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§ 1. B B e II e H H e 

. 
npocTpBHCTBeH.HO-BpeMeHHbie OTHOllleHIIR B KDBHTOBOii TeOp!!H nonn 38U810TCSI 

06bJqHO reoMeTpneii MIIHKOBCKOI'O, II BCJieUCTBI!e 3TOI'O B neil HCT MeCTa umi yuoB

neTBOpl!TenhHO~O yqeTa rpaBI!TBI!IIH. npei!CTBBnReTCR >KenaTenbllhiM .ll03TOMY np!!C

llOC06HTb annapaT KBaHTOBOii Teopnn nonn K o6meMy cnyqaiO ncenAopuMnHoBa npoc-

- TpBHCTBeHHO-npeMeHHOI'O MHpa. nocne.IlHHl! Bb!CTynaeT B 3TOi! npo6neMe rno6anbHO, 

TBK qTO Henb3R orpaHIIqHTbCSl p8CCMOTpeHI!8M OJlHIIX TO/lbKO ero noKanhHO-MeTpH

qecKIIX cBoiicTn •. B 3TOM oTnomcHmi aaMeqaTenbllbiM npnMcpoM nBnneTcn npocT

paucTBO ne CnTTepa, n6o 0110 oTnnqaeTcn oT npocTpancTBa MHIIKOBCKoro ne TOnb

KO Kp!!DH3HOii, no ii TononorHeii. 

B ABHHO~ pa6oTe Mbl npecneAyeM rnaDHbiM oGpaaoM MeTOI!HqecKne uenu 11 no

sToMy orpaHHql!MCR paCCMOTpenHeM CKBnS!pHOI'O liOnS! B I!ByMepHOM npocTp811CTDC 

ne CHTTepa. PacnpocTpaH:enne nonyqeaHbiX 3JlCCb peaynhTBTOD na qeTb!pexMepHblli 

cnyqaii 11e npencTannSieT cymecTB911Hb!X aaTpyAnenHil. 

llByMepHoc npocTpancTBO Jle CnTTepa Hao6pa>KaeTCSI cfjlepoii ( OAHononocTHbiM 

I'HIICp6onOI!JlOM) B TpexMepHOM llpOCTp811CTB9 MHIIKOBCKOI'O: 

X 0 X 0 - X 1 X 1 - X 2 X 2 = -· 1 • ( 1) 

0TCIOU8 cnenyeT, qTO rpynna 1!30MC~pH'IeCKHX npeo6pa30B8HHii npocTpBHCTBa JlC 

Cl!TTepa "1!30Moplj!Ha onnopoAHOil rpynne nopeHua o6oeMniOmcro npocTpancTna Mnn-

KOBCKOI'O.• 

B 11pOCTpaHCTB9 ue CHTTepa YA06l!O DBCCTH KOOpllHHBTbl (}, f. ! 

0 • Co 
x ~tg(J, x1 = ~ 

Cos(} 

2 
X 

3 

Sin e- _..!!_ < (}< .!!_ , Q < ~ < 2 IT • 

2 2 Cos(} 

( 2) 



~ 

B 9THX KoopAHHaTax MeTpnqecKan ~opMa 9Toro npocTpaHCTBa panna: 

ds2 = d82 -d~2 (3) 

Cos 
2 

8 

§ 2. 0CHOBHbie ypaBHeHHR 

Ypaanenne ·ABH)Kennn Ann cKannpnoro ·nonn cf> c IIHTerpanoM AellcTBHR 

S = ..l....f( gaf3 ~ _2.!1!._- m2cf>2) ,;-:::g dx 
2 axa axf3 

2 
=_L {1(~)2-(...£.2.)2--m-cf>2ld8df, 

2 a 8 a f. Cos2 0 

(4) 

HMeeT BIIA: 

0/> +m2cf> 

2 2 
2 a r1> a cf> 2 

Cos 8 ( -- - -- ) + m ¢ = 0 • 
a8 2 ae 

(5) 

3AeCh 11 Aanee Mhi nonh3yeMcn cucTeMoll eAIIHIIU, B KOTopoll c z h = 1. YpaBueune . . 
(5) 9KBl!BaneHTHO ypaBHeHHRM faMI!nhTOUa: 

rAe 

_icl_ 
a8 

aH 
orr 

1T. ~=-~ ao a¢ 
a 2</> m2 =--- ---</>, 
a f.2r. Cos 2 8 

2rr a 2 
H(O,rf>,rr)=J}{df., }{=..L!rr2+(__2_)

2
+-m-rp2 1. 

2 I ar. Ca20 
( 6) 

KBaHTonyro Teopnro nonn Mhi 6yAeM paccMaTpnBaTh B. mpeAnHrepoBCKOM npe!l-

CTaBneHIIIIo 8 KaqecTBe BeKTOpa COCTORHIIR Bbi6epeM 3aBI!CRliii!fi OT 0 ~YHKUIIO-

Han IJ' ( 0 I cf> ) OT nOJIR rp ( f.) , Onepa'rop nonn ~ (f.) II onepaTOp KaHOHII-

" qecKoro nMnynhca nons: 1T (f.) npeACTaBmiiOTCR llpll 9TOM B Billie: 

4 

i 
l:-

·~ \ 
I 

. - I 
1 

J 

l 
I 

. ·I 

·i 
I 
I 

rp (f.)= cf>_( f. 

-llnn onpeAeneunn 3aBIICI!M 

nne ll'peAnHrepa 

C raMl!nbTOHllaHOM ( 6) o 

Pa3no)KIIM none c/> ( 

rp( f.)= 

y2rr 

2 
qo 

nocneUODaTenbHOCTbiO KO~ 

nonuocThiO onpeuenneTcn. 

uonaTenbHOCTH, T.e. 

'11 (0;¢)= '1'(0 

B aToM npencTaBneann, c 

rr(f.)=-

v 
u . a 

rue p =-I-- B 

rue 

a ~ • 
H 

u 1 
H =

• 2 

noaTOMy IJ' ( (}; q) ·MO)i(] 



¢opMa aToro npocTpaHcTna pasHa: 

d0 2
- d.;

2 
(3) 

Cos 
2 

() 

OcHOBHhie ypanHeHIHI 

_,..; 

cKannpuoro ·nom:~ rf> c HHTerpanoM neil:cTBHR 

- m2 ¢ 2 ) ,;-::-; dx 

2 
)2 -(~) 2 __ m_ rf> 21 dO df. 

at; Cos2 0 

(4) 

a2rf> a2¢ 2 
0(-----)+m rf>=O. 

ao 2 ae 
( 5) 

cncTeMoil: ennunn, B KOTopoil: c z h = 1 •. Ypanueune 

faMIIIThTOI!a: 

~ =- .l._!!_ 
ao orf> 

a 2¢ m2 
=--- --</>, 

a fr Cos 2 
() 

71 1 a¢ 2 m 2 
2 l 

J' = -J IT 2 + ( --) + -- rp • 
2 at; Cos 2 0 

( 6) 

Mhi 5yneM paccMaTpnBaTb B lllpennureponcKoM npen-

cocTonunn Bhi5epeM 38BIICHlii!Iii OT () ¢yHKUII0-

0nepa'rop nonn ~ (f.) n onepaTop Kauoun-

npencTanrrmoTcn npn aToM B nnne: 

4 

I 

'f 
·-) > 

1 
I 

,! 

I' 

rf> < f.) ~ ¢< t;) • IT< n = - i 
0 (7) 

8¢(1;) 

-nnn onpenerreHIIH 3aBI!CIIMOCTII BeKTOpa COCTOHHIIli OT () 

Hne Illpenuurepa 

HYJKHO peliiHTh ypanue-

i~ =H(O,rf>,IT)'P 
ao 

C raMIIITbTOHII8HOM ( 6) • 

PaarroJKHM none rf> (f.) B pnn <.>yphe: 

rf>(f.)= 
2 1"" 1. 2 
q +-- ~ I q S1n sf.+ q Cos sf.l. 

0 ___, 8 ~ s 
V IT •=1 v21T 

2 1 2 u·· 
nocrrenonaTenhHOCThiO Koa¢¢nuHeHTOB q 0 , q 

1 
, q 

1 
, • • • , q a , •• • none rf> ( f.) 

(8) 

(9) 

IIOITHOCTbiO OllpenerrneTCH. BBHITY 3TOro 1J' ( (): rp) llBITSieTCll ¢yHKUHeii aTOll ITO CUe-

UOBaTeiTbHOCTII, T.e. 

1JI ( (); rp) = 1J' ((); ~ 1 4 , ~ 1 • , , 1 ~ , •• , ) = IJI ( (); q). 
0 1 1 a 

B aToM rrpeAcTanrreuuu, o'!eBHrruo: 

u 
8 qa a IT ( /;) = - i ~ 

a,a 8 rf> ( /;) u a q a 

a a 

= 1 1 
f:""'-1 p 0 

y:l.IT 

1 00 " 

+-·- .... ( 1 ,.,. - p 
VTT s=t s 

" 2 
Sin s I; + p a Cos s I; ) , 

( 10) 

( 11) 

rne p =- i B ypanuemm ( 8) nepeMeHHhie q paanenniOTcn, TaK KaK 

a~ a 

2 00 1 2 
H =· H 

0 
+ ~ (Ha+Ha), 

( 12) 

a=1 

rne 

" "' "' a 
=-1 l 

a a 2 m2 a a 
H p p +(s +---)q q • 2 s a Cos 2 (J a a 

(13) 

noaTOMY IJ' (0; q) ·MO)I(HO ncKaTb B nnne nponaneneHHn: 

5 



u 
rne 'I' 

.,1 

• 

-o 2 2 OOJ 12 2 
IJ!(O; q) =IJ! (0, q) ll IJI (O,q )'I' (O,q ). 

0 0 a= 1 -~ • • • 

AOnlKHO IIQJ:tqHHHTbCH ypaBHeHHIO 

u 
a 'I' u u 

i--
8
-=H IJI 

ao " " 

§ 3. Pewenne ot:tHoMepnoll aat:taqn 

TaKnM o6pasoM, aawa aanaqa ceonnTcH K peweun10 ypaeueanH anna 

2 - .. .. . . 2 
a'JI 1 . a 2 m 21 1 

·i--=-1---+(s +--)x 'I. 
ao 2 a X 

2 Cos2 0 

EMy MOlKHO y aoeneTeopnTb tPYHKUHell rayccoea Tnna 

ecnn a ( 0 ) , u ( 0 ) 

Ha {18) cnet:tye: 

'I'= 1 --}ac0Jz2 
---- e 

J;(i) 

rronqnunTb ypaeueanHM: 

d a 2 2 m 
1---a +s +--

2
-= 0, 

d 0 Cos. 0 

d2u 

i~+au=O. 
dO 

2 m2 
. 

---+ 
d 0 

2 
(s +--

2
-)u=O. 

Cos 0 , 

(14) 

(15) 

( 16) 

( 17) 

(18) 

(19) 

+tae 
3aMeTRM, qTo ljlyJJKUIIH cp = U ( 0) e ~ yAOBIIeTBOpHeT Knaccnqe~KOMy ypaBHeHIIIO 

rronn (5). 

6 

.. , 

. • .. •• j 

:I 
t 
:I 
I 
,r 
n 
j 
'I 

napa nnaeliao-aeaanncnMbiX pe 

rurrepreoMeTpnqecKylO cjJyHKUIIIO: 

± 
u,(O)c2p Ires+ p) rc s -p+t 

s! 

nnn, naaqe, 

rt:te 

+ u: (0) = 
/r(s+p) rcs-p" 

s! 

1 ~ 2' 
p=-(l:..vl-4m ) 2 . 

nepeqncnnM cnenyiDwne cnolic 

1) rrpn .aaMeae p ua 1- p 

2) OHII KOMllneKCHO-COllpHlKeJn 

3) u+(O) = u-(-0); 
" " 

qaeT 

4) orrpet:tennTenb BpoacKoro pa 

t:tn<Pc!Jepeaunpoun_ane no () ,--}.1.. 
,± + y's(s 

5) u" = s tg 0 u: ± i ----
. Co~ 

6) J s ( s + 1) + m 
2

' u ± - v 
s+l 

7) u + u- + u + u -
a+ 1 s s s+ 1 j 

+ 
8) 0 < l u: . ( 0) I <.. D pE 

~Tll CBOfiCTBU cnenyiOT H3 113 

<jJyHKUIIll. 

Mbi t:tonlKHbi rrpet:tcTaBI!Tb n 

U=U=A+U 
" 

a=a 

" 

u 
.. - I --"- = -· i s tg 0 + -

u,. 

7 



1 2 2 
(0, q.) w. (0, q.), 

.,aauewt!O 

a a 
H 'I' . . . 

OAHoMepnoil aana'III 

CBOili!TCSI K pellleHHIO ypaBHeHIISI Bllll8 

2 

+-m--) x21'1'. 
Cos2 0 

rayccoaa Tnna 

I -2 a 161z2-
e 

.,aaaeanSIM: 

2+-m--=O, 
Cos.

2 0 

+au cO, 

2 

+ -2:_)u 
Cos 

2 
0 .-

0. 

(14) 

( 1~) 
.... 

( 16) 

( 17) 

(18) 

(19) 

YllOBneTBOp!IeT KnaccnqecKOMy ypaaae!II!IO 

··- J 

! 
't 

,( 

~ 
I 
1 

napa miHeUHO-HC3aBUCIIMblX perneHitii ypaBHCHIIII ( !9) Bbtpal!<aeTCSI qepe3 

rnnepreoMeTpll'IeCKY:IO <jlyHKUIIIO! 

+ 
·u-(1:1)~2p 

• 
JrCs+p)l'(s-p+ll P ±H•+piO 

Cos 0 e F(p+s,p;s+l;-e ±210), (20a) 

s! 

nnn, nua'le; 

+ 
u:(o)~ 

/f(s+p)l'(s-p+I).±tsO F( • I· l±ltgO ) e p,l-p,s+, 
2 

, 
s! 

( 206} 

1 ,------_ . 2' 
p=y{l:.yl-4m ). rtte 

nepe'IHCIIIIM cnelly!Ollll!e CDOllCTBa 9TIIX q'yHKUilii: 

1) rrpu aaMeue p ua 1- p <jlyaKunn (20) ue Melm!OTCSI; 

2) oan KoMrtneKcuo-conpstlKeHbt npyr· npyry: ( u ± )* = u + • • 
3) u+(O) = u-(-0); . . 
4) orrp:JnenuTenb BpoacKoro paueu W ( u +, u-) = U+ U--~+ U- = -2 i (TO'ilW 03Ha-

• • s 8 I!J 8 

qaeT AllqJ<jlepeuunponn.une no 0 ,_...Jl:....i'-----. 

5 ) • ± 
0 

. ± . J s ( s+ 1) + m' ± 
• u = s tg u + l - u 

• s ·- Cos 0 • + 1 

6) 
± 

u. J 2 + 
s(s+l)+m u•-+1 -Js(s-l)+m 2 'u± =±·2isSin0 •-1 

2Cos 0 
7) u + u- + u + u -• + 1 s 8 e:+ 1 J s ( s + 1 ) + m2" 

+ . . " n 
8} 0 < I u: . ( 0) I ..: .., D paccMaTpnnaeMoM HI!Tepaane -y < 0 < 2. 

3TH CBOil:CTBa cneny!OT H3 1!3BeCTHbiX COOTHO!I!eHIIif l{II!I rHnepreoMeTpll'teCKIIX , . 

ljlyHKUI!il:. 

Mbr nonlKHhi rrpencTaBnTb u ( 17} 

a=a 
• 

u 

U=U =A+U++.\ 
" . u 

• • 

=-I --•- =--'is tgO + 
.Js(a+l) + 

u Cos 0 .. u. 

7 

7 
m + -x-u-

(X 8 u a+ I s • + 

(21) 
) . 



+ 
rue .\ ~ -HeKOTOpbie KOHCTaHTbi. KsaupaT MOUynH BOnHOBOH cpyHKilllll ( 17) e paBeH: 

- 2 + ee2 
1 

1
1>·.1 -lx .I 2 

e- exp Xe I. 
I u .I 

IWI
2 

I u :.12 
e(22) 

TaKI!M 06pa30M 1 UnH Toro, 'IT06bi <iJyHKUIIH IJ1 6bin8 HOpMnpyeMa, He06XOUIIMO Bbl

nonHIITb ycnOBI!e I A+ I e> I A -I. npH 3TOM B CHn~ CBOii:CTBa 8 <iJyHKUHii: ( 20)" 
' a a 1 

0 < !'u I < oo • Eea orpann'IeHJHI o6mHocTH MOJKHO nonoJKHTb .\ + c ---· 
a A • J 2 

.\- a s rue I .\ I < l. · 1 -I A a I 
S.-J i. 2J S 

e ~yrh~sberueHHH ypaBHeHHH (16) 6yueM HCK8Tb ~ BHUe: 

OTI~yUa UnR cpyHKUI!Il 

IJ' ( 6, X) ~ X (e, X) IJ' ( e, X), 

X( e, X) nony'IaeM 

2 
ax 1 a x 

l--=----
a6 2 a x2 

+ 3 X ax a -~ ax ( 23) 

nocneuaee ypasnenne MOJKHO npeo6paaoBaTb K ypaBaeanro c paauennromuMHCR ne

peMeHHbiMH. llnR 3Toro BBeueM HODYID nepeMeHHyro e Y ~ f ( 6e) X 1 rue f (e) - HeKQ

TopaR cpyHKUHH. B HOBbiX nepeMeHHb!X ypaBaenue ( 23) eaanHCbiBaeTCH B cneuyromeii: 

.PopMe: 

i ax + 
a6 

if ae 
y..2.= 

ay 
1 

2 

2 ' 
2 a x ax 

f ---+8 y--. 
ay2 a ay 

0TCIDU8 BIIJlHO, 'ITO nepeMeHHbie e, Y paauenS!roTcR, ecnn f ( 6) yuoBneTBOpReT 

ypaBHeHHID 

i i- a 
a 

3 
+ f 0. 

nonaraR X cG(6) H(y) II Y'IHTbiBBH (21), nony'IIIM 

rue n 

d2 

d y2 

G a-n G _d_ In ( f u ) , 
de 

H(y)-~H(y) ~-2n H(y), 

- KOHCT8HT8 paaueneHUH. <l>yHKUIHI If ( e, _X) IIMCeT e HOpMy numb npH 

(24) 

en e= 0,1,2,3, •••• TaKHM o6pa30M, Mbl nony'Il!nll pallieHHH ypaBHe!IHR (23) B Bnue: 

8 

""~) 

!. 

-~ 
';l 

I 

x~x (6,x)a(f 

rue H 
n 

-nonHHOM 3pMHTa. 

HaM ocTanocb nailTH f. 061 

era 'I8CTHbiM peruenneM ychonneM f 

'IBCTb ypaBnennR PHKKBTU ( 19), Ha: .. 
TOrO, 'IT06bl npu e n > 0 

B8Tb C = 0. 

'I' 6bm 

HopMupyR IJ' na I, nony'Iae 

!Ill, 6 6aauc B npocTpancTBe peru 

IJII n I 
1 

(y";;2" n!) I, 

BneueM onepaTOpbi Z ± KO 

paaoM: 

+ IJ' 
z Cn I = r;:;:l" 

nonb3yRCb UaDCCTHbiMII COOTH'ollleHI 

d 

dy 

Hn+l (y) 

H (: 
n 

2 y l 

+ 
HBXOUIIM BHpaJKeHI!e :t - 'Iepea 01 

I + _e_·_[ 
z = .[2 

z-·,;,_1_[ 

J2 
TBK KBK B x -npeucTaBneauH X 



KBanpaT MonyrrR BorruoBofi ~yuxunn (17) paBeu: 

IA:I 2 -1.>.+.1
2 

X 
2 I . (22) 

·u:. 12 
~ynxunR 'I' 6bma uopMnpyeMa, neo6xonnMo Bbi-

CHIIY CBOllCTBa 8 ~yHKUllll (20)" 

. o6lliHOCTII MOlKHO IIOJ!OlKl!Tb 

(16) 6yA0M HCK8Tb B Bll)le: 

.. x<o. x) IJ' ( 0, x), 

IIOIIY;qaeM 
2 

1 a x a ----+a x__x_ 
2 a x 2 · 

8 a X 

>.+ = 
s 

1 • 

Jt -1.>. I~ 
8 

_.1 

(23) 

rrpeo6paaoaaTb K ypannennro c paanerrRromnMllCR rre

M HOBYIO rrepeMeHHyiO Y "' f ( 0.) X; rue f ( 0) - HeKO

ypaBI!eHne ( 23) ·38IIHCbiB80TCSI B CJIElAYIOlliefi 

a· 
_L= 
ay 

1 

2 

2 . 
2 a x ax 

f ---+a Y--. 
ay2 • ay 

O;y· pa3nerrRIOTCSI, ecnn f ( 0) ynosrreTBOpSieT 

0. 

( 21), norryqnM 

n G _d_ In ( f u ) , 
· dO 

)-~H(y)=-2n H(y), 

<Pyuxuun IJ! ( 6 , _x ) nMeeT nopMy numb npn 

(24) 

• Mbi rrorry~nrrn parueunR ypaaueunR ( 23) B nune: 

8 

I ., 
I 

( 

~!: 
1 

l 

I 

I 

xmx (O,x) .. (fu5r"H.,(fx). 

H 
n 

-IIOJIHHOM 3pMUT8, rue 

HaM ocTarrocb naiiTn f. 06mee pemenue ypaoneHIISI ( 24) cBnaano c mo6biM 

r2 -2 ero qacTHbiM pemenneM ycrronneM - f 
0 

= c u , r)le c =canst. BaRB MlmMyro 

qacTb ypannennR PnxKaTn ( 19). naxonnM qacTnoe pemenne f 0 .. [Fi;;. - llrrR 

Taro, qTo6bt rrpii n > 0 

B8Tb. C = Q, 

.. 
'I' 6bina OpTOI'OH8JibHa K IJ' 

1 
neo6XOU!tMG fiO>Tpe6o-

HopMIIpyR 'I' na 1, rronyqaeM OpTOHOpMHpOD8Hilbilf B K8Jl{)lblll MOMOHT. DpeMe-

1111 0 6aanc B rrpocTpancTBe pemennfi ypanneHIISI ( 16): 

1 2 --a .z: 
2 s 

________, 
H

11 
( v' Re a 

8 
x ) 

• ( 25) e 1 
ljl( n I 

v' u 8 (.j';'2" n!) 1/2 ( u J Re a 
7

) 

11 

8 • 

BneneM onepaTOpbi + z- KOTOpbie neficTnyroT B aToM 6aance crrenyromnM o6-

paaoM: 

+ 
z IJ'(n) .. rn:;:l"'l•(n+1) ,· r-'1',.,, .. rn 11'cn-1) 

norrb3ySICb 113DOCTI!blMH COOTHOllieHHSIMll )]JISI IIOniiHOMOB 3pMIIT8 

d 

dy 

Hn+1(y) 

H (y) = 2 n H (y) , 
n !&l- n-1 

2 y H ( y) - 2 n H 
11 

_
1 

( y) , 

+ H8XOAIIM BHp8lKOHHe ! - qepe3 orrepaTOpbl X 0 p 

+ I " • 
Z = -· -- [ U * ( 0 } p - U * ( 0) X ], ,[2 • 8 

_, . 1 " • " 
Z = -- [ U (0) p - U ( 6) X } , 12 • .. 

(26) 

(27) 

TaK K8K B 
" " a x -rrpencTaBrreunn x = x , p .,_f -- • 06pamllli paaeucTaa ( 27), nMeeM; 

ax -

9 



x =-
1-[ u (0) z+ + u* (0) z-], 
-- s • 

.v2 ( 28) 

;=-1-[ u (0) z+ + ~* (0) z-]. -- . . 
Rer!Co y6ennThcn,- 'ITO V 

2 

- + -( z , . z ] = 1 , z 'I' I Ol = 0 • 
( 29) 

-"' 
00 

06mee peweane ypaBHeann ( 16) nMeeT BRA 'I'-= ~ G 1 'I' , rne C n=O n n (n) 
-nponaBonh-

Hble IIOCTOliHHb!9 1 liiill B COOTB9TCTBllll C ( 26) 

00 c,n~ 
'I'= I 

R 
( z+) n 'I' 

0 
n=O 

T 
. _... Ill 

aKnM o6paaoM,· Mhi ljlaKTnqecKn npnwnn K npencTaBneamo "'oKa • 

B aaKnJOqeune. rraparpaljla aaMeTnM, qTo nmi ypaliaeann Il!pennarepa Bnna 

2 
. cJ'i' 1 , a IV 2 1 1--= -t- -+cu (t}'i' 

c'Jt 2 c3x 2 

(30) 

121 
naBecTHa ljlyuKunn rpnaa. Oaa nonyqaeTCH aaanornqHbiM MeTonoM • npencTaBneane 

<l>oKa AIIII CliCT9Mbl C IIp01!3BOIIbllb!M 'ii!CIIOM CTeneaefi CB060Abl I! I'8MliiibTOHI!8HOM B 

BI!A9 38BliCHIII9ll OT BpeMeHI! KBanpaTI!qHQll ljlopMbl OT KOOpAI!H8T I! I!MIIyn~COB. IIOCT-
131 . 

poeao B pa6oTe • 

§ 4. npeACT8BII9Hll9.<l>OK8 

PeaynhTaThi npeAhiAymero rraparpaljla noaBonHIOT aafiTII o6mee peweane ypaaae-

uu~ Ill penuHrepa ( 8). lln11 aToro I;laccMoTpnM ljlopManhHoe nponaaeneune ( 14), rne 
I 
4 

fT ~ ( 8, ~s ) = r;--
s v u. 

1 q q 
exp L- - a q q I , 2 s s s 

(31) 

II o6oaua'!IIM ero n 0 • Ouo yrtoBIIeTBOpHeT ypaauel!li!O lllpenuurepa (8). TaK KUK 

( 31) ynoaneTBOpSieT ypaBH9HIIIO ( 15). HopMa .aeKTOpa COCTOliHI~li n 0 • 0'!9BIIAHO, 
u+ . 

paBHa 1. Auanornquo ( 27) BBeneM orrepaTopbi z; 

10 

'\ 

• 
·~ ' 

l 

:t 

! 
I 
:J 
r. i 

f f
·': 

l 
l 
f 
i. 

I· 
\ 
( 

q+ ·_1_ (I 
z.=- J2 

u _ ___ 1_'[ u, 
z. - J2 

Torna nponaaonhaoe peweHne 'I'· YJ: 

'I' ~ 
n=O 

1 

p 
c"1•2 .. 

q q .. 
I 2 

( S I = 0, 1, 2, • • • ; q I = 2 

rne KoaljlljlnuueHThi C •1 
8 

2 • ; • • n ll 
u1u2 ... un 

caM nonpaayMeaaeTcn cyMMIIpoBaHII 
Ill 

o6paay10T cTon6eu <PoKa • 

nepeiineM Tenepb K ~p9ACT8Bl 

B9TCTDyiOIIIJill flO t B 3TOM npencTa 

COOTB9TCTBYIOI11Illl ( 33)1 o6oaHaqJI~1 

"" !!' ~ 
n =0 

1 

,;-;! 
c "I' 

ulo 

B npens;TaB~<(lllllll renaeH6epra one1 
q q 

TOphi Q , p . . . cornacno ( 32) 31 

· ... 
q - _1_ (I 
q. - ,;2 

q 

p .... =_!_I 
J2 

· Ha ( 35) II ( 9) naxonuM onepa'JCOP 

11 



; =-1-[ u (0) z+ + u* (0) z-1. 
-· s • 

.j2 ( 28) 

.... 1 • + • -
p=---:=-[ u.(O) z + u*,. (0) z ]. 

,;2 
'ITO 

- . + -
[ z I .z ] = 1 I z 'I' I 0) = 0. 

( 29) 

00 
..,.;. 

( 16) nMeeT BHA 'I'= l: G 
n=O n) '~'n ' rne c(n) · -npOH3BOnb-

HnH B COOTBeTCTBHH C (26) 

c,nJ 00 n 
( z+) 'I' o 'I'= I 

R. n"'O 

Ill 
ijJaKTH'leCKH npnwnn K npencTaaneanro <PoKa • 

naparpa<jla aaMeTHM 1 'ITO nnll ypaaaeHHli 11! pennarepa anna 

2 . aw 1 1 a w 2 1 1--=- - --.-.-+ ~ (t) 'I' 
()t 2 ax 2 

(30) 

/2/ 
rpuaa. Oaa nony<IaeTCli aaanornqHbiM MeTonoM • flpencTaaneane 

C npOI!3BOnbHbiM 'IHCnOM CTeneaell CB060}:{bl H raMI!!IbTOHHaHOM B 

Bpe_Mef!I! KBa}:{paTHqHoil <jlopMbl OT KOOp}:{I!HaT H I!Mnyn~COB JlOCT-

§ 4. flpencTaaneaue_<PoKa 

npeAbiAywero naparpacjJa noaaonliiOT aai!Tu o6wee peweane ypaaae-

8). llm1 sToro j)aCcMoTpHM <jlopMan&aoe nponaeenenue ( 14), rne 
_...!._ 

IT 4 a a 
'I' ( o, qs ) = 

a 
expl-_!_ a a ~ 2 a.q q I 

s a • 1 

(31) 

nc. Oao YTlOBneTBOpS!eT ypaaaenuro WpeAI!Hrepa (8), TaK KaK 

ypaaaeanro ( 15). HopMa aeKTopa COCTOliH~li n 0 • o•IeBll)lHO, 
a+ 

( 27) BneneM onepaTopbi z -
s 

10 

• ·~. t 

:{ 

r 
>' •. J\ 

l 
,_i~--
1~ 

:j 
'r 
f 
1.1 

( 

I. 
I ., 

. " 
a+ I a • a 
z · =- -- [ u* ( 0) p - u* ( 0) q 1 , 

a J2 a • ~ a a 

a_ 
z • 

i 
.--· [ u ( a J2 a O)p,.-ua(O)~ 1 a 

Torna nponaeon&aoe peweane IJ' ypaaaeHHli ( 8) MOJKHO npeAcTaBHTb B anne: 

'l'=l: 1 c"1"2" .. an a1+ 
a 
z2+ 

a 

n=o..;;:! 
a a z 

zn+ 

n! 
1 •••. a • a 

... w 
2 n 

a 0 

( S I = 0, 1, 2, • • • ; a l = 2 npll S I = 0, ci I = 1, 2 npn s 1 > 0 ) , 

(32) 

(33) 

rAe Kos<jl<jlnuueHTbl C 
8

1 ° 2 • • • an He aaBllCS!T OT 0 If no UOBTOflliiOWllMCli HIIAQK-
ala2 .•. an 

CaM JlOApaayMeaaeTCS! CyMMllpOBaHne. 
/1/ 

o6paayroT cTon6eu <PoKa • 

QqeBHJlHO, Kos<jl<jlHUHeHTbl C 
8

1
8 

2" •: 
8

n 
a a •• • a 

L 2 n 

flepeil}:{el\1 Tenepb K npeACTaBIIeHIHO reiiaen6epra •. BeKTOp COCTOSII!IIll, COOT

BeTCTBYIOWHil n 0 '·a STOM rrpeACTaBneHUII o6oaaaqn~ I 0 > • a BeKTOp COCTOS!HUS!, 

COOTBeTCTBYIOWlllf (33)) o603Haqn~1 <!' • 0•1eBII}:{HO, 

00 

ct I -
n =o ..; n! 

C 8 1 a 2 • • • an 

a1a2 ... an 

al+ 
z 

s 

CT+ 

(12+ 
z 

• 
an+ 
z . 

• n 

I o > . (34) 

B rrpens;TaB~~mm reilaea6epra orrepaTopb1 z·.-

TOpbi ~ , p cornacao (32) aaBHCliT oT o 
He 3llBUCliT OT 0 ) a orrepa

cnenyroWHM o6paaoM: 
a · a 

·,. 
(1 

qa 

u 
p 

_1_[u (0) 
- . a 

1/2 

CT+ 
z 

• 
cr-

+u* (O)z ·], 
a a 

1 , a+ • a_ 
=--[u(O)z +u*(O)z 1· 

F2 • a • . . 
I 

Ha ( 35) n ( 9) aaxonuM orrepa'I.:OP nonll 

11 

(35) 



cf>(O, 0 
___ 1 -[ 

2~ 
u 

0 
( (}) i+ 

0 
+n*(O);-]+ 

0 0 

(36) 

+ - 1 -;: [ u (0) (~+Sin'ls{+ i+ Cos s~) +u* (0)(~-siu s ~+ 
r:--' a 1!1 · a s s 

~-Cos s I;)] • • 
V "liT a=l 

,.. 
IToMnMO (34) n (36), nnSI nanbaenmero noc~aToqao 3H8Tb cneMyromne cooTaomeanSI: 

[~+ 
" 

a' 
' z -, 

a 
l"' 0' [ 

a 
z-' • 

~- IO > ' • 

a! a 
z-~ 1 e 0' [ z -

a s 

<0\0>=1· 

a 
' z + 

II 

] e Baa' B , , 
B II 

(37) 

Yno6110 BBCCTII IIODbiC onepaTOpbl pOJKACHHSI II yHJiqTQlKCHIISI, CBSI38HilbiC C 

a+ 
onepl.tTopaMII z -

s 

QqeBill\110 I 

COOTHOWCHIIS!Mil: 

+ b: "'~[ i±. 

± 1 [ b e-

-a /2' 
+ b
e 

2 ± 
z 

s 

2± 
zo 

1± 
- j z .• 

1 + 
+ i z -

• J 
[ b + ' b +, l = 0 ' [ b- ' b- .] = 0 ' 

a a • s . 

- + 
[b., b.,,] /) , . 

•• 
b • I o > 

. (38) 

s>O 

(39) 

+ 
C noMombro onepaTopoD b ; cTpoHTCH npencTannenne C!>oKa concpmenno TaK JKe, KaK 

a+ 
3TO 6bmo cnenano paHbme c noMombro onepaTopoD z -; • ITpon3DOllbllblll neKTOP 

COCTOSliiiiSl MO)I<CT 6b1Tb llpCJlC.."T8DnCil D Dlll\C: 

12 

eo 

If>~ ~ 
1 ·c .1. 

n-= o" vn' 

ITo --noBTopmomnMcSI naneKcaM 31\CCb noJJ 

no + .. , OnepaTop nonSI </> 38llllCb!I 

30M: 

A-. 1 .. 
'+'e + J2 TT' ~ [ bs U ((}) e

1 

. s=-oo s 

3necb nonoJKeao u a = u l•l -. 
3aMCTIIM' eme, qTO BCKTOP COCTOSI 

Ill · 
C!>oKa ' ecnll nonoJKJITb I 0 > e 1 ' b 

§ 5. ITepe 

C!>opMyna (36) U03BOIISICT H8MTH·r 

" D ( 0 , If ; 8 ,, I; ) = i [ .</> ( 6 
1 1 2 2 

YqJITbJBaSI ( 37), aaxonJIM: 

""-
D "'.!._. f',. 

2 0 
+ ~ 

sa 

rne 

A 
s 

2rr 

QqeBIIAHO, p83HOCTb I; = t= -F 0 > 1 , 2 
MC 

)I{C npenenax· MCIISlCTCSl II pa3HOCTb 

MoJKHO noKa3aTh, ·.·qTO 

6 

13 



. 1 -£ u (O)i+ 
2 ..(';' 0 0 

+ u* (0) i- ] + 
0 0 

(36) 

t: + i + Cos s ~ ) + u * ( 0 )( J- Sin s ~ + 
~ a s a 

~-coss~)]. • 

~ 
nanbuenmero noc~aToquo auaTb cneAyromue cooTHomeHHu: 

a a~ a 
= 0, [ z- , z-', 1 = 0, [ z 

• • 

'i- !O>, <010> = 1· 
s 

0, 
, z + 

8 , 
1 =!)au' l3 , , ... 

(37) 

onepaTOpbl pOJKJteHHH H yHnqTolKeHHH, CBH38HHbte C 

.,._1 (2± I+ 

r.··-'·~1} 
= 1 2 + - - I+ • {2'[ z. + iz: 1. 

+ b- 2± 
0 = z 0 

b+,]=O, 
• 

[b-,b-~=0, 
. . . 

, b +,] "' l3 , • • • • 
b- 0 > • 

. (38) 

s > 0 

(39) 

CTponTcu npencTaaneune ~oKa coaepmeuuo TaK lKe, KaK 
0+ 

ITOMOIIlbiD OHepaTopOB z.- . npoH3BOnbHbJil BeKTOp 
• 

~Ann ...... , D DHAe: 

12 

00 1 
<1\ = l: 

n ~a· vn' 
c"l· .. •nb+ 

• 
+ 

b 1 o >. 
B ' n (40) 

no ITOBTOpHIDIIIHMCSI IIHneKCaM aneCb nonpa3yMeBaeTCH cyMMI!pOBaHI!e OT -eo 

" 
no + oo OnepaTop nonu cp aanncbtBaeTcH qepea · onepaTopbJ cnenyroiili!M ofipa-

30M: 

.J. 1 00 
'I'"' + J 2 17 1 }: [ b s U (e) e I sf, 

•=-oo + b 
u*. ( 0) de-!af. 1 (41) 

3necb nonolKeHo u.=ul·l·· 

3aMeTHM, eme, qTO BeKTOp COCTOSIHIIH ( 40) npenCTBBIITCH B Blllle tPYHKUHOHana 
111 + - a 

~oKa , ecnn nonolKHTb I 0 > = 1 , b • = b s , b 
8 a b. 

§ 5. nepeCTBHOBOqHaH tPYHKUHH 

~OpMyna (36) noaaonueT uafiTH nepGcTanoaoqnyro tPYHKUHro: 

" D(O ,I; ; 0 .~ )=i[ c{>(O ,.; ), c{>(O ,I;)] 
I . I 2 2 ' I I 2 2 

YqnThJBaH (37), uaxonnM: 

rne 

D = _! 
2 

i 

00, 

!'> + l: 
0 

•=I 

A =-- I • 2 17 

t. Cos s ( I; - I; ) , 
8 I 2 

u.(0
1

) u :< e 
2

) 

u +< e > u +< o > 
a I • 2 

Oqellnnuo, paanocTb ~ 
0 

= .; 
1 
-·t 

2 
· MenueTcSI B npenenax OT - 17 

)l<e npenenax MeHHeTCH H pa3HOCTb 0 O = 01 - 0 2 • 

· MolKHO noKa:aaTb, qTo 
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(42) 

(43) 
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!!. • 
1 00 

J P -p ( y) Cos s ~ 0 d ~ 0 , 
fT 

(44) 

rne P (y) =F(p,1-p; 1; ..!._::x) -ljlyaKUHII nelKSHJlpa, 
-p 2 

·t 

... 
y = Cb r = Cos~ o- Sin 0 1 Sin 0 2 

Cos 0 Cos 0 
1 2 

(45) 

r - reoJle3H'IeCKOe pSCCTOIIHHe Me)KJly TO'IKSMH ( 0
1 

, ~ 
1

) H 

JlOCTSTO'IHO y6eJlHTbCII, 'ITO HHTerpan (40) KSK ljlyHKUHII OT 0
1 

( 6 , ~ ).Llng nero 
2 2 

ynonneTaopneT To-

MY lKe ypanneamo n TeM lKe naqanbHbiM naHHbiM, 'ITO 11 !':. TO ·ecTb ypanaeHHIO 
aA • ' 

(19) n ycnoaunM !!.• 10 =O"' 0, --• I t9.=0 = -
1
-.npn nnljlljlepcmmponaann naTerpa-

• 1 2 aA 1 1 2 " 
na (44) no 0 HSJlO BOCnOJI.b30BSTbCH paBeiiCTBSMH: 

2 

(y2-1) 
d p . 
---=.£._ 

dy2 
+ 2y 

dP_P 

dy 
+ m 2 p 

-p 
0 • 

a2r 
2 ao 

1 

~= - 2 
a~ 

0 

2y 
2 

Cos 6
1 

(~)2-(!2:....)2= y
2
-1 

iJ 0 ae Cos·
2 o 

1 0 1 

<~+~) =0. 
a o 1 a f, o f,o =6 o 

(46) 

(47) 

(48) 

H3 (44) cnenyeT, 'ITO TpnroaoMeTpnqecKnlt pHA (39) nnnHeTcll pnnoM $ypbe ljlyaK-

UHH 

rne 

o co • ~ ; o • e ) .. -1- (. < o • ~ ) p .c r ) • 
1 1 2. 2 2 o {. o l,-~cnn 

r ( 6 /: ) .:: -1, ecnn 
0 ' .. 0 

0, ecnn 

It! I> I~ I ·0 0 

10 1 >"I e 1 
0 0 

It! 1·< I e I 
0 0 

00 >0; 

0 <0. 
0 • 

(49) 

0TMeTHM, 'ITO p ( y) IIBJI.HCTCH ljlyHKUHCii PHMSHS ypaBH<~HHR (5). nepecTaHOBO'I-
-p 

14 

HSR ljlyHKUHR B BHAe (49) 6blil8 nony'l< 

noro ncennopnMaaona npocTpaHCTBa. 

§ 6. Co1tpa1 

npeACTSBJI.CHHe $oKa, BBe)leHHOC 

llpOH3BOJI.bHbiMH KOIICTSHTSMH A s • I ~ 
paKTepn3yeT~R COCTOHHHe BSKYYMHOrO 

TeJI.bHOii CTeUeHH ycTpSHHTb, noTpC60B 

P I o > 
(ab l 

rne P -onepaTOpbi coxpaHRIOIIlHXCH 
(a b) 

KaK H3BecTHO, HHTerpan no npoc 

BIIAS 
p J '~ 

}; 

rne T -TeH30p aaeprnn-nMnynbca, 
f.LII • . 

CHT OT Bbi6opa }; H HS3biBaeTCW CO 

nnara nopolK~aeT 6ecKoaeqao Mance n 

ManbHbiii onepaTop rpynnbi JlBHlKeanii 

ne CnTTepa nMeeTcn. TpH nnaeltao. ne:J 

OTBe'ISIOIIlHX BpallleHHRM B nn.OCKOCTHX 

ro, a nMeaao: 

X =Cos 6 Cos~ 

(0 1 l 

X · = Cos 0 Sin ~ 
( 0 2) 

X 
( 2 1) 

15 



eo 
f·P-p_(y)Coss~ 0 d~ 0 , 

) - cjlyHKiliHI ne:n<llHilpa, 

Cos~ 0 - Sine 
1 

Sin e 
2 

Cos e CosO 
I 2 

(44) 

(45) _.. 

Me:n<ny TO'IKllMH ( (}I , ~I) H 

( 40) KllK cjlyHKUHSI OT (}I 

( (} , ~ ).Llnst aToro 
2 2 

ynoaneTaopsteT TO-

Hll'IllllbHbiM llllHHbiM, 'ITO ll ~ TO ·ecTb ypaBHeHH!O 
a6. 8 1 8 ' 

-- Ia -e =--.nps AncjJcjlepcauHpoaasss HHTerpa-
ai\1 1-2" · 
OBllTbCSI paBeHCTB8MH: 

dP 
2y -p + m 2 p 

-p dy 

(..i2::._)2-(~)2 = 

ao~ a~ 0 

ay 
-+ 
ao

1 

ay 
,--~-) aE f. =0 = 0. 

~ 0 0 0 

0 • 

y2- 1 

Cos ·2 
(} 

I 

(46) 

(47) 

(48) 

'JeCKHii pstn (39) S!BnS!eTCSI pstllOM <f>yp&e cjlyHK-

1 - (49) 
= - d (} • ~ ) p .( y ) 

2 0 0 -p 

{ I, eon• I e I> I~ I eo >0; ·0 0 - -1, ecnu I e I :•1 ~ I () <0; 
0 0 0 

0, ecnu I e I < I ~ I 
0 0 

·cjlyHKUHefi PsMaHa ypaaneHHSI (5). nepecTaHOBO'I-

//". 

14 

. /4/. 
HilS! cjlyHKUHSI B BHAC (49) fihlall nony'IeHa .B pa6oTe 'nnst npOH3BOnbHOrO AByMep-

noro nceanopsMauoaa npocTpaHcTaa. 

§ 6. Coxpaamomnecst aemi'IHHbi 

npencTaanenne <f>oKa, aae.aennoe a npenhlnymeM-naparpacjle, xapaKTepsayeTcn 

npoH3BOn&HhlMH KOHCTanTaMn >.. 
8 

, I>.. 
8 

I < 1. B qacTaocTH, aTnMH K~HCTaHTaMn xa-

paKTepsayeT"H cocToHnne BaKyyMaoro THna I 0 > . 3TOT nposaaon Momno a ana'In

Ten&aoii cTenens ycTpaHHTb, noTpe6oaaa Bbmonuennsr ycnoanii: 

Pl0>=0, 
(ab) 

rne P -oneparopbl coxpanmomnxcsr BenH'IHH. 

(50) 

(a b) 
KaK naaecTHo, naTerpan no npocipascTaeaso-nono6aoii rnnepnoaepxaocTn ~ 

BHA8 
J ( IL T· d v 
~ 1L v u 

p 

(51) 

rne T -Tesaop aaeprnn-HMnyn&ca, a (IL -BeKTopaoe none Knnnnura, ue aaan-
jLV , 

CIIT OT Bbi6opa ~ n sa3biBaeTcsr coxpaamomeiicsr aenH'IHHoii. BeKTopnoe none K11n-

nHHra IIOpO:IKl\lleT 6eCKOH9'IHO MllllOC llBI!:n<eHHe npocTp8HCTB8 II 38A8eT HHtPHHHTean

MllllbHbiH onepaTop rpynnbi nan:n<esnii X = ( IL ~ • B nayMepuoM npocTpaHCTBe 
ax 

ne CnTTepa nMeeTCSI, Tpn nnaeiiao aeaaBHCHMbiX onepaTopa X =- X (a, b = 0, 1, 2) , 
(ab) (ba) 

OTBe'IaiOml!x apamennHM B nnocKOCTSIX a b o6'heMniODl3ro npocTpaacTBa MHHKOBCKo.,.. 

ro, a HMeHHO: 

X 
(0 I ) 

CJ = Cos 0 Cos f. -ao 
Sin o Sin ~ _a_ 

a~ 

a a 
X = Cos 0 Sin ~ -- + Sin e Cos f. --

1021 ao a~ 

X .. _2_ 
( 2 I) a~ 
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B xaqecTae I -MOJKHO · Bbi6paTh KpHByJO (} 0. Teaaop aaeprHH-HMnynhca cxa-

nHpHoro nonH paaea: 

" " 
T acf> acf> 

p.v =--;-;;- ---v- .s' gp.v • (53) 
X a X -

rne 

" 
....J 

~ 1 I af3 a cf> a cf> 2 " 2 =- g -----m cf> I 
. 2 axa axf3 

llcicne aecnolKHbiX BbiKnanoK aaxonHM, 'ITO onepaTop _ P He 38BHCHT HBHO OT 

•\ H paaea: 
( 21 I 

p 2sb+b-. 
(54) 

( 21) 
a a 

a==-eo 

3nech H8Jl0 OTMeTHTh cnenyJOmee OOCTOHTenhCTBO. CTporo I'OBOpH, Mbl JlOnlKHbl ObinH 

Obi caa6nHTh A aepxHHM HHnexcoM u . Torna ycnoaue PI 0 > = 0 npnaeno obi K 
I "2 /3/ (21) 

paBeHCTBy A a=: A a •. Bonee Toro, KSK flOK838HO B ' B BbiOOpe peweaaii BaKyyMHOI'O 

Tana HMeeTcrr eme 6onhwaii npoH3Bon. Ho To JKe ycnoaue P I 0 > "" 0 CHHMaeT STOT 
( 211 

llOflOnHHTenhHblil: np011:3BOn II:_ npHBOJlHT K MeTOllY pa3neneHHH -nepeMeHHbiX, HCnonh30-

B8HHOMy 3nech npu peweana ypaaaeaarr (8). 

Ycnoaue PI 0 > = 0, xax aeTpyAHo noKa3aTh, ABeT A = (-l)aA • llpa aToM 
( 0 I) - a 0 

p + 
( 0 I). 

IP 
( 0 2) 

p -I p 

= ~ j m 2 + s ( s+ 1) b + b-
a a + 1 •=-oo 

; Jm 2 +s(s+llb:+
1
b: 

(01-) (02) a=-oo 

(55) 

nerxo y6enRThcrr, 'ITO onepaTop A'AnaM6epa a AByMepaoM npocTpaacTae ne 

CaTTepa MOJKHO 3anncaTh a sane: 

0 ., Cos 
2 

noaToMy onepaTop 

i a2 

6(-----) 
a (} 2 ae 

16 

2 
X 

( 0 I l 

2 
+ X 

( 02) 

2 
X 

(12) 

(56) 

-. 
If 
;} 

I 
p' 2 = p 2 

- ( 0 I) 

ecTeCTBeHHO H83B8Tb onepaTOpOM KE 

P · HeTPYAHO noxa38Th, 'ITO 
(a b) 

P2=:P2:+ 

rAe naoeTo'lii:H, xax oobi'IHO,_ 03Ha'laJ 

nonHHIOTCH BalKHble paaeHCTBS 

2 
P 1 o > ... o, 1 

BcneACTBII:e ycnoaarr P I ·o > 
(01) 

A a 

llpOH3BOn B Bb!OOpe KOIICTSHTbl A O 

'ITO npocTpa!ICTBO Ae CnTTepa aaprr 

30B8liii:HMII: llOllyCKSeT )lii:CKpeTHbie. 
I I 
q a -+ - q a • noaTOMY wpeAII:Hrepo~c: 

oTpaJKe!III:H apeMeHa noT~e6yeM, 'ITO 

3To naeT A * .. A • C yqeTOM aTor 
a a. 

3aKnJO'leHaoe a npenenax 

-1 

06paTHM BIIII:MSHHe HS TO, 'ITO 

U * T8K JKe, KaK I{ u+ , u- , o6 
a a a 

B § 3. 

17 



KpHByiO () 0. Tenaop sneprnn-nMnynhca cKa-

". " 
c _!:L .!_:!_ 

axil axv 
~ gflV' 

a.p _!_j_ _ m 2 ; 2 I 
a f3 ·ax ax 

HSXOAHM, 'ITO onepaTOp p 

( 21 ' 

P =l:sb+b-. 
a a 

(21 I ac:-oo 

(53) 

_.J 

He 38BHCHT HBHO OT 

(54) 

e o6cTOHTenbCTBo. CTporo roaopSI, Mbi aomKHhi 6binH 

u . Toraa ycnoane P l 0 > = 0 npnaeno 61>1 K 
/3/ (21) 

UOK838HO B , B Bbi6ope peWeHHl! BSKyyMHOI'O 

nponaaon. Ho To )l{e ycnoane P I 0 > = 0 canMaeT STOT 
(21) 

. npnBo.QHT K MeTony paanenenns · nepeMeHHhiX, ncnonb3o-

ypaaneang ( 8). 

KSK HeTpy.QHO UOK838Tb, !{SeT ). "' ( -1) a.\ , npn $TOM 
. a 0 

eo j + -
"' l: m 2 -i- II ( s+ 1) b a b a + 1 

(02) •=-oo 

.. 
P =~. Jm 2 +s(s+1lba++

1
b: 

02) a-=-oo 

(55) 

onepaTop n'AnaM6epa a .QByMepaoM npocTpaHCTBe ae 
BH.Qe: 

i a2 
<---) 

ao 2 ·ae 

16 

2 
X + X 

! o 1 l I o 21 

2 
X 

!12) 

(56) 

[ 
p. 2. = p 2 ~ p 2 - p 2 •• (57) 

. (011 (021 (121 

ecTecTaeaao aaaaaTb onepaTopoM KBaapa:ra Macchi. On KOMMyTnpyeT co aceMH 

P . HeTpyaao noKaaaTb, 'ITO 
(abl 

p = : p2 + m 2 i' + 
b b 

(58) 
s 

all!:!!:-eo 

rae aaoeTO'IHH, KaK o6!>I'IHO, oaaaqaroT aopManbHoe nponaaeaeane. Qqeannao, Bbi

nonHSIIOTCSI BS)I{Hble paB9HCTB8 

P
2

IO> =0, P
2

b+ !O> ""m
2

b+IO>. 
• 

(59) 

BcnencTane ycnoang P I 0 > · = 0 Mbi nony'lnnn 

( 0 I) 

.\ a= (-1 )a.\ 0 (60) 

npoH3BOn B Bbi6ope KOHCTSHTb! .\ O MO)I{HO 3H8'1HTenbHO yM9HbWHTb, ecnll yqecTb, 

'ITO npocTpa!ICTBO ne CnTTepa napSIAY c nenpepbiBHbiMH 1130MeTpnqecKIIMII npeo6pa-
2 2 

30B8HIIHMII .QOfiyCK89T AIICKp9THb!9. np11 npOCTpSHCTBeHHb!X OTpS)I{eHI!S!X q 
8 

.. q 
8 

, 

I I 
q 

8 
... - Q at UOSTOMY WpeAI!HI'epOBCKIIl! BeKTOp COCTOS!HIIH DO He MeHS!eTCS!, npn 

(-O)=TI (()). 
0 

TI* 
0 

oTpa)l{eHI!II apeMean noT~e6yeM, 'IT06bi Bbmonasnocb 

8TO naeT .\ * = .\ . C yqeTOM STOI'O Tpe60B8HHS! .\
0 

-nel!CTBHTenbHOe 'II!CnO, 
a a. 

aaKnroqeaaoe B npenenax 

-1<.\o <1. 

06paTIIM BHIIMSHI!e Ha TO, 'ITO np11 ycnOBIIS!X ( 60) , ( 61) cpyHKilllll u 
s 

u* 
s 

B § · 3, 

TaK )1{9, K8K H u+ 
a 

• u 
" 

o6na.Q8IOT CBOHCTB8MII 1-8, nepe'II!CneHHb!Mll 
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§ 7. Ooeymneane peaynbTaToa 

HTaK, Mbi rrony'lnnn eoeToHHHSI aaKyyMaoro Tnrra I 0 > 1 o.aao'!aeTH'!Boro THna 

b+ IO>; .aayxqaeTH'IBOro Tnna h! b: jO> a T • .a. Mbl y.aoaneTaopHnH cjlopManbBbiM 
• 1 2 ~ 

TpeoOBaHHS!M, KOTOpbie npe.Q'bS!BnSIIOTGSI K BBKYYMY -~ n -'!aeTH'IHbiM eoeTOSIBHSIM, 

H noeTpOHnB KBBHTOByiO TeOpBIO eBOOO.QHOrO eKSIIHpHOro nonS! B .QByMepHOM npoeT

/ paaeTae ne CnTTepa. Hann'!ne KpBBH3Hbl H aeeaKna.aoaoil: T. •no~ornn ae aapy~aeT 
,OeBOBBbiX npBHUBITOB KBSHTOBOH TCOpHH _nonS!. HeeMOTpS! HB HeeTaUHOH8pBoeTb MeT-

~ > •• •• • 

pHKH, paeeMoTpeHBbie aneeb '!aeTIIUbi ae_ pomnaroTeSI 11 ae yHH'ITOJKaroTeSI. BeneneTBIIe 

Toro, 'ITO npoeTpaaeTBO () "' const KOMnaKTHO, MHOJKeeTDO niiHeil:HO HeGSBIIeHMbiX 

onepaTopoe Pc;>mneHIISI '!aeTIIU e'!eTHo. 

HaTepeeao TO ooeToSITenbeTBo, 'ITO cjlopManbBbiM Tpe6oeaaiiSIM KeaaToeofi Teo-

pan nons! Mbl ynoeneTBOpHnll, He cpHKeHpySI 3HB'IeHIIe ;KOHeTaHTbl ,\
0 

npaeeneM 

aeKoTopbie eooopaJKeHIISI B nonbay Toro, 'ITO ,\ 0 ene.ayeT nonoJKIITb paeaoil aynro. 

npe~e eeero, eKanSipaoe npo11aee.aeaae 

<Ojb:¢10> 
ua(O)etst 

2v-;-
(62) 

ynoeneTBOpS!eT ypaeneHII~ ( 5) • 0H0 0 O'!eBII.QIIO, .QOnlKIIO llrpaTb ponb BOnHOBOll cpyHK

UIIH '!aeTIIUbl e MOMei!TOM S • 0olll8SI BOnHOBBSI cpyHKUIIH '!aeTIIUbl Bb!p8311TeSI B Bll-

ne: 

Oo 

¢+ (0. 0 _ ~ U
8
(0) 

1 s .~ e , b+ (63) 
2 v 1T ... _.,., 

een11 b+ 
a 

paeeMaTpiiB8Tb KBK c -'lnena. HopMa eonaoeoil: cpyHKUIIII (63) onpe-
"" > 

N "'~ b + b- ,eenn b + II b- e'IIITBTb KOMll-
s a a a nenSieTeSI onepaTOpOM '!llena '!SeTIIU 

a=-oo 
OnepaTop '!llena qaeTHU MOJKHO aan11eaTb KaK neKeHO eonpSIJKeHHbiMH C -'!HeiiBMII, 

IIHTerpan 

N .. < ¢ +, ¢ +) .. t j" I ¢ + a¢
ao 

+ 
~¢-ld~. 

ao 

Hnll, B 6onee OOIIleM BH.QP, 

18 

N (¢+,¢+),. f jadu 
. ~ a 

j a - BeKTOp TOK8, <f> -· -apMHTI 

JKeiiHSI .QBIOT KBB.QpaT HOpMbi BOn: 

KOMnneKeHO eonpSIJKeHHbiMII C • 

(62) paeaa ennanue a nee TaKnE 

nSipaoe nponaeeneane onpenenSie, 

paBHS!eTeSI 

(¢+,¢+)=iflrf>+ 
1 2 !. 1 

noTpeoyeM, 'ITOObl BORHOBB 

"'oynymee' • HaeeeTRO, 'ITO nOBHI 

nynbe '!aeTIIUbi p a nonJKEm obi~ 

e > 0
. af3 ~- ~ 

Hyea, T •• P , g p Pf3"' · o a • 
'!Rena .QBHJKeHHe '!SeTHUbl eTBHOE 

(62) .QOnlKHB nepeil:TH B cpyHKUHK 

T8BnS!IOT Knaeen'!eeKHll HMnynbe 

cpaaa BO~HOBOH cpyHKUHB (62) .QOJ 

>au. >"0 • 
ae 

lloKaJKeM, 'ITO 9TO BbiiiOnHl 

C1 

au 
()() 

2 

R 

Qqealln.no, nepeoe na yenoeafi (I 

MeHblliiiX enHHHUbi. Ma ( 206) en< 

.· 

"· .. 



§ 1 •. OocyJKJ:tenne peaynbTaTon 

cocToSIHHSI naKyyMnoro Tnna I 0 > 1 onno'laCTH'IHoro THna 

b: b: I 0> H T • .rt. Mhl ynoaneTaopHnH ljJopManbHbiM 
1 2 

npe.rt1>SIBnSIIOTCSI K BaKyyMy ·!I n -'laCTH'IHbiM COCTOSIH!ll!M, 

TeOpHro CBOOO.rtHOrO CKanSipHoro nong ~ .rtByMepHOM Il~OCT-

HanH'IHe KpHBH3Hhl H neenKnnnonol! T. ·nonornn' ne napywaeT 

KBaHTOBOll Teopnn .rronSI. HecMoTpSI na necTaun~napnocTb MeT-
·. A . 

ue. poJKJ:taroTCSI n ne yHH'ITmKaroTCSI. BcnencTnne 

KOMITaKTHO, MHOJKeCTDO nHHel!HO HeBaBHCHMbiX 

ljJopManbHbiM Tp960BaHHSIM KBaHTOBOfi: Teo-

• .,,nntl'm<, ue ljJHKCHpyg ana 'IeHne ;KOHCTaHTbi .\ 
0 

fipnneneM 

unSI a rronbay Toro, 'ITO A 0 cnenyeT nonoJKHTb pannoli nynro. 

cKangpuoe nponaaenenne 

.<01 b-: ¢ 10>= 
u.(B)e'•t 

2y-;-
(62) 

( S). Ouo, oqeannno, nonJKHO nrpaTb ponh non no noli ljJynK

s • OowaSI nonnonag ¢YHKIUISI qacTI!Ubi BhtpaanTcSI a n11-

0 = -·- ~ u ( 8) 
- s 

2 y TT s=-oo 

e 1 s .; 
(63) 

b+ 

KaK c -'IRena. HopMa nonnonol! ljJyHKUIIII (63) onpe-
oo 

'IHcna '!aCTHU .N = ~ b + b- ,ecnH b + ll b- C'IRTaTb KOMH-
a a s a a=-oo 

c -'lllcnaMI!. OnepaTop '!!lena qacTnu MOJKHO aan11caTb KaK 

+ 2rr. .. a¢- a¢+ 
¢ ·¢~=if I ¢ + -- - -- ¢-I d~ 

o · ao a o 

Bll.rtE>, 
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·. 
N =(¢+,¢+)= f jadua 

l: a 
ja 11 .~+a¢-_ a¢+¢-J. 

a · a 
ax ax 

j a -BeKTOp TOKa, cp-• -spMHTOBCKH COITpSI:lKSHHbiH C </> + onepaTOp •. 8TH. Bbipa

JKeHHSI .aaroT KBa.rtpaT HOpMbl BOnHOBOH ljJyHKUI!ll. ( 63), eCnH </> + ll cp- C'lliTaTb 

KOMnneKCHO COilpSIJKeHHbiMH c -'lncnaMn. B qacTnocTn, nopMa nonnonoii ljJyHKUHH 

( 62) panna ennnnue n nne TaKne ljJynKuHn c paann'!HhiMH s oproronallbRbi. CKa,... 

nSipnoe nponane.aeane onpenenSieTcsr cKansrpRbiM .Kna.apaTOM no o6weMy npannny n 

paBHSieTCSI 

( ¢ +' ¢+ ) 
1 

= i fl..~.+ a¢-'~' __ 2. 

Y. 1 a a x. 
¢-ldua. 

a,p+. 
-~1 

ax a 

fiOTpeoyeM, 'ITO Obi BORHOBaSI ljJyHKUHSI ( 62) OHHCbiBana .rtBHJKeHHe '18CTHUbl B 

'6ynywee'. HanecTao, 'ITO nonHMaeTcsr non:,sTnM a KnaccnqecKol! MexaHHKe: HM-

nynbc 'laCTHUbl p nonJKim Ob!Tb nanpannen B 'nepxnroro' nonOBl!Hy cseTonoro KO-
a 

. af3 . 2 ·n 
Hyca,· T.e. p >0, g p pf3= m > 0. pn OOnbWHX 3Ha'!eHHSIX KB8HTOBOrO o · a • · 
'!!lena ,[:(Bl!JKeHHe '!8CTHUhl CT8HOB!ITCSI,KBa3RKnaccH'I8CKHM ll ljJaaa BOnHOBOH ljJyHKUHH . a 
( 62) .rtOnJKHa nepel!TH B ljJyHKUHID raMRnbTOHa-5J:KOOif U • fipOii3BO.rtHbl8 __ u_ COC-. a a 
TaansrroT KnaCCH'!eCKHll RMnynbc '!aCTHIIbl p • TaKHM oopaaoM, npn 6onbWH~ s 

(l 

ljJaaa BO~HOBOl! ljJyHKI!liH (62) .rtOnJKH8 y.rtOBneTnOpSITb ycnOBHHM: 

au. > 0 ' Cos 2 0[(~) 2 -(~) 2 1= m
2 

ao ao at 

lloKaJKeM, 'ITO STO BbmonnsreTcsr TOnbKO, ecnn A
8 

.. 0 np11 jsJ .. "". HMeeM: 

u 

au 
ao 

In 
2 I 

Re a 

u 

u* 
+ s t' 

1 au 
J:j2'a:i 

s. 

( 64) 

Qqeann.uo, nepnoe na ycnonnl! (64) BhmonuHeTcsr npn nro6btX A • 1 no Mo~ynro 

MeHbWHX ennnHUbi. Ha (206) cnenyeT, 'ITO. B KBaanKnacCII'!eCKOM npn6nnJKeunn 

.· 

. '' 
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I, 
I 
I 

'· 
' ··j 

u± (O) = e±tlaiO 
• ~ 

·, .. 

H1 3HS'lUT1 
. 2 

a 1-l>-sl 
__ o =Is 1-------------

a 0 1 + I A 12 
+ 2I·A I Cos (21 s I()- I' ) s s s 

rne A =A , A = I A I e II' a 
S -s II II 

Cor nacHo nTopoMy na ycnonni1 ( 64) npn ncex () nomKHO BbinOnHS!TbCSI 

1 -I x r 
s > 1 • 

1+IXI 2+21A 1Cos(2lsl0-p) 
a .... s ·S 

'ITO noaMOlKHO TonbKO·. n · cnyqae A = o • s 

Mbi noxaaann, 'ITO lim A 
8 

.= 0. Cornacao (60) oTcrona cnenyeT, 'ITO nee 
I~~ .... 

A a ":'· 0. OTMeTHM, 'ITO aToT peaynbTST Mbl nonyqnnn ae npennonaraSI aapaaee, 

'ITO A 
0 

nemecTneaaa. 

Y6enHMCSI ;.enepb, 'ITO ycnonnH (64) BbmonHSIIOTCSI npn A = 0. Cnenyromne 

qneHbi acnMnToTn'lecxoro paanoJKeHnSI no -
1
- naroT s 

+ u-(o) .. 
s 

± tlaiO e 

JisT 
[ 1 ± 

ll 

21 s I 

m2 im 2 

tg() 

4 s 
2 

Cos 
2 

0 

U
1 

3HS'lHT, B TOM JKe nopS!nKe paanoJKeHHSI 

2 1 m~ 
lu+l =--[1- ]. 

8 I s I . 2' s 
2 

Cos 
2 

0 

0Tcrona nonyqaeM 

m
4 

tg 
2 

0 ] 

8 s 2 

ao 2 1 2 m2 
2 .m

2 

(--·) =--=S [1+ )=S +---
a () I u +1 4 s 2 Cos 2 0 Cos 

2 
() 

B qeM n cnenonano y6ennTbCSI. 
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± tlal6 e 
± (0) = ~ 

u vI s I ,B 

- 2 

1 -I X B I 
=lsI 2 ;..t 

1 + I A .I + 21· A B I Cos (21 s I e- ll B ) 

• lj.t 

A =A ,A =lA le 8 

s -s a s 

na ycnonn~ ( 64) np11 ncex 0 nomKHO BbmonHHThCll 

1-l >. I 
B > 1' 

1 +I >. I 2+ 21 A I Cos ( 21 s I e -jl ) 
a ~" a ·• 

, cnyqae As= 0 . 

'ITO · lim A • _ = 0. Cor nacHo ( 60) oTciO.aa cne.ayeT, 'ITO nee 

I ~I:. .. 
_'ITO sToT peaynhTaT Mbl nony'lllnH ae npe.anonaral! aapanee, 

'ITO ycnoBHSI ( 64) BhiiTonHSIIOTCSI npu A = 0. Cne.ayromue 

paano:lKeHHSI no -1- naroT • 
ll 

m2 im 2 

• [ 1 ± tg6 
4s 

2 
Cos 

2 
0 21 s I 

nopH.aKe paano:lKeHHSI 

+ 2 1 m2 luI =---[1- ]. 
• I s I 2. s 2 eos 2 o 

m
4 

tg 
2 

0 ] 

8 s 2 

- 1 - m2 
-=s2 [1+ l= 

2 m 2 
s +---

lu+l 4 s2
Cos

2
0 Cos 

2
0 

y6errHTbCSI. 
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