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B nocnenaee apeMl! onpeneneHHhiii 11aTepec Bb13Bano 11ayqea11e wa11arepoBcK11x 

qneHOB II nonhlTKII )l0K838Tb RX onepaTOpHbltt xapaKTep. TTp11 paCCMOTpea1111 MaTp11q-. 
HblX ~meMeHTOB. KOMMyTaTOpOB TOKOB ecTeCTBeHHO 11crronb30B8Tb crreKTpanbHbJe rrpen

. cTaaneHllll - rrpencTaanea11e t.Jenneaa-neMaaa nnll BaKyyMaoro MaTp11qaoro sneMeaTa 

11 rrpencTaanea11e AocTa-neMaaa-,Uaiicoaa. anll paccM0Tpea11S1 MaTp11qab1x s/JeMeHTOB 

<pl[J:<+>1;<-+> 10 >, <pl[J:<+>1;<--½- >lip'> 
B HaCTOl!Wel! pa6oTe pacCMaTp11aaeTCll MaTpllqHbltt sneMeHT 

. ,.. X V. X <pl [Jp(-2-)l13<--y:>llll > 
B Hll3WeM rropl!JlKe Teop1111 B03MyllleHIIH anll rrepeaopMllpyeMoii Monen11 KBapKOB, crrapeHHbIX 

C Me30H8MII ayneBOI'O CflllHa (cKanl!pHblMH II nceB)lOCKanl!pHblMII) 11 qepe3 COXP8Hll-
. /1/ 

!Ollllll!Cll TOK - C M8CCIIBHblM qJOTOHOM , 38TpaaoqHbltt narpaHlK118H B3811Moael!CTBHll 

KOTOpol! IIMeeT Bllll: 

rne 

y 
5 

y µ. A a ( a = 9, ••. , 16) 
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nm1 ITpOCTOTbI npennonOlKIIM B nanbHei!IIIeM, 'ITO M8CCbl II KOHCT8HThI .CBSl311 

OITIICbIB8IOTCSI n11aroaanbHbIMII MaTp11U8MII BO BHyTpeHHeM npocTpaHCTBe. Onpenenl!M 

/2/ 
TOK : 

. µ ( ) .,. 8 S S + 
J a x •· i:,·~:.--a--

;• fl a (x) . . µ 
(2) 

S=Texp f L Int (x) dz • 

Torna, ecn11 < p ,,:, I - cooTBeTcTBy10m11M o6paaoM aopMl!poBaHHhiil BeKTop cocTo

SIHIISI cKanSipHoro Meaoaa, To: 

<p IJµ(z)/(y)IO>·= 
• a {3} 

µ .v 
t 8 j a (z) v 8 J (y) 

•f dz e P"l<O 1·----·J,s(y)IO>+<OIJµ(z) f3 IO>I. 
Bet, (z) a Bct,".(z) 

KaK 

• 

/2/. 
IISBeCTHO: 

µ 
8 j (x) - µ 

a =-iO(z 0 -x0 )[J(z)jµ(:r)]+A (:r,y) 
8 cf,• (z) a a 

(3) 

11, cnenoBaTenbHO, B IIHTepecy10meM nae nopSinKe Teop1111 B03Mymea11l! n11arpaMMaM 

pnc.1 COOTBeTCTByeT BKnan: 

µ V 
<p l'i (z)JR{y)IO> 

• a ,-, I 

(4) 
2 lp z 

• -,g ., g • f d z e 
+· µ ;.,. V ~ r µ - ' V +· I 

Sp I I . s ( .z- :r) A s (x-y)A/3S \Y-:)+ I S (z-x)A S (z-y)A/3s (y-z)i, 
• a • a 

a Kpocc-n11arpaMMaM p11c.2 -BKnan: 

4 

< P. I j: ( x) J ~y) l O \ = 

(5) 

2 lpz l r v +· Aµ -• ·_ Av + µ a c-g g f dz e Sp I S (z· .... y)A'....S (y-x) S (x-z)+I S (z-y) ,.S (y-x)A S (x-z) I • 
T ■ • p a a P a 

HeTpyAHO y6eAIITbCSI, 'ITO B cnyqae a., f3 = ( 1, ... , 8) ; a, /J = (9, ... , 16) 

BKnaAbl npSIMOli II Kpocc-n11arpaMM BXOASIT C OAIIH8KOBbIM 3H8KOM ll B MaTpll'IllhIH 

sneMeHT <p l)µ(x)J:(y)!·o >,11 B MaTpH'IHhili sneMeHT <p I JI' (z)Jv(y)ID> 
ea,., pa f3 ' 

B TO BpeMSI KaK nonHhI0 MaTpll'IllbI0 sneMeHTbI AllSI 
a=·(l,.:., 8), {3..,:(9, .•• ,16) 

paBHhI uyn10. 

TaKHM o6pa3oM: 

2 2 
. µ V g., g a lpz 

<p I J (x)JiY)lO>= ---- f dz e 
• a ,., C2ir)4(2rr)e 

fdq dp2 dp elq(z-7)+lp2(z-T)-tpl(z-:o:) 
l , 

• 'Sp I (_.:pt m) A: ( +~ + m) A~<2ptm) 8 (-qo)B (q2-m2) I 0(-p:)8 (p :-m 2) + 0(-p:) 8(pt-m2) I 
2 2 = 

m - p -i £ po m 2_ p 2 + i £ o 
l 1 2 p2 6) 

2 
2 lp:o: 

g g e ., . !•·--------
(2,r)o 

l(q+p l(z-T) " µ" V" f dp dqe 2 Spl(-p+m)A (+q+m)A/3(-p+m). 
2 l a 2 · 

· l 1 
.:o(-q°)6 (q 2-m 2 ){ 0 (-p 0 ) 6 (p 2 -m 2 )P---+ O(-p

0
)6(p 

2
-m

2
)P__,;'---I, 

· 2 2 
111

2_p2 l ,l m2-p2 
I 2 

T8K KaK no npeimonOlK8HIIIO p 
2 =· /1 

2 < 4 m 
2 

• 
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B rrp11nolKeH1111 A noKaai,rnaeTcSI crrpaBenn11BocTb cnenyromel! ¢opMyn1,1: 

8(+ p 0 )o(p 2 -m 2 )P 
-, I I 

1 0 2 
2 2 + 8 ( ± p2 ) 0 ( P 2 - m ) p 

1 

p 2 _ m 2 
I 

p - m 
2 

1 =--· . 2 

+1 a 
J dz -- 8 ( - ( q o - u 0 )) o ((q - u )2 - M 2 ) , 

rJM2 + 
-I 

rne 

l+z 2 2 2 11 2 
u=k+p ---, k=q+p , M (z)=m -(1-z )--

2 2 4 

( CM,pllc.1). ·; B T8KOM cny'lae 

< P I i 11 <x) i :cy) 10 > = 
• a /J 

-g2g elpz .. . 
(2 IT) 8 r dk elk(z-y) 

(7) 

(7a) 

+l (8) 
" " ll'' i) 2 • : J dz J dq Sp I(-p+m)A11 (+q +m)A,1-p+m) 0(-qO) 0 (-(u 0-qll)}o(q 2-m 2

)-. -o((q-u)
2
-M) 

-I I a _ ,:r 2 . rJM2 

" µ " JI " Sp ( g • + i g Py 
5

) C...p
1 

+ m ) A a ( + q + m ) A /3 (-p 
2 

+ m ) (9) 

=3oaf3 1±4g
8
m(q-u) 2 g 1111 +8g

8
m(q-u)aqf3(gµa g 11 f3+·gav g/311 _ gllvga/3) ~ 

a a aµ v µ av /3 
±(q-u) [4g mzp gllV+4g m(g p -p g )+4g ml f3 p ] + 

• • p aµv 

a µa v µ av µv a f3 3 µv 2 2 µv 
+q[4g

8
mz(g p +pg -g p )+4~mEµavf3 p ]~4g

8
m g +(1-z)g

0
mµ g }. 

6 

3necb BepxHIIfi 3H8K COOTBeTCTByeT a,/3=(1, ... ,s), a HlllKHllli - a,/3 

=(9, ... , 16). 

11HTerpan1,1 no q Bbl'IIICnSIIOTCSI B rrp11nolKeHIIII B, B peaynhTaTe STIIX Bbl'll!Cne

Hllfi rrp11xon11M K 'laCTHOMY cny'laro npencTaBneHHSI AocTa-neMana-Ilal!coHa- rrpen
/3/ 

cTaBneanro Ileaepa-fnnb6epTa-CynaprnaHa nnSI MaTpll'lHoro aneMeHTa: 

/J, X V X 
<p. +pp lia<-2->J 13 <- 2 )!o·>= 

( 10) 

2 
3 g s Q +1 -tz~- .. 

4 luz 
~J 
(2 IT)8 

dz e 2 J d(Jdue 
o • 2 p.v 

8~ )o(u -,)p (u,,, z), 

-1 (m+ M(z)l 2 

nnll KOMMyTaTOPI:\ COOTBeTCTByrornee Bb1palKeH11e IIpHHHMaeT BIILl: 

2 
3 g O /3 +1 

.. a J 
(2 IT) 

8 
-1 

I[ p. X II X I < p +·p j {-) j {--) 0 > a 
• P a 2 f3 2 · 

p z 
-h ~ 00 

4 lu z o 2 µV 
dz e J d ( J d u e du ) o (u -(.) p (u, C, z) • 

(m+ M(zl)2 

( 11) 

11Mel! B Bll!IY rrepexon K paBHbIM BpeMeHaM, coxpaHIIM B PP.II (u, (,. z ) TOnbKO 

qneHbI, narorn11e HeHyneBOl! BKnan B MaTpll'IHblli sneM9HT KOMMyTaTopa Ilpll paBHblX 

BpeMeaax. Terna 

P · (u,(, z) = 8g mrr u"u
11 

µ11 . • 

2 2 2 2 
(M -m )(2M +m) -

' 2 

~;;--.,_ 

2 
M 

+-

' 

1 
2 2 3 

(M -m ) 

2 2 
y'i\(M,m,O ' 3 

I -, 2,tl g m z p u lv + g m ( u l'p11 -P P.u 11 ') + + • • 
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{3 a 
2 2 t 2 2 

(M - m ) - ( (M + m ) 
+: g m f p u 

p ap.v{3 2 . 2 2 ( v A (M , m , ( ) 
. ( 12) 

2 2 2 2 2 

I 
p.v p.v JlJ' {3a 

-·2 IT g m z ( u p + p u - g p u )+ g m f a p u 
• • P p.a v ,-, 

(M -m )-2M (+( 

rne 

2 2 2 ( vA(M ,m ,() 

A ( m 2 
, M 2 

, () = M 
4 

+ m 4 +· ( 2 
- 2 M 2 m 2 

- 2 M 
2 

( - 2 m 
2 

( • 

CnenoaaTenb1.o, 

O . I[ 0 X .o X I · B(x )<p +p j (-
2
-)Ja(--)] 0>= 

• P a ,-, 2 

' 3 2 " 
/- 8 ( XO) g T o 4/3 

(2ir)ei 

+1 

f 
-1 

dz z sinz 
px 

2 

.. 
f 

4 h,x O 2 ) 
d(fdue du )B(u -~13°)' 

(m+M(z))2 

2 22 2 2 2 22 2 

0 0 
( M -m ) -( ( M +m ) 0 0 (M - m ) - 2 M ( 

• I -· 2 IT g m p u ----=======-- - 2 rr g m p u ---:==============- J -+ • 
(\/A(M 2

, m2
, () (

2 .,/A (M
2

,m
2

, 0 

.. 
2 +1 px 

3g·Tg•m po B a{J B(xo) f dz z sin z -2- f 
4 luz O · 2 ) 0 

d( fd ue f(u )B(u -( u • 
. 5 -1 (2 ,r) 

(m+M(z ))2 

1 .. ,·---'------v A ( M2, m2, o 
BKnan oT nepaoro cnaraeMoro npn paBHhlX BpeMeaax paaea aynJO, qTo )Ke 

KacaeTcB BToporo cnaraeMoro, TO TaK KaK .. d( 
f. 

(m+M(z))2 ,/Ii (C, M
2

, m2
) 

pacxonnTcB, cnenyeT paccMoTpeTb BKnan oT BToporo cnaraeMoro npn paBHbIX ape-
. /4/ . 

Meaax 6onee JleTanhHo • PaccMOTpHM nnB aToro HHTerpan: 

8 

k: 
11 

! 
t 
l. 
if 
'·I 

t 
'i 

l 
\tI 
-if •/ 

Ii 
I 

\. 
i 

d( 
4 lqz 0 

f --===========·f d •q e f( q )q
0 

8 ( q
2
-() sin f x ~ 

2 2 2· 2 2 2 2 
(m+M(z)) ,/( -2(M + ur) (+·(M -m) 

( 14) 

= __!_.. f d; fdu 0 e"'"I f (~
0 -f 0)(u 0 -f 0)p(u-f) 2).:_f(u 0+f 0)(u0 +f

0
)p(-(u+f)

2
)}. 

2i 

CnenaeM aaMeHy nepeMeHHoil 
2 - 2 

(u;tf) -(M+m) =e±' Torna 

f du
0 

( du 0 -f 0 ) (Ii 0 -f 0 )p((u -f) 2 ) -du
0 +f 0

)(u
0 +r. 0 

)p((u +f) 
2

)} = 

C+ de+· C de_ -
=- Jim I f - f 

,, 
B ➔ oo 0 ,n+ V e++·4M m 

0 ,/ C, v e_, + 4 M m 

Jim 
C+ 

f de = 0, 

s ➔ .. c_ Ve v e + 4 M m 

rne 2 .., ➔ 2 

C ±: = B - ( M + m ) -'- ( u ± f ) 

TaKnM o6paaoM, 

B(xo)<p +p llJo:(-2x )jo( __ x_))!O>=O. 
a p a {3 ,2 

(15) 

.PacCMOTpHM Tenepb co6CTBeHHHO WBHHrepOBCKHe qneHbI, TO eCTb KOMMyTaTOp 

= 1,2,3): 

9 



l , 

6(x 0 )<p +p l[J 0
(-x-)j/3(-.....!.

2
)ll'O>• 

a P a 2 

.. 
· (16) +1 

=6(x 0
) ·J dz cos z 

px 
-2-· f d( { alaO D(x)pl((,z)+p,a0D(x)p2((,z)I= 

-I 

rile 

, 
2 g mB R -31gY • a,., 

c, = IT2 

-3g2g m 6 
C = + T • a/3 

2 
( 2 IT) 

2 

2 
(m+l.!(z)) 

= a 
I 
B c x) c 

1 
+· P I B < x > c 2 , 

+I 

f dz f d ( 1 . I 
-I 2 

(m+I.!) 
2 2 y/',. (M (z),m ,0 

2 2 2 2 2 
(M -m )(2M +.m ) M ---------+--,2 ' 

( M 
2 2 3 
-m ) ,i -

( 17) 

+I 

f dz 

-I 

.. 1 r d(-:---========== I l(M2+ m2)-(M2 -m 2) 21. 
(m+M(•ll 2 (

2 y A(M,z),m 2,() (18) 

2 

l1HTerpallbl ( 17), ( 18) MO)KHO ~biqllC/lllTb, HanpllMep, a cnyqae f3 = _P_· -«1: 
4 m 

2 
2 

-3i gYgam Ba/3 

C 1 =· IT 2 

C2= 
+3g!g.m Baf3 

2 "2 

10 

(19) 

(20) 

a B cnyqae 1 - /3 .« 1 ( CM,IlpllllOlKeHlle C): 

C 1 

c2 

-3 i g 2 g m 6 a R 5 2 5 ) 
y • ,., ( -6- ,r -· -4-

IT 2 

-3g
2

g m Ba"' +· T II ,.,,, 

( 2 ff ) 2 

IT2 
(S+--). 

3 

lJTO KacaeTcR KOMMYT8TOpOB 

(i,J=l,2,3), ir/J, 
< P + P I l J 

1 
( _x_ ) J ! ( - _x_ ) ] I O > , 

• P a 2 ~ 2 

( 21) 

( 22) 

TO rrpn paBHbIX BpeMeHax aTll KOMMYTBTOpbl coneplK8T cymecTBeHHbie 6eCKOHeqHoCTII, 

. ' /5/, 
Cnoco6oM, ananornqHbIM npennolKeHHOMY BbIWe, MOlKHO npoBepllTb YTB8plK/leHne 

qTo B npenrronaraeMoe B anre6pe ToKoB paBeHCTBo (i,j = 1,2,3): 

l I 6 
B(xO-yO)[ja(x)Jf3'Y)]ai6(x-y)6

11 
'af3BJ

0
(x)·+ ( 23) 

+ qneHbI, CllMMeTpllqHbie no a ' f3 
cnenyeT no6aBllTb qneHbI, 8HTllCllMMeTpnqffbie no a , f3 n OTnllqffbJe OT Hyng npn 

i ,/, j • PacCMOTplIM nm1 aToro' MaTpnqHbil! aneMeHT: 

B .. l J 
<a>..- (p) I [ ja(x) j iy)] I 0, >, (24) 

61-1 .. 
rne . a. fJ' B - II3OTOITIIqecKne 'llHneKCbI, a a >.. (p ) - COOTBeTCTBYIOinllM o6pa-

3OM H_DpMllpOB8HHbil! onepaTop YHllqTOlK8HllR ll30B8KTOpHoro nonepe"IHOI'O iiioTOHa 

( >.. = 1,2; i ,', J ) • 

MaTpll"IHbll! aneMeHT, COOTBeTCTByronrnl! npRMOl! 4iel!HM8HOBCKOl! nnarpaMMe, 

nMee.T ann: 

11 



l,-,-+ I J· 
< a >. (p ) I · j a (x) j /Y) I ·o > -· 

A lp :i: 
3 l. e +l 

(25) 
- i g T l O afJ p. lk(:i:-y I p.," ,. J ,. f dk e ·f, dz f dqSpy n, 

1
+m)yl(+q+m)y f,...;pim)• 

2(211)
8 

-1 

. a oo 22 a 2 2 
• '6 (- q ) 6 ( - ( 11 -q ) ) o ( q -m ) -. - o (( q - 11) - M ) , 

cJM2 

nerKo y6enHThCR, qTo Kpocc-qnea naeT TaKofi JKe nKnan, B cncTeMe Koop-
>. 

AHHaT, rne l O =· 0 

o-, .. l X J 
o(x0 )<a (p)I j (-2 )jQ(--x-)llO>a 

>. a ,., 2 

3 2 p X 
-gTm +1 -ls-2-, 00 

0
. >.· >. 

--- l" a o ( x0
) J d z e f d ( p cJ I , a - , iJ 

( 2 IT ) 2 ua,-, -1 4m 2 0 l J J l 

3 
-g 

=--T-·l Po I >. >.. 
(211>2 oafJ ,,a,o(x)-lJiJ18(x)I, 

/5/ 
q1·O COOTB8TCTByeT yTeepi:meHHIO 

1 -I D(:s:,() ==w-r 
( e..;1-, 

AnTop 6narona1>11T B.fl.flannoBa, M.K.flonnnaaoBa, A.Jl.CyxaHoBa, A.H.Tan

xennnGe, 11. T. Tonopofa 3a 06cy*.uemrn. 

12. 

flpHnOlKeHHe A 

JloKaJKeM cnpaBennnBoCTh qiopMynhI ( 7), Hcnonhayg qiopMyny 

1 
--------· = p 

m2'-p 2 +ilPO 
1 I 

1 -•i11dpo)o(p2-m2), 
2 I I 

-PI m2 

nerKO BHAeTb, qTo 

0 2 2 1 o 2 2 
E( p ) 8 ( p - m ) P ---- + , (p ) 8 (p - m ) P 

I 1 2 2 2 2 

1 
2 p 1 - m 2 

rne 

1 
IT 

p - m 
2 

Im I 1 --------lz 
m2-p2+-ilp0 m2 -p 2 +ilp

0 

2 2 1 1 

• -2_ Im 
2" 

+1 

J 
-1 

+1 
1 
2 

J dz 
-1 

d z 

I 2 2 O O 2 
(q-u) -M (z)+il(q_-u )I 

a . l(qo-uo)o(q-u)2-M2), 

iJ M 2 

u = k +p 
1 +· z 2 2 2 p

2 

- k •· q + p , p -· p - p , M (z) a m -(1 - z ) --· 
2 2 I 2 4 

Q 

( CM,pHC,]) • 

Aaanornqao, ncnonh3YR qiopMyny: 

1 1 2 

2 2 · =P 2 2 +i1To(p1 
m -p

1 
-1, m -P 1 

- m 2) • 

nonyqaeM: 

B(p2-m2)P 1 +o(p2-m2)P--l 
I p2-m2 2 2 2 

2 P - m 

1 +1 a 2 \ 
=·-· J dz -- 8 ((q-u) -M (z)). 

2 -1 iJ M 2 

113 (A.I), (A.2) cnenyeT (7) •. 

13 
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np,mOJK0HII0 B 

Bbl'IIICnlIM IIHTerpan: 
• 2 2 a 2 2 f d q B ( q - m ) -.- B (( q-u ) - M ) • 

CllenaeM 1lm1 aToro o6bI'IHYJO aaMeay: 

qo3qche 

I q I·- q sh e 

aM 2 

6 • .. 0 2 ·c M 2 II Bbl epeM cncTeMy KOOpllHHaT, B KOTopon u -· • TOrlla rrpn u ::'.:. m +· ) 

HHTerpan ( 1.B) paBeH 

rile 

a . 
21T m 2 -.- fdche,,/ch 2 e-1 B(m

2
+u

2-M 2
-2myu

2
che)= 

rJ ·M 2 

.IT a • 2· 2< > 2> --- ---,,/ u(m ,M z, u 
2 u

2 a M
2 

A(m 2 ,M 2 ,u 2) c-M 4 + m4 + u• -2m 2M
2 

-2m
2
u

2 
-2M

2 
u

2
• 

TaKnM o6paaoM: 

• a 2 2 
fd qB(q 2-m 2)-.-B((q-u) -M )= 

a M2 

00 

., __ IT_ I d' M2-m2-( 
B(u

2
-(), 

2 2 
lm+·M) 

t:,,/A(m2,M2,() 

Aaanorn'IHblM crroco6oM MOlKHO llOK838Tb cnellyJOUIIIe ¢opMynb1: 

4 a 2 2 rJ 2 2 f d q q B ( q - m ) - 6 ( ( q - u ) - M ) =· 
a M 

2 

.. 
__ ,_!_, u a f d ( 

2 2 
· (m+M) 

2 2 
(M2-m2/-2M (+( B(u2-() 

,2.; A(~2. M2 I') 

14 

( 1.B) 

(2.B) 

• a 2 2 fd q(q-u)aB(q 2 -m 2 )--,.B((q-u) -M )= 
;JM 

IT a 
00 

2 2 2 2 2· 

=·-- u I d( 
(M -m) -((Id +m) 2 

B (u -0 2 

IT 

Im +·MJ 2 ,2 Y. A ( m 2 • M2 • () 

f d
4 

q (q-u)aqf3a (q 2-m 2) -
0
-B(( q-u) 2 -M2) = 

a M 
2 

00 ---- g a/3 
I d' v':A(m2,M2, ()(M2-m2-t:) B (u 2_ 0 + ,2 8 2 

lm+M) 

+~ uauf3 
oo 2 2 1. 2 ',. . 

f d t 1 I ( M - m ) - (M -t:1 J (2 m 2 + m) 
2 

(m+MJ2 
3 

yA(m2,M2,t:) ( (2 

TTpnnoJKeHne C .. 
IlpoCTOll 38M0HOll IIHT<;Jrpan f d( 

(·m+M) 2 (nv'£\(m2,M2,0 
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