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/1/ 
rm136ypr u TaMM B pa6oTe 'K TeopHU CIIllHa' BBOAIIT Alli! 'laCTUU BHYT-

pemme cTerreHn cBo6oAbl x 1 , npuq/'.!M x: =-1. BBeAenne TaKnx nepeMe!IHbIX Aano 

B03MOmHOCTb MOAn¢nunpoBaTb BOnHOBOe ypaBH0HHe H nony'lHTb 'cneKTp Mace•. 
/1/ 

OnHaKo npoH3Beneu~oe B pa3nomeune KBanpaTn'lHOHHTerpnpyeMofi ¢yuK-
' 

unn f (x) no perueHHHM ypaBHeHnsr narrnaca, onpeneneHHhIM ua onHononocTHoM rn-

nep6onoune, Ha caMOM nene 6blno BhlnonneHo no uenonHofi cncTeMe ~YHKunn. 

B uacTosrmel! 3aM0TKe MbI yKameM cnoco6 nocTpoeunsr nonHoll CHCTeMbl ¢YHK-
/2/ /3/ 

unl!, ocuoBb!Ba!lch Ha pe3ynhTaTax pa6oTbl renb¢anna n rpaeBa , a TaKme . Co-
/ 2,3/ 

rnacuo , KBaApaTU'lHOHHTerpnpyeMasr 'l~Taasr ¢YHKunsr f(x) pa3naraeTcsr ua 

aenpUBOAHMble OTHOCHT0IlbHb18 rpynnbl nopenua KOMilOH0HTbl no ¢opMyne 

( ) 6+100 -a-2 
f(x)- - J a(a+1) fF(;,a) l<xe)I" 

4 i ( 2 ,r )3 6-100 L 
( I) 

2 
d e du + 

2 
00 

+ 2n JF(e, x;2n)6(x0 d
2 e. 

L 

3nec& ic
2

a-ic
2 -x 2 -x 2 - x 2 
O 3 2 l 

I 
l , e • 0, L - KOHTyp HHTerpnpooaunsr !Ia KOHyce . 

(c¢epa npn eo = 1 ). 

n - Beca npencTaanennl! rpynnhl Jlopenua ocnoBnon n unKpeT-

Holl cepnn COOTBeTCTB0HHO, npn"leM 11!1 yHnTapHOM cny"ltle <T s--1 + i p'. 
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lJTo6bI HalIHCaTb pa3nOJK8HHe nmI He'l(!THOA IPYHKUHH f( x) = - 'f ( - x ) ( X ➔ -x , 
. · 0 0 .. .. · -u-2 -a·-2 

X ➔ -X ), HYJKHO_B (1) 3aMeHHTb 1·xe 1· Ha lxtl aign(xt) 

H BO BTOpOM cnaraeMOM 3aM8HHTb 2 n 

JK.r:t8HHll naHO B rrpHnOJK8HHH. 

Ha 2 n-1 lloKa3aTenhCTBO aTHX YTBep-

<l>yHKUHH F(e,a) H F(e, x; 2n ) rrpeo6pa3yIOTCSI no HerrpHBO.r:tHMblM rrpen-

CTaBneHHSIM rpyIIIIbl nopeHua COOTB8TCTB8HHO. 

BneneM HOBble rrepeMeHHbie 

Terna 

X = sh a 
0 

X achacosO 
3 

x
2 

m ch a· slnO cos cf, 

x
1 

.. cha sinOsincf, 

e =l 
0 

e 
3 

.. cos o , 

I; = sin O'cos cf, 
2 

, 
el .. sin O'sin cf,. 

(x e> a sh a - ch a ( cos o coso' + sin o sin o 'cos< cf, - ¢,) l = sh a - ch a cos 8 

d 
2 e = sin O 'd O' d <Ii • 

Pa3nOJKHM F (I;, a) H F ( X, e ; 2n ) B PlIA 

F ( t , a) ,. f: a fm (CT·) Yfm ( ~: <I> ) 

F ( t , x; 2 n ) = l Cfm D: k ( U 11; I ) , k .. 2n • 

4 

( 2) 

(3) 

(4) 

(5) 

nonepHeM CHCT8My KoopmrnaT TaK, 'IT06b! OCb Z 
➔ 

COBIIana C B8KTOpOM X • 

npll 8TOM <pyHKUllll Y fm 
f 

H D m k rrpeo6pa3yIOTCSI !IO !pOpMynaM 

y fm (o'' <I>) = I 
f • 

Dml(cf,,0,x) yf1(0, IJI) ( 6) 

D f • ( <I> , O' , 0 ) = I D P. ( ef, , 0 , >: ) D f ( IJI , !-l , 0 ) 
m~ J mJ Jk (7) 

a BBH.r:tY HJrnapnaHTHOCTll M8pbi Ha ccpepe !Ipll BpameHHlIX 

d cos O ' d cl> = d cos 0 d 'I' = d 
2 

I; . (8) 

noncTaBHM BhlpaJKeHHSI ( 4)' ( 5) B ,popMyny ( 1) ll 1IpOll3BeneM C yq(!TQM ( 6)-( 8) 

HHTerpllpOBaHne no d 
2 e • B HTOre nony'IHM 

(-) 6+100 . 
f(x)= --- f o-(o-+l)r(-o--·l) I af (u) Yf 

OI- I f 17+ J 
Pf (the)+(-) Pf l-tha) 

( 0, cf, )--------du+ 
ch a 4i (2rr ) 3 6-1oo fm m m 

2 +~-
2 

rr 

n 

.. 
I 2n I 

n=I fm 

0-+1 
me Pf (th a) n Pf(tha) 

4 IT 

2f + 1 
crm 

21l 
Pf (tha) 

ch a 
yfm(O,cf,), 

npncoennHeHHcie cj,yHKUHH ne)KaHnpa. 

nepnoe cnaraeMOe B 8TOM Bb!paJl{8HllH aHanorH'IHO pa3nO>K8HHIO 'PYHKUH!I Ha 

. /4/ 
nnyxnonocTHOM rHrrep6ononne, nony'leHHOMy 1:3nneHKHHhIM H CMoponnHCKHM • 

( 9) 

P. 
nolIBII8HHe cnrHaTypbl (-) B STOM cnaraeMOM o6SI3aHO pacCMOTp8HllIO 'l~THOl 

,pyHKllllll f ( X) = f (- X), ( X ➔- X ) , ; ➔ -•;) • llnSI H8'1~TIIOll <pyHKUllll HY>KHO 13 
f O Of 

( 9) 3aM8Hl!Tb ( - ) Ha -(-) H cyMMl!pOBaaHe !IO q(!THblM 'IIICIIaM - Ha cyM-

Mi!pOBaHl!e !IO H8'1(!THblM. XapaKT8pHOI! oco6eHHOCTblO OllHOIIOIIOCTJIOro rurrep6onouna 

SIBIISI8TCSI TO, 'ITO rrpOH3BOIIbHaSI <pyHKUIISI cf,(x), orrpeneneHHaSI Ha HCM, paanaraeTClI 

0-+1 n 
Ha KOMIIOH8HTbl !IO rrape 'PYHKUIIA Pe (th a) 11 Py ( th a), rne n= 1,2,3 ••• 

BTopoe cnaraeMoe B ( 9) KaK paa II ecTb TO paanoiKoa11e, KOTopoe rronyqeao B 

11/ 
pa6oTe , c • Te MIi >Ke CaMb!Mll orpaHll'ICHIIHMII aa KBaHTOBb!e 'll!Cna 
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f=n,n+1,n+2, .... 

( 10) 
D= L2, 3, .... 

3TH orpaHH'leHH!I !!BH0 BHAHbl H3 ( 9) H CB0!iCTB p; ( th 8) • Hcrronh3y!I T0nhK0 

nncxpeTHble npencTaaneHn~. fnna6ypr n TaMM rronyqnnn 'cnexTp Mace' m
2 

.. 

·111 . 0 

m 2(f, n). TaxnM o6pa3oM, B He yqTeH ae-::h nerrpepbIBHblli crrexTp onepaTopa nannaca 
0 /1/ 

n rroaTOMY HanncanHall a ¢opMyna ITnamuepen!I 11eaep11a. 

ITon11y10 JKe cncTeMy ¢YHKUHil 0THocnTenhH0 HopMbl fl I(x) I 2 
dx < .. o6paayeT 

rrpocTpaHcTao nap ¢yHxnnn: 

u+1 
p (th 8 ) 

t 
ch-fa Yfn,(6,4>), 

n 
pf ( th a ) 

T.e. ~apHny c ¢opMynon M!! crrexTpa Mace, cooTBeTCTByIGmen c.a. onepaTopa _nan

naca >. = - ( n 
2 -1 ) , 

2 
m 

0 

2 · 2 
K -{J (-n + 1 ) 

1+f(f 2 +f 
2 

·-·n + 1 ) 

o.tmoapeM0HHO cymeC'I'.ByeT • Cil8KTp Mace'. C00TBeTCTBy10mun ,\ .. p 2 + 1 

2 
m 

0 

K2 -•{J ( p2+ 1) 

2 2 
1 + t (t + t +- p + 1 ) 

8 

( 11) 

( 12) 

t 

I 
.j 

I, 

t 

j 

I 
f 

i '1 11 . , 
i!,t 
.• •J 

I 

I, 

j J 

'J 

l ,, 
(f 

I l 

r: 
l 
::1 
), 

} 

I 

rne fJ • f 
Ill 

- HeK0T0pbie K0HCTaHTbl ( CM. ) ' K - Macca, C00TBeTCTBy10ma!I O0biq-

H0MY B0nH0B0MY ypaBHeHHIO. Tax xax B xaqeCTBe BnyTpeHHHX K00PllHHaT BbI0Hpanc!I 

T0nhK0 BeKT0P X • TO BTOpon HHBapnaHT rpymibl nopeHna . 
/l l - f p.i,a fJ M,,_i,MafJ 

paaeH nyn10. 

Tom,xo rronxonHmnM Bbl6opoM Hexoroporo rpaHHqHoro ycnoan!I M0JKHo paa6HTh 
u+1 

MH0JKeCTB0 I X I Ha nae rrono6na=n, B xaJKnon na K0T0pb1x cncTeMa Pt ( th a ) 

nn6o P; ( th a ) 6yneT nonHa. 

BTopoe cnaraeMoe B (1) nonBn!leTc!I B peaynhTaTe HHTerpnpoaaHH!I rrpn Bbl

Bone ¢opMynhl o6pameHn!I (cM.rrpnnoJKeHne) n·o o6nacTn I ·ax I·< 1, rne a -Ha'Iano 

oTcql\Ta, HanpnMep, a
3 
= 1, a = (0100). OTc10na cnenyeT, 'ITO nncKpeTHa!I cepn!! 

aoa11nxaeT B nono6nacTn rnnep6ononna, a nMeHHo, npn x 3 < 1 , nnn B napaMeTpH

aannn, paccMOTpeimon Biime, x = ch a cos 6' < 1 . Ilpn aT0M·X = sh 8 M0JKeT 6bITh 
3 0 

6onhme x 3 ._ nn6o MeHhme x3 Ecnn "o .. sha > · x
3
= cha cos 8 , 

TO STD 03HaqaeT, 'ITO CK0p0CTh B3aHMoneaCTBH!I, pacrrpocTpaH!IIOmeroc!I BUOnb Ha-

rrpaBneHH!I "a' MeHbme CK0p0CTH CBeTa. B npoTHBH0M cnyqae ·I < X 
0 3 

CK0-

p0CTh BaanMonefiCTBH!I 6onbme CKp0CTH CBeTa. BbipeJKeM H3 MHOroo6pa3H!I 

x 2-x 2-x 2-x 2 =-1,lx l<l nono6nacTh th a< cos()'; 
0 3 2 I 3 

B peaynhTaTe Taxon orrepanuu nonyqnM Teno apameHnn, cHMMeTpll'IHoe oTH0CHTenh-

HO X3 u HMe10mee BHn, nao6palKeHHbifi Ha pnc. I a paapeae,a TaKJKe na6a-

X5 

BHMC!I OT. cxopocTeil, 6onhmux CK0p0CTH CBeTa a aarrpaaneHHH XS • Ha nonyqeHH0M 

MHoroo6paaun noCTaT0'IH0 paccMoTpenue TOIIhK0 nucxpeTH0H cepnu 'rrpencTaBneann. 
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/3/ 
u,cornaCHO • HX 3H8'I0Hllll paBHbl COOTB0TCTB0HHO 

tµ,r 
- 2rr --2- -1/2 1/2 µ+ l 

1+ (x,b-1,0,p,)c----e (-P,tiO) 1(-P±iO) _:!;ib I 
/l + 1 3 

( 9) 

- • 211 1 p.rr -1/2 • 1/2 . 1-1+1 
1+ (x,b+10;i,t)=----e 2 (-P-10) l(-P-10) :pb I 

µ + 1 + + 3 {IO) 

rne B0pXHHfi 3H8K no6aBKH iO 

b <0; P • b
2 

-b
2
-b

2
• 

O O 1 2 

l!M00T M0CTO, ecnl! b O > 0 , a HlllKHnfi - ecnn 

ITpHHRB BO BHl!Manne cj>opMynbl ( 7) - ( 10), nonyqaeM nnn ct> 1 (a, x; µ ) Bbipll-

JK0Hll0 ( npn X =· ( 0100 ) 

_!.f.!!... 
itr 2 -112 1/2 µ+1 

c?> 1 (x,a;p.)• . [e (-P'!:_10)· 1(-PtiO) +i(a
3
-1)·} 

(µ+ l}sin µ 11 

l /-1 If 
-- -i/2 1/2 /-1+ 1 

-e 2 (-P::;: 10) I (-P ::;: fO) -i(a 
3
-1) l -( 11) 

'"'" I ,,.,, - _if2 I 2 i,t+I -- -¾ 1/2 r+l 
-e 2 (-P-iO) 1(-P-+iO) -l(a +1)1 +e 2 (-P+iO} 1(-P+lO) +i(a+l) i 

+ 3 - - 3 

3ll8Cb 

npn 

P=a 2 -a~-a 2 
0 I 2 

a 
O 

<·o • 4>yn1t11Hll 

n BepxnHil 3H&K 6~peTCR npH a 
O 

>·o, a HHlKHllil 

ct> 2 (x,a; µ) HM88T Bl!ll 

i If ~ -1/2 1/2 µ+l _!e._ -i/2 
cf>

2
(x,a;l')•-----[e 2 (-P::;:iO) 1(-P::;:IO) -i(l-a

3
)1 -e 2 (-P-t_lO) x: 

(µ+1) Ilia µ tr • ( 12) 

/ uur / / tµ,r· 
, 2 r+1 ~ -1 2 1 2 r· -- -i/2 

xf(-P=iO) +t(l-a_,) -e 2 (-P±iO) 1(-P±IO) -i(a
3
+1) +e (-P+IO) x 

. 1/2 
x l{-P:i:10} 

10 

#'+ 1 
+l(a

3
+1)1 ]. 

Hcnonb3yn cj>opMynhl 

(-P+iO)a/2 .p1/2 tiPl/2 
- - + 

-1/2 -i/2 -1/2 
(-P + fO) • P -1 P 

--· - + + 
,, 

ynpoCTHM Bblp8lK8HHll (11). (12) H nonyq11M Bllll cj>yHKlll!H «ll(x,a; I') 

P>O, ao>·o, •o<O, X•-(0100) 

-21t /2 a · -1 µ+1 a 3 + 1 1-1+1 
«ll- I ( 1 :+- 3.12) -(1- pl/2 

) I • 
I'+ 1 p 

.. 
2 

•-cos 
2 

k r e cos 
2 

0 = a 
2 

a B o6nacTH p < 0. T.e. (ax) < 1, 
3 

-4 1r sinµ k r 
cl>(a, x.; µ) = cos k r • 

(µ+l)slnµrr 

( 13) · 

( 13') 

npn 

( 14) 

( 14') 

3nech f - paCCTORHll0 M8lKllY TOqK8MH 8 "!f X • ITocKOnhKY 3H8'I0Hll8 cl> (x, B; /') 

ne ~eHR8TCll npa O.::tHODp0M8HHOM CllBHre TO'I8K B H x ,. noaTOMY nonyqen-

able BblpaJKeHnn cnpaBellnl!Bbl nnn n106hIX llBYX To'IeK onnononocTnoro rnnep6ononna. 

06o6mennall cj>ynxnm1 (x 2 -x 2 - x 2 }µ/ 2 HMeeT npn µ•- 3 npocToil non10c 
O 1 2 + 

C Bbl'l8TOM 

2 2 2 µ/ 2 
8bl'I. ( X - X - X ) = - 4,r O ( X , X , X ) , 

0 I 2+ 0 l 2 µ=-3 
OTKYllO 

B!>I'I. fcl> (x,a; µ) f(x) dx = Bwq. f ct> (x, a;µ) f(x} dx + 

µ=- 3 µ=- 31 ;.xl>I 
(15) 

+ f ct>{x,a;µ)f(x)dx= 
µ=- 3 t;,xl <I 

2 2 -3/2 
=-811 f{a) -2 f (ax) [ 1-(ax) ] f(x) dx 

1;.,:l<I 
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paaen 

B1,1qeT JKe neaol! 'IacTn paaencTna (3) npli 

Bbl'!, t" ., _t_ o "(t) 
+ 2 µe--3 

/l"' -3 

-
1 

fh(Oo"(la,l-l)sign a,d,. 
2 

ITpnpaa111rnan nony'Ienn1,1e n1,1paJKennsi, HMeeM 

n cnny qiopMyn1,1 

( 16) 

f(a)c- -
1
- f h(t) o"(la,1- 1) sign(a ,> dt- -

1
- f (ax)[l-(u/C3/l(i)dx.. 

16 ,,2 4n-2 lazl<I" 

Bo nTopoM cnaraeMoM unn x BneueM cneuy10my10 rrapaMeTpnaann10 

rue 

X = t 
0 x =- sin A cos Cl+ t sin a 

2 

x 3 = cos 0 x 
1 

= sin 0 sin a + t cos a , 

0 :;S a :;S. 2 tr , 0 ::: 8 ::: rr , -- .;, < t < oo • 

TaK KBK B o6nacrn (ax)< 1 Bcerua rrpeucTaBnM B anue 

C y'!eTOM ( 18) <; ., (1, 0, sin a, COB a) , t 2 • 0 , b 2 = - 1 , 

( 18) 

X .. b +et ' rue 

dx dx dx 
be(O,cos0, -sinAcosa, sin0sina), dx= 1 =dcos0dt da, 

TO BTopoe cnaraeMoe nMeeT nnu llo 

1 rr cos0d0 
I =--- f 2 4rr

2 
0 sin,0 

f ,f, (,, 0) o (at) d O, 
L 

rue rf, ( e, 0) = ,f,( ,;, b ) orrpeuem1eTcn qiopMynoll ( 2), 

IIOBepxHOCTH cqiep1,1, Pa3nOJKIIM ,f, ( e, b) B pnu 

¢{,,b)=-1-

/3/ 
CM 

rr. 

.. 
I 

n11:-,oc, 

1 +o 
F(t,b;n),a- ! 

1t n=-=-.oo 

lnO 
e 

L - c¢epa n 

F(t,a;n) 

(19) 

d n - sneMG!IT 

(20) 

IToUCTBBBM (20) B ( 19), B3M8HIIM nopru:tOK BHTerp1Ipoaanm1 H cyMMIIpo

BBl!Hll B Y'IT8M, 'ITO Mbl paanaraeM He'IeTnyro ¢YHKUBIO, B peaym,rare nony'IHM 

12 

1 
I •-,---s-

2 2 rr 

.. 
! 

n•-oo 
o." J F (e, a -; n ) 8 ( a e> d n , 

L 

rne .-cyMMnpoBaHBe BelleTCll no II8'IilTIIbIM n R 

rr 
an•- f cos fJ sm-2 6 cos n 8 d 8. 

0 

( 21) 

(22) 

HnTerpa1r ( 22) llOHHM88TCll KBK 3Ha'Ienne 
rr >. 

npn >. •-,2 naTerpana f cos (J sin 8 cos n(Jd(J. 

ITonh3yllch qiopMynoll 3. 631 (8) /4/ 0 
na , naxonnM 'ITO 

a,.•- 211 I ii I~ rne n .. 2m - t,. 

· T.8, 

2 00 . 

l
2
•-.

2
-· ! (2m-tfJF{t,a;(2m-l)]o(a,) dO. 

17 m=l L 

.PaanOJKBB h ( ,> IIB onnoponllb18 KOMll0118l!Tbl 

o+soo 
1 

h(e}., -- f F(,, u) du-, 
2 17 i 0-1 00 

( 23) 

( 24) 

llOllCTBBBB (24) B (17), BbIIIOnllBM HHTerpnponaane. Torna c y'IeTOM (23) nony'IHM 

OKOH'I8T8nbHblfi BBll q>OpMyn1,1 oopameHBll 

o+u• 
f(x) = (-) 

4i(217)3 
f 

--rr-2 
u(u+l) fF(,,u)lite-1 sign(tx)d 2 t du+ 

2 +--
.. 
! 

172 m-=·l 

0-100 L 

2 
(2m-1) fF[t,x;(2m-l}]o(tx)d ,. 

L 

3necb x 2 ---1 , ,
2 

.. 0, L - ItOllTYP BHTerpnpOB8HBSI Ha KOHyce (cqiepa), 

d 
2 

, .,_ d O - aneMenT nonepXHoCTn cqiepbl. 
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