(p l~(p l +~(p l~(p l~(p l~(pllBdv l 
I 4 I 2 a' I ~ 8 4 ll 

nocHeDHIIli 'lfi€H 

npiiBOiliiT K B03MO>KHOC TII HeynpyriiX npOU< 

B03HHKaeT O T MHOIKi' 

nopllllKB T eOp llll B03MytUe HI!li, napaMeTp f 

KOTOpbtli BBOJlii T Cll B H tnt ( t) , cornaCHO 8Jlii868TH'lBCKOli I Hl10 

e ll a aaKyyMHbiX MllTPII 'llibtX sneMeHTBX S - MaTpRUbt. B HallleM CHY ' 

M.rtll f3 ( c noriO>KliTBflbflt 

ne H 110 OTHOlliBHli!O K 'l8CTliU8M copT8 a 

Teflb HbiM I!MDYflbCOM p 
) • EecKoHe'lHbte HH'rerpaHbt j dp p 

0 

npH'lliHHbtX cacp T OK onepaTopoa npll nepexone OT T- K N -npoH 

T enepb cTaHOBliTCll l!C HbiM, 'lTO TO'lHblH o nepaTOP paccel!H 
A A 

liB pa a eH ¢~~t , TaK Kait 01111 nony'la!OTC ll 113 ¢ tn c noiY 

M&TpHU, II TOflbKO B CJlBfi&HHOM Bb!WB npH6fllllKBHllll, B KOTOpOM 

ynpyn1e npoueccbt, 8 T H o nepa T opbt c oan ana!OT . 

B 38Kfi!O'lBHliC aa TOP Bbtpa>KaeT 6 HaronapHOCTb n .VI. E HOJ' 

Hl!KOBY 38 nocTOl!HiihlA IIHTepeC K pa6oTe II HHTepeCHhl B o6cy>K 

npllnO>K B HII B 

Qnll Bbt 'U!CfiB!illll Bbtpa>KeHII ll (38) np116erHeM K CfiBJlY!OUl 

MOMY/ 12 / npellC T8BfiB!illlO 'lepe3 ¢yHKUliOH8flbHhlB H!iTBrpanhl 

• 2 2!1(p +1> ) A ~ 
S , T exp i _!.A:. J d t J d p d q e 1 ~ : a ( p l a ( p l f3 ( q l t 

I IT 1,2 1,~ t I t ~ t I 

f [ 
2 2 J ••• 

-1 dt dm v,<m , t)- v2(mt) /'o.. 

.., cf8v
1

8v
2

e e 

X 

17 
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.. 
2 

xpl ig fdp 1 2 d q 1 §(p 1+p 2 l o(q 
1
+q

2
l: a(p

1
)a ( p

2
) {3(q

1
l{3(q 

2
l - . . I. (40) 

n>1>1 ClO!lB Bbt pa>Ke HH >1 o n epaTo poa a ( p) f3 (q) 'lepe3 a± H3 ( 35), y6e-

• 'ITO S 1 c oanan ae T c S K n ' U eAc TBHTe JlbH O, B noKa3a r ene a K c n o H e HThl 

ee M 

f dp dq a(p)a(-p) {3 (q) {3 (-q ), ~ rdpd q 
-oo 

I P I I q I 
4 

[ 8( p) a+(p)- 8(-p) .-(- p)j( 8( -p ) a+ (-p) -8(p)a-(p)]:. 

[ 8(-q)a+(q) -8(q)a-(-q)][8(q) a+(-q)-8(-qla-(ql]: 

• f dppa+( p) a-(p) jdq qa+(-qla-(-q ) = P P 
0 l 2 

(41) 

6pa3oM, Haw e yraep>KneHHe noKa3aHo s I 2p"'; 
e g t 2 • Cnenoaa r enbHO, 

t 6J!H>KBHHB 11p!i IiBXO>KilBHIIII S - MB T piiUbl 11p!iBOilH T K S Kn , KOTOpa>!, KBK 

>Cb Bbtwe, nae T T OJlbKO ynpyr11 e npoueccbt pacce>JHII>J , 

IHB>! S -MBTp iiU B , OITpenen>JeMBll ITOJ!HbiM f'BMIWbTOHHBHOM , co-H (t) 
lnt 

·neHbt, npiiBO!lllWIIe K HeynpyriiM npouecc aM . 3ro c nenye r 11 3 BHilB 
S-MBT-

OpMBJlbHOH cpOpMe , 11011y'leHHOil 110 T e OpHii B03MyWeHHH llO g 4 
ITOPllllKB 

nbHO: 

+ ig2 p p 
l 2 

+~:IP 2 P 
2 

"2 00 "' " 

+ p fdqlqlf3(ql{3(-q) + 
!_"" 

f d P I P I a ( p l a (- p l + f d PI p I a" ( p l a"(- p l f d q I q I f3 ( q l f3 (- q l + 

16 

" +(P
1

+P
2 

.. 2 
3 v dp p) 

.. 8 
(0 f d p p ) 

+ + 
. 2 
1 " ( 

2 i 1l' s ( 2 

A A A A ."'\ A A A ..( f dp P 
+ fdp ... dp [a (p la(p la(p l a(p l +13 (p l {3(p l{3(p l{3(p l]o( l. p l -~--

' 4 I 2 8 4 I 2 8 4 I J i 1rl 

n o cne)lHIIA '111€H 11piiBO!liiT K B03 M O>KHOCTII H e y n p yf'HX np o u eCC OB y>Ke B 3TOM 

nop ll!lKe T eOpiiH B 0 3MYWB HHA, n apa M e T p ( B 0 3H V.K Be T OT MHO>K11Te11ll e - (It I 
KOTOpbtA BBO!liiTCll B H lnt ( t) , CO f'Jl8CH O Bll118 6BTH'IeCKO A f' II I10Te3 e , 11 110llBnlleT

C S! a BBKYYMHbiX MaT p 11'1HbiX a neMeHTax S -MaTp i1Ubi . B Ha weM c nyqae BaKyyM onpen e-

neH 11 0 OTHOWeHI110 K '18CTI1UBM COpTa a 
IIHII {3 ( C l1 0liO>K11Te n b HbiM HJ1 11 0Tp11UB-

T B JlbH biM 11 MnynbC OM p ) , 6 eC KOHe'!Hbie IIHTe f'pBnbt j dp p B03 HHKBIOT 113-3 8 
0 

npii'IIIHHbiX c a e pTOK onepaTop o a np11 nepexone or T- K N - n poH3 BeneHI1JO, 

" T e nepb C'i'B HOBIITC S! S!CHbiM , 'ITO TO'!Hbl il onepaTop p acce S!HHbiX BOn H ¢out 

He paaeH 
" rp K n 

out s -TBK K8!( OHH ITOHY'IBIOTCS! 113 rp In C IT OM OWbiO p83 HbiX 

M8Tp 11U, If TOnbKO B C)le J!BHHOM B biWe 11pH6JlH>KeHIIH, B KOTOpOM OTCyTCTB Y IOT He-

y npyrH e np o u e c c w, 8TH onepa rop w c oanana JOT. 

B 3aKJlJO'IeHHe aaTop awpa >Ka e T 6naronapHOCTb U . H. 6 noxHHUesy 11 H .A.4ep

HHK OB Y 38 11 0 CTOS!HHhlD IIHTe p e c K pa 6 oTe II 11HTe peCHhl e o6cy>KUeHII~ 

npH110>K e HII e 

il n H B bi'!McneHIIS! Bbtpa>Ke HIIS! ( 38) np116erHeM K cneayJOweM y, n erKo nposepS!e

M OMy1 12 / n p e!lC TBBn e lliiiO 'lepe3 <!JyH KUII OHBJlbH bi e IIHTe rpanbt B blpa >KeHI1S! 5 

• 2 2it(p +J,l ) A. 1\ A A 2 2 
S ~ T exp l ---l..&.: f d t f d p d q e 1 2 : a ( p ) a ( p ) {3 ( q ) {3 ( q ) : o ( I p + l q ) , 

I 1l' 1,2 1,2 t l t , t l t 2 I I l I 

c. Cfov
1

o v
2

e 
-I J d t dm[v

2 
(m , t)- V 

2
(m t)] 

I 2 X 
A ret 

e 
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i g "' "' I t( p + p ) 
e xp(--- Jdtfd p [ : a (p )a (p l: 11 ( p + p ,t ) e 1 2 + Vrr 1,:1 t 1 t 2 1 1 2 

+ f3 (p l,A (p l 
t 1 t 2 

/1 2( p 1 + p2,t ) o 

- t t ( p + p ) 
1 2 l l 

rnc 
V I ( p I +p 2 t ) + V 2 ( p 1 + p 2 t ) l1 I ( p 1 + p 2' t) 

11 2( pt + p 2 ,t l =vt( - p p 2 ' t) - v 2( - p p 2' t). 

C - HOp Ma pOBOqHBH KOHCT8 HT8 0 onpenenHBMBH ycnOBIIBM 

-t J dt dm [ v 2 ( m , t)- v 2 ( m , t ) 
cfovlov2 e I 2 = 1 . 

ewpa•eHn e , Keanpa Ta q HOB no one pa To p aM i. 
B pe3ynbTa Te a Toro npeo6p a3oBa Ha H B n oKa3 a Tene a Kc n oH c HThl non y q aeTCH 

a 
~ ret 

HB TBKOlt ljly HKUHOH88 OT 
T enepb neHC TBH B onep a Topa a ' f3 MD*-

HO Bbl qHCn i!Tb , n onb 3YHCb p eay nb TBT8 MH p a 6oTb/ 12 1 . E cnn o6o3Ha qaTb KOadxjm u n e HT-

HblB ljlyHKUHH, CTOH!UH B C OI1Bp8 TOp8 MII 
" " a ( p la (p l 

t I t 2 
f3 (p l fJ (p ) 

t 1 t 2 

qe p ea 

R I ( t I pI 1 2 P
2 

l = D(t -t 2ll11 ( p l + p 
)e lt1(p1+ P2) 

(2A) 

R
2

(t
1

p
1

; t
2

p
2

)=D( t 
1
-t 2 l11}P 1 +p 2 

) e - I t 1 ( p I + P 2 ) 
t 

1 

TO 8 pB3YDbT8 TB ncAC TBHH onepA TOpO 
~rot 

e l!O.lyqae~t: 

- I J d m d t [ V 
2 

( m t ) - V 
2
< m t) i 

S = C ( 0 v Sv c 1 2 
x 

1 J 1 2 

( 3a ) 

( de t[ I + _ s_ to:. 
1 

R 
1 

I det [ 1 + ~ ,", 
2 

R 211 - ~ 
yrr- Y" 

X 

18 

exp ( - i g Jdt f d p (R 1(tl p l y If 1,2,a 1,2,a 
t2p2lMI(t2p2; tapa) , ; ( p ll ; ( 

• 

+ R2 ( t I pI t2p 2lM2 ( t 2p2; tap al: {3(pll {3 (p al: ]l . 

YIHUBKC y o n ep a To p oe ; , P onyweH , TaK KaK Mbl nepe wna 

e eneHH51 K o6blqHOMY n pon3 e eneHHIO B ( 3 a ). B ennqHHbl det [ 1 + L~ , y,; 1 • • 

C51 llBTBpMHH8HT8 MH ¢ penrOflbM8 HHTBrpanbHbi X OI1Bp8TOpOB 

~ R A f dt dp ~ ( t p 
*1 .~ 1,2 2 2 1 ,2 1 

t p l R ( t , p 
2 2 1 , 2 

p 
3 

rne ~ 
1

,
2 

onpeneneHbl B (37). noK8 *BM, qTO 3 TH neTBpMII HBHTbl p 

;1n H a Tor o eoc n onb3YBMCH 3an a cb!O n e Te pMnHa HTOB <t> penronbMB qeJ 

papoeaH Hbi X Hn ep 

det [ 1 + _ g - ~ R ] = exp ( 

00 n a !. ( _ s _ 1 __ n_ 1 , 

Jtr n =l yrr n 

r ne 

a n = Jdt t' .. dt n fdp
1 
.. . dpn~( t 1 p 1; t 2 p 2 lR ( t 2 p 2 ;t 8 p 8 lf:<:.(t 8 p 

. •. l:J.(t p ; t p l R ( t p 
n - 1 n-1 n n 

t I pI ) • 

- cnen n TepnpoeaHHOro Hnpa ~ R n- nopHnKa. Yl 3 onpe n e neHa H 

qTO BCB a n = 0 , neHCTBIITBflbH O, 

a = fdt d p 6. (t p ;t p l R ( t p 
1 ,2 1 ,2 1,2 1 1 2 2 1,2 2 2 

t p ) 
I I 

A+ fd t dp 8 (0 ) ~1' 1 2( 0 ,1 I) . o . 
I I 2 , 

TaK KaK , cor nacHO o n p ene n e HH IO , (eM. ( 31)) 

•e p a e e H 0 . ;1a n e e, 

e <ol - o II IIHTB 

o• f dt d p 6. ( tp ;t 
2 1,2 , a 1,2 ,a 1,2 I I 

p l R ( t p ; t 
2 1,2 2 2 
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j g "" "" f t( p + p ) pf---jd ljdp [:a {p )a {p l:/l {p +p ,l)e 1 2 + v; l,:J t 1 t 2 1 ! 2 

f3 <r l,A {p l 
t I t 2 I' 2 { p 1 

-t t ( p + p ) 

+ p • I) " 1 2 ]I 
2 

1 { p I+ p 2' 1 ) 1/1 { p I +p I ) + 
1/ { p + p ' I) 

2 1 2 

f 2 p 1 + p 2' I) " {- p 
I p

2
,1 ) - v} -p p 2' I). 

AHpOBO'lHBH KOHeTBH T B , onpeaenHeMaH y enOBHeM 

-tjdt dm(v 2(rn,t)- v2(m,t) 
:jov 1 ov 2 e I 2 = 1 . 

' Yllb T B Te 8 TOro Dpeo6pa30BBHHA B llOK B3B T ene 8KellOH BH TW nonyqaeTeA 

KBaapant'!Hoe no onepa r opaM a l. 
• ~ret 

b aeMeraa e onepa r opa e Ha T BKOll <jJyHKUMOHBll OT 
a ' MO>K-f3 

M, eTOAIUMe e OlleparopaMM ; {p )a" 

Tb, non&3yHe& pe3yl1bTBTBM M pa6or b/ 12 / . Eemt o6o3HB'lHTb KO&qxpMUMBHT-

" 
t I 

1 2 P2 >=o<1 -t
2

)11
1

{p
1

+p
2 

{ p ) 
2 f3 {p ) fJ {p ) 

t 1 t 2 

!tl(pi+P2) 
e 

t 2 p 2 ~sc ,1- ,2> 11 2<vl+v2 · '~ ) e -I t I ( p I +P 2 ) 

rare nelle r eaH onepa r opa 1, rot 
e nonyqne~c 

{ 8" fiv c - I J d m d t( "2 ( m t) -
I 2 1 

1/ :( mt) J 

X 

g s II - ~ + - I'! 1 R 1 j det ( 1 + -= 1'. 
2 

R 
2 -/71 V" X 
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(2n) 

(3a) 

exp f -~jdt fdp [R {t p ;t p )M 1 {1~p 2 ; 1
3

p
8

) :a"{ p
1

)a"{p ): + yrr l,~,a 1,~. a I 1 1 2 ~ 8 

+ R { 
2 

Yf HaeKe 

pI t2p2 )M~ { t ~p2; lsp a): {3Cp1l {3 {pa): )1 . 

y oneparopoe a ~ OllyiUeH , TBK KBK Mbl nepeWlJM OT 

aeaeHHH K o6blqHoMy npoH3BeaeHH 10 B (3a) . B enM qHH bl det [ 1 + L t. R J 
y'7i 1,~ 1,2 

eH aeTepMHH8HT8MH ¢ pearOI!bM8 HHTerpBI!bHblX OllepaTOpOB 

6 R = fdt 
'1,2 1,2 dp 6 { I p 

2 1,2 1 
t p ) R {I , p 

2 2 1,2 
p ) 

8 

T - npoM3-

SIBIJAIOT-

rae 6 1,2 OllpeaellBHbl B (37), noKa>KeM , qro 8 TH aerepMHH8HTbl pBBHbl BaHHHUbl, 

llnH 8 TOro BOenOI!b3YBMeH 38ITH ebiO ner epMHHBHTOB <l>pearollbMa qepe3 en eabl HTe-

PHPOBBHHbiX Aaep 

del ( I + _g - 6 R ] = exp f 

J7r 
ao n a 
l; { _ g_ ) __ n_} • 

n =1 v" n 
(4a) 

rae 

a 0 =fdt 1 ... d\fdp 1 ... dp
0

L',( t
1

p 1; 1
2

p
2

)R{1
2

p
2
;t

8
p

8
)L'l{t 

8
p

8
; t

4
p

4
)R{t

4

p
4

;t
6

p/. 

· ·• 6 { t n-1 P ) R {t p 
n n 

t p 
n n t 1 p 1 ) . n-1 

- enea HTe pHpOBBHHoro Aapa L'l R n- nopHaKa, Yf3 o npeaeneHHH L'l (37) eneayeT, 1,2 
qTO Bee a 

0 
= 0 , aelicTBHTBI!bHO, 

a = fdt dp 6 {t p; I p ) R {I p 
1 1,2 1,2 1,2 1 1 ~ ~ 1,~ ~ 2 I p ) 

1 1 

=+fdldp O<o>--2..L 11 co,1 >-o, 
1 1 2 1,~ I 

TaK KaK , eorna e Ho onpeaeneHHIO, (eM. (3 1)) 

>Ke paaeH 0 , llanee , 

0 {0) - 0 H HHTe rpan no p 
1 

a,. jdt d p 6 { t p ; t p ) R { t p ;1 p ) . 
~ 1 .~ 8 1 .~. a 1, ~ 1 1 ~ ~ 1. ~ ~ ~ a a 
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(5a) 

T BK-



tJ. <, P ; ' P > n (, P ; , P > = f d, a P O<, - , > o < , 
1, 2 3 3 4 4 1, 2 4 4 I I 1,8 1,8 I 3 

- t ) 
I 

(6a ) 

_I_ P P Jl ( - P 
4 I 8 1,2 

lp ( t -1 )+lo (t - t) 
)e 8 8 I I I 8= 0 , + p • t ) Jl ( p 

3 8 1,2 
- p • t 

8 

T a K Ka K 0( t - t \ 0 ( t - t ) = 0 
I 8 8 I 

• AH a n o rH'!HbiM o6pa30M y6e lKaae MCS! , 'IT O oc Tanb-

Hbi e cneJlbi a p aBHbi Hy m o . 
D 

<l> y HKUH H M 1•2 B noKa3 a Tene 3 KCriOHe HT bi (3a) onpeaenH~TCS! y p a a HeHHS!MH 

Hn H B HHT e rpa nbHOH ¢opMe M c [I + t'J. R 1- 1 

I I I 

g p l( p2-pl)t 
f[8(t -~ \8(p -p l --O(t -t l--'-Jl (p -p , t l e 2JM (t p ;t p ldt dp = 

I 2 I 2 ·../i 1221212 12238 22 

.. 8 ( t I - t 
8 

) 8 ( p p 3 ) 

P -l(ol-o2>1 2 (7a ) 
Jdt dp [8(t -t )8(p -p l+ _s_O(I -1 l~e Jl.(p - p

1
,1.)]M.(I.p.;1

8
p

8
l= 

221212 Vrr 12n •2 •••• 

-8<1 -1 l8(p - p l . 
I 3 I 3 

nocKOnbKY Mbl yaepJ!(HBSeM B riOK838 Te n e 3 KCriOHeHTbl '!neHhl, COAep)f{8IUHe g 

He BbiiUe, '!eM BO BTOpoA CTerieHH, T O MO)f{eM H8XOJlHTb M 1,2 H3 ypaBHeHHli (7a) 

C TO'!HOCTb~ AO g , T8K K8K B ( 3 a ) BCe Bbipa lKe HHe yMH0)1{8eTCH H8 g • PemaH 

( 7 a) MeTOJlOM HTe paUHA, H8XOJlHM 

p 

M (I p ;I p l-8(1 -t l 8(p -p l+ J.._O (I -1 l .,.2.Jl(p 
I I I 2 2 I 2 I 2 ..;;;- I 2 2 I 2 

I (p -p )t 

p , I ) e 2 I 2 
I 2 

(Sa) 

p -l(p -P )t 
M (I p; I p )c8(1 -1 l8(p -p l--g-0(1 -1 )...::.J...Jl (p -p , 1) e 2 I 2 

2 I I 2 2 I 2 I 2 ..;-; 1 2 2 2 2 I 2 
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nonc TaBn S! H 3TH 3Ha'!eHII H M I II M 2 
B (3a), n onyqaeM 

-lfdtdm[v 2 (mt ) - II 
2

( mt)] 

S ~ f ov Bv e 
1 2 

exp I 
I ,I 2 

..2L. fdtfd p [ Jl ( p + p , I ). yrt 1,2 I I 2 

ll( p l + p2) 
c 

a(pl)a {p2 ) : + Jl a( pl + p2, t le 
- II ( p I+ P a ) : ~ ( p I ) ~ ( p 2) 1 - (9a) 

. 2 1 't<ol+oa >+ l t a<os - oa > "" "" 
_ _:j_ Jd t f dp p [ e Jl l p +p ,I )Jl ( p - p ,t \: a (p ) a lp) :+ 

2 71 

1,2 1,2 , 8 2 I I 2 I I 8 2 2 I 8 

l t. (p + p ) -It ( p - p ) A " + e I I 2 2 8 2 Jl 2(p l+ p2 , t i) Jl 2( p8 - p2 . t\ : tJ(pl l,9 (p 8 ):]\ 

I 2 HaM oc TaeT CH Bblri OnHH T b ¢yHKUHOHanb HOe HHTerpHpoaaHHe no v , v • 3 T o 

M OlKHO cnena Tb TO'!H O, ri OCKOrib KY n OJlHHTerpanb HOe Bhlp alKeHHe e CTb r aycCOBCKHA 

D.nH 3 Toro, a o - nepBbi X , n y TeM 3a M e Hbl n epeMeH· 

¢y HKUHOH8 11 OT ¢yH KUH A II (m , l\ 1,2 

Hbi X HHTe rpHpOB8 HHS! H3 6 8BHMCH OT n HHefiH blX qne HOB no II 

11 v B n oKa3a Tene 
2 

v (m,ll-+ 11 (m , l l +v (m,l\; 
I I 

v (m,t)-+11 (m,t \ + v ( m , t\ 
2 

r ne f(p + p )t A " A A 

8(p + p - m \ e 1 2 : [a ( p \ a ( p )+ tJ(p \{3 ( p >1 
I 2 I 2 - I 2 v ( m , t )'--g- f d p 

1,2 2 j; 1,2 
H II H BbiJlen He"I 

2 B pe3ynb TaTe T a KOH 3 aMeHhl ncqe3 a~T q ne Hhl , n HH e AH we no v 1 

C H '! riel! B noKa3aTe ne 3 K CnOHe HTbl , He 3 8 BIICHIUH H OT II 1•2 
oc Ta~TC H eme q net 

KB 8 Jlp 8 TII'!Hhl e n o II 1,2 

, HHT e rp npOB8 HII e K OT Opbl X npHBOJlHT K ne T e p M HH8 HT8M ¢ p 

ronb Mil /12 / 

s 
g 2 

= exp I i - f d t J d p d q e 
" 1,2 1,2 

2l (p + p ) t 
I 2 s< p +p +q +q >, ;(p >;<p >P<q >i 

I 2 I 2 I 2 I 

2 

pI-p 2 !p\tl+lp2t 2 

• ] det[8 l t -t )8{p -p ) + _ S _ J dk 8(k +k - p -p) e 1H I 2 I 
2 

fT I ,a I 2 I 2 
4 

2 1 



e I p ; I p ) R (I p ; I p ) = f d I (! p ee I - I ) e e t - t ) 
8 3 4 4 1 ,~ 4 4 I I 1, 8 1,8 I 8 8 I 

p p 11 e- p 
I 8 1,~ I + p ' I ) /1 

8 8 1, ~ 
e p - p • I 

8 

lp ( t -· )+ lp ( t - t) 
) e 8 8 I I I 8 

(6a) 

0 . 

ee, -t >eet -t l =O 
I 8 8 I 

• AHanorH'IHbiM o6paaoM y6e)f(.QaeMcH, 'I To OC Tanb-q 
PBBHbl Hyn10. 

HKUHH M l,a B noKa3aTene SKCnOHe HTbl ( 3a) o npe.QenSIIOTCSI YPBBHeHifHMH 
1-1 

I + .1 R 1 HnH a lfHTerpanbao!i cpopMe 

g p l(o~-o1 )t ·-t J8ep -p >--ee, -• J-1.. 11 ep -p , , Je :IJM e, p;t p ldt dpa ~ I ~ ..;-;,- I ~ 2 I ~ I 2 I 2 ~ 8 8 ~ ~ 
-• >8ep -p 

I 8 I 3 

P -l(o~-o~)t2 (7a) 
8e, -• >8ep -p >+-Lee, -• l-.:..J.e 

11 
ep - P ,, >1M e. P;, p >= 

1

~ ~~ y;r 1~2 ~~ 12~2~aa 
-•a> 8 ePI-pa J. 

KonbKy Mhl Ynep)f(lfaaeM a noKa3a Ten e 

'leM BO BTOpol! 

rbJO no g 

SKc n onenTbl 'lneHbl, conep)f(alllHe 
CTenenlf, TO MO)f(eM HBXO.QlfTb M I,~ 

KBK B ( 3 a ) Bee Bblpa)f(eHife YMHOJKaeTCSJ HB g , PemaSJ 

g 

lf3 , TSK YPBBHeHlfl! (7a) 

D.QOM lfTepaUHI!, HBXO.QHM 

p I p ) • 8 e I - I ) 8 e p - p ) + ...L_ e e I -I ) ._!.. /1 ep ~ ~ I ~ I ~ ..;;;- 1 ~ 2 1 2 I Co -o )t 
P , t ) e 2 1 ~ 

1 2 

(8a) 

'P >-8e, -• >Bep -p >--Lee,_, J-1..
11 

ep -p ,, >e 2 1 2 
P -I (p - p )t 2 2 1 2 1 2 ..;-; 1 2 2 ~ ~ 1 ~ 
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b_ 

noac r aanSIH STI! 3Ha'le HH51 M 1 If M 2 
a ( 3 a) , nony 'l aeM 

S a J OV OV e 
I , I 2 

-1Jdtdm(v

2

(mt)- " 2
2
Cmt)J I ...J..L fdtfdp [11 ep + 

I exp -
1 2 

I I 
..;;- . 

lt( o 1 +o~) " " 
aep

1
Jaep

2
l:+ 11

2
ep

1 
+ p

2
,t) e -It ( P 1 + 

0
2 ) : ; e p I ) ~ ( p 

2 

) 

p • I ) • . 
2 

1 - (9a) 

2 
lt(o+o l +1t 2 Co

8
- o

2
l "" 

_i.E__ fdt fdp p [ e 
1 1 2 

11 (p +p ,t >11 ( p -p , t l : a ep laep l:+ 2" 1,2 1, 2,3 2 I I 2 1 1 8 2 2 1 8 

1 t (p + p ) - ft ( p - p ) At. "" 

+ e I I 2 2 8 2 /12 ( p 1+p2, t t) l12 ep 8 -p2 , t ): ,8ep1),8ep 8 ):] 1 

HaM ocraeTCH BbinOnHHTb ¢YHKUuoaanbHOe HHTe rpHpoaaHHe no v , v • 3ro 

1 2 
MO)f(HO C)lenaTb TO'IHO, n OC KOnbK y nO)llfHTerpanbHOe Bb1p8)!(eHHe eC Tb rayCCOBCl\i!H 

cpyHKUifOHan 0 1' cpyHK UifM v ( m, t) 
1,2 JlnH s roro, ao- nepBbi X, nyreM 3BMeHb1 nepe MeH-

HbiX HHTerpHpoaaHHH ua6aaHMCSJ or nHae•1H biX 'lneaoa no " 
If V B nOK B3B Tene 

~ 

v em,t)-> v em,t) + v (m ,I); 
I 1 v (m ,t)-..., em,t) + v (m , t) 

2 2 

ra e 

v em,t)oo-8-Jdp 
1,2 2 ..;-; 1, 2 

J( p + p ) t "" " "" "' oep +p -m)e I~ :(aep Jaep )+,8(p J,Bep J] 
1 2 I 2 - I 2 

B pe3ynb r a r e TBKo!l aaMel!bl HC'ie3aJOT 'lneHbl, nHHeHHble no v 
1 11 v If BblllenHe T-

~ 
CH qneu a noKaaarene sKcnoHeHTbl , He aaaHcmuHii or v 

1• 2 o c r aJOTCH eme 'lne Hw, 

Kaa a paTH'IHble no 1.1 , HHTerpupoaaHue KOTOPbiX npuaoawr K aeTepMI!HBHTa M <Ppea -1,2 
ronb Ma11 2 / 

s g 2 
= exp I i --J dt Jdp dq e 

" 1,~ 1,2 B<p +p +q +q J,;ep >;ep >Peq >Peq >I 
I 2 I 2 I 2 I 2 

21(o + o l t 
I 2 

2 
·l det[B<t - • Jo(p -p >+ _s_Jdk .Bek

1 
+k . -p

1
-p.l 

1 2 1 2 " 1,. • • 
p 

1 
-p 

2 
lo 1 t 1 +1o~t2 

- e 0(1-t). 
4 I 2 
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1-

( lOa) 

( ~ (It l ~ ( It l + ~ ( - It l ~ ( - It ll ) det [ 8 ( t - t l 8 ( p - p l -
t ~ I ~ I ~ t ~ -

:1 P - p fp t + lp t A A A A ~ 
- - 8 -fdk 8(1t +It -p -p l-~e 11 ~~8( t -t l(a(lt )a(lt l+{H -It l{H -It llfl. 

1T 1,2 I 2 I ~ 4 1 2 I ~ I ~ 

L!eTepMHHaHTbl B (lOa) paBHbl ell.HHHUe , TaK KaK, ecnH BOCnOnb30BaTbCH npell.C TaB-

neHHeM ( 4 a) , TO see cnell.bi an paBHbi Hymo rio TOH >Ke npH'!HH e KaK H B (5a) , 

( 6a) (HanOMHHM, '!TO ¢lyHKUHH 8(0) a 0 
, cornacHo onpeAeneHHIO (31 )) , TaKHM 

06pa30M, orpaHH'!HBlliHCb g
2 npH6nH>KeHHeM B n OKa3aTene 3KCDOHeHT~ 1 M~ no-

ny'!aeM, BbiTIOnHHH B ( lOa) HHTerpHpOBaHHe no t 
, cnell.y!OlliHH p e3 ynbTaT: 

S = exp I i g 2 f dp d q 8( p + p l.S ( q + q ) : ; ( p )a"( p l ~ ( q l P ( q l I • 
I, 2 1,2 I ~ I ~ I 2 I 2 
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