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BaeaeHit e 

B nocnenHee speMH B CBH3H c pa6oTBMH illBHHrepa 11 ·21 B03HHK H HTepec K 

HeliH Hel1HbiM npeacTasne HI1HM rpynn ll11. XorH noHHT11 e "HeliHH eii H>Ie npeac T asneHI1 H 

" 
rpyn n JlH MBliO ynoTpe61I H1IOCb, MO)KHO CKB3BTb , 'ITO T eOpi1H 11X XOpOWO pa3pa6o-

TBHB, 11 ni060ti HCnOllb3yeMbiM HBMI1 cl>aKT B HBCTOHlUeJ! pa6oTe MO)KHO HBMTI1 B nJ0-

6oti KHI1re, B KOTopoll paccMaTpHsaeTCH sonpoc o Henpepwanwx rpynnax npeo6pa-

30BB H11H. H eKOTOpbi e H3 HHX Mbl nepe'-!11CliHeM B KOHUe pa60T bl/3,4,5/. 3ro, no cy

W8CTBy , KliBCCH'-!eCKHe p a60T hl no r pynnaM Jl11, THK Ka~ nOCTpOHTb 11X npeac~asne-

HHH, 8Cll11 OTK838TbCH OT liiiH8MHOCTH nOCll81lHHX, BCe pBBHO , '!TO nOCTpOHTb CBMy 

TpUH Cci>OpMBUHOHHyiO rpynny B n -MepHOM flpOCTpaHCTBe C 3B!lH HHbiMH C TpyK TypHbl-

Ml1 nOCTOHHHbiMH. 

B HBCTOHtuell pa6oTe paccMaTpi1 BBIOTCH 11 Haxoa HTCP see ( nenpepbiBHO-IlHci>cl>e-

peHUHpyeMbie) npe!lCTBBlleHI1H rpynnbi SU ( 2 ) . 

HallaeH npocToA Bl1!l llliH reHepaTopHwx ci>YHKUHfi npeacTasneHI1fi aToll rpynnw, 

a T BK*e H CBMH neni1Hel1Hwe npeo6pa30BBHI1H, HB1IHIOWI1 eCH ee npeacTasneHI1HM11. B 

6onbWHHCTse c s oeM, B T O apo6H0-1IHHefiHwe npeo6pa3osaHnH, 'ITO He Yll11BHTellbHO 

CBH3b rpyfiDbl S U ( 2) C Jlp06HO- lli1Hefi HbiMII npeo6pa30BBHHHMII KOMn1IeKCHOM llliOCKO

CTH llBB HO H3BeCTH a 
16

• 
7 

•
81

. KpoMe TOI'o, nonyqae T Cil npeac TasneHI1 e , He l!BliHIOWee-

CSl llp06HO- ll 11 HefiHbiM , li 0K83biBBIOlUeeCH BK B11BBlleHTHbiM ll11HefiHOMy JlBY MepH OMy 

C lli1HOpHOMy npe!lCTUBlleHI110. 

VI, HBKOHeU , paCCMOTpeHbl Dp11Mepbi npellCT8B1IeHI1H, KOTOpbie Mbl npi!BOil11M B 

KBHOHH '-lecK I!ti BHU. PaccMoTpeao TBK*e aenHaellaoe npeacTasneHI1 e rpynn bi SU( 2), 

llB HHOe illBHHrepoM
19

/ 11 DOK 83BHO , 'ITO OHO npi1B01l11MO (II Mee T llBB He3BBI1Cl!Mb!X 

HHB8pH1lHTa) H OTHOCI1TCSl K H e ll11H e fiHWM npellCT8Blle HI1SlM HOpMBllbHOrO THDB. 

3 



§ I. reHepa TOp Hb/e rfiyHKUJfH rpynnbl SU(2 ) 

,OpHble <jly HKUHH rpyiTITbl S U ( 2 ) y JlOBneTBOp HIOT c neJl y !OlllHM JlH<)l<jlepeH-

BHeHHSIM: 

=111 2;[ Ml , M2] 
I I I 

[A, B ]
1 

e l: 

Mo 
I 

[ M2 Mo ] =MI 
' I I 

a A 
1 

( --B 
a x

1 
1 

-A 
l 

as
1 

- - - ), 
ax 

1 

( 1.1) 

( 1.2 ) 

SIBflSIIOTC SI <jlyHKUHSIMH, 3 BilBHHbiMII Ha H e KoTo poli o6n aC TII D T o no

npoc Tpa H C TBa R n , B KOTOpOli OHII Henpe pblBHbl II H e np e pb!BHO Jlll!jxpe

B npocTpB H C TBe Rn aaeaeH a HeKoTopaR onpeaeneHHBSI c11cTeMa,11 

10 K nocneaHe li n106aR T O'IK B Q 11 3 Rn onpeaengeTCSI c nOMOlllb!O 

x 
1 

• B 3 TOM C Mbicne 6yaeM roaopHTb , 'ITO Rn- n - MepHoe npoc T paH

r HOC TII, o6naC Tb D MO)I{e T coanaaa T b co seeM npocTpaHC TBOM Rn. 

3a o6hi'lHhiM noaxoaoM a T eopllll npeacTaaneHII li r pynnhi SU( 2) , a a e -

1101 

\-1 • I II I + M 2 
It k k 

A 
1 

= · I M 1 
- M 2 

It k k 
A1 a ll'; 

k k 
( 1.3) 

0 o6naC Tb iO o npea eneHIISI HOBblX <jlyHKUII li A -I A 1 
11 A 

0 
SIBn Sie T C SI D • 

1. 1 ) II ( 1.2 ), ner KO n ony'lHTb JlflSI ITOCI18JlHH X C n e Jly!Olllll8 Jl ll<jl<jle p eHUII-

HeHHSI: 

o c a - 1 1 o 
[A , A ]t =·- i c At; [ A , A ' ]t a- 2 1 Ak;a • :l 

( 1.4 ) 

H e liweM H B M IT OH 8 Jl 0 611TC 51 Cll8fl8Tb H e KOTOpble Or'OB OpKII H8C'l8T IIHJle K

pOBB HIIH IT O HH M : ecnH 11Hil8KC B JlBHH Oli <jlo p M yne B C OMHO)I{HTe nSIX B CTp e 

lbl , ITO HIIM HJle T CyM MHp OBBHH e ( e c n 11 He CK838HO ' 6 e 3 CYMMHpOBBHHH ' ). 

IIHJleK Cbl i 
' 

j 
' k ' f ' 

m H3 M8HSIIOTC 51 OT I llO n ; 

p , q , t, s, t H3 M e HSIIOTC H OT 1 llO n - 1 

c ,f3 , y, 8,£ H3M8H SIIOTC SI OT 1 llO n- 2; 

(. ~' ' 
H3MeHHIOT C SI OT 1 llO n- 3; 

,.,. , v' "' 
H3 M e H HIOT C SI OT 1 llO 3. 

T enepb aw 6ep e M a npocTpaHc T ae R 
n TBKY IO C HCTeMy K OOpll llHBT, rae 

Ao = -ixk 
k ( 1.5) 

0 8 CHny HenpepblBHOCTH 11 He npe pbiBH o ll llH¢¢epeHUIIpye MocTH M ( t ) , (Qs( t IE D) 
t I J 

sce raa B03MO*HO Ha llTI! npe o 6paaoeaHI!e 

X = X (t ) 
It J 

K OTOpoe B HOBblX KOOp.llHHBTBX 

det I 

A o .. uo 

axk 

at 
1 

uo, 

lfMeno 6hi aa.o ( 1.5). KaK k k 
xk ( t 1 ) .oon)I{Hbi npa 3TOM y.ooeneTaopRTb c ne.oyiO!llHM ypa a HeHHSIM 

ax 
0 

--,-..L M · ·- I X 
at ' t ll 

( 1.6 ) 

lf3B8CTHOJ 

( 1.7) 

Hawe yTaep)I{Jl e Hae Henocpe.oc TaeHHo c n eayeT 113 o 6weli Teopaa H e oaHopoa HhiX n a-

HeliHbiX llll¢<)le pef!uHanbHbiX ypaaHeHHil c 'IBCTHbiMH npoaaaoaHhJMH (eM., H a npHMep , • 111f 
CllcTeMy, a KOTopoll Rn 

II MeeT B ll.ll ( 1.5) 1 6ya eM H83b!B8Tb KBHOHH'IeCKOli. Ewe 

38MeTHM 1 'ITO B ITpOCTpBHCTBe R n K 8HOHII 'I8CKH e C IIC T e M bl o6pa3 y!OT 6eCKOHe'lHOe 

1 
M H 0)1{8 C TBO. 8 KBHOHH'l8CK OJ1 CH C TeMe <jlyHKUHH A It SIBflSIIOTCSI OllHOpOJlHblMII <jlyHK-

UifSIMH Hyne e oro nopSiaKa . DeliCTBHTenbHO, H3 ( 1.4) anH a • +1 n o nyqaeM 

ana 

T a KI!M o6p aaoM, 

r ae 

[ A o, A 1) ,. i z 
a A 

1 

- -
1
- -i A 1 

8 =- i A 1 
- l a X l IJ I 

J 

XI 

1 a A
1 

ax 
1 

AI-AI(z ), 
I I p 

X 
p 

z --. p xn 

5 

0 . 

( 1.8) 

( 1.9) 

( 1. 10) 



llenBSI llBllb HellwyJO KOHKp e THaBUHJO KBHOHH'IeCKOH CHC T eMbi KOOpllHHBT, Mbi ll0Tpe6y-

eM , 'IT06 bi 

A 1 = 1 An SI acex I i ~ 1 .;. n • 
I 

( 1.11) 

nepeXOil Ha npoHaBOllbHOH KBHOHH'IeCKOH CHCTeMbl B Ty, B KOTOpOi!: Bblll OllHSI

eTCSI ( 1.11), COBepwaeTCSI C llOMOIUbJO npeo6paaoBBHHSI 

Y
1

>=Y
1
(xk) 

a Y 
det I ___:__ I ~ o 

ax • 
( 1.12) 

0 
3To npeo6paaoaaHHe npe>Kile a cero llOn>KHO coxpaHSITb BHA !jlyHKUHi!: A ( nepexoll 

. k 

Ha Oil HOi!: KBHOHH'IeCKOi!: B JlpyryJO K8HOHH'IeCKyJO CHCTeMy). noaTOMY Y I (x k) AOll>KHbi 

ylloaneTaopl!Tb cnellyJOIUHM ypaaHeHHSIM 

a Y I ayl '(z )cl · At P ( 1.13) xf•iYI 
axe a x t 

VIa nepaoro ypaaHeHHSI nonyqaeM: 

y I • · X I+ X D H I ( Z p) ' ( 1.14) 

rile H (z ) - OllHOpOilHSSI <jlyHKUHSI Hyneaoro nopS!IlKS. Ha BToporo ypaaHeHHSI ( 1.13) 
I P 

nony'laeM cnellyJOIUHe ypaaHeHHSI llllSI H1 (z P) 

I . l aHI(zq) 1 I 
{A (z )-z A (z )] +H 1 (z )A (z )+ A 1( z )-1 =0 

p q p D q az q D q q 

.. ) ( 1.15) 

p 

( CM . aaMe'ISHHe B KOHUB pa60Tbl). 

B CHny HenpepbiBHOCTH H Henpepb!BHOH llH<jl!jlep e HUHpyeMOC TH O'lBBHilHO, 'ITO 

peweHHe ypaa He HHH ( 1.15) cymec TayeT. 

B HOBOM 6aaHce 

0 • • 
A I =-·1 y I. A 

1 
"'1 

I J 1.1 6) 

H A -I S!BllSIBTCSI OllHOpOilHO~ <jlyHKUHB~ BTOpOrO nopS!IlK B . llef!CTBHT BllbHO, H3 ( 1.4) 
I 

llll51 a = -1 HMeeM 

6 

X 

0 -1 . 
[A • A ]I!! I y J 

-I 
a A 

1 - i A-1 li • A -I 
IJ I 

HllH 

y J 

a Y, 

-1 a A
1 

a Y1 

-1 
= 2A 

J 

VI , HSKOHeu, Ha TpeThero ypaaHeHHSI ( 1.4) nonyqaeM 

-I 
a A 

I-~- =-

f a Y e 
2 y I . 

VIa nocneAHero aw TeKaeT, 'ITO 

-1 2 2 
A I ( y k) = - y I + K I ( y f) • 

rile 
2 

K1 (yf)- OllHOPOilHSSI <jlyHKUHSI BToporo noplli!Ka, YlloeneTaopSIJOW 

2 a K 
1 I - - -=0 

e aye 
CnellOBaTenb HO, pewaSI ( 1.21), H noJ~C TaBnSISI a ( 1.20) 

1 
nony'I aeM OK 

- I 
A ( y ) cnellyiOmee BbipalKe HH e: 

I k 

-I 

AI 
2 2 

Y +(y -y)P( v} , 
1 n-1 n 1 a 

rAe P
1 

( va) - npoHaa onhHWe <jly HKUHH apryMeHTOB 

v 
a 

y - y a n 

Y n-I - Y 

Tenepb MW ewe paa CllenaeM npeo6paaoeaHHe KoopllHHBTHO~ CHCTeM 

u = u (y ) 
I I k 

7 



~WYID KOHKpe TH38UHID K8HOHH'ieCKO~ CHCTeMhl KOOpAHHB T, Mhl l10Tpe6y-

A 1 = 1 AD S! acex I t ~ I.;. D • 
1 

( 1.11) 

H3 DpOH3BODbHO~ K8HOHH'ieCKO~ C H CTeMb1 B T y, B KOTOpO~ BblTIODHSI

COBepwaeTCSI C DOMOWbiD npeo6pa30B8HHSI 

y 1 a y 1 ( xk ) 

a Y 
detl ~lf.O 

ax k 

t30B8HHe npe>Kae acero aoD>KHO coxpaHSITb BHA 1\JyHxuHll A 
0 

k 

( 1.12) 

(nepexoa 

OHH'ieCKOlt B apyryiD K8HOHH'ieCKYID CHCTeMy) • nosToMy Y 1 (X k) AOD>KHb1 

l!Tb cDeaymmHM ypaaHeHHHM 

ay1 X •i Y
1 f 

a y 1 AI(% )•1 -- t p 

ax f 
( 1.13) 

a x t 

ypaaHeHHSI noDy'iaeM: 

y 1 • · X 1 + X D H 1 ( z p) • ( 1.14) 

OAHOpOAH8SI 1\JyHKUHSI HyDeBOrO DOpSIAK8. Ha BTOpOrO ypaBHeHHSI (1.13) 

1eaymmHe ypaaHeHHSI ADS! H1 (zP) 

t a H 1 (% q) I I 
- z A (z ) ] + H 

1 
(z ) A (z )+A 1(z ) -1 ~ 0 

p D q az q D q q 

.. ) ( 1.15) 

p 

lHHe B KOHUe p a60Tb1). 

y Henpepb1BHOC TH H H e npepb1BHOH AHI\JI\Jep eHUHpyeM OCTH O'leBHAHO, 'i TO 

aa H eH H H ( 1.15 ) cymec rayeT. 

OM 6a3HCe 

A o = - 'i y ; 
1 1 

A 
1 

= 1 
1 ,( 1.1 6 ) 

JeTCSI OAHOp OA HOH tjly HKUHeH BTOpOrO nOpS!AK 8 . il e HCTBHT eDbHO, H3 (1 .4) 

HMee M 

6 

X 

.1 

HllH 

- 1 

0 -1] . a A 
[A , A 

1
,. 1 Y 

1 

y J 

-I a A 
1 

a Y1 

1 
- i 

a Y, 

-I 
= 2A 

J 

A-1 8 • A -I 
1J 

H, HBKOHeu, H3 TpeTbero ypaaHeHH SI ( 1.4) noDy'laeM 

-I 

I 
f 

Ha nocDeaHero BbiTexaeT, 'ITO 

a A 
I 

a Y f 
2 y I • 

-1 2 2 
A I ( y k) ~ - y I + K I ( y i) • 

( 1.17) 

( 1.18) 

( 1.19) 

( 1.20 ) 

2 

rae K1 (yf )- 0AHOPOAH8SI tPYHKUHSI BTOpOro 110pS!ilK8 , Y A OBD e TBOpSIIDLU8SI ypB BHeHHSIM: 

2 a K 
1 I - -- =0 ( 1.21) 

f ayf 

CDeAOBB T e llbHO, pewaSI ( 1.21) , H DOAC T BBDSISI B ( 1.20) 
1 

l10DY'I8 e M OKOH'laTeDh HO ADS! 
-I 

A 
1 

( y k) CDeaymwee BbipalKeHHe: 

r ae 

-I 

A I 
2 2 

Y+ (y -y)P( v) 
1 n-1 n 1 a 

p ( v ) - npOH3BODbHhle tPY HKUHH apryM e HTOB 
1 a 

v 
a 

y a- y 

Y n-1 - Y 

T e nepb Mhl ewe paa caeDaeM npeo6paaoaaH H e xoopaHH a THOH CHC T eMw 

u = u (y ) 
I 1 k 

7 

( 1.22 ) 

( 1.23) 

( 1.24 ) 



C U8llb!O npeBpa TliTb BCe pI ( V ) B HYllb, npeo6pa30B8H11e ( 1.24) !1pB:>K!lB BCero 
a o 1 

non:>KuocoxpaHHTbBI1!l!jly HKU1111 A, 11 A
1 

(1. 16),T . e . 

au 
I = u yk --

a Y k 

( 1.25) 

au 
1 

~ - = 1 ( 1.26) 

e a Y f 

Pewa5l nocnenHI1e ypa BHeHul1 , HBXO!li1M 

U=Y+(y -y)G(v), 
1 1 n-1 n 1 a ( 1.27) 

rne G
1
(va) - npoH3BOllbHw e !jlyHKUI111 apryMeHTOB (1.23). YpaBHBHI1R llllR HI1X MOM

HO nolly'li1Tb 113 Tpe6oaaHI111 HC'ie3HO DBH HH P
1 

(va) 

a ul -1 
---A =- u 

a ' 1 y J 

( 1.28) 

noncTaBllHR B nocnenuee u 1 11 3 (1.'27) 11 
-I 

A J 113 ( 1 .22 ), DOCile npOCTbiX , HO 

llll11HHbiX BhiKnanoK, KOTOphle Mhl naeM a np11no:>KeH1111 A, nonyqaeM 

2 

G 11 <1la+G (2v + P -Pn-1)+G 1 +P1 = 0, 
1 •f'J ,_, 1 1 n -1 ( 1.29) 

rne 
G I, /3= 

a G
1 

(6e3 CyMM11pOBBHH5l • DO i ) 

a u /3 

(f, (3 = P i3 - V i3 P n _
1 

+ ( V f3 - 1) P n + V {3( 1- v {3) 
( 1.29

1
) 

( 6ea Cy MMHpOB8HI1H DO i3 ) 

8 

H c· MO 

ie U. 

1 llllH ian -1 

0 ll/111 I e n 

v 

00llCT8Bll1111 G - v +NI( va) 1 

B ( 1.29), n ony'laeM 

2 
N I, /3<f; i3 + N 1 ( p n -I - p n - l ) + N I + p n e O 

Torn a 

U 1 = Y n + ( Y n -1- Y n ) N I 

Tenepb CHOBa , D c 11ny HenpepblBHOCTH 11 He npepblBHOii ll11!jJ!jlepeHuHp: 

v i3 , B '!eM nerKo y6eni1TbCH, cnenyeT cy weCTBOBaHHe peweHHR Y l 

.S1K o6naH npeo6paaoaaHI1H ( 1.32) 11 MeeT Bl1n: 

au 
d e t I ---1 I z det ( N a , N , 1 ) ~ 

1, fJ 1 

( 
a Y k 

N N . . . N N 
1, 1 1,2 · l,n-2 I 

N2 , 1 N2 ,2 ... . N 2,n - 2 N2 

- I 
- = det II N I k II 

I 
N N . . N N 

n ,l n,2 n,n -2 n 

Vf cnOJJb3YH M8Tp11UY OllHOro HK06118Ha N 1k, ypaBH8HI1e ( 1.3]) 

B Blille: 

N <fl 
1k k 

9 

N2 
1 



apa THTb a ce P 
1 

(v ) a Hynb . 
a o 

8H51Tb BHJl cpyHKUHH A , ~ 

au 
I = U y ---

k a Y k 

a u' = 1 I --
f a Y e 

JlHHe ypaBHeHU51, H8XOJlH M 

npeo6pa30B8HH e ( ! .24) 
I 

A
1 

( 1.! 6) , T . e . 

u=y+(Y -y)G(v), 
t l n -1 n 1 a 

npe>KJle acero 

( 1.25) 

( 1.26) 

( 1.27) 

- npoH3BOJlbH b i e <jlyHKUHH apryMeHTOB ( 1.23) . Ypa aHeHH51 JlJJ51 HHX MO>K

H3 Tpe60B8 HH51 HC '-I e3HOne HH51 pi ( Va) 

B nocneJlHee 

au _
1 

--- ' A 
a ' y J 

=- u 
I 

U I 11 3 ( 1.'27 ) 11 

( 1.28) 

- I 
A J H3 ( 1.22)) nocne npoCTbiX , HO 

{rtBJlOK, KOTOpble Mbi JlBeM a npnno>KeHI111 A, nony"-!aeM 

2 

G (3 <ll {3 + G ( 2 v + P - P n - 1) + G 1 + P1 = 0 , 
1, t 1 n -1 ( 1.29) 

G I, {3= 

a G
1 

(6e3 c yMM 11pOB8HI151 · HO i ) 

a u f3 

¢ (3 = P {3 - V {3 P n -I + ( V (3 - 1 ) P n + v {3( I - v {3) 
( 1.29

1
) 

( 6e.3 C yMMHpOB8HI151 HO {3 ) 

8 

II 

v 
c· MO 

i 2: " 

1 JlJ151 i ~ n -1 

0 JlJI51 I~ n 

- v + N
1
(va) 

I 
00JlCT8BJI5151 G 

a ( 1.29), nony '-! aeM 

Tor a a 

2 
N

1
, (3<fi ,B+ N

1
( P

0
_

1
- P

0
- l)+N

1 
+Pn=O 

U I ~ Y n + ( Y n -I- Y n ) N 

( 1.30) 

( 1.31) 

( 1.32) 

T enepb CHOBa, B Cl1rt y HenpepblBHOC TH H He npepb!BHOH JlHcpcpe p e HUHpye MOC TH <f> (3 no 

v (3 , B '-!eM nerKo y 6eai1TbC51 , cneayeT cywecTaoaaHH e peweH I1 51 ypaB HeHH 51 ( 1.3 1) . 

fiK06H 8 H npeo6pa30B8HH51 ( 1.32) HM eeT B I1 Jl: 

au 
d e t I ---1 I = det ( N f3 , N , 1 ) ~ 

1 , I 
a Y k 

N N N N 
1.1 1,2 . l, n- 2 1 

N N 
2, 1 2 ,2 

N N 
2 , n - 2 2 

( 1.33) 

= det II N II 
I k 

N N N N 
n, 1 n,2 n, n - 2 n 

Yl cnoJJb3Y51 Ma TpHuy oaHoro 51K06H aHa N lk, ypaaHe HHe ( 1.3 1) MO>KHO 38 HHC8Tb 

B BHJle: 

N cf> 
lk k 

9 

N2 
I 

( 1.34 ) 



rae 

r·~ ·-~ 
41 C · P -P -1 kmn-1 ( 1.35) 

k D-1 D 

I 
I 1 k = D ( 

EellH XOTR 6bi O.UHO H3 41 {3l 0 , T O y paBHeHHe ( 1.31) HMeeT 6eeKOHB'!HOe '!HellO 

'!8eTHbiX peWeHHfi, H3 KOTOpbiX Beer.ua MO)f{HO Bbi6p8Tb T8KHe, 'ITO 

det II N n II ,.C 0. ( 1.36) 

nO(t:neAHee ene.uyeT H3 Taro ~BKTB, "'TO HBO.UHOpO.UHOe ypBBHeHHe e MaTpH-

uefi N It HMeeT HeHyneaoe peweHH e . 

HbiX 

EenH )f{e Bee 41 {3 = 0, Tor.ua, eornaeHO ( 1.31) , HMeJOTeR He 60llb We .UBYX pa3-

N1 , H ri03TOMy yellOBHe ( 1.36) He MO)f{eT 6biTb B binOIIHBHO, ee /IH p83MepHOeTb 

npoe TpaHeTaa R n 6onbwe nayx. 3ToT enyqali Mbi paeeMoTpHM oeo6o. 

TaKHM o6pa30M, BeJO eOBOKynHOeTb npe.ueTBB/leHHli rpynnbi 

SU (2) MOlKHO pa36HTb H8 .Uae qaeTH: 

I) npe.ueTaa/leHHR, .UIIR KOTOpblX HMeeTeR XOTR 6bi OAHO 

4113"' 0; 

2) npeAC T881leHHR, J:1.'1R KOTOpblX ace 

41 {3cQ 

nepBbie 6yAeM H83bi88Tb HOpM8llbHbiMii, BTOp bie - Bbip OlKAeHHbiMii npe.UCT8B-

lle HiiAMH. 

L!nR nepBbiX Mbl AOKB3811H e/leAyJOWYJO TeopeMy. 

Teop e Ma 1. B ee HOpMallC.Hbie npe.ucTasneHRR rpynnbi SU ( 2) aKBHBalleHTHbi 

npeACT8BileHii10 e r eHepaTOpHbiMH ~YHKUHRMH : 

A -1 

k 
~~::~ - -X 

k 
A

0 
s ·- ·ix; 

t k 
A

1 
.. 1 

t ( 1.36) 

KoopAHHBTHyJO CHe Te My , B KOTOpofi reHepaTOpHbie ~YHKUHH HMeJOT HOpM81lbHb!ll 

BHA ( 1.36) , 6y.ueM HB3biBB Tb HOpMBilbHOil K8HOHH"'eCKOil e HCTeMOH. 

10 

~ 

§ 2. ffHaapJtaHTb! He-?HHeJiHbJX n fJeac r aaneHJul r ovr. 

flpiiB O/lifM OC Tb 

K a K H3 BeC TH o , HHBBpH BH T OM npencTa aneHHA ABIIAeTC A ~YHKUH 

paR ynoa~ e Taop AeT ypaaHeHHAM : 

a 1 

a x 

A -1 

k 
0 

a 1 

a x k 

A 
0 

= 0 
k 

a1 

ax k 

I 
A k = 0 

l-13 AOKa3aTenbeT aa T eopeMbl I eneayeT, "'TO reHepa TOpHbiE 

npe.ue T B Bll e HH A MOlKHO npaBeCTii K BllAY 

A -I = _ y 2 + ( y _ y ) 
k k n-1 n 

p ( v ) 
k " 

0 
A =- i y ; 

k k 
A 1 = 

k 

(C M. (1.1 6 ); ( 1.22) Ii(J.23 ) ). T or.ua BMeeTo (2 .1) HM eeM 

a 1 
[ -y 2+(Y - y)2 

a y k k n-1 n 
P (v ) ] = 0 

k a 

!1 3 noeneAHHX A BYX y paB He HHH enenyeT , "' T O 

I= l(v
0
). 

KOT OpOe npeAe T BBlle HO B n epBOe H3 (2.3) H ABeT 

a 1 
<f' t3 = 0 • 

av{3 

" I 
r ae 41 {3~' A Be TCR ~OpMyllOH ( 1.29 ) . 

a 1 
---y = 0 

a Y k 
k 

LlnA HOpMa.•bHbiX npe/:tC TBBileHiiH O"'eBHAHO , "'TO ( 2.5) liMee T 

HBilbHO He3B BH C I!Mbl e p e w e HI! H, K O TOp bie 00 0 3 HD'IHM Yepe3 

I ~ c I ~( v a) . 

B cny q ae BbipO)f{AeHHbiX npen e TaaneHHI\ B e Hny T ore, "'T O anR H 

II ee /I H YAOBJleTBOp e H W nep a we A BB ypaBHeHHR (2 . 3) , TO Tpe Tb e 

TO)f{AeeTBeHHO. T a Ka M o6pa3oM, awpolK.UeHHwe npencTaane HHR HI 

~YHKUHOHIJ JlbHO He38BI! e HM ble HHBBpHBHTbl 

11 



r·~ ,_~ 
¢1 = · P -P -1 i&n-1 ( 1.35) 

k 
o-1 n 

I 1 k & D 

( 

ibi OllHO H3 ¢I f3 .;, . 0 1 TO ypaBHBHHe ( 1.31) HMeeT 6eCKOHe'lHOe 'IHCITO 

UeHHll, H3 KOTOpbiX BCerna MO)I{H O Bbi6paTb TBKHe, 'ITO 

det li N 1k Ill 0. ( 1.36) 

lHee cnenyeT H3 TOI:'O tjlaKTa, 'ITO HeOilHOPOilHOB ypaBHBHHB C M8TpH-

MeeT HBHYJIBBOB peWBHHB. 

e BCB ¢1{3 =0, TOI"Il8, CornaCHO ( 1.31 ), HMe~TCSI He OOJibWe llBYX pa3-

R03TOMY ycnOBHe ( 1.36 ) He MO)I{eT 6b!Tb B b in0JlHeH 0 1 ecnH p83MepHOCTb 

a R n 6onhwe neyx. 3 T o T cnyqall Mbl paCCMOTp HM oco6o. 

o6pa30M, BC~ COBOK YITHOCTb npencTaeneHHli rpyrrnbi 

10 pa36HTb H8 llBe 48CTH : 

llCT8BJieHHSI 1 llJISI KOTOpblX HMeeTCSI XOTSI Ohl OllHO 

¢.{3.;, 0; 

llCT8BneHHSI 1 ll:ISI KOTOpbl X BCe 

¢1{3 .. 0. 

6yneM H83b!B8Tb HOpM8JibHblMH 1 BTOpbl B - BblpO*IleHHhlMH rrpellCTBB-

·pBblX Mbl llOKB38JIH cneny~lllY)O TeopeMy . 

~ Ma I. B ee HOpManoHbt e npellCTaaneHHSI rpynnbt SU ( 2) 3KBHaaneHTHhi 

H~ C PeHepaTOpHblMH tPYHKUHSIMH : 

A-t 
k 

-= · -X 
k 

Ao =-i x ; 
k It 

A
1 

• 1 
k ( 1.36 ) 

dH8THy~ CHCTeMy, B KOTOpOl! t:'eHepaTOpHble tPYHKUHH HMe~T HOpM8JibHbil! 

6yneM HB 3blBBTb HOpM8JibHOll K8HOHH'leCKOll C HC TeMOll. 

10 

§ 2. ffHB8plf8HTb! HB-7/fHeliHblX npetJCT8BJIBHJfli r TJ VITJibl !\TTf?) 

npiiBOIJIIMOCTb 

KaK H3BeCTHO, HHaapua HTOM npenc T <' BJlBHHH HBJl HeTc H tPYHKUIIH I ( x t) , K OTO

paH yllOB~BTBOpHB T ypaBHBHHAM: 

a I 

a x 

A -1 

k 
0 

a I 
a x t 

A 0 
= 0 

k 

a I 

axk 

I 

At= 0 (2.1) 

H3 llOKa3aTenbCTBB TeopeMw I cnenye T, 'ITO reHepaTop Hwe tjly HKUHH n~6oro 

npBilC T BBJlB H HH MO*HO npHBBCTH K B H ilY 

-1 2 2 
A =-Y + (y - Y ) P (v) 

k k n- 1 n k Cl 

0 • 
A =- 1 y ' 

t t 
A 

1 
= 1 • 

t 

\C M. (1.16); ( 1.22) H( 1.23) ). Torna BMBCTO (2 .1 ) H MBBM 

(2.2 ) 

ai 2 ai a1 
-- [ - Y 2 + < Y - Y l P < v ) l = o ; -- Y = o ; :t -- = o't2 3 l a It n -I n t " a y k t a v • 

y t t . t 

>13 ROC.'IBU HHX llBY X ypa BHBHHH cnenyeT , 4TO 

I= I(va)' 

KOTOpOe npellC TBBJl e HO B n epBOB 11 3 (2.3) 11 OBBT 

a I 
<f' f3 = 0 ' 

avf3 

t'.ue <ll {3~- na e T c H ¢opMynoi1 ( 1.29
1

). 

Lln>J HOpMB.~bHb!X npenCTBBJlB HHH O'lBBHilHO, 'ITO (2.5 ) HMBB T 

HBJib HO HB3B BH C I!MbiB peweHH H , KOTOpble 0003Hli'I HM 4epe3 

I ~ = I ~( v a) . 

n -3 

(2.4) 

(2.5) 

tPY HKUHO-

(2 .6) 

B cny q ae BhtpO)I{IleHHbiX rrpen c TaaneHHH B cH n y TOPO, 4TO nnSI HHX ace Ill {3= 0 , 

11 ecnH ynoaneTaop e Hw nep a we n e a ypaaHBHHSI (2 . 3) , T o T pe Tb B ynoane TaopSIBTCA 

TO)I{IlBCTBBHHO. T aKHM o6pa3oM , Bbipo•neHHbte npencTa aneH iiA HMB~T n- 2 

tjly HK UHO ll B JlbHO HB3BBII C HM blB HHBBpH B HTbl 

II 



a I a ( v f3) • ( 2.7 ) 

B 48 CTII OC TH , 

= v a a ( 2 .8 ) 

H a U.n e M BCe HH BBpHBHThl HOpMBllb HOrO np e.nC T 8 BlleHH H B HOpM8llbHOM KBHOHH -

'IBC K OM 6a3 HCe • <!JyHKUHH ( 2.7) npH BT OM llOlllKHbl 

CllBllYIOillBMY ypaB He HH IO: 

a I 

a x. 
2 

X 

O TK y.lla , HC f!Ollb 3 yH ( 2. 7 ), f!Olly'! ae M: 

y 
a 

va (va-l) 

0, 

a1 
= 0 . 

a v a 

~ y .nosners opH Tb ewe 

(2.9) 

(2 .10 ) 

CooraeTC T BYIOLUYIO ( B T OMY ypaa r-r e tiHro ) C HCTeM y o6biKHOBB HH biX IIH¢cjlepe HUHBllbHbiX 

y p aB He HH i1 HBriHWeM B BHile : 

d v 
a 

v ( v - 1 ) 
a a 

d v 
n -2 

(2 .11 ) 
v ( v -1 ) 
n-2 n -2 

K aK y>Ke OTM e 'I BII H, C HC T eMB (2 .11) HM ee T 0 - 3 l~Y HKUH O HBllb HO He3 8BHC HM b! B 

fi C! pBbi B HI! Tei' [J!JHLI : 

w ~ = 

v ( v - 1 ) 
_!>_:"! ( ___ _ 

v ( v -1 
f. n - 2 

C ,c , 
(2. 12) 

I~, cne.noa a r e nbHO , rrpOH3BO.ObH 1Hl <!JYH KUH 5I or n e p eMCHHbi X W,c HBll5le T C H HHBBpH B H-

T OM H OpM BllbHOI'O rrp e .nCTBBJ! B II!IH : 

l: 

'· 
I c ( w ). 
'• ., 

(2 .1 3) 

B t.t8C TI-I O C T1t , 

(2 .1 4) 
,. = w t=, • 

12 

.\ 

Tenepb BBB.llBM HO Bbie nepeMeHHbi B C fiOMOlU b JO cjlop Myll: 

'II' • · t 
v (v ,_ -1 ) 
D-2 ':, 

v 
D - 2 

1 ) v(( 

W a X 
n- 2 n -2 

W = X 
n-1 n-1 

W n:::: X n . 

v 
a 

X - X a n 

X - X 
n - 1 

n erKO y6e.llH TbCH 1 'ITO B 6a3HCB 1 Bhl6pBHHOM T B KHM o6pa~ 

cjly HKUHH llBHHOrO npellCTBBllBHHH HMeJOT BH.ll: 

- I 
A w 

a 

-I 
A( 

0 I 
A CA(=O . 

0 I 
A =-iw 

a 
A ~ 1 B=n-2 , n-

a 

T a KHM o6pa3oM , Mbr .noKa3allH cnenyJOm e e yrsep>K.neaHe , 

T e 0 p eM a II • n i060e HO pMBllbHOe npencTBBlleHHe rpynnbr 

D - 3 HH B8pH8HT 8, f!OBTOMY ORO npHBOU HMO H pa c n a .naeT C H H 8 

( T . e, O.ll HOMepH b! X H HB8pHBHTHbiX) npeaC TBBllB HH ii H T pexMepH Oe H E 

CT8Blle HHe. 

§3, BbipOJf<f/eHHbie npe.ac rasneHHfl 

K aK y>Ke orMeTHllH, unH HHX see ¢.{3 
1 

H3 (1.29) paBHhl 

( 1.31 ), ypasHeHHe anH npHseneHH H one p a ropos A s HopMallbHyro 

2 
N +N(P -P -l)+P 

n -1 n n 
0 • 

KoTopoe , soo6me rosopH , HMeer He 6onbwe usyx pew eHHil . no aro l\ 

He 60llbWe n syx tPYHKUHOH8llbHO -He38 BH C HM biX peWeHHH UllH npe061 

npH'I~M 6yaeM p83llH'I8Tb .llB8 CllY'18H: 

a ). YpasneHHe ( 3 ,1) HMee r nsa pa3 llH'IH brx peweHHH , Torn 

K KOOp.llHH8T8M 
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a Ia( vf3), ( 2.7) 

a a ( 2.8) = v 

s ee HHBB pH B HT~ HOpMBllbHOrO npeJJ CTBBlleHK H B HOpMBllbHOM KBHOHH -

e , <l>yHKU IH! ( 2. 7 ) npll 3 TOM Jl OnlKHbl 

tp BBH BHH IO: 

a I 

a x. 
2 

X 

b 3Y H ( 2. 7), nonyqae M: 

"F 
a 

va (va-1 ) 

0, 

a I 
= 0 . 

a v a 

, J yJJ OBll BTB Op HTb BlUe 

( 2 .9) 

( 2. 10) 

WyiO (3 TOMY ypa BH DHK !O ) e KCTeM y 06WK HOBe HHW X JlH<jJ<jJepeHUKBllbHWX 

li!WeM B BH!l(? : 

d v 
a 

v ( v - 1 ) 
a a 

d v 
n - 2 

(2 .11) 
v ( v -1 ) 
n-2 n - 2 

OTMe 'I 8{J H, e KCTe Ma (2 .11) KMe e T n - 3 I~Y HKUH OHB llb H O HB 3 BB!!e HMble 

::;an bl: 

w ( ~ 

v ( v - 1 ) 
~-2 ( _ __ _ 

v ( v -1 t n - 2 

c ( 
(2 .12 ) 

lbHO , 11pOH3BOllb!JaH <jJyHK U1151 OT n e p eMD IIHbi X W .c SIBllSie TC SI HHB BpKBH-

or·o np enc TaBJJ l' JJJJH : 

l c = I c (w). 
£,. r,. T/ 

(2 . 13) 

(2.14) 
E = w ( • 

12 

.\ 

Tenepb BBeJJeM HO Bbre ne p eMe HH bre e noMOlll b iO <jJopMyn: 

.. • · E 

v ( v - 1 ) 
ll-2 ( 

ve< v 
n -2 

'If a X 

1 ) 

n -2 n -2 

W = X 
n-1 n-1 

Wn= x n . 

v 
a 

X - X a n 

X - X 
n-1 n 

(2. 15) 

n erKO y6eJJH T beH 1 ~TO B 6a3Hee, BW6paHHOM T a KIIM o6pa30M
1 

r eHe p a TOpHwe 

<jJy HKUHH JJa HH OrO npeJJeTaBJJeHIIH IIMe iOT BHJJ: 

-I 
A ( 

0 I 

A CA(~o 

-I 0 I 
A =-w 

a 
A = - iw 

a a 
A ~ 1 

a 
a =n -2 , n-l , n. 

T aK IIM o6pa3oM , Mb! aoK a3 anll eneny!Omee yTBeplKJJeHIIe. 

T eo p eM a II . n 106oe HOpManbHOe n penerasn eHue rpynnbr 

D - 3 HHBapll aH T a , ll03TOMY OHO npHBOIJIIMO II paenanaeT e H Ha 

su ( 2 ) !! MeeT 

n - 3 e KallHp HbiX 

(T , e , OllHOMepH~X II HBBpllaHTH~X ) npeneTaBne HII A II Tp exMepHOe HenpiiBOil HMOe n pen-

CTB B/leH He , 

§3, B bipo)l{aeHHbJe npeac raBneHHR 

K aK y)!{e OTMeTHnll , nnH HHX see ~ {3 
I 

H3 ( 1.29 ) pasH bl Hyn10 n , eornacHo 

( 1.3 1) , ypaBHeHIIe nn H npusene HHH o n epa r opoB A B HOp ManbHYIO ¢opMy. HMeeT P. Hn 

2 
N +N(P - P -l)+ P 

n-1 n n 0 . (3.1) 

KOTOpOB 1 B006We rOBOpH 1 KMeeT He 60llbWe llBYX peWe HH A, no3TOMY MOlKH O B~6p8Tb 

He 60nbWe llBYX ¢Y HKUHOHallbHO -He3aBHeHMWX pewe HH A llllH n peo6pa30BaHHH (1.32) , 

npu~AM 6yneM pa3nH~aTb nsa eny~a H: 

a ) . YpaBHe Hue (3 . 1) HMee T nsa pa3nH'!H w x pe weHHH , T o r na MO)!{HO nepeATH 

K KOOp llH Ha TaM 
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u a = Ia ( v {3 ) ' 

u =Y +(y -y )N 
n - 1 n n -1 n ) 

( 3 . 2 \ 

u =Y +(y - y )N , 
n n -1 n 2 

r u e v f3 u aeTCSI c!JopMy noA ( I. 23); N li 
I 

N
2 

- UBB KOpHS! ypaBHeHliSI ( 3,1) , a 

la(vf3) .,- liHB8pll 8 HTbl BblpO)I(U eHHOro npeUCTa BnenliSI ( K B K OTMe'IB flli B npeU biUY-

IUeM n aparpa¢e, liX D - 2 cPYHKUliOHBflhHO He38BliCliMbl ), Torua nerKO TIOTIY'IllTb , 

'ITO B HOBbi X KOOpU!iH8T8 X U I (y) li3 ( 3 , 2) , reHepa TO p Hbie cPY HKUlili 6yuyT liMeTb 

cneuy iOIUliA B liU : 

A -I E A 0 

a a 
A 

1 
e 0 

a 

- 1 2 o I 
A b•- ub ; Ab a-.j u b; A b • · 1 , rue b - n - l ,. n 

6 ) . Y paBHeH!ie ( 3, 1) liMeeT u soAaoA KopeHh, T,e, 

N - N 
I 2 · 

(3,3) 

HaqaeM c n peunono)l(eHn SI , 'ITO Mbi y)l(e c uenanli cneuyiOmee npeo6pa3osaane: 

u -1 ( v) 
a a p 

u - y 
n -1 n -1 

a y .. .. 

( 3,4) 

6nar o uapSI 'IeMy a nSI r e aepaTopHbi X cPYHKUHl!: n ony q a e M cne .nyiOIUHe B hlpa >KeHH SI 

A -1 
a 

Ao 
a 

1 
A a • 0 

A- 1 - -u
2 

+(a -u )
2 

P ( v ) 
b a zt.-l n b a 

14 

(8.5) 

f 

I 

~ 
t 

0 
A 

b 
i u b = n - 1, n 

I 
A = 1 

b 

U enb 3 T o r o nyHK T a - nocMo T p e T h, B03MO~< H O nn , KaK 11 pa HI 

CH CT e My K OO)JUHH8 T , r ue p b = 0 . llnSI 3 T OrO 118M Hy)I(IIQ H8HTli 1 

e T CSI Pb(va)' ecn n M bi ne peilu eM K HOBOMY 6a3ncy : 

w u 
a a 

w + ( U n -1- U n ) N b b = n -1, n . u 
b 

A~l' 
0 1 

B o -nepBbiX , BHUH0 1 '!TO A a H A a CHOB8 6yn y T I 
I 

B o - BTOp biX, n ocne n p eo6pa3 0 BBHliSI (3.7) A o H A He li3M 
b b 

T . e . 
0 I 

A =-iw ; A = 1 
b b b 

Torna KaK A-1 n e p e ilne T B 
b 

( A- 1) ' = -w 2 +(w 
b b n - 1 

w ) 2 P'( s ) 
n b a 

w - w 
a n 

s 
a w -w 

n-1 · n 

B b!p8)1(e Hlie ( 3,8 ) Ufl SI 
-I 

(A b ) ' c nenyeT n 3 KO M My T a u noH H biX 

KO TOphl e onp e n en SIIOT 

HOCTbiO AO npO!i3 BOflbHO H 
I 

A -I ( n p !i T O'l HO 3 ana HH biX 
b 

IjJy HKUHH THTI 8 p b (v a) · 

Ao 
b 

H 

0'!B BHU H0 1 'lTD 

p b (sa) C BSI38H bl M e )I(UY C060 f\ , 3 T y CBSI3b MO ~< H O TIOfl Y 'iHTb 1 n c ; 

ypaBHeHHSI npe o 6pa3 0 B8HHSI r e Hepa T OpHbiX cP YHKUH il 

a w 
A-

1 
= ( 'A- 1 ) ' 

b b 
a, b .. n -1 , n . 

ayb 

15 



u a = Ia ( v {3) 1 

u = Y + (y - y ) N 
n -1 n n -1 n l 

(3 . 2 \ 

u = y + (y - y) N • 
n-1 n 2 

naeT cst <jlo pMyno l! ( 1,23); N H 
I 

N
2

- usa KOpHH y pa BHBHHH ( 3,1) 1 a 

-:- HHBBpH BHT bl B blpO)!{Q8HHOf'O npeUC T B BilBilHSI ( K B K OTM B'IB ilH B npenbiUY 

oa<jJe, HX n - 2 <jJyHKUH OHanbHO H& 3 aBHCHM bi) . To rna nerKo rrony'IHTb , 

( K OOpUH H8T8 X U I (y) H 3 ( 3,2) . f'BHBpBTOpH b! B <jJy HKUHH 6yn yT HMBTb 

BHU; 

A -1 =A o I 
A m 0 

a a a 
(3,3) 

• - u 
2 

; A 
0 

=-.j u ; A ! - -1 I 
b b b b 

rne b = a- 1 ,.a 

BBHB HIIB ( 3,1) HMBBT UBOl!Hol! KOp8Hb 1 T,e, 

N =·N 
I 2 · 

.t c npennono)!{eHHH, 'ITO Mbi y)!{e cuenanH cneny10wee npeo6paaosaHHe: 

u -I (v ) a a p 

u D y 
n-1 n-1 

a 
" 

y 

(3.4) 

'!&My UllH reHepaTopHbiX <jJyHKUHlt nony'!aeM Clle.QyJOUlHB Bbipa)KeHHH 

A -1 
Q 

Ao 
a 

1 
A a • . o 

A-1 --u
2
. +(a -u )

2 
P (v ) 

b a n-1 n b a 

14 

(8.5) 

,, 

0 
A 

b 
i u 

I 
A = 1 

b 

b = n- 1~ o (3 .6 ) 

Uenb 3 Toro nyHKTa - noCMO T peT b , B03MO)!< HO nu , K a K H paH b we , Hai1Tu T a K yiO 

CHCT e My K OOpU HH8T 1 f'Ue P b = 0 . Lln st 3 T oro HaM H Y)!{ HO Ha i! TH , K a K npeo6pa3y -

B T CSI P b (va)~ B Cil H M bl nepe i1 U e M K HOBOMY 6a3l!Cy : 

w u 
Q a 

(3 . 7) 

w u + ( u - u ) N b 
n-1 n 

b= n -l~ n . 
b 

B o - n e pBbi X , B H n Ho , 'ITO 
-1 0 

Aa ' A a H 

1 

A a c HoBa 6 yuyT pa aHstTbC H Hyn 10 . 

B o - a T opwx, nocne npeo6pa3 o B aHHH (3, 7 ) A o 
b 

H 
I 

A 
b 

HB H3MeHHT C B O i! BH~ 

T.e. 

Torna K a K 
-I 

A b 

0 
A 

b 

nepe iineT B 

( A-I)' = -w2 +(w 

w 
b 

b b n-1 

w 
s = 

a w 

I 
A = 1 

b 

w ) 2 p' ( s ) 
n b a (3.8 ) 

- w 
a n 

-w 
n-1 · n 

B b ipa)!{e HHe ( 3 ,8 ) n nH 
-I 

(A b ) ' c nenyeT H 3 KOMMY T B U IIO HH blX C OOTHO UI B HH H , 

Ko T opw e o npe n enst !OT A -I ( n p H T O 'I HO 3 an a HH b iX 
b 

H O CTb iO U O n pO H3 BOil bHOH <jJ y H K UHH T Hna p (v ) . 
b a 

I 

Ao 
b 

11 

0'18BIIU H 0 1 'I T O 

AI 
b 

) C TO'!-

p (v ) 
b Q 

II 

p b (sa) CBH38 H hl M8)!{U Y C060H , 3 T y CBH3 b M O )!{HO riO ilY'IHTb 1 HC X OUH 11 3 0 6hl'! H0f'O 

y paBHB HIIH npeo6pa30B8 H HH f' e Hepa T Op HbiX <PYHKUHH 

a w 
(I 

-1 . I 
A =(A- )' 

b b 
a,b-+n-t,n. (3 .9 ) 

ayb 

15 



(3nec b npHHHT O BO BHH MaHHe, q TO A - 1
= 0, a 

a W a-HHBapHaHTbl npencTaBn eHHH 

H, cnenoBaTen bHO, ( A-1
)'" 0 

a ), nonCT8B/IHH (3. 6) , (3 .7) H (3 ,8 ) B (3 . 9 ), n ocne 

HecnomHhlX BhlKnanoK n ony q a e M : 

P ' 
n - 1 

P ' 

N
2 

+ N (P -P -1 ) + P 
n- 1 n-1 n-1 n n 

( N - N )2 
n-1 " 

N
2

+N (P -P - l)+P 
n n n - 1 n n 

( N - N ) 2 

n-1 n 

(3.10 ) 

nonyTHO 3aMeT HM 1 qTQ H3 ( 3 ,10) TaKme MOmHO BbiBeCTH pe3 y /IhTaTbl npellblllY-

mero nyHK T a , .Uel!C T BHTe /IbH0 1 eC /IH XOTHM, qT06 b! P' 
"-1 

p' • 0 1 TO BHllH O , 

" qTo c n enyeT pema T b ypanHeHHe (3.1 ) , HB/IHIDT CH KOpHHMH a T O-N., _ l N 
" 

a H 

ro ypaBHeHHH , H o Mbi aToro MomeM no6HT b c H, ecnH, KoR e qHo, KopHH p a 3Hbie 

N of N . 
n-1 n 

B aToM n y HKTe N " N • N 
n -J I 

,. N 
2 

H, c neno B a T enbHo, B bi p a>KeHHH ( 3 .1 0) -

Heon p e nen eHH hie, B cHn y aTo ll Heo n p eneneRROCTH Mbl MornH 6bi CHOBa nonomHTb 

P ' .p• c O 
n. -t n H o n o6HT b CH a Toro He ynacTc H, T,K , n peo6paao BaRHe (3.7 ) OK a -

m e T CH OC06 b! M , n oaTO My M bl npHMeHHM C/IellyiD!llHl! n p HeM, n o/IO>KHM , qTO 

p , -= · 0, 
" -I 

p ~ II!! · k , r ne k - const . ( 3.11 ) 

T o r na N., _ l H B/IHeT CH K p a THbiM KOp HeM ypaBHeHI!H ( 3 , J) 
1 

a ll/IH H celtqac 
D 

yme 6yn eT ypaBReHHe 

H 
" 

+ N (P - P -1)+P ·k(N -N ) 2 

n n -1 n n n-1 n 
( 3.12) 

Hnl! erne 

(1-k)N 2 

n 
+ N ( P - P -1 ) + 2 k N N + P - k N 

2 
• 0 

D D -1 D 11 -J D D n -1 
(3.13) 
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TO 

11 M e H BBI!Oy 1 qTo OHCK pHMHHaHT ypa BHe HHH ( 3 , J ) 

2 
!l)•(P.,_ 1 ~P ., -1 ) - 4P .,- 0 , 

P -P -1 
n - 1 n 

N 
n-1 2 

H1 c nenoaa TenbHo , 

2 
N =P 

n -1 n 

l1MeH BBHOY BCe a T O 0 /IH N n , nonyqaeM c nenyromee ypaBRel 

Cl-k)[N
2

+(P -P 
n n-1 n 

-1 )N +P 
" n 

l- 0. 

.Un>~ Toro, qTo6b i N., H e coana n a n o c N n _ 1 , MO>KHO nono6paTio 

N., OCT8HeTCH np0113BO/Ib HbiM, 3TO 0 3 Haqae T, qTo N., Y*e 

TBK 1 qTo6bi npeo6paaoBaHI!e ( 3. 7) He 6 biiiO oco6oe, ( T,e, . SIK06HaH 

/IHqHb!M OT HYIIH), Ho ( 3,JJ) ITOKa3biB8eT, q T o B c nyqae KpaTHb!X KC 

neHHe He/Ib3H ITtJHBeCTH K HOpMa/IbHOMy BHOY T Hna ( J,36), !13 (3,8) 

k = !1 BHnHo, qTo 

A-1 
a · A 0 

a a 

A -1 = ·- •W2 

A
1 

• 0 . a 

I 
A 

n-1 n-J 
Ao 

n-1 
IC - :i W 

n-1 D-J 

-1 2 
A =- w ,+ ( w 

n n n-1 

2 0 
-w) A a-lw 

D n D 

I 
A •1 

D 

!13 (3,!8) cnenyeT, qTo paCCMaTpHBaeMbie npencTaB/IeHHSI TO~ 

OHH pacnanaroTCH H8 D -2-HR.BapH8HTHbiX npenCT8B/IeHHH H OBYXMep 

Moe npencTaBneHHe. 

nepBb!e H3 paCCMaTpHBaeMbiX BblpO)!{OeHHbiX npencTaB/IeHHft (: 

06biKHOBeHHblMH, a BTOpbie - KpaTHblMH, 

H 



b npHHHTO B O BH H M8 HH e , 'ITO A - 1
= 0 , 8 

a W a - HHB 8 pH8 HTbl npen C T8 B neH HH 

!llOB8 T e n b HO , ( A-1
)'"' 0 

a 
) . noncTasmHI (3 . 6 ) , (3 . 7) 1-1 (3 .8 ) B (3 . 9 ), n o c ne 

<HhlX BhlKn8UOK non y q aeM : 

p ' 
n-1 

P ' 
n 

N
2 

+ N (P -P 
n -1 n-1 n - 1 n 

-1 ) + p 

(N - N" )2 
n-1 

N
2

+N (P -P -l)+P 
n n n - 1 n n 

( N - N ) 2 

n-1 n 

n 

(3.10 ) 

lonyTHO 3 8MeTH M 0 'ITO H3 ( 3 ,10) TBK)I(e MO)I(HO BbiBeCTH p eay nbT8T bl npellbl llY -

liY HKTB , llet:iC TBHTenbH0 0 e c nH XOTHM , 'IT06b! p' 
"-1 

p' • 0 , TO BHllH O , 

" 
enye T pew8 T b yp8DHeH He ( 3.1), a N 

" - 1 
H N 

" 
HBnHIDT CH K OpHHMH 3 TO -

tBHeHHH , Ho M b i 3 T o ro MO)I(eM no6 HTbCH , ecnH, KOH e 'IHo, KOPHH p a aHbie 

-I N 
" 

; 3 TO M nyHK T e N "' N • N ,. N H, c neno e a T e nbHo , B bip8)1(eHHH (3.10) -
n -t 1 n 2 

•neneHHhie . B cHn y 3To ll Heonpenene HHOCTH Mhi MornH 6bi cHoBa rrono>KHT b 

• p' c 0 Ho n o6HTb CH 3 Toro He y n a cTc H , T.K . npeo6paaoeaHHe (3.7) OK8 -

0 C06bi M , n o3TOMY M b l npHMeHHM cnenyiDIUHt:i n p HeM, n onO )I(H M
0 

'ITO 

o r n a 

P, ~ · O, 
" - 1 

p 0 
B · k t 

" 
rne k - coast • 

N, _ 1 HBnSieT CH K p B THbiM KOp HeM yp8BHeHHSI ( 3,]) 
0 8 nnH 

n eT yp8BHeHH e 

N + N (P - P -l) + P ·k(N -N )
2 

D D - 1 D D D -J D " 

e 

{l-k)N
2 

+N (P - P -1)+2kN N +P -kN
2 .o 

n D D -1 D D-) D D D -1 
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N 

(3 .11 ) 

cet:I'I8C 

" 

( 3.12) 

(3,13) 

HMeH BBHlly, 'ITO llHCK pHMHH8HT yp8 BHeHHH ( 3,1) 

2 
g)•(P,_

1 
.. P,-1 ) - 4P ,s-0, (3. 14) 

T O 

p -P -1 
n-1 n 

( 3. 15) N 
n-1 2 

H,cnenoeaT e nbHo , 

2 
N =P 

n -1 n 
( 3.16) 

HMeH BBHllY see 3 T O nnH N n , rro n yqaeM c nenyrome e ypaBHeHH e 

(l-k)[N
2

+(P -P 
n n-1 n 

-l)N +P 
" " 

l "' 0 . ( 3.17) 

llnH Toro , 'IT06bi N ., H e cos nanano c N n _ 1 , MO)I(HO nono6paTb k =I, H Torna 

N., OCTBHeTCH !IpOH 3 BOnbHhiM, 3 TO 0 3 HB'IBeT, 'ITO N., y>Ke MO>KHO Bbt6paTb 

T 8 K 0 'IT06bi npeo6pa30B8HHe ( 3,7) He 6btn0 O C06oe , {T,e, . HK06HBH {3,7) 6btn OT

nH'IHblM OT HynH), Ho ( 3,JJ) liOK83bi B 8 eT, 'IT O B c nyq ae K p BTHblX KOp Hel! npellCTBB

neHHe Henb3 H npHBeCTH K HO pManbHOMy B HilY TH !IB (1,36), Ha {3,8) H (3,11), KOrna 

k a 1/ BHllHO, 'ITO 

-1 0 I 
A • ·A •A •0 . a a a 

A - 1 = - · w 
n-1 n-1 

A 
0 = -d w 
n-1 n-1 

1 
A · • 1 

"-1 

( 3.18) 
-1 2 

A = - ·w 1+ ( w 
n n n-1 

2 0 
-w) A a-iw 

" n n 

1 
A • ·1 

" 

Ha (3.18) cnenyeT, 'ITO paccMaTpHBaeMbie npencTaeneHHH TO>Ke npRBOilHMbl, H 

OHH p8C!I81l8IDTCH HB D -2-HH.BBpHaHTHblX !Ip91lCTaBneHH H H llBYXMepHOe He!IpHBOllR-

Moe npencTaBneHHe. 

nepBbl9 H3 paCCM8TpHB89MblX B b lp0)1(ll9HHblX npellCT8BJ19HHft 5yneM H83b!B8Tb 

0 6 biKHOBeHHb!MH, a BTOpbl9 - KpBTHblMH, 

H 



l 

TaKHM o6pa3 oM, a 9 TOM naparpaljle Mbi noKa3anH c neuyJOWYJO Te opeMy . 

TeopeMa Ill Jl1060e BblpO)I{/leHHOe npellCTaeneHHe rpyTl Tlbl B n -MepHOM 

TlpOCTpaHCTBe Tlpi!BOilHM O H p8CTl81l8 e TC 51 H8 D-2 H HB8pH8HT8 H llBYXMepHoe n pellCT8B

l!eHHe, npHqAM c ymeCTBY JOT llBa THTl8 llByXMep H hlX npencT8BlleHHfi - o6WKHOBe HHoe, 

reHep8TOp Hble <jlyHKUHH KOTOpOl"'O 3 81l8JOTCSl <jlopMyll8M H ( 3,3 ), I! Kp8THOe C re u epaTOp

Hb!MH <jly HKUHSIMH (3 , I8), 

3aKaH qH B851 paCCMOTpeHHe r eH e paTOpHhlX <jlyHKUHfi, Mhl MQ)I{eM Cllell8Tb C llelly-

JO!IlHe Bb!BOilblo OC HOB biBaHCb H8 BCeM CK 838H HOM llO CHX nop , 

fpynna su ( 2) HM eeT KO H e qHoe qHCllO He3KBHB8lleHTHblX Me)l{llY C060fi Hel!H-

He fi H bl X npellCTaBneHHfi: HHB8pHaHTHOe , llB8 llBYXM epHblX H TpeXMepHOe npellCTaBne-

HHH, Bee ocTanbH we a 0 -Me pHOM TlpO C Tp8HCTBe BTlOl!He npHBOilHMbl H pacnanaJOTC SI 

onpeneneHHblM o6p830M H8 n epe qH Clle H Hble B b!We npellC T aBn e HHSI, 

§4. 06UJHJl BHO senHHeilsoro npeo6pa30B8HHH, HBnHJOUJerocH npeac r aBneHJteM 

rpynnbi SU (2) 

a) . HopManbHbi e npencTaaneHHH 

--K aK y)l{e BH!lel!H 1 r e HepaTopH bJ e <jlyHKUHH HOpMal!bHblX npellCTaBneHHA BCerna 

MOI'Y T 6bJTb 3allaHbl <jlopMyl!aMH: 

A-1- 2-
t - - · X t 

0 
At~- ix t A I ~ 1 • 

t (4 .1) 

M b l ewe BH!lenn, qTQ 06biK HOBe H Hble BblpO)I{/leHH b le npe ncTaBneHHSI TO)I{e HMeJOT BH!l 

( 4. I ) . Pa3HHua 3aKn JOqaeT CH nH wh B ToM , q To nnH HOpManbH b i X k ~ I, 2, 3 , a u n H 

nocnenHnx k = I ,2. no:o~TOMY Mbl , He ljJHKCHp y51 np e nenbl H3MeHeH H 51 HHileKca k, 

paCCMOTpH M o6a n pellCTaBneH H SI B MeCTe, TlOM HSI CKa3a HHOe B b ! W e, 

Jlro6oJ;I 3 lleMeHT rpyiTITbl SU (2) MO)I{eT 6b!Tb napaMeTpH30B 8 H p83Hb!MH CTlOC068 -

MH , B bi6epeM llB8 H3 HHX 

g(a
1

, a
2

, a
3

) ~g( cf> , O,o/1) ~ SU(2), 
( 4 .2) 

rne a , a H a 
3 

B Tp e xMepHOM BeKTOpHOM npellCT8BlleHHH rpyTl Tl bl SU (2) 

51Bli51 10TC51 YI'll8MH TlOBOpO T 8 BOKpyr n epBOH 0 B T OpOH H Tpe Tbefi OC H COOTBeTC T BeH HO, 

a ¢ , 0 ' "' - yrn bi 3finepa noBopoTa a TOM ~<e npencTaBneHHH , 

I 8 

n ycTb 4> I ( a"' X t) H F ( cp . 0' "' ' ][ t ) llBa O llHHaKOBbi:X 

( Hel!H H efiH biX ) SU (2 )' pa3HblM 06pa30M napaMeTpH30BaHHbJe , 

c nenyJOwee TO)I{necTao: 

4>
1 

( a , F
1

( ¢ ,8 , 1/I , x ) =F (¢ ( a,), 8 (a ),1/f(a ),x ) , 
II t t ,.. II 11 t 

rne <jlyHKUHH cp ( a ) , 8 ( a ) H 1/f ( G ) 
II II II 

H e 3aBH C 51T O T npellCT I 

OT 3a K OH a TlpO H 3Belle HH51 B rpyrrrre, noaTOMy HX MO)I{HQ HaJ;ITH, r 

a n eMBHT 8 (4, 2 ), iln<jl<jle peHUHpy51 T O )I{IleC TBO {4,3) ITO all 

nony q HM 

I 
M f ( F 

1 
) = cos o/1 

M 
2 

( F ) = sin o/1 e J 

~-
ao 

a Fe 
a8 

aF 
ctg 8 sin 1/J --.--f._ + 

a.p 

+ ctg 0 CO il o/1 
a Fe 
a.p 

0 
Me ( F 

1 

a Fe 
)= - -

a .p 

sin o/1 

sin 8 

coso/J - ---
sinO 

H TlOTO I 

aFt 

a .p 

a F f 

arp 

E cnH rrepeAneM K <!>YHKUHH M 
-1 0 

A , A l 
H A ) yqHTb!Ba51 ( 4. I ) 

llYIOlllHB llH<jJ<jlepeHU HallbHhle ypaBH eHHSI llll 51 Fe( g , x ) 

- t o/1 a Fe 
e (i -- + ctg 8 

a8 
~- 1 aF f 

a ¢ l = 

a Fe 
e1 o/J(i - -- ctg 8 

88 

a.p 

a F e 
~- + 
a.p 

a Fe 

a.p 
= - i 

I 9 

sine 

F f 

sin 8 

a Fe 

a¢ 



TaKHM o6pa3oM, B 3TOM naparpa<jle Mbi noKa3anH cnenyJO!llYJO TeopeMy. 

TeopeMa In n1060e BWPO*lleHHOe npellCTBBTieHHe rpynrr w B n -Mep HOM 

paHCTBe rrpnBOllHMO H pacnanaeTC H HB D-2 HHB8pH8HT8 H llBYXMepHoe rrpencTaB

• npH~AM CyWeCTBYIOT llBB THTI8 llBYXMepHhlX npellCTBBneHHfi - o6wKHOBeHHOe, 

8TOpHwe cPYHKUHH KOTOpOrO 38ll810TCH <jlopMynaMH (3,3~ H Kp8THOe C reuepaTOp 

cPYHKUHHMH (3 , 18), 

3aK8H~HB8H p8CCMOTpeHHe reHepaTopHb!X cPYHKUHfi, Mbl MO>KeM cnenaTb cneny-

Bb!B0llbl 1 OCHOBb!BBHCb HB BCeM CK838HHOM llO CHX TIOp, 

fpyrrna su ( 2) nMeeT KOHe~Hoe ~Reno He3KBHBaneHTHbiX Me•ny co6oi! HenH-

IX npellCT8BneH>Ii!: HHB8pH8HTHOe , llBB llBYXMepHb!X H TpexMepHOe npe!lCTBBne-

3ce OCT8flbHb!e 0 D -MepHOM DpOCTp8HCTB e BTIOnHe TipHBOllHMW H p8CTI8ll810TCH 

eneHHbiM o6pa3oM Ha nepe~ncneHHbte Bhtwe npencT aBneHHH . 

§4, 06umi1 BHa HenHHeunoro npeo6pa3oBBHHH, HBnmowerocH npeac r asneHHeM 

r pynnbi SU (2) 

opManbHwe npencTaBneHHH 

-KaK y•e BHnenH , reHepaTopHbte cjlyHKUHH HOpManbHbiX npencTaBneHHA Bcerna 

r 6b!Tb 38ll8Hbl cjlopMyflBMH: 

A-1- 2-
k - - · X k 

0 
Ak =-ixk (4. I) 

I 
At = 1 . 

We BHllenH 1 ~TO 06biKHOBeHHb!e BblpO*lleHHble npellCTBBneHHH T O*e HMeiOT BH!l 

• Pa3HHUa 3aKnJO~aeTcH nHwb B TOM, ~To nnH HOpManhHbtx k =1,2,3 , a nnH 

>llHHX k = 1, 2, no3TOMY Mbl 1 He cPHKC HpyH npenenbl H3MeHeHHH HHlleKCB k, 

10TpHM 068 npellCTBBneHHH BMeCTe, TIOMHH CK838HHOe BbiWe, 

nro6oA 3ne MeHT rpynnht SU (2) Mo*eT 6btTh napa MeTpH30BaH pa3Hb!MH cnoco6a -

w6epeM llBB H3 HHX 

g ( a 
1 

, a 
2 

, a 
3

) = g ( ¢ , 0 , 1/J ) ~ SU ( 2 ) , 
(4.2) 

a • a H a 
3 

B TpexMepHOM BeKTOpHOM npellCT8BfleHHH rpyTITibl SU (2 ) 

JTCH yrn&MH TIOBOpOT8 BOKpyr nepBOH 1 BTOpOi! H T pe Tbei! OCH COO TBeTCTBeHH0 1 

'0. "' - Yl'Dbl 3i!nepa TIOBOpOTB B TOM ~<e npeUCT8BfleHHH , 

18 

nycTb 4> 1 ( Q" X II:) H F ( ¢. 0. "' ' X II: ) llB8 OllHHBKOBb!X npencTaBneHHSI 

( HenHHe l!HbtX) SU (2 ) , pa3HbtM o6pa30M napaMeTpH3oBaHHbte. Torna 38TIH weM 

c neny10mee To•necTBo: 

¢
1 

(a, F
1

( ¢,0,1/1, :a: ) zF (¢ ( a,),6(a ),1/J(a l,:a: ), 
" k 1 ... " " k 

(4.3) 

rne cPYHKUHH rP ( a ) o {i (a ) H 1/J ( a,) He 38BH C SIT OT npellCT8BfleHHH
0 

a flHWb " " ... 
OT 38 KOH 8 npO H3BeneHHH B rpynne, no3TOMy HX MO *HO H8t:ITH 1 nepeMHOlK8H llB8 

3neMeHTa (4.2), llHcjlcjlepeHunpyH To•necTBo (4.3) no aJI H noT oM nonaraH a I' =0, 

nony~nM 

I 
M f ( F 

1 
) = cos 1/1 

M
2
(F )=sinl/1 

f I 

a F f ~- t " aF a 6 - c g " sin "' ____f._ 

a Fe 
ae 

N 

+ ctg 0 cos 1/J 
aFe 
81/1 

0 
M f ( F 

1 

aFt 
)=--

a"' 

sin 1/J 
+ 

sin 0 

cosl/J ----
sin 6 

aFt 

a¢ 

a Fe 
a.p 

(4 .4) 

EcnH nepel!neM K cPYHKUIIHM A -1 • Ao 1 
H A , y~HTbiBaH ( 4. I), nony~HM cne -

nyrowne nn¢¢epeHunanhH bie ypaBHeHHH nnH F f ( g , x ) 

- I I/! a Fe 
e (i -- + ctg e ~-

ae 

a F f 
e1"'(i--- ctg e 

ae 

a"' 

a F f 
-- + 
81/1 sine 

a F f 
a:;;-=-iFf 
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- a F f 2 
----=--)=- F 

sin e a rP f 

a Fe 
a¢ 

(4.5) 



C HB"'IBnbHhlM ycnOBHeM 

F r < o , o, o, x k ) = x P • 
(1.6) 

llocne noacTaHoBKH 

- t l/1 
Ff = e U f ((),¢, xk ) (4. ?=) 

HMeeM : 

auf auf 2 
i -- - i ctg () U f - __ 1_ = - U f 

a() sin() a¢ 

auf 1 auf 
--- + i ctg () U + --- --- = 1 

ao f sin() a¢ 
(4...§) 

(rrocneaHee ypaBHeHHe H3 (4.5) yaoaneTaopHeTcH To*aecTBeHHo). CHcTeMa (4.8) 

C HB"'IBnbH blM ycnOBHeM ( 4,6) pewaeTCH nerKO ( CM ,ITpHnO*eHHe 8) H B peaynbTaTe 

rronyqaeM: 

Ff(¢,(},1/J, xk) .. e-ti/J 
(l+e

10
)x +e1¢(l-e 1 (J) 

(4.9) 
tO t¢ t(} (1-e )x +e (l+e ) 

rae f ITpHHHMBeT 3HB"'IeHHH 1,2,3 an SI HOpManbHOrO H 1,2 anSI 06b!KHOBeHHOrO Bbl

PD*aeHHOrO rrpeacTaaneHHSI, 

6) • B bi p o *a e H Hoe K paTH o e rr pe a c TaB n e H He. 

KaK Y*e OTMeqanH, paccMaTpHBaeMbre B aToM nyHKTe rrpeacTaaneHHSI He MoryT 

6b!Tb ITpHBeaeHbl B HOpManbHYIO KSHOHH"'!eCKyiO <jlopMy THITa ( 3,3), CaMb!l! rrpoCTOl! 

BHa HX reH epaTOpHOl! <jlyHKUHH aaeTCH <jlopMynol! (3.18). ll0:3TOMy, caenaB BHBITO

rH"'!Hb!e paccy*aeHHH, "'ITO H B rrpeabraymeM rryHKTe anSI F 
1 

( .p, (), .p, x ),rrony"'IHM 

cneayiDUlHe ypaBHeHHH: 

a F f 
=-IF 

a.p f 

20 

. a Ff a F f 1 a F f _ 1 .p 
1-- -ctg(J -- +-- ---= e 

a() a 1/J sin () a¢ 

-1 1/J a Fl 
e (i -- + ctg () 

a e 
a F1 • 1 

a 1/1 sin () 

a F 2 

--1) = -FI 
acp 

a F a F 
e-11/1 ( i --2 + ctg () --

2 
-

aF 
__ 2_~ ) F

2
+(F- 1 

2 I a e a 1/J sin e acp 

H, KOHe"'!HO , C HB"'IanbHblM yCnOBHeM 

F I ( 0' 0, 0. X k)., J. I ' 

llepaoe H3 ( 4 . 10) aaeT B03MD*HDCTb caena Th c neayiDWY ID noac "I 

-1 1/J 
F 1 K ~ e f I ( e ' </> ' X ) 

llocne qero nnSI f 1 rronyqaeM ypaBHeHHSI 

a£ 
I 

ae 

a£ 
2 ---= 

a8 

1 - f 
2 

~= I 
; 

21 a.p 

2 
1+f-2ff 

I I 2 

2 i 

1 + f 
2 

I sin0- i f
1

cos0 
2 

a f 
2 

1-f
2

+2f f 
I I 2 

a.p 2 

f 
1

( 0, 0, x ) • x
1

• 

sin 

llepBaSI CTpOKB ypaBHeHH H (4 .13) COBITBOB~T C ypaBHeHHHMH a 

qae HOpManbHbiX rrpeacTaBneHHii ( cM,rrpHno * eHHe B ). lloaToMy pewe r 

1/J, x ) coarraaaeT c (4.9) anH f =I. llonc TaBnHSI f 1 ao BTopyiD 

MD*HO pewHTb 11 rrocn enHHe aaa ypaBHeHHH (eM, rrpHno*eHHe C). 

rrony"'!HM : 

F = e -tl/1 
I 

tO t</> tO 
(l+e )x

1 
+e (1-e ) 

( 1-e1 (J)x + e 1cf>(l + e 1()) 
I 
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b!M ycnOBHeM 

F f ( 0 • 0, 0, X k ) = X p • (1.6) 

JlCTBHOBKH 

-lt/1 
Ff=e Uf(fJ, ¢ ,xt ) (4.7~ 

auf auf 2 
i -- - i ctg () U • - __ 1_ = - U f 

a() [ sin () a ¢ 

auf 1 auf (4Jl ) 
---+ i ctg 0 U f + --- --- = 1 

a() sin 0 a.p 

Je ypaaHeHne 113 (4.5) ynoaneTaopReTCR TO*necTaeHHo). CncTeMa (4.8) 

I hiM ycnoaneM ( 4,6) pewaeTcR nerKo ( CM.rrpuno*eHue B) H B pe3ynhTaTe 

¢, 0, t/1, x ) ., e-lt/1 
k 

(l+e
10

)x +e1¢(l-e 10 ) 

10 lcp 10 (1-e )x +e (1+e ) 
(4.9) 

HHHMaeT 3Ha 'leHHR 1,213 JlllSI HOpMaJlbHOf'O If 1,2 JlllSI 06biKHOBeHHOf'O Bbl

·o npencTaaneHHH. 

>K n e H Hoe K paTH o e n pen c T a an e H 11 e. 

y>Ke OTMeqanu, paccMaTpHBaeMbre a aTOM nyHKTe npencTaaneHHSI He MoryT 

eneHbi B HOpManhHyiO K8HOHH'IeCKyiO !jlopMy TH!la ( 3.3) • CaMbiA rrpocToA 

~epaTopHoA tPYHKUHH naeTcH !jlopMynoA (3.18). noaToMy, cnenaa aHano

ccy>KneHHH, 'ITO H a rrpenhrnymeM rryHKTe anH F 
1 

( cp, 0, .p, x ),nony'IHM 

l YPBBHeHHR: 

a F f 

CJtjJ 
=-IF 

f 

20 

a Fe -1t/J . a Ff a Fe 1 
1--- ctg() --·- +-- --- = e 

a (J a"' sin () 

-l t/J aFt 
e (i -- + ctg () 

a o 

a F a F 

aF1 ._1. 

a"' sin () 

aF 
__ 2. ) 

e-1t/J(i --2 +ctg8--2 -
a() a"' sin () aq, 

aq, 

a F 2 

· ---~ )= -Ft 
aq, 

F
2 

+(F -F )
2 

2 I 2 

11 1 KOHe'IH0 1 C Ha'lanbHbiM yCnOBHeM 

F ( 0. 0, 0. X·' c X,. 
I 

nepaoe H3 ( 4 .10 ) n aeT B03MOlKHOCTh CJleJlB Tb ClleJlyiOIUYIO l10JlC T8HOBKy 

-11/J 
F 1 -e f

1
(6,¢,x). 

nocne qero nnH f I nonyqaeM ypaaHeHHH 

a£ 1 - f 
2 a f 

1 
1 + f 

2 

I I I sin 0 - i f 
1 

cos (J ; ---= 
ae 2 i aq, 2 

2 
a£ 1+f -2f f at 1-f

2
+2f f 

I I 2 

(4.10) 

( 4. 11) 

(4 .12) 

( 4.13) 

__ 2_ = I I 2 

ae 2 i 

2 

a.p 2 
sin 0 -I f cos () 

2 

f I( 0, 0, x)a xl. 

nepBaH CTpOKB ypaBHeHHM (4 .13 ) COBrranagT C ypaBHeHHSIMH llllR U
1 

B Cny-

'lae HOpManhHb1X npencTaBneHHl! ( CM.llpHilO lKeHHe' B ). noaTOMY peweHHe llllSI F I ( ¢. (J. 

t/J , X ) COBllaaaeT C ( 4.9) llllSI f = }. nonc TaBilSISI f I BO BTopyiO CTpO'IKY ( 4.13) 1 

MOlKHO peWHTh H llOC JlellHHe llBa ypaBHeHHR ( CMo llpHilO>KeHHe C) • 

nony'IHM: 

F = e -lip 
I 

10 1</> 1() 
(1+e )x +e (1-e ) 

I 

(1-e1 e)x + e 1 <1>(1 +e 1e) 
I 
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B pe3ynhTaTe 

(4.14) 



F 
-11/J 

= e 
4 X 

2 

1¢ 21 o 
e +(1 - e (4 .15) }(xl - elr/>)2 

2 

[(1 - eiO)xl + el¢(1+ eiO) ] 2 

§5, flpHMepbi nenHneliHbiX npeacraBnenuli r pynnbi SU (2) 

B STOM llaparpa<!>e Mbl p8CCMO TpHM llO Ol1HOMy !IpHMepy BCex rrepe•mcneHHb!X 

Bbrwe rrpencTaaneHH A r pyrrnbr SU ( 2) . 

8) , CHa'!ana p8CCMOTpHM OBH>KeHHe perrepa B TpexMepHOM llpOCTp8HCTae, B KO-

T opoM sanaHa KoopnHHaTHag CHCTeMa, H rrono>KeHH e p errepa orrpenengeTcg y rnaMH 

3iinepa , B oo6me STO OBH>KeHHe OIIHCb!B8eTcg rpyrrrrol! apame HH g , HO B CHII.Y I'OMO-

Mop!)>HsMa Me>Kny SU(2) H 
0(3) M8TpHUb! 0 OllHCb!B810l!lHe llpeo6p830B8HHe perre -

pa ( MaTpHUbi 3Anepa) 6yaeM paccMaTpHBaTb, KaK rrpeacTa aneHHe rpyrrrrbr SU(2). 

n e rKO Bhl'IHC!IHTb H f'eHep a TopHhle <i>YHK UHH 

e-11/J A- 1 
= - · 

I sin 0 

A- 1 ~ie-1 1/1 
2 

A -I = ctg 0 e -II/I 

Ao 
I 

A
0 = 0 
2 

0 
A = 1 

3 

... o 

STOI'O IIHHel!HOI'O rrpeacTaaneHHsr: 

I 
lip 

e 
A -·- - -__J s in 8 

A 
1 

= · i e 
lt/J 

2 

(5.1) 

I 11/J 
A 3 = ·- ctg 0 e 

n erKo npoaepHTb, 'ITO STO rrpencTaaneHHe HOpM81IbHOe H He llpH BOl1HMOe , Del! -

CTBHTe!IbH0 1 llepsoe l10K83 biB8eTcg C llOMOlllbiO llpeo6p830B8HHg 

y k • e - lt/J 
1 + 10 1¢ 1 o · 

e -Ck e (1 - e ) 

(5.2) 
1 - e I (} - C k e lcp ( 1 + e IO ) 
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rne C k Bbi6Hp810TCg p83HbiMH 0 'IT06b! 

a Y ___ I 
det I 1 x I "' I 1/J, o. ¢ I . 

k 
I ~ o 

axk 

nerKO llOK838 Tb 0 'ITO paCCM8TpHB8eMoe rrp el1CT8B!IeHHe Hellpl 

aHTenhHO, n106ol! HHBapHaHT rrpencTaaneHug non>KeH ynosneTBOpHTb c 

HeHHHM: 

_a_I = 0 ( X I , X 
2

, X 
3 

) e ( rp , 0 , 1/J ) 
a x

3 

a I a I a I 1 0 + ctg, X 

a x 2 
2 

sin x 
2 

ax 
I 

a x 
3 

ii i 
i ---- ctg x 

a I 
+ t _a_I ·- · = o, 

2 
a x 2 a x 3 sin x 

2 

HO ST8 CHC T eMa HMee T eaHHCTBeHHOe peweHHe 

a I a I a I 
- -=---=---=0 

ax ax ax 
I 2 3 

a x
1 

6), nHHe l!Hoe TpexMepHoe seKTopHoe rrpeacTasneHHe r pyrrrrbr B 

f'OMOMOp<!>H3M8 STO H eCTb rrpel1CT8B!IeHHe rpyllllhl su (2 ) 

!jlyHKUHH llpH STOM HMeJOT BHO (a llO!IHpHOH CHCTeMe KOOpOHH8T X 

A-1 lz 2 0 AI • · -I e -lz 2 -·- I e A -o 
I I I 

A-1 elz2 A 
0 

•- 1 
I e~x2 = ctg x A 
2 

=- ctg X 
2 I 2 I 

A-1 =A o = A 
I 

= 0 
3 3 3 

2g 



4x e
1

¢ +{1-e 
21 0 

)(x - el</>)2 
F 

-II/I 2 I = e 
(4. 15 ) 

2 
I 0 

[(1 - e ) x
1 

+ el¢(1 + elll) ]2 

), !lpHMepbi nenHnelfHbiX npeacraBneHHif r pyiTITbi SU (2) 

;>TOM naparpa!jle Mbi paccMoTpHM no onHoMy rrpHMepy acex nepe,mcneHHbiX 

encTaaneHH it r pyrrii bl SU ( 2). 

CHa'!ana paccMoTpHM UBH>KeHHe penepa a TpexMepHoM rrpocTpaHCTBe, a Ko -

3ll8Ha KoopaHHBTHaH c HcTeMa, H rrono>KeH He penepa orrpenenHeTCH yrnaMH 

Boo6me aTo nBH>KeHHe orrHCbiBaeTcH rpyrrrrott apameHHH, Ho a cHn,y raMo-

3 Me>Kay SU ( 2 ) H 
0(3) M8TpHUbi , OIIHCbiB8IOI!lHe rrpeo6p830B8HHe perre-

JHUbi 8Anepa) 6yaeM paccMaTpHBBTb, KaK rrpeacTaaneHHe r pyrrnhi SU( 2 ). 

bi'IHCIIHTb H reHepaTOpHbie <)lyHKUHH 3Toro IIHHeltHoro IIpencTaBneHHSI; 

e-11/f o I e l t/J A-1 
I sin () 

A- 1 ei e-11/J 
2 

A -I = ctg 0 e - II/I 
3 

A - 0 A 
I __.l 

A
0 = 0 
2 

A 
0 

= 1 
3 

A I 
2 

sin (J 

lt/J 
i e · 

I 11/f 
A 

3 
= ·- ctg 0 e 

(5.1 ) 

:o !IpOBepHTb, 'ITO 3TO IIpeacTaBneHHe HOpM BnbHOe H HerrpHBOllHMQe, L!el! 

o, rrepaoe UOK83biBaeTCH C IIOMOIIlbiO rrpeo6p830B8HHH 

yk e - 11/I 
1 + 10 1¢ 1 o· 

e -Cke {1-e ) 

( 5 . 2 ) 
1 - e I 0 - C k e 1</> ( 1 + e 10 ) 

22 

rae C t Bbl6Hp8IOTCH p83HbiMH, 'IT06bi 

det I 
a Yl 

ax k 

I ~ o I X I !!! I "'· 0. ¢ I k 
(5.3) 

flerKO !IOK838Tb, 'ITO p8CCM8TpHB8eMoe rrpeUCTBBneHHe HeiipHBOllHMO, L!el!CT

BHTenbHO, ni06ol! HHBapHaHT npencTaaneHHH aon>KeH ynoaneTaopHTb c nenyiOI!lHM ypaa -

HeHHHM: 

a 1 _ 
0 ·-- -

ax, 

a I 
+ ctg, X 

2 a x2 

( X I , X 
2

, X 
3 

) e ( </>, 0 , 1/f ) 

a I 1 

a x 
3 

sin x 
2 

a I 
ax 

0 

I 

a I 
i --- - ctg x 

a I a I 
---·=0, + 

ax 2 

2 
ax, sin x2 ax, 

HO 3T8 CHCTe Ma HMee T ea HHCTBeHHOe peweHHe 

a I iJ I iJI 
- - = --- = --- ·= 0 

ax ax ax 
I 2 3 

(5.4) 

6) . flHHe l!Hoe TpexMepHoe BeKTopHoe npencTaaneHHe rpyrrrrbi apa meHHll ( B cH n y 

rOMOMOp!jJH3 M 8 3TO H eCTb IIpeUCT8Bn eHHe rpyiiiibl su ( 2 ) ) • feHepaTopHble 

!jlyHKUHH rrpH 3TOM HMeiOT BHll (a IIOIIHpHOH CHCTeMe KOOpUHH8T X I= 0 , X 2 = ¢ 

A-1 lz 2 0 AI = · -i e -1x2 -·- i e A cO 
I I I 

A-1 elz2 A O m - 1 
I e-' :.:2 (5. 5 ) 

a ctg X I A 
2 

= - · ctg x
1 2 2 

-1 0 
A =A =A 

I 
= 0 

3 • 3 
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0TCIOllB BHllHO , 'ITO Tpe xMepaoe BeKTOpHoe npenCT8BneHHe BbiPOIKlleHO , C no

MOillbiO npeo6p83088HH SI 

y = (-1) 
a 1 - ( - 1 ) a COS X 1 

sin x 1 

lz 
e 2 a~ 1,2. (5. 6) 

feHepaTOpH bie <fJyHKUHH npHBOllSITCSI B HOpManbHblft BHll H
1 

cnenOB8TenhH0
1 

T pexMep -

Hoe BeKTopaoe npencTa ane HHe rpynnbi su (2) S!BnHeTCH npHBOllHMbiM 06biKHOBeH-

Hb!M BblpOlKlleHHbiM npellCT8BneHHeM, 

a). HaKoHeu, p a ccMoTpHM nayxMepaoe cnHHopHoe npencTaaneHHe rpynnbi SU (2). 

feaepaTopHbre <PYHKUHH cnenyiOmHe: 

-I u i I A • - ·x A D --X A - 0 I 2 1 2 I I 

A-1 = 0 0 i I 
A R - -- X A •- X 2 2 2 2 2 

0K83biBBeTCSI 1 'ITO 3TO npencTaBneHHe KpBTHoe BbiPOlKlleHHOe, H 

npeo6p830B8HH SI 

x2 1 x 
u =- --- . u · ·--- __ 2_ 

1 , 2 2 
X I X I X I 

reaepaTOpHbie <fJyHKUHH ( 5, 7) CBOllSITCSI K BHlly 

A-
1 

=-u
2 

A
0

>=-iu A
1 

=1 
I I I I _1 

A-
1
=-u

2
+(u-u)

2 
A 0 >=- ·iu A 1 =1. 

2 2 1 2 2 2 2 

(5. 7) 

C TIOMOillbiO 

(5.8) 

( 5.9) 

DoKa3aTenbcTao, 'ITO 3TO npencTaaneaHe HenpHBOllHMo , npoaonHTC sr TpHBHBnh

HbiM 06p830M, 

r). B K a'leCTBe nocnenaero npHMepa B03bMeM HenHHeAHoe npen c TaaneaHe SU(2) 
191 

illBHHre pa , 3To npenCT8BneHHe TISITHMepHoe (naa H30TOTIH'IeCKHX COCTOSIHHSI HYK-

nOHB M TpH COCTOSIHHSI 
IT - Me30H8) , feHepaTopHble <fJyHKUHH HM eiOT BHll 

24 

rne 

H 

M~' 
2+ ·a 

y t 

IL 
M 

i 1L i p 
~-r 0 y 0 +-.-gt x r 0 y 0 

4 k t t " pV/' V k t t 

4 g 
" 1 Sa-T t a,w 

g = 

X 
v 

fo 

m, 

+-}-g(2x X -X X 8/' 
4 a IL p p a 

const , 

-HyKnOHH8SI <fJyHKUHSI ( nBTHHCKHe HHlleKCbl npHHHM8IOT 3 

X a- IT- Me30HH8SI <fJyHKUHSI ( rpe'leCKHe HHlleKCbl npHHHMBIOT 3HS 

nerKO y6enHTbCH 1 'ITO 

" det\IM \\~ · 0, 2 +a 

H 1 cnenoBaTenhH0 0 M8TpHU8 

IL 
\IM a II a • 1,2,4, 3, 5 

/2,1/ 
HMeeT paHr 3, Torna, cornacao TeopeMe • H3 KHHrH 3ftaeax l 

l: 
en " M • 0 

a 
a d X a 

HMeeT naa HeaaBHCHMbiX peweHHSI, Ho 3TO oaaaqaeT, 'ITO npenc 

HMeeT naa HeaaaHC HMhiX HHBapHBHTa. Torna H3 peaynhTBTOB aac 

cneayeT, 'ITO (5,10) - npHBOllHMOe npenCTBBneHHe HOpM8nbHOrO TH 

npHaeneHHe nocnenHero K HOpManbHOMY BRAY MOlKHO cnenaTh c no~ 
112/ 

TOB pa60Tbl Chang H Gursey 

xl 
3aMe'la HHSI K ypaaHeHHIO ( 1.15). EcnH BMeCTO HI ( z p) 

<fJyHKUHIO R ( z ) , 
I p 

rne 
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ona aun a o , 'ITO T p e xMe p a oe aeKTOp Hoe npenc Taaneaue B or polKneao , C no-

eo6pa30B8HHH 

y = { -1) a 
1 - ( -1 ) a COS X 1 

a~ 1,2 . (5 . 6) 
1x 

e 2 

sin x 1 

ib!e <fJyHKUHH npHBO!lH T C H B HOpM8flbHbiti BHU H 1 CnenoBaTeflbH0
1 

TpexMep-

JHOe npencTanneaHe r-pynnbr SU ( 2) HBnsteTCH npHBOUHM b!M 06b!KHOBeH-

KUeHHbiM npencTanneaHeM, 

3KOHeu, p8CCMOTpHM llBYXMepHo e CTIHHOpHOe npe!lCT8BneHHe r-pynnbi SU ( 2) . 

:b !e <f>YHKUHH cne!ly!OlUHe: 

-I 
A u a _i_ X I A --X A m 0 I 2 I 2 I I 

(5. 7) 

A-I a 0 0 i I 
A ~-·-- X A a- X 2 2 2 2 2 

, IBaeTCH 1 'ITO 3TO npencTaBneHHe Kp8THOe Bh!pOlKUeHHOe , H C TIOMO!Ub!O 

·BHHH 

X 2 1 X 2 
u 1 = - --- ; u 2- ·--2- - ---

X I X I X I 

(5 .8) 

'ole <fJyHKUHH ( 5, 7) CBOUHTCH K B H!ly 

A -I =- u 
2 A 

0 
=-· i u A 1 

= 1 
I I I I _1 

A -I=- u 
2 

+ ( u - u / A 0 = - i u A 1 = 1 • 
2 2 1 2 2 2 2 

( 5.9) 

lTenbCTBO, 'ITO 3TO npe!lC T8BfleHHe HenpHBO!lHM0
1 

npoBOUHTCH TpHBH8flb -

M, 

a'!eCTBe nocnenHer-o npuMepa B03hMe M HenuHe AHoe npen cTa nneaHe 
I 

• 3TO n pencTaBneHHe TIHTHMepaoe (nBa H30TOTIH'!eCKHX COCTOHHHH 

C OC T OHHHH 
fT -Me30Ha), reHepaTOpHhl e <fJyHKUHH HM eiOT BH!l 

24 

SU(2) 

HY K -

M" 
2+ ·a 

1.1 I 
M =-

k 4 
1.1 I 

\e Y e + - 4- g f pill£ 

p 
xllrd Ye 

1 
4 g 

,.. 1 
Ba-T X 

II 
+ - 1- g(2xx -X X 

a,.w 4 a 1.1 p p 

fo 
g a - . - -= const ' 

m" 

(5.10) 

8 ,.. ) 
a 

r-ne Y t -HyKnOHHBSI ,PyHKUHSI (naTH HCKH e HH!leKC h i npHHH MBIOT 3 H a 'leHHst I H 2) 

H x
0
-fT- Me30HH8SI <fJyHKUHSI (r-pe'!eCKHe HH!l e KChl n p HHH M810T 3H8 '1 e HHst t l,2 H 3), 

n er-KO y6e!lHTbCSI 1 'ITO 

"' det I I M II f. 0 , 2 +a 

H, cne!lOB8TenhH0 0 M8TpHUa 

"' liM " II a • 1,2,4, 3, 5 

( 5,11) 

(5.12) 

/ 2, 1/ /5/ 
HMeeT paar 3, Torna, cor nacHo TeopeMe , H3 KHH!'H 3ti3eHxapTa cHcTeMa , 

:! 
a 1 "' M a 0 

Cl 

(5.13) 

Cl ax" 

HMe eT nna ae38BHCHMhiX pem eHHst. Ho aTo 03Ha'!aeT, 'ITO npencTaBneaHe ( 5,10) 

H Me e T n na ae3aBHCHMhiX HHBapHaHTa . Torna H3 pe3y nhTa T o B aacTOSI!Ueti pa6oThi 

cnenyeT, 'ITO (5,10) - npHBOUHMOe npe U C T 8 BTieHHe H Op M8Ti h HO!'O T H n a , 3<fJ<PeKTHBHOe 

npHne n e aue noc nenaero K aopManhHOMY BHU Y MOlKHO c nenaTh c no M OlllhiO pe3 y nhTa

/12/ 
TOB pa60T hl Chang H Gursey 

x / 3aMe'!a HHst K y panae HH IO ( 1.15). E c nH 

<fJyHKUHIO R ( z ) , 
I p 

r-ne 

25 
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H 1(zP) =- z 1 + R
1

(zP) z 1 • 

TO BMeCTO ( 1, 14) 6yL!eM HMeTb 

y =x R (z) 
n I p 

H L!nH R nonyqHM ypaaHeHHe 

a R c z > 
I q 

( z ) -1 
q 

[A
1 

(z )-z A
1 

( z )] 
q P n q +R(z)A

1 

I q n 0 ' a z 

llo :3'1:oMy, ecnH 
p 

I I 
A -z A =0, 

P n 

TO npeo6p830B8HHH 

Me)l{ay co6ott 

( 1.14) OK8)KYTCH Bb!p0)KL!eHHbiMH
1 

TBK KBK BCe 

Rl 
1 

_A_I_ 

n 

( 1.14') 

R l p8BHb! 

B aToM cnyqae MO)KHO noKaaaTb, qTo npeacTaaneHHe rpynnbi SU (2) anonne Bbi -

pO)I{L!eH0 1 T,e, OHO pacnanaeTCH H8 D OL!HOMepHb!X npeL!CT8BneHHti; D - 1 CK8nSipOB 

H onHoMepHoe npeacTaanenHe, 3ToT cny qatt Mbi B pa6oTe aco6me He paccMaTpH -

aaeM, nocKonbKY on 6onee H:IH Menee TpHBHaneH, no anH nonHoti KnaccHqmKauHH 

nen HHeiiHbiX npeacTaanenHti rpynnbi SU (2) ero Haao HMeTb a BRay. 

A BTOpbi Bbipa lKBIOT CBOIO rny6oKyJO 6naroaapnocTb B.l1.0rHeaeuKoMy H 

11. T. T oaopoay 3a none3Hbie o6cy)I{JleHHSI, 

X X X 

llpHno)KeHHe A 

llnH nonyqeHHSI ¢opMynbi (1.29) cneayeT .HCXOilHTb H3 ypaaHeHHSI 

a u l 2 
-[-yl 
a Y J 

KYLIB L!O)lCTSBHM 

+(y -y)
2

P(v ) ]a-
D-I n J a 

u = y + (y -y )G (v ). 
1 D-1 D 1 a 
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2 

u1 ' 
(A. 1) 

(A.2) 

TaK KBK y a(a = 1.rn-2), yn-1 • Yn He yqa CTByeT CHMMeTr 

¢opMynax, npHneTCH ¢opMyny ( 1.29 ) nonyqaTb nc qacTHM, 3necb Mhi eE 

cny qaH, Koraa I H3Me HSieTCSI OT I no 

Bce-TBKH 

a ua 

aaecb Mbi BbmHweM cneayJOwyJO 

a ua 

n -2, T,e, Korna s ( It 

Ta6nHUy npOH3BOilHbiX ¢) 

ayf3 
BJ'l+G J'l;-.-- = G -G v 
a,_. a, ,_. a a a,y y 

YD -1 
y 

aua - -G + l: 
- a a Y D 

au n-1 
·= G ay 

13 
n-1,{3 

au G v ; 
n-J = 1 + GD-1- n-J,y Y 

au n-1 G + l: 
= 1\-1 y 

a Y n -1 a Y D 

a u au 
D :1 

--- = G J'l ; · = G - G v ; a n,,_. D n,y )' 
Y 8 ay n-1 

~- = 1 - G D +I 
a Y D 

y 

iJ G 1 

rne 
G1 ,{3s 

a ua 

G 

G 

lloncTaBn SIH 

a v {3 

(A . I), B cnyqae i ~ Q 1 nocne HecnO>K.II ' 
dy 

aaHHti nonyqaeM: 1 

: Ga, {3{ A4 +( Yn_J-yn ) 2P fJ-(Y.,_I-yn )2Pn-l v{3+ (Yn-J-yn)2(vl 

I 
2 2 

+ A 2+(yn-1-yn) Pn-l-(yn-1-yn) p ~ IG a + 

2 2 2 
+ G a ( Y n --~ - Y n ) + Pa ( Y n - I - y n) 0' 

rne Bbipa)KeHHH A 
1 

H A
2 

MoryT 6biTb npeo6paaoaaHbi cneny10wHM c 

2 2 2 
A 1 "' - · y J'l + y 2 v {3- y ( v {3-1 ) • vf3 ' (1 - v {3) ( y - y ) 

,.., n-1 n n - 1 n 

A =-Y 2 + Y2 + 2Y (y -Y )-(2v -l)(y -Y )
2 

2 n -1 n Cl n -1 n a n -t n 

llocne 
1 

noncTaBHB ( A . 5) a ( A.4) 1 nonyqaeM HCKOMYJO ¢opMyny. 

i = D- 1 , D Bblqf!CnH!OTCSl BHBnorHqHb!M o6p830~ H 06'he)lHHeHHe Tp< 

¢opMyn y)Ke He Tpynno. 
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H 1(zP) z + R (z ) 
I I p z 

TO ( 1, 14) 6 y neM HMeTb 

y =x R(z) 
1 n 1 p 

R nonyquM ypaaHeHue 

(z)-zA
1

(z)] 
q p n q 

a R < z ) 
I q 

+R(z)A
1 

I q n a z 
p 

ecnu 

1 I 
A -z A =0, 

P P n 

n 1 • 

( z ) -1 
q 0 ' 

·pa30B8HH5! ( 1, 14) 
OK8:>KYTC5! Bb!pO:>K.QeHHblMH, T8K K8K BCe 

::>6olt 

R1 _A_1_ 

n 

nyqae MO:>KHo rroKa3BTh, qTo rrpencTaaneHue rpyrrrrbt SU (2) 

T, e, OlfO pacrranaeTcH Ha 

( 1,14') 

R I p8BHbl 

BITOITHe Bbl-
n O.QHOMepHWX rrpe.QCT8BneHHit: D - 1 CK8ITHpOB 

JHoe rrpencTaaneHue, 3ToT c n y qalt Mbi B 
pa6oTe Bco6me He paCCM8TpH 

KORhKy OH 6onee HITH MeHee TpHBHaneH, HO .QnH ITORHOit Kn8CCH~HK8UHH 
IX rrpencTaaneHHit rpyrrrrbt SU (2) ero Hano HMeTh B BH.Qy, 

•Pbi Bbtpa>Ka!QT CBO!O rny6oKy!O 6naronapHOCTb B.l1.0rHeaeuKoMy H 

•oay aa rrone3Hhte o6cy:>KneHHH, 

X X X 

:e A 

nonyqeHHH ~OPMYRbl ( 1,29) cne.QyeT .HCXO.QHTb H3 ypaBHeHHH 

a u I 2 
-[-yl 
a Y, 

lBHM 

u 

2 
+(y -y) P

1
(va )l= -

n-J n 
2 

u 1 • 

Y+(y -y)G(v). 
1 n-1 n 1 a · 

26 

(A .1) 

(A.2) 

TaK KBK y a ( Q= 1 9 D -2), y 
11

_
1 

, y n He yqaCTByeT CHMMeTpnqHO B H8111HX 

cjlopMynax , npHneTCSI cjlopMyny ( 1.29 ) nonyqaTb no qacTSIM, 3necb Mbi ee nony quM nnH 

cny qaH, Korna H3Me HHeTC5! OT 1 .QO a -2, T,e, Korna B ( A, 1 ) i = a . 

Bce-TaKH 

a ua 

anecb Mbl BblllHilleM cne.Qy!Omy!O Ta6nHUY npOH3BO.QHbiX ~YHKUHII (A,2): 

a ua 
- .-- = G - G v a y a a,y y 

n-1 

Sa,S + Ga, ,S; 
ayf3 

aua --G+l: 
- a y a Y" 

G (v -1) 
a,y y 

au 
n - 1 

- - - ·= G a y {3 n -1, {3 
au G v ; 

n- 1 =1+G.,_1- n-1,yy 

a y n-1 

(v - 1) au n-1 G + I G n-1. y Y 
= D-1 }' a Y, 

(A,3) 

au 
D 

--· = G . 
a Y f3 ".,s. 

au au . 
---"-- · = G - G v · ---"-=1- G + I 

n n , y y' n 

a Y" r 
G (v - 1 ). 

n,y Y ay n-1 

aG 
I 

rne G S • 

1, {3 av,s 
nollCT8BIT SI5! 

a ua 
---- (A. I), B cnyqae 

ay, 
i m a 

1 
rrocn e HecnO:>KHbi X npeo6pa3o-

BaHHII rronyqaeM: 

2 2 2 
l: Ga,,S{ A

4 
+ (Y

11
_

1
-y

11
) P ,g-(Y., _ 1-Y,) P

11
_ 1 v ,g +(Y

11
_ 1-y,) (v,g - 1 ) P, I + 

p 

I 2 2 
+ A2 + (yn-1 -yn) p n-1 -( Yn-1 -yn) p ~ I Ga + 

(A.4) 

2 2 2 
+ G a ( Y n -} - Y n ) + Pa ( Y n -I - Y n ) 0. 

rae Bbrpa:>KeHHSI A 
1 

H A
2 

MoryT 6btTh rrpeo6paaoaaHhi cneay10mHM o6paaoM: 

2 2 2 
A

1
e-·yiJ+y 2 v{3- y (viJ-1)-viJ '(l-v iJ)(y -y) 

f'J n -1 n rv #'J ,.., n -1 n 

(A.5 ) 

A "'-Y 2 +Y 2 + 2y (y -y )=(2v -l}(y -y ) 2 

2 n -1 n Cl n -1 n a n -1 n 

nocne 1 noncTaaua (A,5) B (A.4)J rronyqaeM HCKOMY IO cjlopMyny, CnyqaH, Koraa 

i = D- 1 , D BbiqHCRHIOTCH 8H8ITOrHqHbiM o6p830~ H 06bellHHeHHe Tpex nonyqeHHbiX 

¢opMyn y>Ke He TpyllHO, 
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npHITOJKeHH e B. 

DnSI Toro , '!T06bt pe wHTb CH c TeMy y pa aH e HHl! ( 4.8) , npeJKa e ac ero ee Ha ao 

peW HTb ITO OTHOWeHHIO '!8 CTHbiX n pO H3BOaHbtX: 

__3 = 
ao 

2 
1 - u 

f 
2 i 

au 2 

aq, 
1 2 

~ - ( 1 + U p ) sin 0 -
2 " 

cos o u e • ( B. I) 

CoBM eCTHMOCTb CHCTe Mbl He noane JKIIT COMHeHHIO. nepaoe H3 ypaaHetml! ( 8.6) pew a -

eTCSI B BHae 

u e ~ 
l + C e( ¢ ,x)et0 

1 -C e ( ¢, x ) e 1 0 
( 8 . 2) 

rne c e< ¢ I X ) - npoH3BOf!bHbie <jlyHKUHH y r na ¢ I nonneJK8lUHe onpeneneHHIO. 

H3 BToporo ypaaHeHHSI ( 8 ,1). noacTaBnRSI ( 8. 2) a ( B.I ), noc ne Hec noJKHbiX BbiKna-

aoK nonyqaeM 

"• cneaoaaTenbHO, 

_!_2= 
a¢ 

2 

1 - c e 
21 

1+Ce(x)et¢ 

c . (¢, x)= 1¢ 
[ 1-CP.(x) e 

( 8.3) 

(8.4) 

C t ( X ) - ITOCTOSIHHbie HHTerpHpOB8HHSI ( 8,3), KOTOpbie onp eaenSIIOTCSI OaH03HaqHO 

H3 aaqanbHoro ycnoBHSI , a oao aaeT 

1 c e<x) E---· 
xe 

( 8.5) 

noacTaBnSI.II (8,5) B (8.4); (8,4) B (8,2) , H HMeSI B BHay noaCT8HOBKy (4.7), 

nonyqaeM <jlopMyny ( 4 . 9 ). 

npHno>KeHHe C 

KaK yJKe OTMeqanOCb 1 nepBbie JlB8 ypaBHeHHH CHCTeMbl (4.13) CO BIT8Jl810T 

c ypaaHe HH.IIMH ( 8,1), noaToMy cpa3y MOJKHo Ha nHcaTb 

f 
I 

10 1¢ 10 
(l+e )x

1 
+ e (1-e ) 

10 t¢ 10 
{1-e )x

1
+e (1+ e) k - u 

k + u 
(C. I) 

rae aaenH Ho awe nepe MeHHwe 

z ~ 

l 
I 

~ 
I 

) 
i 

+ el¢ 

k E ; u a e 10 

X -1 

Yl3 (C.l) H (4.12) cneayeT (4.14). flerKo npoaepHTb, qTo 

a f 
2 1 2 a f 2 

-(k -1)--. 
2 a k 

a£ a c 
__ 2_ = I II __ 2_ 

ao au 8¢ 

Yf TOraa BMeCTO BTOpDll napbl ypa BHeHHll ( 4 ,13) l! MeeM: 

a£2 k 2 +· u 2 k + u - - =- + f 
au u(k-u)

2 {k- u )u 
2 

2 

~=-2 k u - 1 

k- u 

f2 k(u -1) 

ak 
+ 

k 
2

- i ( k-u )
2

( k
2

-1 ) 

YpaaHeHHe (C.4) nerKo pewaeTC.II H 

f 
2 

u k2 
---~2 [C(k ,x)+-- -u ], 
(k-u ) u 

rae C ( k, X) - npOH3BOflbHaSI liHTerpanbH8SI fj:Jy HKUH SI OT apryMeHTOl 

(C,5) anSI 3TOll fj:JyHKUHH nonyqaeM y p a BHe HHe 

OTKyaa 

ac 
ak 

2k 

k 2 -l 
C , 

c ( k, X ) = B ( X ) ( k 
2 
-1 ) . 

8 (X ) - HHTerpaUHOHHaSI ITO CTO HHHa SI, KOTOpaSI OITpeaenSieTC.II 1!3 H B 

noBH.II 1 a HMeHHO 

X 

B(x )= -
2
- -1. 

X 
I 
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npHl!O>KeHHe B. 

ilnH TOrO, 'IT0 6 bl peWH Tb CHCTeMy y paBHeHMii (4 ,8), npe>Kae BCero ee Haao 

p eWMTb no OTHOWeHM~ '18CTHWX Ti p0113BOaHWX! 

~= 
2 

1 - u f 

ao 2 i 

au e 

a¢ 
1 2 

~ - ( 1 + U p ) sin 0 -
2 • cos o u e • ( B . I) 

CoBMeCTHMOCTb CHCTeMbl He noane>Kl! T COMHeHM ~. nepaoe 113 ypaBHeuMii ( B. 6 ) pew a -

eTCH B BMUe 

u e = 

1+C e( ¢,x)e' 8 

1 -Ce(¢,x ) e' 8 

rae C f( cp , X ) - !!p0113BOl!hHble !jlyHKUHH yrna cp , 

{ B.2) 

noane)f(aume onpeaeneHH~ · 

Ha BToporo ypaaaeHHSI ( B .!). noacTaBnHSI (B. 2 ) B ( B.l), nocne Hec no)f(HbiX BbiKna-

noK nonyqaeM ace 
--= 

a.p 

H, cneaoaaTen bHO, 

Cf(¢, x )= 

2 

1- c f 

21 

1+Cf(x)e'¢ 

1-C ~(x) e'¢ 

(B.3) 

(B.4) 

C f ( X) - TIOCTOSIHH ble HHTerpHpOB8HHSI ( B,3) 
1 

KOTOpbie onpeaenSI~TCSI OaR03RB'IRO 

i3 H8'18l!bHOrO YCl!OBHSI , a ORO aaeT 

c e<x) E __ 1_. 
X 

f 

( B .5) 

noaCT8Bl!SISI ( B,5) B ( B.4) i ( B ,4) B ( B.2) , H HMeSI B BHay noaCT8HOBKy ( 4 , 7), 

·onyqaeM !jJopMyny ( 4 . 9 ). 

1pHl!O)f(eHHe C 

KaK y>Ke OTMeqanOCh , nepBbie aBa ypaBReRHSI CHCTeMbl ( 4,}3) COBnaaaJOT 

ypaBHeRHSIMH ( B.l) , no9TOMY cpaay MO>KRO RanHcaTh 

f 
I 

18 1¢ 18 
( 1 + e ) x 1 + e (1 - e ) k + u 

------------:=--
!(} •<D iiJ k - u 0-e )x +e ' (1+ e) 

I 

(C. I) 

ae BBenH HOBble nepeMeHHbie 

28 

l 
' 

~ 

J 

h 
) 

X + e'¢ 
I J(} 

u = e k c 

e '¢ X -
I 

Ha (C.!) H (4,12) cneayeT (4,14 ). JlerKo npoaepHTb, 'ITO 

ar at 
__ 2_ =I 11 __ z_ 

ao au 

a f 
2 

a.p 

i 2 a r 2 
-(k -1 )--. 

2 a k 

Yf Toraa BMeCTO BTOpoJ;\ napb! ypa BReRHA (4,13) I!MeeM: 

a£2 k 2 +' u 2 k + u --=- + f 
au u(k-u)

2 
( k-u)u 

2 

a f 
2 f2 

2 

-=-2 
k u -1 

k- u 

k(u -1) 
+ 

ak k 
2

- i (k-u)
2

( k
2

- 1) 

YpaaHeRHe (C.4) nerKo pewaeTCH 11 

u k 2 

f = [C(k , x)+---u], 
2 (k-u )2 u 

(C.2) 

(C ,3) 

( C.4) 

(C.5) 

(C.6) 

rae C ( k, X) - n pOH3BOl!bH8H IIHTerpal!hH8SI !jlyHKUII SI OT apryMeHTOB, Yfa ypaBHeHHH 

(C,5) a nH 9TOA !jlyRKUIIH nonyqaeM ypaBHeRI!e 

OTKyaa 

ac 
ak 

2k 

k 2
- 1 

c' 

c ( k, X ) = B ( X ) ( k 
2 
-1 ) . 

(C.7) 

(C.8) 

B ( x ) - HHTerpaul!oRRaH nocTOHHHaH, KoTopaH onpeaenlleTCSI 113 Ha'ian bnoro yc-

l!OBI!ll , a I!MeHHO 

X 

B(x )= -
2- -1. 

X 
I 
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I 
no3TOMY OKOHYBTenbHO anH 

nepeMeHHbiM) 

f HMeeM ( nocne TOrO K BK eep HynH Cb K CTBphlM 
2 

It/> 21(1 1¢ 2 
4x e +(1-e )(x -e ) 

2 I ( C,10) 
f 

2 tO _.. tO 2 
[ ( 1 - e ) x + e1'+'( 1 + e ) ] 

I 

YfMeH B BHay noaCT8HOBKY (4,12), nonyYHM cjlopMyny (4 ,1 5), 
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