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Xopomo IIasecTno anaqeniie HI!BapuanTIIhiX orrepaTopos ( orrepaTopos KaanMI!pa) 

IJ.IIH TeOpiiii rpyrrrr II ee 1Ip!IMeHeHIIii. B 'laCTHOCTII 1 Bal!mO IIM9Tb HBHbJe BbipalKeHI!H 

/2/ 
nnH co6cTBeHHbiX aHa'!eHIIii TaKIIX onepaTopos. B paaBIIT crroco6 naxolKneHIIH 

co6cTseHHhiX aHa'!eHIIii orrepaTopos KaaiiMHpa nponasonbnoro rropHJJ.Ka nnH rpyrrn 
/3/ 

U(n) II SU(n), a B - nnH rpynn O(n) II Sp(2n). 

B nacToHmeii pa6oTe ·rrpennaraeTCH npyrmi: crroco6 B cnyqae rpyrrrrbi 0 ( n), 
Ill 

rrpn'!eM ncnonbayiOTCH naHHbie s ¢opMynhr, aanaromne nerrpnsoniiMbre npencTas-

/2 3/ nennH 0 (n). On oTnii•raeTcH cymecTsenno OT cnocc6a, paaBIIToro s ' • Lleno 
/2 3/ . 

B TOM 1 'ITO B 
1 

IICIIOIIb3yeTCH 3KCTp9MHblH ( TO'!Hee, CTapmnJi) B9KTOp COOT-

BeTCTBYIO!llero 1Ip9JJ.CT8BII9HIIH1 a B 6aance, C IIOMO!llb!O KOTOporo aanaiOTCH yno-
1!/ 

MHHYTbJe !j:lopMyiibi pa60Tbl 1 TaKOJi BOKTOp He y'laCTByeT (a a IICKIII0'19Hl!9M Tp!I-

BIIanbHOrO CIIy'!aH, Korna n::;: 3 - CM. npiiiiOJ!(9HII9 -K HaCTOHlilOii pa6oTe); KpOMe 
Ill 

Tore, cncTeMa renepaTopon, nnenenHaH s n ncnonbayeMag anecb, ne conrraaa-
13/ 

eT C IICIIOIIb3yeMOi! B CliCTOMOi! renepaTOpOB ( 1Ip!I 1Ipl!M9He!IIIH IIMOHHO IIOC-

IIOIJ.HliX renepaTOpOB K 3KCTp9MHOMY BOKTOpy 1IpOHBIIHIOTCH ero xapaKTOpHbJe CBOII
/2 3/ 

CTBa~ Ha KOTOpblX OCHOBb!BaiOTCH BCe BbiKIIaJJ.Kli B' 1 
) • -0nHaKo

1 
!{a!{ Mbl IIOKa-

lK9M 1 B yKa38HHOM 6aance y'laCTByeT HOKOTOpbil! B9KTOp . f, CO CBOi!CTBaMl! 1 KO-

TOpbie nanyT H8M B03MOlKHOCTb ner'KO Bbl'lliCIIIITb- 1Ipl!M9HHH K f, reHepaTOpbi, 
Ill 

sseneHHbie B - co6cTneHHbre aHa'!eHIIH orrepaTopos Kaal!MIIpa mo6oro rropHJJ.Ka 

IJ.IIH rpyiiHbl 0 (D). TeM C8MbiM 6yneT IIOKaaaHo, 'ITO HCIIOIIb30BaHII9 3KCTp9MHOro 

(cTapmero IIIIH MII81J.ll!Oro) BOKTOpa H90003aTenbHO; IIHblMI! CIIOBaMI!
1 

He CnenyeT 

C'll!TaTb, 'ITO TOIIbKO CT8plllll9 II MIIaiJ.lllll!) B9KTOpbl o6nanaiOT 3aM9'18T91IbHbiMI! CBOi!-

CTBaMII. KoHe'!Ho, neKTop f, TaKlKe HBIIH9TCH 3KCTp9MHbiM 1 HO ylKe B llpyroM 

CMbiCne: 3KCTpeMHhiii xapaKTep nMeeT Terrepb cxeMa fenb!j:lanna-UeTmiHa, KOTopaH 

"nyMepyeT" f, (eM. § 2). 
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0TMeTilM TaiOI<e
1 

'ITO liOnyqei!Hbie 3ll.eCb <jlopMynhi 1 3a.[1ai0Ullle C06CTBei!Hbie 

aHa'leiiHSI onepaTopoe KaallMilpa nnSI rpynnhi 0 ( n), 6onee s¢<jleKTilBilui, npel!<ne 

ecero, 6naronapSI nonxonSimeMy onpeneneHiliO yKaaaHHhiX onepaTopoe, Te ll3 HllX, y 

KOTOpb!X llOpSIAOK He'leTell1 OKa3biBaJOTCSI paBHbiMil HYITIO ( CM, CHOCKy Ha CTp, 5 

rne STO~ BOllpOC o6cy~naeTCSI HeCKOITbKO' 6onee ITOAp06110j 3aMeTilM1 KCT8Til 1 'ITO 

. 131 6 6 aHanorM'l!loe onpeneneHMe B cxeMe, npenno~enHoit ' B . , nplleeno hi K onbmHM 

ocno~neHHSIM). t.!To ~e KacaeTCSI onepaTopoe KaaJIMHpa qeTnoro nopSIAKa k, 

TO Bbl'lllCrretiile co6CTBeHHOrO 3!1a'lellllSI mo6oro H3 HllX AilS! .[1alltiOrO UellpllBOilllMOrO 
. /3/ 

npeACTaenetiilSI 0 ( n) CBOAilTCSI 1 KaK H · B 1 K B03Be.[1e!lll10 HeKOTOpOl! MaTpllllbl 

. /3/ k 
B COOTBeTCTBYIOUlYIO ,CTeiTellb, llpll'ICM B CTeneHb paella 1 a ITOpS!AOK CaMOlf 

. . k 
MaTpllllhi paeeH n , B TO epeMSI KaK anecb nonyqaeTCSI cuoTBeTcTBeii!lo T - 1 

ll (--f] ( MaTpllllbi
1 

KOHe'III0 1 pa31lbie), T,e, 3.[1eCb peayrrbTaT HaMHoro npome, 

Bee STO onpaenbmaeT, na Ham earnSin, noSienenue nacTOHmell: pa6oThi, ne

cMoTpSI na To, 'ITO> no IIee y~e noHBimacb npyra11 pa6oTa, B KOTopol! pem.aJOTCSI Te 

~e CaMbie BOllpOCbi, 

§ 1. OnpeneneHile onepaTopoe KaaHMHpa 

Ill 
Mbi 6yneM nonbaoeaTbCSI o6oanaqe!IIlSIMil pa6oTbi , rne reHepaTophi 1 

/4/ II 
rpynnhi . 0 ( n) Bbi6pallbi TaK, 'ITO ( cp. ) 

[It! '~h] z.Skl Ith -8th Ikl -Bkl Ilh +lllh Ikt.' 

Onpe.aenllM onepaTopbi 
IN 

lj 

I =-I 
j I li 

llllAYKTilDllO: 

I
1 

=I 
lj lj 

4 

(1.1) 

( I.2) 

( 1.3) 



Ma ( 1.2-4) BhiTexaeT, 'ITO 

cneaoaaTenbuo, 

N 
I II 0 I ecnH N 

N 
I 

IJ 

( 1,4) 

( 1,5) 

( 1,6) 

KpoMe Toro, 118 OCHOBSIIHH .( 1,1) H ( 1,4) H8TPYJ:IIIO J:IOK838Tb (HHJ:IYKUHeil 110 _'N ), 

'ITO 

N N N N N 
[l l ] "'8 I -8 I -8 I + 8 I 

IJ I kh kJ lh lh tJ tl Jh Jh kl 

OnepaTop KaaHMHpa XI N -ro nopHaKa onpeaenHM ~opMynoll 

( 1, 7) 

x/ 
MolKeT noxaaaTbcn, 'ITo aTo onpeaeneHHe, cnHaaaaoe c ( 1.4), HanHwae aa

MhiCnoaaTo, Oaaaxo aTa aaMhicnoBaTocTb T~nbKO KalKymaHcSI; oHa onpaBAhiBaeTcn 

TeM, 'ITO HMBHHO llpH TSKOM onpeaeneliiiH C06CTBBHHhiB 3118'IBHIISI onepaTOpOB Ka-
3HMHpa rpyllllbl O(n) HM8IOT, KSK Mbl YBH):IHM, J:IOBOJibHO llpOCTOll BHJ:I, HaMHOro 

CJIOl!<l!ee BH):I C06CTBBHI!b!X 3HS'IBHHif, 8CJIH/~J18CTO ( 1,4) HCIIOJ1b30B8Tb, HSlipHMep, 
cneayrowyro, Kaaanocb 6bi (no aHanorHH c ) 6onee npocTyro

1 
¢!opMyny: 

N+l n N 

111 "' I lit l t J • 
k=l . 

Bnpo'IeM, Ka'IecTna BhiwenpHneaeHaoro onpeaeneann BbinBJIHIOTcn eme a ( 1,9), 
MolKHO rroxaaaTb, 'ITO ( npH nro6oM onpeaeneanH) onepaTopbi KaaHMnpa rpynnbi 

0 ( n) HB'IBTHoro nopHaKa Bbipal!<aiOTCH nocpeacTBoM onepaTopoa KaanMHpa 

HH3WIIX ( 'IBTHbiX) IIOpHJ:IKOD; 3118Cb 3Ta 38BlfCUMOCTb llpOSIBJIHBTCH B CSMOM npoc-

TOM Bl!lle: CN =0, 8CJI!I N 1181JBTJIO ( Cp, C IIOJ:ICTpO'IJ!biM 1IpHMe'!aJI!f8M !/ B/2/, 

CACJIUHHbiM 110 SHUJIOI'l!'liiOMy IIOBOJ:Iy, T,e, flO UOBOJ:IY BU6opa OllpcneJieH!HI IIHBBp!IaHT
HbTX orrcpaTopoa). 
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1 n N 
·C =-I I 

N 2 1= I 11 

B 'ISCTHOCTII, CornaCHO ( 1,6), 

B CIIIly ( 1,7-8) HMeeM 

c "'0. 
-N 

[I , C ] = 0, 
IJ N 

( 1,8) 

ecnli N HO'leTHO, 
( 1.9) 

(l,IO) 

T,e, orrepaTOpbl ( 1,8) KOMMyTnpy!OT CO BCeMII rel!epaTopaMU rpyiTflbl O(n) > TaK 

'ITO Oflll nefrCTBIITellbiiO SIBilSIIOTCSI III!BapllaHTllMII ll!ODOrO nerrpHDOJliiMOrO npeJlCTllB

IlOIIIISI O(n). J1Hb!MII CllOBllMH, KOMMyTSUIIOHHbie 'COOTHOIIJeHIISI ( l, 7) II ( 1,10) Bbl

HDilSIIOT Tenaopuy10 rrpnpony onepaTopoa 
N 

I tJ II eN COOTBOTCTDei!HO; TO'!Hee, 
N 

I 
IJ 

o5paayiOT (orrepaTopnbrii) TeHaop aToporo panra, a eN S!BilSieTCSI Tell-

aopoM nynenoro paura ( IIHBapnaHTOM), 

0TMOTUM erne cnenyiOruee, HeTpynuo noKaaaTb c rroMOillblo ( 1.4-5) 11 (I. 7), 

'ITO 

N+! 
I 

!J 

n 
1 =-[ ~ 
2 k=l 

N N+l 
I I + (-1) ~ 
!k kJ k=l 

n 
IN 1 

Jk k! • N::). 

N 
TaKHM o6paaoM, Mbi nony'lll/lll Honoe onpenenenne orrepaTopon I 

!J 

( 1,11) 

SKBIIBll/lel!T-

Hoe rrepnoHa'!anbHOMy. OpHMeM Terrepb no BHHMarme, 'ITO orrepaTopbi I Kocosp-
/ 11 x/ + · IJ 

Ml!TOBhl , T,e, I
11 

"'-1
11 1 

111111, COr/lllCIIO { 1,2), 

xl Bl 11 nMecTo ( 1.12) onm6oquo narmcaHo I~ =-I J! T.e. oumooqno C'lli-

TaeTcH, 'ITO. STII orrepllTOpbl 3pM11TOBb!, BrrpO'JeM, 3TO MLI OTM9'!lleM TO/lbKO p8Jlll 

TO'IHOCTn, TaK KaK Jl/lSI naumx uene!"r auaK rrpaaofr 'lllCTH ( 1.12) necyruecTnenen; 

TO ~{() CllMb!O peayllbTllTbl Mb! fi0/1y'IH/1H Db! ( KOHO'IIIO, mutatis mutandi~ ) II Upi! 

H3MC!Ie!IHH STOro 31111Kll, 
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( 1.12) 

Ha OCHOBO ( 1.4) II ( l,ll-12) MOlKHO AOKB311Tb IIHAyKTIIBH01 'ITO 

( 1,13) 

§ 2, <l>yHAilMOHTilllbHbili: BeKTOp 

flcHo, 'ITO 9AIIHCTB9HHOe CODCTB6Hfl06 3Hil'16HHe OIIepaTopa C N Ami ABHHOro 

Hellpi!BOAI!MOrO llp6ACT8BII6fiiiR 0 (n) MOJKHO Bbl'IIICIIIITb 1 IIOA9li:CTBOBaB OIIepaTOpOM 

C N Ha mo6oli: BeKTop rrpocTpancTBa aToro rrpencTaBnenHR, KaJKAoe Taxoe rrpen-

cTannenne 3anaeTCR ua6opoM v .. [ + 1 xl '!He en m , m 
2

, ••• , m v ( ynon-

neTBOpRiomnx fl6KOTOpbiM yCIIOBliRM), llpll'leM KBJKAbili: BeKTOp D8311Ca B COOTBeT-

XXI i+l 
CTBYIOIIleM rrpocTpaHcTBe w3aHyMepoean' ua6opoM 'IHcen m

11 
, J=1,2, .•• ,[.--], 

2 
i = 1/ fJ ... 1 n - 2 ( TaKXce YAOBIIeTBOpliiOIIli!X HeKOTOpblM ycno-

BliRM), HeTpyAHO yoeAHTbCll B TOM, 'ITO 'IIICIIa 

mil =ml,J•=l,2, .•. ,[1+21 ],1=1,2, .•• ,n-2 

0Dp113YIOT OAIIH 113 "HyMepyiOIIliiX' HllDOpOBo 0o03Hil'IHM .'lepe3 ,; 

mll.ii. BeKTop 6a3nca, KpoMe Toro, B cuny ( 1.1) nMeeM 

1 .. [1 . ,I 1,~>1. 
I+L\1 I+L\,1+1 1+1,1 

( 2,1) 

COOTBOTCTByiO-

(2.2) 

HeTpyAIIO AOK838Tb IIHAYKTIIBIIO C IIOMOIIlbiO ( 2,1-2) H Ha OCIIOBilflHII <jlopMyii Allll 

Ill 
renepaTopoB II+ 1, 1 ., naHHbiX B , 'ITO 

x/ Kax oobi'IHo, ecnH x -Hpoli3BOIIbfloe •mcno, To qepe3 [ x 1 6yneM o6o3-

l!a•ri1Tb 6nn)!miirnee cn113y K x uenoe qncno. 

x/ 3TH IIOCIIOAH!Ie na60pb! llpllllRTO flll3biBaTb CXeMilMH fenbcpllflAa-UeTIIHHa, 
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I 2k , 2k- 1 ,; ~ I tr. f k • ' 

12k, 2h-1 ,; cl I 2k, 2 h f. • I2k-1,2h-1 f.c I 12k-1, 2 h f., k > h • 

KaK Mbi yBII!UIM, liS ( 2,4) BbiTeKaeT, '!To 

I N 
2k,2h-1 

N N N 
f, ell f., I f,=i I f., k>h. 

2k. 2h 2k-!,2h-1 2k-1,2h 

(2,3) 

(2.4) 

(2,5) 

3TII SaMe'!aTeiibHbie CBOilCTB8 BeKTOpa .; .l:ta!lyT HaM B03MOX<HOCTb nerKO Bbl-

'!IICniiTb co5cTBeHHbie SHa'!eHIISI onepaTopoa Kasi!Ml!pa npousaonbHoro nopH.t~Ka anSI 

paccMaTpiiaaeMoro aenpl!BO!II!Moro npeacTaBneHIISI 0( n). EyaeM H83biBaTb .; 

ljJyH!18MeHT8IIbHbiM BeKTOpOM ( CM, npl!IIO)!{eHIIe), 

§ 3, lloKasaTenbCTBo ¢opMyn ( 2,5) 

B ciiny ( 1,3) npu N = 1 ¢opMynhi ( 2,5) nepexoaSIT D ( 2,4), T,e, npii 

N = 1 OHII cnpaneaniiBbl, nosToMy Mbl npO!IOII)!{I!M !IOKaSaTenbCTBO no IIH!IyKUI!I!, 

OcTaeTcSI ycTaHOBIITb, '!TO ecnii ( 2,5) IIMeeT MecTo npu aeKoTopoM N' , TO 

l!MeiOT MeCTO II COOTHOIIJeHIIS!1 KOTOpbie IIOIIY'!BIOTCS! liS (2,5) 38Mei!Oil N-+ N+l. 

L£To5bi ae· neperpy)!{aTb II3IIO)!{eHl!H, Mbi aoKa)!{eM TonbKO '!BCTb us nocneaunx co

oTaoweanli, a l!MeHao: 

N+! N+J 
I t- -I I "'c 0 · 

2k,2h-1 ~ 2k,2h ~ • 
(3, I) 

OCT8IIbHbie !IOK83LIB8IOTCS! 8H8IIOrii'li!O, 

8 



3aMeTI!M CHa'lana, 'ITO, CornaC!IO ( 1, 7), 

.N 

[I · , I 
21:,21-1 2h-1,21 

N 
]=0, [I ,I 

2h-1,21 2k,21 

N 

l~I ,k>h>j. 
2k,2h-l 

Cne.noBaTenbHO, cornacuo ( 2,4-5), npl! k > h I!MeeM 

h-1 N h-1 
! I I f.e ~ (II 

N N 

1=1 2k,21-1 2h-1,2J-I l=l 2h-1,21 I .;+I[I ,I 10= 
21:,21-1 21:,21-1 2h-1,2J 

h-1 2 N 
= I (I I 
l =I 2t, 2 I 

, I f.+ I 2 
[ I , I N ] f.) = 

2h-1,21 2h-1,21 2k, 21 

N 
I f. -(h-l)I f., 

2h-1,21 2k,2h-l 

TaK 'ITO, C y'leTOM ( 1,2), 

2h- 2 

~ IN I 
h-1 N h-1 N 

21:, I J,2h-l 
f. = -<i I I f.-, ~ I I f. = 

, .. , 2k,2J-l 2h-1,2J-l J=l 21:,21 2h-1,2J J e I 

N 
3 (h-I) I f., k > h • 

21:, 2h- I 

Cne.nonaTenbuo, 

n N N N 

! I21:,1 11,2h-l f.= (h-l) I 2t,2h-l f.+ I2t,2h -1 I2h-1,2h-l f.+ 
1=1 

N 
+ I 

21:, 2 h 

9 

N 

I f.+ ~ I 
2h,2h-l 2k,l 

. J>2h 

I f.,k>h 
I. 2h-1 



TaK KaK B cnny ( I.2) .1 2h-t, 2h _ 1 = 0, a B cuny (I. 7) 

N N 
I =I I 

2h, 2h-l 2h,2h-l 2k,2 h 

N N N 
+[I ,I ]=I I +I ,k>h. 

2k,"2h 2h,2h-l 2h,2h-l 2k, 2h 2k,2h-l 
I 

2k. 2 h 

AHanoru'!Ho Haxo.onM 

n N 
~ I 

2k ,J 
!=I 

N 
I /;=hi 

J.,2h 2k,2h 

N N 
1;- I I /;+!.I 

2h,2h-l 2k,2h-1 J>2h 2k,J 

yf3 (3,2-3) BbiTeKaeT, 'ITO llpH k> b 

n 
N 

I 
2k. l 

n N 
I -1 ~ I I )I; 
J,2h-1 2k,J J, 2h 

!=I 

(!. 

J=l 

N N 

I ,;,k>h. 
J • 2h 

(3.3) 

= ( h + I I2h, 2h-l )(I 
N 

1;-·1 I2t,-2h I;) + :£ I (I I;- I I /;) = 0, 
J>2h 2k,J l,2h-l J, 2h 2k,2h-:1 

nocKonbKY .o6a cnaraeMbie paBHbi uymo- nepBoe B cuny ( 2,5), TaK KBK no ycnoBuro 

k>h, a BTOpOe B cuny (2,4), TBK KBK J>2h. Ananof'H'IHO, Y'IIlTblBBII ll (I,5), 

nonyqaeM 

n N n N 

(~ I -1~ )/;=0. 
l=l 2h-1, l l,2k 

J=l 2h .l J, 2 k 

KoM6HHIIpyll sTu pe3ynhTBTbi c (I.4), nonyqaeM (3.I). 3TnM .ooKa3aTenbCTBo 

38KOII'IG!IO, 

§ 4, CnencTBIHI tjJopMyn ( 2,5) 

Paccyn<naH TaK nw
1 

KaK npn BbiBone ( 3,2-3), nonyqaeM 

n 
I 

J=l 

N N N N 
I (= (k -l)I f.+ I I /;+ :£ I I 1;, 
J,2k-l 2k,2k-.l 2k, 2k 2k,2k-l J>2k 2k,l J,2k-1 (4.1) I 

2k. l 

IO 



n N 
N N N ! I I 

1=1 2k-I.J l,2k 
~=(lc-1)1 ~-I 

21:-1, 2k 21:-1, 2k-l I ~+! I I 
21:,21:-,1 l>

2
t 2k -1.1 1, 2k ~. (4,2) 

n 

I 
1=1 

n 

1= I 

N 
·I I 

2k,l l,2k 

N N 

~=-!(I +II21,21-1>~+ 
l<k 21, 21 

N (4,3) N 
+(k-l)I 

2k. 2 k 
~-I I ~-I I 

2k,2k -1 2k,2k-l . 
l>n 

N 
I 

2k, 1 I 1, 2t -1 ~' 

N 
I I 

2k-l,l 1, 2k -I 

N N N 
+ (k-l)I . ~+I ,;-+1 I I 

2k-1,2k-l 2k-1,2k 2k,2k-l 2k-l,l 1. 2k 
1>_2k 

KpoMe Toro, ananoriPUILIM o6paaoM nonyqaeM 

N 
I I 

2k,l 1,2k-l 
I N 

2k-l,l 
I 

1,2k 

N N 
I ( n -2k ) (I + II ) ~. 

2k,2k 2k-l, 2k 

(4.4) 

(4,5) 

f1pHIIHM8SI BO BHHMaHne ( 1,4-6) 1 ( 2,3) H ( 4,5) 1 118 OCHOB81!HII ( 4, I-2) H8XOJlHM 

12N+! ~=..!_m (I2N ~+12N t) _..!_}; 
2k. 2k-l 2 k 2k. 2k 2k-1,2k-!" 2 1> 2k 

2N I 2N 2N 
I 11 f.+-

2 
(n-2k)(I f.+ II f,), 

2N+2 
I 

2k ,2k -1 

l 2 N +I 
~=-<I I 

2 1>2k 2k,l 

a 118 OCIIOBaHIIII {4,3-4) -

II 

2k,2k 2k-!, 2k 

(4,6) 



2N+2 2N+2 2N+! n 2N+I 
1u-1,21:-1e + I2t,2k f. .. - 2ll: I21.21-1 f.- 21(y+mt-k)I2k,U-1 

J<k 
e. (4.8) 

2N+2 2N+2 2N+1 , 2N+! (4 9 
I2t-t,2t-1 f.- I2t,2t f. .. t (I I2k,J IJ.2t-1 f.+ I I2t-1.1 I J,n ,0. ' ) 

J>2k J>2k 

llarree, CorrraCHO ( 1,13), 

N N 
(f.. I IJ I k h ,f) .. ( I ll f.. I k h f.) • ( 4.10) 

rne CK06KII ( , ) o6oaHa'!aiOT cKamipHoe nponaaeneHne, 11a ( 2,5) n ( 4,10) Bbi-

TeKaeT, 'ITO 

N N N 

(f., I I2k,J IJ,2k-t0=! (11.2< f., IJ,2t-t f.) .. ! ( -IIJ,2k-t f.,II 1,2t f.) .. 
J>2k J>at 1>2t 

=1 2 !(1 .;,I n=-<f.,l I. f.L 
J>2k J,2k-1 J, 2k. ,2k-1, l J, 2k 

CrrenonaTerrbHo, corrracHo (4,7) n (4.9), 

( f I~N+2 i:)' .. (l: I2N+2 l:)=O 
,, 2k-1,2k'> ,, 2k,2k-1 .. ' ( 4.11) 

2N+2 2N+2 
( ~: I l:) = ( ~: I l:) • 

'>' 2k -1, 2k -1 '> .. ' 2k. 2 k.. , (4.12) 
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neplloe 113 palleHcTil ( 4.11) slllmieTcl! cne.QCTillleM ( 1.15). nono>KIIM: 

p~n-2v = { 
0, ecn11 nn 

I, ecn11 

'19THO 

H9'1STHO ( 4.13) 

r.Qe OIIS!Tb v=[-t ), 3aMeHlll! a (4.11-12) N na N-1 11 KOM611nnpyll nony'!eH-

Hh!S TSKIIM o6pa30M llh!pa>KSHIJSI C ( 4.6) II ( 4.13) 1 l!aXO.QIIM 

2N+I n 2N V 

c,;.r _;)~ 1 <-u -J,.)(,;,r2k,2k.;l-n: 
2k. 2k -I 2 k 

ananorii'!H01 KOM61111Hpyll ( 4.11 -12) C ( 4.8) 1 IISXO.QIIM 

c,;. 12N+2 
2t, 2k 

n 2N+J ~I 2N+J 
_;) ~-I (- + m -k )(,;, I _;)-I- ( f,, I f,). 

2 k 2t, 2k-t J~l 2J, 2J -1 

nocne.QHI!e ABa paBSIICTBa MO>KIIO 381IIIC8Tb COOTIJSTCTBSI!I!O B BIIAS 

2N+t V 2N 
<.;.r .;l=l~btJc.;.I 

2k,2k-l J=l 2J,2J 

1 2N 
f,) -- P (f,, I 

2 nn 

(f, I2N+2 ~ 2N+t 
f.)= -I"- a kj c.;, 12J,2l-1 .;), 

J~l 
' 2k' 2 k 

f,)' 

a =<L+m -k)c5 +11 , 
kh 2 k th kh 

n · [1,k>h b -=<-+m -k)c5 -e , e =. 
k h 2 k • t h hk k h 

0, k~h 

a c5 t h -'CIIMBon KponeKepa ( l!CHo, 'ITO BCIOAy 1 ~ k , h::: v ) , 

13 

(4.14) 

(4.15) 

(4.16) 



KpoMe Taro, ecn11 'IIICno n neqeTno, TO .!... ( n + 1 ) 
1 2 

- uenoe 'IIICno, Qqe-

BllllH01 Upll k~T(n+1) BM9CTO (4,4) 6yneM. IIM9Tb 

n N 
! I I Ec -

nJ Jn ;) 
J=l 

y N N 
I (I +II 

Jcl 
2J,2J 2J,2J-I 

N 
)f, + y I 

nn 
f, 

(Mbl Y'lnll 1 'ITO Tenepb k -1 = Y II 2k > n). CnenoBaTenbH01 cornacno ( 1.4), 

( 1,6) II (4,.13) 1 

p(f,, I2N+2 
nn 

J,f 2N+ I 
f,) = -1 p! (f,, I f,). 

2J, 2J -I 
J=l 

(4. I7) 

3aMeHS!ll anecb 11 B (4.15) N na N-1 

30M Bblp8lK9HI!ll B ( 4,14) 1 H8XOJliiM 

I! UOJlCT8Bn!lll nonyqeHHble TaKIIM o6pa-

2N+I y 

(f,, I2t, 2t-1 f,) =I [ (ba\h 
h=l 

1 2N-1 
- -p ]( f,' I f, ) 2 2h, 2h-1 

(4,18) 

( qepea a 11 b ·o6oanaqenbi1 paayMeeTcSI, MaTpHUhi. nopllllKa y c sneMeHTaMn 

COOTB9TCTB9HHO 9kh ll bkh ), np11HHM8SI BO BHHM8HII9 1 'ITO B cuny (4,16) 

0 kh+Ohk +okh"' 1 • 

HeTpy.QHO UQK838Tb Ua OCHOB8HIIll (4,13) ll (4,16), 'ITO 

1 1 
(ba) -- p,. (BA--p) 

kh 2 4 kh 
(4.19) 

r.ne 

14 



(4,20) 

( KOHe'!HO, B ( 4,'19-20) IIOt:tpaayMeBaeTCSI1 'ITO 'IHCIIO p yMHOJKeHo Ha et:tlfHH'IHYIO 

MaTpnuy). Cornacao ( 4,19), Mbi MoJKeM rreperrncaTb ( 4,18) a cneayromeM anne: 

I 
2N+t V 1 

(~, f.)= I (BA--p) 
2k,2k-l h=l 4 kh 

2N-t ce-,I f.>. 
2h,2h-l 

oTa peKyppeHTH8SI ¢opMyrra II03BOIIS!eT HaM 38KIIIO'IHTb
1 

'ITO 

2N+ I V 1 N 
(~,I f.)~ I [(BA--p) 1 

2k,2k-l h=l 4 kh 

HIIH, C y'leTOM ( 1,3) H (2,3), 

2N+! V 1 N ce-,I O=II· [(BA--p) 1 m (f..~). 
2k,2k -1 h=l 4 kh h ( 4,21) 

HaKoaeu, na (4,15), (4,17) u (4,21) BbiTeKaeT, 'ITO 

2N+ 2 V 1 N 
("I f.)=![a(BA--p) 1 m (~,f.), 

<,' 2L 0 2 L 4 h h • • h=l k 
(4.22) 

2N+ 2 
p(f., I 

nn 

V • 1 N 
~) = p I [' ( BA- - p ) 1 m ( ~, f.) . 

4 kh h (4.23) 
k' h=l 

15 



§ 5, Co6cTBeHHhie ana'leHHli onepaTopoa KaanMnpa 

Cornacno ( I,8) n ( 4, I3), 

c ~-..! ! 
2 

21H2 2N + 2 1 2N+2 
(I +I )+-pi 

2k -1, 2k-l . 2k • 2t 2 '"' 2N+ 2 
t~l 

0Tcrona c noMombiO ( 4, I 2), ( 4, 20) n ( 4.22 -23) rrony'laeM 

V 2N+2 1 2N+2 
(~, C2N+2 eJ .. ! (e. 12t,n ~)+2 p(,f, Inn eJ., 

t=l 

v 
! 1 1 N V 1 N 

[(a+-p)(BA--p) 1 m (~.~) .. ! [A(BA--p) 1 m Ce,e> 
2 4 th h 4 kb b k,h=l 

k,bal 

nnn (nonb3YliCb TeM 1 'IT0 1 KSK Mbl yJKe .!IOKaaann B § I, C
2

N+
2 

liBnlieTCli HHBa-

'pnaHTOM I) 

c 
2N+2 

II 

=! 
k,h=t 

(5, I) 
l N 

[A(BA--
4 

p) 1 m 
th h 

HTax, co6cTBeHHbie 3Ha'leHHli onepaTopoB KaanMnpa (.nnH rpynnbi 0 (n)) 'leTaoro 

nopH.rtKa aanaroTCll ¢opMynofi ( 5, I), rne B cuny ( 4, I3), ( 4. I6) n ( 4,20) A n 

B - MSTpHUbl IIOpll.rtKa II C aneMeHTSMif COOTBeTCTBeHHO 

Akh =(n-ll+mk-k)Bkh+c9kh' Bkh =(v +mk-k)Bkh-c9hk ,8th= .(5.2) 
[

1,k>h 

0, k< h 

"'To )f(e xacaeTcl! orrepaTopoB KaauMupa aeqeTaoro rropHaxa, To Bee ux co6cTBeHIIbie 

3H8'WHIIH 1 cornacao (I ,9), paBI!bi uymo, 
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3aMeTIIM1 'ITO B C!Iny ( 5, 2) 

II 

I Akh ~ mh+n-2h, . .,. 
a STO ~aeT HaM B03MO~HOCTb npe~cTaBIITb (5,1) B BIIUe 

II .N 

C 2.N+2 I (M )th (m.+n-2k)mh, MmBA--tp 
k ,h-=1 

(5.3) 

TaKIIM o6paaoM, Bhi'IncnenRe onepaTopa C 
2

N+
2 

caeneno K, sneMenTapno!i sanaqe 

,1. N ( /2,3/) nosnenennH MaTpiiUhi • B -10 cTenen& cp. • 

B aaKmoqenRe paccMoTpiiM_ una npnMepa. np!I N = 0 na ocnoaaann ( 5,3) 
0 

HaXOUIIM ( TilK KaK ( M )k h "'8 k h ) 

II 

C 2 =~ mt(mk+n-2k); 
k=:J 

(5.4) 

/5/ sToT pesyn&TaT nonnqcTbiO cornacyeTcg c cooTBeTcTnyromnM pesyn&TaToM B 

rue paccMOTpeH TO!IbKO cnyqa!i onepaTopa KaanMnpa BToporo nopgnKa (nng npona-

aon&ao!i nonynpocTo!i rpynnhi), nycTb Tenepb n = 3, a N -nro6oe, TaK KaK a 

TaKOM cnyqae v = 1, TO A n B Bhipo~aroTcg B 'IRena, Toqnee, cornacno 

(5,2), 

A., J + 1, B= j , 

rue j .. m
1

• CnenonaTen&no, a cRny (4,13) n (5,3) 

1 N 
C

2
N+2 mj(J+1)[ j(J+l)--

4
] (5.5) 

KaK qacTHhill cnyqall II3 ( 5,4) ( npn n = 3, T,e. v = 1), nn6o na (5,5) (npn 

N = 0) nonyqaeTcg xoporno nanecTnoe Bhipa~enne nng onepaTopa KaanMnpa BTo-

poro nopmlKa rpynnhi 0 ( 3) ( na BhiiiiecKaaannoro gena, 'ITO qepea j snec&,KaK 

o6wqno, o6oanaqeno To uenoe nnn nonyuenoe neoTp!IuaTen&noe qncno, KoTopoe on

penengeT cooTBeTcTByromee nenp!IBOUHMoe npencTannenne aToll rpynnhi). 
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DPHnO)!(EHHE 

MoJKeT noxaaaTbCll, '!To ljlyunaMeHTanbHbill aexTop ~ 
(eM, § 2) l!BnlleTcl! 

nn5o CTapwnM, nn5o MnanwnM nexTopoM, Onnaxo sTo ueaepno (npn 

BHTenbH01 K8K HeTpyltHO y5eltliTbCH 1 CBH3b MelKltY renepaTopaMn I 
/3/ IJ 

liCilOilb3yeMbiMll COOTBeTCTBeHHO 3lteCb li D 
1 

38lt8eTCH ljlopMynaMU 

x7Jh 
. fk 

1 1 . 

n > S), UellcT-
I 

n X 
1 

7Jh 
X 

:-T (I2k-J, 2h-J+ 7]! I 2k-1,2h )+2 d (l~k,2h-J+l)l I 2k, 2h '} 

k,ll:1, .... ll,f,7]: ±1 

0 
1 0 -fk 0 =--(1 +7JII ), X :-X ,X =0 v2 n,2h-1 n,2h fk 0 0 

( f II 7J llpliHliM8IOT 3H8'!elllll! +1 I! -1 He38BI!Cl!MO ltpyr OT ltpyra; BTOpag ljlop-

Myna B03Hl!KaeT miWb To rna, Koraa n He'!eTHo; no 1!35eJKaHne neaopaayMeHnll oT-
/3/ 

Me TUM ewe, 'ITO '!epea n a o5oGnaqaeTcll v ) , CnenonaTenbHo, a cnny 

( 2,4) nMeeM, narrpnMep, 

h 

X ~=1(-1 .;+til ~), v>k>h>l,t=±l, fk 2k-J,2h 2k,2h 

a 113 ::lToro BbiTeKaeT1 KaK HeTpyltHO y6eltl!TbCH, 'ITO 

h 
X ~ f 0, ±[h -( +k)]>O. :p 

0cTaeTC51 3aMeTl!Tb, '!'.!'0 CTapWllli BeKTOp 

IS/ y;:waneTnopSITb ycnomiHM ( cp, ) 

X
1 

r/1 ± = 0 
J 

rrpn 

r/1+ n Mnanwnll nexTop r/J-

±{1-j)>O. 

ltOillKilbl 

( Bbrme rrpeanonaranocb, '!To 11 > 1, T,e, n > 3, AHanornqHbiM o5pa30M MOlKJIO no-

Kl13BTb, 'ITO llpl! 
n < 3 .; SlB!l51eTC51 Mll8!lllli!M BeKTOpOM, QqeBI!!lHO, 3TO liCKniO'Ie-

nne necymecTnenuo), 
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