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I. B B e 11 e H n e 

I ll 
DpH noMOWH aHcnepcHOHHbiX cooTHoweHHli DoMepaH'IYK anepBbie n o ny•mn 

BCHMnTOTH'!eCKOe paBeHCTBO nonHbiX Ce'!eHI!fi B38HMOUefiCTBHSI '18CTHUbl H 8HTH'I8CTI!-

6 
/2-4/ 

Ubi, PaanH'IHbie o6o6meHHSI -reopeMbi DoMepawiyKa 6binH aaHbi B pHae pa OT 

/ 3 / 
B '18CTHOCTH1 Cyraaapa 11 KaHaaaea BHOBb OTKPbinH H aoKaaanH T eopeMy <l>pa rMeHa -

/ 5 6/ 
flHHneneljla 

1 
1 H3 KOTopo fi BbiTeKaeT TeopeMa DoMepaH'IYKa, CTporaH cjJopMynHpoa-

Ka TeopeMbi DoMepaH'IyKa 6bma naHa H H3HWHO noKa3aHa MefiMaHoM, 

/7 / /8 / 
B pa6oTax BaH-Xoaa H floryHoBa 1 HryeH B a H Xbey 1 Tonopoaa H ap. G ~oinH 

nony'leHbl 8CHMnTOTI!'!eCKI!e COOTHOWe HHSI Me)l(,oy 8MnnHTY.08MII nepeKpeCTHbi X npo­

uecCOB, 0TCI0.08 BbiTeKBIOT COOTHOWeHHSI Me)I(.Qy .OHQJQJe peHUH8nbH biMH Ce'!eHHSIMII , non­

HbiMH Ce'!eHHSIMH, 8 T8K)I(e Me)I(.Qy nonHp1!38UHOHH blMH 3<jlQJeKT8MH, 

TaKHe cooTHorneHHH Heo6xo.nHMbie II .OOCT8TO'IHbie .nnSI Toro, 

'IT06bi MO>KHO 6binO OCyWeCTBHTb penSITIIBHCTCKHe p83flO>Ke HHSI aMnnHTY.O pacceSIHHSI 

no nonHbiM CHCTe M8M QJYHKUHfi, peanH3YIOWIIX YHIIT8pHbie npeacTaBneHHSI O.OHOpO.OHOi% 

/ 9/ 
rpynnbi flopeHua, KaK :no 6bmo noKaaaHo KyaHeuoBbiM H CMopo.OHHCKHM • B pa6oTe 

B "' K T IIO/ 6 HryeH aH Xhey H -.-aM YH bi bino nony'!eHo acHMnTOTH'!eCKoe paaeHCTBo 

nHcjlljlepeHuHanhHbiX ce'IeHHA po)l(aeHHH w+ - Me3oHoB np11 CTO nKHoBeHHH HeATpHHo 

H 8HTHHei%TpHHO C HyKnOHOM; 

B HaCToHmeA pa6oTe Mbi H3Y'IHM npoueccbi MHO)I(eCTBeHHoro po)l(aeHHH aapo ­

HOB npH CTOnKHOBeHHH Hei%Tp!!HO II 8HTHHei%TpHHO C HyKnOHOM (eM, p!!C, 1), 

"' + p r + A 4 (I) 

.. 1" 

"' + p e .+ A (D) , 

"' + n .. t + A a (W) 
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II + D i + A (IV) 
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0603Ha'!aJOT H6KOTOpb!6 CHCT6Mbl anpoHOB. 113 npaBHIT OT6opa H 3aKo-

HOB coxpaHeHH.II cna6biX B3aHMone l\CTBHlt cnenyeT, 'ITO B03MOJKHbl ilBB cnyqa.R. 
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a u 
--· ..... 
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V+D-+f+A (IV) 

0603H8'1810T H9KOTOpb!e CHCT9Mbl BOpOHOB, Yfa ilp8BHn OT6opa H 38KO­

IHH Cna6b!X B38HM0.09~CTBHlt cne.oyeT, 'ITO B03MO>KHbl .OB8 cnyqag, 

1
Mb! A - A HM910T C TpSHHHOCTb, pBBHYIO Hyn10; 2) CHCT9Mbl A 

1 4 

IIOT CTpSHHOCTb + 1, a A H A- CTpSHHOCTb -1, 
2 4 

!HM qepea k 
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H k 
2 

HMnynbCbl He~TpHHO H!JH 8HTHH9~TpHHO H 

IeilTOH8 0 COO TB9 TCTBeHHO, k • k - k , 'lepea 
I 2 

Tbl k 

(<) 
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1 c» 
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H t.l • BpeMeH-
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H k B na6op8TOpHO~ CHCTeMe, H ilO!JOJKHM 

an&He~weM 6yneM paCCMSTpHBSTb npoueCCbl (I) - (IV) 

Q.) • a Cd 
2 1• 

npH <jJHK-
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a a 
--~"· a o ~. K • j - 1. 2, 3. 4 
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( 1) 

1Tb flO!lHblMH ( OTHOCHTen&HO SllpOHOB) C9'19HHHMH MHO>K8CTB8BHOro 

>HOB OT He~TPHBO H!lH SHTHHeltTpHHO Ha HYK!lOHe npH <jJHKCHpOBBHHblX 

< 1 H It ·>· 0 , 3TH n0!1Hbl9 C9'19HHH Bblp8JK810TCH 'lepea 8HTH3pMHTO-

ropb!X BMMHTYO THna BMTI!lHTYObl BHpTyanbHOro KOMilTOH-acp<jJeKTa, rlpH 

•nono6HbiX npeanonoJKeHHHX OTHOCHTen&Ho noaeneHHll nocnenHHX aM­

:aose HX aaanHTH'IHOCTH Mbl il0KBJK9M 0 'ITO HMeiQT M9CTO BCHMnTOTH­

rBa. 
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1 (2" ) 

~ ., < p(qosl l J ,(O)! A (q ,s) >< A (q ,s l i J (O) !P( q ,s)> -
I' I J J I J J I' ( 17) 

3 

I f 
A2 

d q 
J 4 4 n ---(2") 8 (q-k - Iq) Y. <p(q,s) i J (O) I A ( q ,s) > 
3 J I' 2 J J 

,~2 ( 2") ., 

< A 2 (q,,s 1 ) 1 ] 11 . ~0) 1 p(q,s) >. 

2 I 
B bopaJKeH u e n M• .~ , rrony<raeTC5l H3 
- Ill' 
J, ... J,,A .. A ,A ... A 

11 ,.,. 1 ° 2 2 

A , 3aMeHoii J .. J 
111' I' I' 

Mbl 6yUeM paCCMBTpHBI'ITh 3 TH Bb!palKeHH 5l B CHCTeMe IIOK05l npOTO HB , H OTOlK-

necTBII M k c pa3HOCThiO H MnynhCOB nerrTOHOB k = k 
1 

- k 
2 

O<reBHUHo, <rTo apr y -

MeHT Q - k - :t Q I 8 - oPYHKUHH BO BTOpOM 'lrreHe npaBOii '18CTH COOTHOWeHHll 

( 17) HHKOrUa He o6pawaeTC 5l B Hy nb, n o3T OMY B ojJ H3H<reCKOA 06IJ8C TH paCCMa T p i!Bae -

8 

I I 

' 

.I , 

MbiX rrpoueccoa 3TOT <rneH He aaeT BKnaaa. lln5l A 2 ' ,.,. ,.,. TBKlK 

Hall CHTyaUHll , 4TO KacaeTCll rrepBb!X 'IIIeHO B 0 TO OH!I B TO'IH 

M 8Mll B rrepBb!X '18CT5lX Bb!pB JKeHliA (9) H ( JO), YfTaK, Mbl H 

a 2 u I 

a a aK 

a 2 
u 

2 

a a a K 

G 2 
=(-) 

y2 

(-G-) 2 

y2 

1- a 

2 
( 2 IT) 

1 - a 

( 2lr ) 
2 

1 
cu 

1 

cu 

I 

s !' 
ILl' 

I 
A , (k , q 

I' IL 
k , I 

v 2 

S , A , ( k o q ; k, c 
I'lL ILIL 

B rrpl!HUHrre MOlKHO 6brno 6br paccMaTpl!BaTb rrpoueccbr ( l) 

HOI! Ml!WeHl!, 0/lHBKO )lnll II pOCTOT bl paCCMOTpl!M cny<rfll! He r 

H ycpe/lHl!M o 6e '18CT!I COOTHOWeHl!l! (18) ll (19) ITO CIIHHOB~ 

YcpeJJHeHHe aenH'Il!Hbl 0603H8'1HM TBKHMH >Ke 6yKB8M I 

nonb3YllCb IIOCIIei1HlJ~H Bb!p8lK8HHllMH, Mbl /lOKalKeM Terreph u, a 2 u 2 

CTBO Ce'!eHHA -~--- H 
aa a K a a a 1<, 

3, CooTHoiJJeHHH nepexpecrnoil CRMMeTpHH R 

BCHMnTOTRgeCKOe paBeHCTBO cegeHRil 

Ha OCHOBe coo6palKeHHl! HHB8pH8HTHOCTH HeTpyllHO y6eJ 
I 

peaHe HHbre) MBTpH'IHbre aneMeHTbi R , ( k, q ; k, q ) 
P.IL 

I 

R , (k, q ; k, q ) = q ,q F
1 

( ~, K ) + ( q , k + k ,q ) F 
IL IL I' 1L I I' 1L P. 1L 

+ k , k F 
1L 1L 3 

rae 

I 
(CKl+B, F(~,K), 

IL I' 4 

~--kq. 

9 



onpenenHIOT CSI cneny!OIUHM II COOTHOIIJeHIIP.MH 

1 
5 4 (k ~ q - k'-q' \ A, (k', q' ; k,q) 

I" 11 f d 
4 

X d 4 y e l(k%-t'y)<( I5) 

< P(q', s ' ) I ( 1 
11

,( y), 1
11

CxlliP( q,s ) > 

) 
4 

( k + q - k '- q ' ) A 
2

, ( k ' , q 
I" I" 

k ) . J d4 d 4 l ( kz-k 'y ) 
,q:I X y e < 

< p(q ', s 'l l [1 ,(y), 1 ( x)l l p( q , s) >. 
11 11 

( 16) 

I a r aH 110 TI OI!H bi~ CHC TeMaM npoMe>KyTO'!HblX COC TOSIHHH H 38TeM IIOI!Bra .H 

q=q' , k=k' , s=s 

1M 

: k' ' ql ; k • q ) ~ 
A I 

r n 
JfA 

I 

d q J 4 4 

(2rr)8 ( k + q- :r q) 
3 J 

(2" ) 

p(q, s)l 1 ,(0) I A ( q ,s ) >< A ( q ,s ) 11 (O ) I p(q,s) > -
11 I J J I I J /.1 ( 17) 

3 

n 
d q 

J 4 4 
--(2rr) 8 (q-k - ~q) ~ < p(q, s) l 1 (O) I A ( q ,s) > 
( 2" ) 3 J ., 11 2 J J ' A 

2 

< A 2 ( q 1 ,s
1

) 1 1 11 , ~0) 1 p(q,s) > . 

2 

anSI .~ 
11

•
11 

n ony qaeTcH na 

, A
1

, .. A 
2 

, A .. A 
II 

1
, aaMeHoi\ 1 .. 1 

111.1 11 1.1 

•yneM p8CCM8Tplt Bf!Tb 3 TH BblpB>Ke HHH B C lt CTe Me 110KO.H npoTOH8
0 

It OTOlK -

C pa3H •JC Tb !O lt M11YI1bCOB nenTOHOB k : k I - k 
2 

0'!eBitaHO, 'ITO apry -

- :r q I 8 - tPYHKUHH BO BTOpOM 'll!eHe 11p8BOii 'lBCTH COOTHOWeHit.H 

aa He o6pamRe T CH B HY11b , n oaT oMy B tPH3 1t'leCKOA o6naCTit paccMaT p iiBae -

8 

\., 

I 

J ,, 

MbiX npoueccoa 3 TOT qnea He aaeT BKnaaa. !lnH A 2 , 

I" I" T BK>Ke IIMee T Mec To ananorll'! -

HBSI CIITYBUII.H, '-ITO KBCaeT CSI nepBbiX '!11eHO B 0 TO OHII B TO'!HOCTII COBTIBaBIOT C CyM ­

M BMH B nepBbiX '!BCTHX B bipB >KeHIIll (9) II ( JO), J-haK , Mbl IIMeeM 

a 2 u I 

a a aK 

a2
u 

2 

a a a K 

G 2 
:(-) 

y2 

(-G- )2 

...;2 

1- a 

2 
( 2 It) 

1 - a 
:! 

(2 It ) 

1 I I 
S !' , A , (k , q 

1.1 1" I" I" 
k , q ) 

( 18) 

"' 

1 II 2 

s , A , ( 1:. , q ; k, q ) 
1"1.1 1" 1" ( 19 ) "' 

B npnau11ne MO>KHO 6brno 6bi paccMa Tpl!BBTb npoueccbi ( I) H ( 2) Ha n cJr .HpHaosaa ­

Holl MHWeHH, OanaKo an.11 npocTOTbr paccMoTpiiM cny•uti! HenonSipHaoaannoi! MHWeHI! 

II ycpeaHIIM o6e '!8CTH COOTHOWeHHl! ( 18) II ( 19) IIO CI1HHOBbiM COC TO.HHHSIM 1IpOTOH8 , 

YcpeaHeHI!e BenH'!HH bi 0603H8'!11M TBKIIMII >Ke 6yKB8MH 
1 

'!TO II B ( 18) II ( 19), 

nonb3Yl1Cb IIOCI!ellHlJ~H Bblp8 >K9HH.HMII, Mbi aoKB>KeM Tenepb 8CHII T OTH'leC KOe paBeH-
!71 a2 u 2 

CTBO Ce'leHHl! -~--- II 

aa a K a a a 1<, 

3, CoornomeHHH nepeKpecrnoil CHMMeTpHH H 

8CHMnTOTHgecKoe p8BeHCTBO cegeHHfl 

Ha OCHOBe C006pa>KeHIIl! HHB8pH8HTHOCTH HeTpyaHo y6eaHTbC.H B TOM, 'iTO (yc-
1 

peaHe HHbie) MaTpll'lHbie sneMeHTbi R I'P (k, q; k, q ) HMe!OT Blla : 

R , (k , q ; k , q ) 
Ill" 

rae 

I I 
q ,q F ( ~. K ) + ( q , i + k , q ) F ( ( ' K ) + 

11 /.1 I 11 /.1 • I' 11 2 

( 20) 

+ k , k F 
11 11 3 

I 

( (' K) + 8 11 '11 F4 ( ~' K ) ' 

~- -iq . 

9 



-
1 a CHny T -HHB8pH8HTHOCTH •mea BHLl8 ( q ,k - k ,q ) F He B03HHK8eT, n oryHOB H 

/ ]1/ 1.1 1.1 I' I£ S I 
T8 axenHLl3e noK8381lH , 'iTO npH cP HKC HpOB8H HOM It cPYH KUHH F ( ~, It) 8 H81!HTH'I-

J . 

Hbl B KOMn.rreKCHOll illiOCKOCTH c; C il01l!OC8 MH H p83pe38MH H8 aemeCTBeHHO!i OCH, 

0HH YLlOBneTBO pH!OT pHLly COOTHOilleHH!i nepeKpeCTHOH C nMMeTpHH, noc neLlHHe COOT­

HO UieHHH MO>KHO YC T8HOBHTb lj>opM81!bHO Cl!eLlylQI!lHM o6p830M, H8pS!LlY C M8TpH'IHbiM 

I I 
3neMeHTOM R , (k ,q;k,q)p8cCMOTpHM T8K>Ke R , (k, q ; k,q ) HeTpynHo noK8-

I.I!.L 1.11.1 
38Th1 'iTO 

. I 

R, ( k,q;k,q) 
Ill' 

J e -n x 1 
2 

I < p ( q, 8 ) I R (J ,( 0) J (X) I p ( q, 8 ) • 
I' 1.1 ( 21) 

C npyro!i C TOpOHbi1 

2 

R , (k, q ; i, q) • i 
I'll 

J e llt x 

2 
I < p(q, s) R(J ,(O)J (x } )i p(q,s) >. 

IL ll ' 
(22) 

nocnenHeee Bb!p8>Ke HHe, B CHliY ero 8H81! HTn'IHOC TH, BllOI!He onpen eneHO T8K>Ke H 

nocne 3aMeHhi k .. - -It B peaynhT8Te T 8Ko!i 38MeHbi Mhi nony'l8eM R 
1
, (k,q; k,q). 

1fT8K 1 Mbl HMeeT 

I 
R , ( k , q ; k, q ) 

" " 
2 

R , ( -k, q; -k q ) • 
11 " 

1 

!.Ill 

( 23) 

0TC!OLl8 cnenyeT, 'ITO HHB8pH8HTHbie 8Mill!HTYLlbl F (~, K) 
j 

ynosne TBOpS!JOT cooT-

HOUieHHS!M 

2 
F (-~) = 

J 

F (~) • 

- F I (~) * 
J 

i~1,3,4 

j = 2 

Bo3BpaUiaeMcH Teneph K Bbrpa>KeHHS!M ( 18) H ( 19) LlllH ce'!eHHII , 

3THMH Bb!pa >KeHHS!MH H COOTHOUieHHHMH ( ]4) 1 ( 20) 1 f10l!y'inM 

a 2 u 
---..!..'=(~)2 

aa a K y2 
1- a 

( 2 " ) 2 

M -~1-
c; 

10 

1 
I a 1 lmF 1 (CK ), 

I = I 

( 24) 

nonb3YS!Ch 

( 25) 

rne 

a 

2 
a

1 
•2(qk

1 
)( qk

2
)+M ( k

1 
k 

2
) 

a •2[(qk)~i )+ (qk )(ik ) --l (qk)-(k k l] 
2 I 2 2 I I ~ 

2 
aS"" 2 ( kk I) ( k k 2 ) - ( k I k 2 ) k 

a
4
• -2(k

1
k

2 
) . 

HeTpy nao y6enHThCH s ToM, 'ITO npH c..> -+ oo , T, e. e -+ ao 

H K npOH3B9Ll9HHll p k I H p k2 p8CTyT liHHeliHO no 

npoH3 B9Ll9HHH k k I , k k 
2 

, k I k 
2 

OCT8 lOTCll KOHe'!Hb!MH, 

UHeHTbl a 
1 

B eLlyT ce6ll C119LlY!OIUHM 06p830M: 
2 

Cl .. e ' a .. e ' a .. Cl .. coaat . 
I 2 S 4 

EyaeM paccMaTpHB8Th o6mHII cny'l8!i, KOI"'Ll8 see aMnnHTYLlhi 
q 

Ll8!0T BK118Ll B 8CHMllTOTHKy Ce'!eHHll, H npeLlllOllO>KHM, 'ITO · C9'19HHSI 

MHTCH K nocToHHHhiM npH ' -+ eo • Tora8 MHHMbie '18CTH HHB8pHaH 

F 
1 

( e, I( ) HMeJOT c nenyJOUiee noseaeHHe: 
J 

'19 M 

Im F
1 

( ~. ~e) • 
I 

1 

e lm F 
1 

( e , " l ., canst 
2 

1 1 
lmF (,,K).,.ImF (~,K)•'· 

3 4 

1 
npeanonoJKHM Ll8nee, 'ITO peanhHble '18CTH F J ( e ,)1( ) pac· 

MHHMble. Torna aa ocaose TeopeMbi cl>p8rMeHa-flHHaenE 

38Th, 'ITO 

Fl(+ ~) 
I 

- F I (-' ) • J - Ll4 
I 

F;<-n. J·2 

KoM6HHHpyH aTH COOTHOW9HHH C COOTHOW9HHliMH nepeKpeCTHOii 

nony'IHM 

11 



T -HHBapHaHTHOCTH 'lneH BHna ( q ,k - k ,q ) F I He B03HHKaeT, noryHOB H 
Ill/ 11 11 /.1 If 5 t 

Kn3e noKa3ana, '!To npH <jJ HKCHpoBaH HOM It <jJyHKUHH F ( ~ , a: ) a aanHTH'l-
J . 

OMnneKCHoll nnoCKOCTH ' C nonJOC8MH H p83pe38MH H8 BelUeCTBe HHOll OCH, 

OBneTBOpH !OT pHny COOTHOilleHHll nepeKpeCTHoll CHMMeTpHH, nocnen HHe COOT­

S! MO>KHo ycTaHoBHTb <jJopManbHo c nenyJQ.lUHM o6paaoM, HapHny c MBTpH'lHbiM 
I I 

To M R , (k,q;k,q)paccMoTpHM TBK>Ke R ., ' (k, q ; k, q ) HeTpynHo noKa -
/.1/.1 ~/.1 

To 

-lk z 1 
< p ( q, 8 ) I R (J ,( 0) J (X) I p ( q . 8 ) • 

/.1 11 
' q; k, q ) I f e 

( 21) 2 

npyroll CTopoHbi , 

k ) lkz • ~ 
1 ; , q • i J e - " < p ( q, s ) 

2 R (J , (O )J (x }) I p (q,s) >. 
IL 1.1' 

(22) 

e e e Bbipa>Keaae, B c any ero a a anHTH 'lHOC T H, anonae o n penenea o TBK>Ke H 

l MeHbi k -+ - - k B p e aynbT aTe TBK oll a aMeH bi Mbi n ony'laeM R 1
, ( k ,q; k, q). 

11/.1 
'>I HMeeT 

I 
R , ( k , q ; k, q ) 

/.1 I" 

2 
R , (-k , q; -k q ). 

14 /.1 
( 23) 

I 
cnenyeT, '!TO HHB8pH8HTHbl9 8MflnHTYllbl F (/', ") 

J ' 
ynos n eTBopHIOT COOT-

A 

2 
F (-~) = 

I 

F (~) "' 

- F I (~) * 
J 

jcl,3,4 

j = 2 

Bp81U89MC5! Tenepb K Bblp8>K9HHHM ( ]8) H ( ]9) llnH Ce'leHHll, 

pa>Ke HHHMH H COOTHOWeHHHMH ( 14), (20), nony'!HM 
I 2 (1 

--'=(~)2 
a a I( v2 

1 - a 

( 2 tr ) 
2 

M _ 1_ 

' 
10 

4 

I 
I = I 

I 
a

1
ImF

1
((,K), 

( 24) 

nonb3yHCb 

( 25) 

rne 

Cl 

2 
a 

1 
• 2( qk

1 
)( q k

2
)+ M ( k

1 
k 

2
) 

Cl =2[(qk)~i )+ (qk )(ik ) -i( qld-( k k l] 
2 I 2 2 I I 2 

2 
a 

3 
= 2 ( k k I ) ( k k 2 ) - ( k I k 

2
) k 

Cl4• - 2 ( klk2 ) . 

H eTpy nao y6enHTbCH B ToM , '!To n pH cu .. oo , T,e. ~ .. oo 

H t< npoaaaeneaHH p k 
1 H p k2 pacTyT naaeAao no 

(26) 

H <jJHKCHpOB8HH biX 

,f , 8 OCT8nbHbl9 

npoaaaeneHHH k k 
1 

, i k 
2 

, k 
1 

k 
2 OCT8 10TCH KOH e '!HblMH, noaTOMy KOa<P<j>H-

uHeHTbi a 1 a enyT ce6H cnenyiDIIlHM o6paaoM: 
2 

Cl ., e ' " - e ' Cl .., Cl - coast . I 2 3 4 

EyneM paccMaTpHBBTb o6wHA c n y 'laA, xorna ace aMnnHTYllbi F 1 j .. 1,2,3,4 
" 1 a2 a 

ll810T BKnan B 8CHMnTOTHKy Ce 'l9HHA, H npennonO>KHM, '!TO . C9'l9HHH t CTpe-

a a a I( 
MHTCH K noCTOHHHbl M npH ~ -+ 00 • Torna MHH M bJe 'l8CTH HHB8 pH8HTHbi X 8MlT71HTyn 

F 
1 

( {, t< ) HM9 10T c nenyJOwee noseneaue: 
I 

'19M 

Im F
1 

( ~. t<) "' 
I 

1 

e Im F 
1 

( e , K l .. conat 
2 

t t 
Im F ( ~ , K ) .,. Im F ( e , K ) • ~ • 

3 4 
(27) 

t 
npennono>KHM n anee, '!TO peanbH bJe 'l8CTH F I (.; ,,)1( ) pacTyT He 6biCTpee, 

MHHMble. Torna aa ocaoae TeopeM bi 4>parM eaa -flaanenecfJa MO>KHo noxa-

3 8Tb 0 '!TO 

- F 
1 

( -~) , j • l,l4 
I 

F 
1 

( + ~) ., ( 28) 
I 

F
1
(-(}, J•2 

J 

KoM6HJIHpyH aTH COOTHOW9 HHH C COOTHOW9HH HMH nepeKp9CTJIOit CHMM9TpHB, Mbl 

nony'lJIM 

11 



-
1 2 

Im F 
1 

( ( ) .,. : Im F 
1 

( ~ ) • 
( 29) 

a 2 

0TC!OJJ.a Bb!TeKaeT a2a a2a 
a1 

paBeHCTBO Ce"!eHIIIi a a ax II 

a2 
a2 

--------.llnH ceqeaHii 

aaax 
--::-..,..::.3- H ____i 
aaax aaax MO >KHO nony"'HTb T aK>Ke a Hanorii"'HbiH peaynbTaT, 3TH paBe H -

CTBa HMe lOT MeCTO B 0 60HX cnyqaHX 1 KOrJJ.a J H J npeJJ.CT8B11HlOT C060i1: TOKH 

" " 6e3 H3MeHeHHH H11H C H3MeHeHueM CTpaHHOCTU, 

PaccMoTpH M oTnenbHO nepBbiii cny qai!. B paMKax V - A YHIIBepcanbHOH Te -

OpiiH cna6biX B3aHMOJJ.eliCTBIIH TOKH J IJ. H J IJ. HB1151!0TCH pa31111"1H b!MII KOM!IOHeH­

TaMH ( C i 3 c ::!: 1) OIJ.HOrO II TOrO >Ke 1130TO!IH"'eCKOro BeKTOpa , !Ipll "' i\M OHH nepe ­

XOIJ.HT JJ.pyr B JJ.pyra !Ipll npeo6pa30BaHHH 38pHJJ.OBOH CHMMeTpHH, B CHilY 3apHJJ.OBOH 

CHMMeTpHH CllllbHbiX B3aiiMOJJ,eliCTBHH Mbl HMeeM 

< P ( q 0 S } I R ( J IJ. ' J IJ. ) I P ( q 0 S ) > m < n ( q 1 S ) I R ( J IJ. 0 J IJ. } I n ( q 0 8 ) > • 
a 2 a 

Ce"!eHHH --- _1. II Yfa 9TOrO C OOTHOI11eHHH H Bb!pa>Ke HHH Ce"!eHH H CnenyeT1 "'TO 
a2a a2a a• a a a a,/( 

-----'2'--paBHbl 
4 

H 
3 

aaa K aaaK aaaK 
COO T BeTCTBeHHO, 

4, nomoca Pen)l(e H BCHMnToTH'leCKoe noaenenHe aMnnHTyn 

Hay"'HM Tenepb acHMITTOTH"'ecKoe noaeneHHe aMnnHTYJJ. F 1 (~ ,K) 
J 

·a paM -

KaX peJJ.>KHCTIIKH H !IOKa>KeM , "'TO HMeeT MeCTO !IOBeJJ.eHH e 1 KOTOpoe Mbl n peJJ.!IOilO­

>KIIIl ll a npenbtJJ.yme M naparpatj>e . Pan11 npoc TOTbi Hano>KeHHR Mbi npeHe6peraeM etl> -

tj>eKTaMH 1 C BH38HHblMII C HBilH"!HeM C !IIIHB y !I pOTOH8 1 II paCCMOTpHM ero KaK 6ec -

cn HHOBY!O qac THuy. OnHaKo Halli e aaKnlO"'eHHe cnpaaennHBo 11 B o6weM c nyqae . Ha 

C006pa >KeHHH HHBBpHaHTHOCTH cnenyeT , "'TO B TOM c n y qae, 

I ( , , k 
npeHe6peraeTCH 1 MaTpH"'H bi ii e n eMeHT R , k , q ; , q ) 

""' 

KOrJJ.a C!IHHOM !IpOTOHa 

paaeH 

l l l 
R, (k ', q '; k,q ) c Q ,Q F (~,K , t)+(Q ,K + K ,Q )F (~,K. t) + 

1J. 1J. 11. 1J. I 1J. 1J. ll 1J. 2 

+K ,K F 1 ((,x,t) +B , F
1

(~ , x , t)+ 
II. " s ll ll 4 

12 

rne 

I I 
+ Ll', L ll F 

5 
( ~, K , t ) + ( 0 ll ,L ll - L ll, Q ll) F 8 ( .; , x , t ) + 

I 
+(KIL,LI' - L IJ.,KIJ.)F 7 (~,K,t), 

q + q ' 
Q=--

2 
K 

k + k, 

2 
L = q- q 

,. 
k - k , ,; =- K O , t = ( 

np11 nepexone B t KaHan Mbl IJ.OillKH bl 38MeHHTb q, ... - q' 

R I, B 
Ill' 

t - KBHBne paCCMOTpHM !IpOH3BeJJ.eHHe V', V R , 

" 1.1 "" 

r< 

HeKOTOpbte 4-BeKTOp b! , EcnH OHH nonepe"'HH B TOM CMb!Cile , "'TO B 

ycnOBHll 

V k = V ' k ' =0, 

" " " " 
TO !IX MO>KHO paCCMaTpHBaTb ·KaK B OilHOBbie tPYHKUHH "!aC THU CO C I 

1 ,I 1 1 I 
B e KTOpb! o6o3H8"1HM qepe3 v H v . npoH3BeJJ.eHHe V' , v R , 

" " " " "1'-pHBBTb KBK MaTpHqHbiH eneM e HT npouecca BHHHrllllHUIIH JJ.ByX CK 

Ha n ae aeKTopHbie , EcnH >Ke V ' 11 

" 
v 

" 
npono nbHbi , T.e. 

v" = k" </>. V' = k' ¢', 
IJ. IJ. I 

TO n pOH3BeJJ.eHHe V', V R 1
, 

" " JL ll 

=A.'rf>k'k R, 

't' "' " " " 

MO>KHO paCCMaTpH I 

TYJJ.Y aHHHrHnHUHH H a nae 6eccnHHOBbie "'BCTHUbl , AaanorH"'HO n poH.: 

I I 
V', k </> R , 

ll " "" 

H k,, </> , v 1 R I, 

" " "" 
MO>KHO paCCMBTp HBBTb K B K 

MeHTbl aHHHrHnHUHH Ha c K anR pHyJO 11 BeKTopHyJO q acTHUbi, BBeneM 

WHe He3BBH CI!Mble C !IHp8 1lbHble aM!IIlii T YIJ.bl , 0HH CBH3aHbl C HHBapHe 

l 
TyJJ.aMn F 

1 
((, K, t ) cnenyJOWifM o6paaoM 

.. 1 .. .. 2 sin 2 
(J 

< k,1+1+ I T I q >= q ---F (~.x.t) 
2 .I 

-+ I .. 
< k' 1 + ·10 I T I q > 

.. 2 sin (J cos (J 
q 

..; 2 

+I; I I k I 
sin (J I .. .. 

F U.x. t l+lqiJ k l 2 . 

..;2 

13 

F (.;, ·x, t) 

sin 0 

..; 2 
F t ( ( • 
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I , 2 
lm F J ( ' ) - . lm F J ( ( ) • 

(29) 

a 2 a 2 

'CIO,Qa 

' 

171 (7 2 
BhiTeKaeT paBeHCTBO C8'l 8 HHil a a H .llnH C8'l8HHII 

a2 u a I( aaa K. 
- H 
I( 

MO>KHO ITOITY'iHTh T aK>K8 a HanorH'lHbl ll p83YITbTaT, 3 T H paBeH­aa a I( 
1810T M 8CTO B 0 60H X cny'laSIX , K OrJla J H J npe JlCTABITSIIOT C060l! TOKH 

ll ll 
!8H8 HHSI HITH C H3M8H8Hli8M CTpaHHOCTH, 

ccM oTp HM ornenhHO n epBblll cny q ai! , B p aMK a x V - A Y HHBepcanhHOll Te-

a 6h!X B3aHMOJl8 l!CTBHll TOKH 1 I' H J p. HBITSIIOTC SI pa3rrH'lH blMH KOMITOH8H ­

C I 
3 

c ;!: 1) OJlHOrO H TOr O >K8 H30TOIT H'l8CK 0 r"O B8KTOpa , npH 'l ~M OHH nepe­

p yr B npyra npn rrpeo 6 p a3oB aHHH 3apSino ao ll CHM M eTpnn. B cuny 3 8 pSino aoll 

lHH CHITbHhlX B3aHMOJl8liCTBHll Mbl H MeeM 

I • s ) I R ( J,.. J ll ) I p ( q , s ) > m < n ( q , s ) I R ( J ll , 1 ll ) I n ( q , 8 ) > . 
a 2 u 

C8'l8HHSI ---! H 0 COOTHOUJ8HHSI H B b!pa>K8HHll C8'!8HHll cneny eT, 'ITO 

a 2u 4 a •u3 a a a, I( 
- p aBH bl H 

aaaK. aa aK. 
COOTB8TCTB8HHO, 

1. nomoca PeoJKe H 8CHMITTOTH'feCKOe ITOBeiJ.eHHe 8 MI1ITHTYIJ. 

f'!HM Terrepb 8CHMITTOTH'I8CK08 ITOB8Jl8HH8 8MITITHTYJl F
1
((,K) 

J 
B p a M-

;ncTnKn n rroKa>KeM, 'ITO nMeeT Mecro rroaenenn e , K o T opoe M h l rrpe n rrono­

IpenhtJlyweM rraparpalj>e. Pann rrpo c ToTbi n3no>KennSI Mhi rrpene6 p e r a e M at!>-

CBSI38HHblMH C H8ITH'IH8M C ITHHa y ITpOTOHB, H paCC M OTpHM ero KaK 6ec-

> 'IBCTnuy. OnnaKo nawe 3BKITIO'!eHne c npaaen nnao n B o6weM c nyqae . 113 

!HHll HHBa pnaHTHOC TH CnenyeT, 'ITO B TOM CIT y '!ae, Korna CITHH OM rrpOTOH8 

1 ( , , k 
raeTcSI, M aTpH'!Hhl ll aneMeHT R , k , q ; , q ) ,.,.., paae n 

l 
k',q';k,q) = Q ,Q F

1
((,K ., t)+(Q ,K +K ,Q )F ((,K. t)+ 

II- ll I ll I' I' I' 2 

l l 
+K,K F (e,K,t)+B, F (( , K. , t) + 

ll ,. s ll ,. 4 

12 

l 1 
+ Ll', L p. F 

5 
( ( , K , t ) + ( 0 

11 
.L p. - L I', Q I') Fe ( ( , K , t ) + 

rne 

q + q ' K 
Q= -2-, 

npu n e p e xone B t 

1 
+ ( K ll, L JJ. - L I', K I' ) F 7 ( ( , K , t ) , 

k+k' , L= q-q ' 

2 

KBHBIT M bl JlOIT)I{H b l 

, . , 2 
k - k , ( =- KO , t = ( q- q ) . 

3 8M8 HHTh q ' .. - q' , k .. - k . BMec ro 
I 

R l' B 
I'll 

t - Ka Ha ne paccMoTpHM npo n3Be n e nH e V', V R , 
I' !l I',. 

rne V' 11 V 
I' I' 

H8KOTOpbl8 4-BeKTOp b!, Ecnn OHH none p e '!H J-ol B T O M CMbi Cne, 'ITO BbiiTOITHH IOTCSI 

ycnoBHSI 

V k =V' k ' =0, I' ,. ,. ,. 

TO HX MO)I{HO paCCM8TpHBaTb KBK BOITHOB b le tPYHKUI!H 'l8C THU CO C ITHHOM ], TaKne 

B8KTOpbl o603H8 '1HM '!epe3 v I H V' 1• npoH3Bene n He ,. ,. I I 1 
V' , V R , MO>KHO paccMaT-

P. ,. ,. ,. 
pHB8Th KBK M8TpH'!Hblll 3IT8MGHT npouecca 8HHHrHITSIUHH llBYX CKanHpHmX '18CTHU 

na n ae BeKTopnbte, Ecnn )1{8 V' n ,. v" rrpononhHhl , T,e. 

v,.=k,.q,, V' =k' </>', 
JJ. I' 1 

To npoH3Benenne V', V R 1 , 
ll ,. JL JJ. 

MO>KHO p a CCMaTpi!BaTb K a K a MITITH-= </> ' cp k ~~ p. R p. • ll 

ryny annnrnnSiunn n a nae 6ecc rrnnoBbte 'laCTHUbi, Ananornqno npon3BenennSI 

, I 1 
V.kq,R, H 

I' ll I' I' 
k ', cp' VI R 

1 
' MO>KHO pa CCMaTpHBaTb K B K MaTpH'IIlhl8 ane-

1' I' I' I' 
M8HTbl B HHHr"HITSIUHH HB CKaiTS!pHyiO H B8KTOpHyiO '18 CTHU bl, BBeJleM COOTBeTCTBYIO­

WHe ne3aBnCHMble cnnpanhHbi e aMnnnTyllhl, Onn CBSI3aHhl c HHBapnaHTHhiMH aMrrnn -

1 
TynaMn F J ((, K , t) c n enyiOWHM o6pa3oM 

<k,1+1+ I T 
.... ~sin 2 () 1 
q > = q --2- Fl ( ( • K ' t ) 

.. 1 .. 
< k • 1 + 10 I T I q > 

.. 2 sin () cos () 
q 

1/ 2 

+I ; I I k I 
sin () 1 .. .. 

F u.K..tl+ l q l lkl 2 . 

1/ 2 

13 

F ( (. 'K. t ) + 

sin () 

1/ 2 
F (( , K,t), 

7 



-
-> I -.2 

q > ,; q 
sin

2
0 

F
1
((,K. t ) + F 1 (~,K. t ), < k,1+1- I T 

2 

+ 2 I q 

.. 

I 4 

< k • 10 10 I T I I q > ~ q 2 cos 2 
(} F I ( (. K ·• t ) + 

I 

-> I 
I k I cos (} F 2 ( ~ • K ' t ) + ( 1 + 

.. 2 
4 k 

( 2 
F

1
((,K,I)+ 

• 

+ 2 k 
2 1 _. -+ I 

F < ~ , K , t l + 2 1 q 1 1 k 1 cos e F < r. , K , t ) 
6 7 

1 -+ .. 2 sin e cos (} I 
< k • 1 + 00 I T I q > = - q F 1 ( ~,K, I)--

.j2 

.. 
.. -> sin (} 1 t: I q I 

2 - l q l lk l --=- F 2( .,,K , t)- --.. - ( 
sin (} 

F'((,K,t) -.;2 l k I 4 .j2 
7 

1 ..... ... 2 2 1 
< k • 10 0 0 I T I q > = - q cos (} F ( ~ • K ' t ) 

I 

..... . i ... 2 1 
- 2 1 q 1 1 k 1 cos e r < ~ , K , t ) - k r < r. , K , t ) -

2 3 

2 
f 

4 

Ill 
I l 2 I 

-2 F ( (' K' t ) +- F ( ~' K, t) -
• 4 5 

4 k 2 
I 

( 1 + - - 2- ) F 6 ( (' K • t ) 
( 

2 .. 1 4 k 2 
l l q (1+--)FI(CK,t) 

..... (2 7 I k I 

14 

< k. 0000 I T I I ~> -+ 2 2 I -+ -+ 
z-q cos OF (f.,~e,t ) -2 l qllklcosf 

I 

->2 I l2 I l 4 I 
-k F (f., ~e,t)-(1+----.,.--)F (f. ,~e,t)+ .. F (, 

' 4 k 2 4 
16 k 

2 5 

2 I 
2 

- -l-F 1 (f.,~e, t)-
2 e 

I q I III·( COl () F ' ( r. ·' K ' t ) , 

.. 
rne (. I q I "' I k I Bbip8lK810TCSI '!epe3 t , K= ·k2=k'2 

pacTeT nRHeAHO no e npn e ... ... Pa3nOlKiiM 3 TH cnnpanhH: 

napunanhHhie n 3aTeM npnMeHnM npeo6pa3oBaHRH 3 oMMep¢enhna­

l!OlKRM, 'ITO npn f.-+ oo TOl!hKO BBKYYMHbil! non10c Pen lKe naeT c y 

Torna nony'!a eM 

I a( I ) - 2 

F (e, K, l) • f. 
I 

I a (I) - I 
F{f.,~e,t) .. ( 

2 

ac 11 
F (f.,~e,t) .. ~ 

3, 4 

nocKOl!hKY iiHB8pii8HTHble 8Mlll!HTYJl b i 
I 

F J(,,K) 
I 

paBHbi F 
1 

( 

a a (0) = 1 , TO oTcJOna BbiTeKaeT HeMenneHHO n o aen eHHe, KOTopoe 

0TMeTHM 1 'ITO B pHne pa60T 6hlnO BhlCK838HO MHeHHe 0 TOM 

CO B cna6b!X B38 HMOJleHCTBiiH TOnhKO M HiiMble 'lBCTii 8MllnHTyn I 

lKeBcKoe noaeneHne, YTo KacaeTCH peanhHhiX '!acTel!, TO H3-3a Hai 

HhiX qneHoB penlKeBcKoe noaeneHHe MOlKeT He HMeTh MecTa, OaJ 

'!eHHe cnpaBeJll!HBO H B 3TOM Cl!y'!ae , lleno B TOM, 'ITO Jl l!SI HaweA 

JlHMOCTH B paCCMOTpeHHii 8MllnHTYJl B uenOM 1 B CerJla MOlKHO OTJl 

'IHTaTel!bHble '!l!eH bl H paCCMOTpeTb OCT8l!bHble '18CTH 1 npeOCT8Bl!eHJl 
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I 
<k,1+1- I T 

-+2 
q > ,; q 

sin 
2 

8 
F

1

(~'"' t) + F 1 (~•"• t), 2 I 4 

< k ' 10 10 I T I 
.... 2 2 1 

q > = q cos e F 
1 
< ~. " .• t > + 

.. 2 
4 k -+ I 

+ 2 1 q 1 1 k 1 cos e F 
2 

< ~ • " • t > + < 1 + 
( 2 

F
1

((,K,I)+ 
4 

.. 
+ 2 k 2 1 .... .... l 

F < ~ • " • t > + 2 1 q 1 1 k 1 cos e F < f. . " . t ) 
6 7 

1 -+ ... 2 sin e cos 6 I 
< k • 1 + 00 I T I q > ~ - q FI(~,K,t)--

..j2 

.. 
.. .. sin e I I q I 2 

- l q ll k l --=- F 2 (,;.K , t)- --.. - ( 
sin 6 

F • ( (," , t ) 
..;2 I k I 4..j2 

7 

< k • 10 0 0 I T I I q .. > - ij 2 
cos 

2 
e F 

1 
< ~ • " • t > -

1 

.... .... J ... 2 1 

- 2 1 q 1 1 k 1 cos e F < ~ • " • t > - k F < f. • " , t ) -
2 3 

2 
( 

4 

(!l 
2 

I ( I 

-2 F (f. , ", t) +- F ( ~, "• t) -
4 4 5 

.. .. 2 4 k 2 
I 

( 1 + --2- ) F 6 ( (. K • t ) 
f 

t

2
l ql ( 1 +~)F 1 ((.K,t) 

I i: I ( 2 7 

14 

< k' 0000 I T I I ~) -+ 
= - q 

2 ... .... 1 
cos 

2 e F 
1 

< ~," • t ) -2 1 q 1 1 k 1 cos e F ((,", t > 
I 2 

-+2 I (2 I 
- k F (f., "• t)- (1+ ~) F ( ( , ", t) + 

, 4 k 2 4 

( 4 
Fl 

16 k 2 5 ( f. . I( . t ) -

2 
( 

2 
F

1
(f.,K , t)­

e 
I q I 

III ( 
I 

cos (J F 7 ( f. •' K • t ) 

-+ 

rae ( , I q I H I k I Bblp8)1(8JOTCH qepe3 t, " : k 2 = k '
2 

H M , a cos() 

pacTeT nHHe~Ho no f. npH f.-+ eo • Pa3nO)!{HM 3TH cnHpanhHble aMnnH TYilbl Ha 

napuHanhHbie H G a TeM npHMeHHM npeo6pa3oBaHHSI 3oMMe p¢enba a-BaTcoHa. n p eano ­

no)I{HM, 'ITO npH f.-+ oo TOnhKO BaKyyMHbi~ non10c Pea)l{e a a eT cymecTBeHHhl~ BKnaa • 

Torna nonyqaeM 

I Cl( !) -2 

F (f., K , l) .. f. 
I 

1 Cl( I)- I 
F (~,K,t) •( 

2 

a(t) 

F {f.,1<,t)., f. 
~. 4 

nocKOnbKY HHB8pH8HTHble 8MllnHTY!l b l 
I 

F
1
(CK} 

I 
p aBHhi F 

1 
( f. , ", t) npH t = 0 , 

8 Cl (0) ~ 1 , TO OTCIO!l8 BbiTeKaeT HeMeaneHHO llOBe!leHH e , KOTOpOe M bl npenno nO)I{HnH, 

0TMeTHM 0 'ITO B pH!le pa60T 6binO Bb!CK838 HO MHeHHe 0 T OM, 'ITO !lnH n p ouec­

COB cna6b!X B38HMO!le~CTBH~ TOnhKO MHHMble '18CTH 8MllnHTY!l MoryT H M eTb pea­

)l{eBCKOe llOBeneHHe, '-ITO K8C8eTC51 peanhHblX 'IBCTe~, TO H3-38 H8nH'IH51 B bl'IHT8 Tenh­

Hb!X qneHOB pea)l(eBCKOe llOBeaeHHe MO)I(eT He HMeTb MeCT8, 0!lH8KO H8llle 38KnJO ­

'!eHHe cnpaBe!lnHBO H B 3TOM Cnyqae, lleno B TOM, 'ITO !lnH HBllle~ uenH HeT He06XO-

!lHMOCTH B paCCMOTpeHHH 8MllnHTYil B uenoM, BCeraa MO)I{HO OT!lenHTh OT HHX Bbl-

'IHTaTenbHble 'lneHbl H paCCMOTpeTb OCTanbHb!e 'IBCTH, npe!lCTBBneHHble B BH!le LlH Cnep-
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CHOHHbie HHTerpanoa H o6nanaiOruHe pen)l{eBcKHM noaeaeHHeM, OpHMeHHH npHaeneHHbie 

B npenhinyrueM naparpa<jle paccylKneHHH K 3THM nHcnepCHOHHbiM HHTerpanaM, 

Mbl TaK)I{e nony'IHM paBeHCTBO Ce'!eHHtl, 

H secbMa npH3HaTenbHa npo<jl, H .A .CMoponHHCKoMy H A.H,Tasxen Hn3e 3a HX 

nocTOHHHoe BHHMaHHe K pa6oTe, a TaK)I{e Hryea B aa Xbey 3a nocTaHoBKY 3ana'!H . 
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