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§ I. Bse.oeHHe 

121 
CKanRpHoe HenHHellaoe none Eopaa-VfHcpenb.oa s .osyxMepHoM npocTpaac,-

( t ) 6 I I/. II BS X OllHCbiBaSTCSI cne.oyK>lUHM 0 pa30M , arpaH)I{HaH CHCT9Mbl HM99T 

8H.ll! 

(I ) 

K - xapaKTe pHCTH'!SCKd II KOHCTaHTa HSnHHSIIHOII TeOpHH, HrpaiOll(a!l ponb a6co-

nK>THOrO MacwTa6a rpa.oHeHT08 n o n11. B .oanbHellweM HaM 6y.oeT y.oo6Ho HMSTb 

.oeno c o6paTHoll 8enH'!HHOII r;=_l_ • Ypa8HeHHe non11, cne.oyK>mee H3 ( 1), OTHo

" CHTCSI K Knaccy KBaaHnHHei!HblX ypa8H9HHJI H npH onpe.oeneHHblX ycnOBHIIX .. Ha Ha-
/J/ 

'!anbHb19 ,ll8HHbJe (CM. ) OHO rHnep6onH'I9CKOrO THna: 

(2) 

npH g~ 0 ( K = "" ) (I) H (2) n e pexo.o!IT cooT8eTcT8eHHo 8 narpaH >K HaH C8o-

6o.oHoro nHHSIIHoro non11 I" = . 1 ( q, 2 - ¢ 2 \ 
O .....,.. ' t X 

Ill 
B pa6oTe 6bina peweHa aa.oa'!a pacc e !IHH!I .ll8YX nnocKHX 80nH 8 3 TOII Teo-

H ypa8HeHHe .UanaM6epa ¢tt - ¢,, =f'. 

pH H. VfMSHHO, 6binO HaJI.o e HO pe W 9 HH 9 cp ( U , v ) ypa8H 9HHSI ( 2), KOTOpoe 8 n e-

peM~HHbiX 

U = X- t; 

HM99T 8H .ll ! 
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( 1+ 2 g 2a, cp ) ¢ - g 2 .p 2 ¢ 
tl T UV Y U U 

!' 2 02 .p 
u •• (3) 0 . 

· H a AaeHH o e p e w e HHe y aoane TB OpSi e T cnea y JOlllHM OCHM fiTOTH'!e cKHM ycn o B HSIM : 

Pill' J; (u,v) = t\ (u) Pj ,., o ( u, vl ~ ' \ (v l, (4) 

u ~oo 

3 aec b t\ H t\ - a B P ll p 0 1t3B<M bHbJC! rp yH KUIIII , aOC T 8 T O'IHO XOpO W 0 y 6biB810lllH e 

11 8 6 eCKOH e 'IHOC T H , 1
1
• 1 (u) - aonHa 11p0 11 3 B OII bH O ~ cpo pM bl, a B H>K y lllBSICSI B no-

<!: ( v) n o >KH T enbH OM H a npa a neHHH no x - s o JIH O, a BH >K yWB SICSI B npOTHB O-
2 

n o no>K H OM H anpa sneH H H n o x • P eweHH e TBK O~ a a aa 'IH 6wno nony'! e H o B na-

paMe TpH'IeCK Oi! cp o pM e : 

c ( u, v l = t\ (U + Il( u, v))+ <1•? ( v • 1-' ( U,v)) , 

I' ( n, v ) p 2 1 dy c'
2
(y + .,(u , vJ}. 

2 . 
(5 ) 

. 2 
v ( u ,· v ) = - ~ 2 f d 1• 6 ' (" + I' ( u, v ll. 

u . 1 . 

Vb p e w e H HSI ( 5 ) BH aHO, 'ITO K Or aa V ~- oo 1 TO tU 
2 

( - oo ) ~f) , 11= () H </J=!/1
1 
(u) 

( c '!ti T a e M , 'ITO HH T e rpa nbt B 6ec K o H e'!H bJX n p e a e nax O T <I• ' 2(x ) H t/1 ' 2(x) o rpa HH-
l 2 

'IB Hhl. 3 T O 11 ec Tb y c n OBHSI 

6 y e T CSI, 'I T 0 6bl til ( +"" )=f) 

y6 btB 8 HH SI If, ' H 8 6eC K OHe'IH OC TH, 8 OT 
I , 2 

.;, Tpe -
1, 2 

1 -
H '-\ ( +"" \=n • .Ll anee , K o r a a u .... 00 # 

T O t1 1 (~) = f1, v=n , c.'> = t',
2 

(v) . 

TaK HM o6paooM , Haw e p e w e HH e n e p e x oa H T n p H 

o60HX cn y'IBSIX t 4 - "' B a B e n n OCKH e BOn H hl , 

P acceSIH H bt e a onH bi Mbi nony'lti M , yc T p e Mti B ' ' ~ - ·"' 

t ... - 00 ! =~ 
2 

a v ... oa • B o6oHx 

B 

v - 11 
c ny'IBSI X k ~- ~ oo 

"" /. 
K o r aa u ~ -"" T O H 3 ( 5) cn eayeT, 'ITO 1/J (-oo)= O, 

1 

v = - ~ 2 f t:• '2(y )dv 
l 

II Mbl I!M eeM 

0 = ' \ ( \" - !'2 J) l)' 
u-to-C)Q 

4 
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r.oe 

Kor.oa v-+ oo 1 

H
1

c j 1/J ' 2(y)dy 
-~o I .. 

2 2 
TO t/1

2 
(eo) c 0, 11 c g f t/J' (y) dy 

2 

¢ at/JI (u+g2H2), 
v-+oo 

H Mbl nony'IHM 

(7) 

TaKHM o6paaoM, .oae nnocKHe aonHhl ""(u), t/1
2 

( vl H3 t=-oo nepe xo.OSIT npH t = oo 

B peaynbTSTe B38HMO.Oel!CTBHSI B .OBe nnOCKHe BOnHbl TOil >Ke cpopMbl, HO CO C.OBH-

HyTbiMH apryM e HTSMH. BenH'IHHbi H 
1 

H l; 2 , Ha KOTopbie npoHcxo.oHT C.OBHr, 

p8BHbl COOTBeTCTBeHHO 3HeprHSIM n e pBOl! H BTOpol! BOnH. 

§ 2. KaaHToBaHue H acHMflTOTH'!ec KHe p e weHHSJ onepaTopHoro 

ypaBHeHHSI (2) 

06p8THMCSI K KBSHTOBOi! cpOpMynHpOBK e nong, 110.0 'IIIHSIIOWe roCSI ypSBHeHHIO ( 2) • 
/3/ /4/ 

Ey.oe M, cneny11 .HHry, ct> e nb.OMSHy H '-l eneHy , paccMaTpHBSTb ¢ ( "· v ) 
In 

KSK onepSTOp 118,0810Ulel! BOnHb1 0 Y.OOBn e TB OpSIIOWHl! CB060.0HOMy ypSBHe HHIO .llanaM-

6epa 

(8) 

Via ( 8) cne.oyeT cjlyp b e -npe.ocTaaneHH e .on11 onepaTo pa ¢In • 

00 
-ik u 

f d~ la + ~)e 
0~ 

lk u 
+ a -c~) e 
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± 
rae onepaTOpbr ~ y aosneTsopSIIOT ne pec TBHOBKBM 

r a+ (k), a +(p) l=f a- (k), a- (p) l :'1; fa-(k), a + (o) 1=5 (l< - p). 
(g) 

BseaeM onepaTopbr no aHanoniH c KnaccH'!eCKOll 3Baa'lell (4) 

00 

~·, (u )=....L ( L 1 
0 

+ G·) ·lku _ tku 
r ,f"irr~ v'2k e +a (Y)e 

( 10) 

o/,2 (v) 1 t ..J!.L 
\

12r. 0 J2k 
+ ikv -i k v 

Ia (-~)e +a·(-lt)e 

.;.
1 

(u) -onepaTop naaarowel! sonHbi B nono>KuTenbHOM HanpasneHHH x UJ 
2 
(vl-

on epaTop naaarowell BOnHbi B npoTHBonono>KHOM HanpasneHHH no X 

¢ In (u, v) =~'· I (u) +o/12 (v) • 
( II ) 

VJ3 ( 10) cneayroT KOMMYTBUHOHHbie COOTHOWeHHSI anSI 1/J , 1/J H rf, • n OCKOnbKy 
+ ~ I 2 

1{1 (U) COaep>KHT 8 (k) H B-(k) TOnbKO C nonO>KHTenbHbiMH 3HB'IeHHSIMH 
I t 

HMnynbCa k , a onepaTop o/1 2 (v) coaep>KHT a (-k) TOnbKO c OTpHuaTenbHbiMH 

3H8'1eHHSIMH - k , TO (r,/11 (U), I/J
2 

( v)] =I) • ./lanee HMee M; .. 
[1/J (u), r,/J (u~j .. _L 5'(u-n'l=-1-f~sink(u-u') = ..Lt(u-u'), 

I ·1 I I 2r. 
0 

k 4 

( 12) 
1 I .. dk I , 

[ .U (v),I/J (v)]=-!l:(v-v ' )=-- f-slnk(v-v')=--dv-v), 
2 2 I 2 2rrok 4 

1 x>O 
t(x )=I_ 1 x<O 

no3TOMy anSI cf> In 

[ ¢ ( u, v ) , cf> ( u ', v ') l = -1- 9:: ( u- u ', v -v ' )= .!_ ( t (u- u ~ -t( v -v ') ), 
In In I 4 

(13) 
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B nanbH e l! weM HaM ewe noTpe6yeTC!I aHBH~<~ e KOM M yTaTo p o a .onSJ on e paTopoa 

I/J1 , W2 H HX npOi-!3BO.llHblX w; (u), I/J'
2

(v), .Ll~<~cpcj:>e peHUI-IPYSJ (12) 1-1 (13), nony-

( 14) 

T e nepb nepen~<~weM ypaaHeH~<~e ( 3 ) .o nSJ one paTopoa nonSJ c noMO!ll l.'<l aanaa.obiBB!O

wel! cpyHKUI-! H rpHHB ypBBH e HH!I ( 8 ) 

ret c(v-v,-£(u-u') q' (u-u', v-v~ = O[lv-v ~-(u- u') ]...:...:c:____:_.:..4~::...:.....::....: __ 
( 15) 

B cne .oy10weM BH.oe : 

"" 
¢(u,v) =¢ (u,v)+f

2
f du' f dv'~ret(u-u', v-v'H ¢ 2

, ¢, 
in u ., y 

no.llCTBBnSJSJ ( 11) H ( 15), nonyqaeM OKOH'IBTenbHO ypBBHeHHe 

"" v 
¢(u,v)=I/J (u) +1/J (v)- g 2 f du'fdv' ( q/ ¢ -2¢ cf> ¢ +<1>2 

1 2 . u~ v'v' u''T'u'v'.,' - ¢' )· 
u u 

( 16) 

/ 1/ 
n e p e HeCeHH e MeTO.llB p e w e HH!I KnBC CH'IeCK0£'0 ypaBHeHH!I ( 3) HB KBBHTOBOe 

( 16) '1pe3Bbi 'IB l!HO Tpy.OHO, fi OCKOn,bKY Mbl Te nepb HMeeM .oeno C HeKOMMYTHpy!O

lll i-IMH o n e p a 1'o paMH. Orpa HH'IHMCSJ noaToMy a a.oa '! e A p e w c HH !I ( 16) M e To.o oM HTe -

pau~<~A H OTbiCK8HH!1 8 C i-!MfiTOTH'ICCKHX p e w e HHA ypBBH9 HHA ( 16 ) npH v -+<>o H npH 

U-+-oo, T. e . OTbiCK8HH!I OUt -on e paTopa c;6 (U,v). noKB)I{ e M, 'ITO pewe-
oul 
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HHe HTepBUHSIMH HHTerpanbHOr'O ypaBH eHHSI ( 16 ) .aaeT TO :>Ke BbJpa:>KeHHe .anSI ¢ 
out 

B BH.lle pSI.ll8 no KOHCTBHTe g2 , qTO H pa3nO:>KeHHe no g2 8CHMflTOTHqeCKHX 

3HaqeHHll ¢out B KnaccHqeCKOM p e weHHH (6) H ( 7). 

npe.anonO:>KHM, qTO onepaTOpbl tP I (u) 

ynosneTBOpSI~T ycnOBHSIM 

H tP (v) H BCe HX npOH3 BO.llHbJe t/J (n) 
2 I 

In) 
etl!l t/J (u) = 0 

I 

U-+-oo 

Plm .p«n) (vl = 0 
2 

v ... 00 

( 17) 

(cHnbHbJe npenenbr onepaToposx/), aHanorHqHbre KnaccHqecKHM ycnosHSIM (4)). 

Mo:>KHO nerKO H3 ( 16) nonyqHTb cnenyJOwHe Bbrpa:>KeHHSI .anSI ¢n B pa3no:>KeHHH 

cp ( U, v ) = l: ,:n cp n ( U, v ), 

n=O 

¢ (u,v) =1/J (u)+ t/J (v), 
0 I. 2 

v 

¢ (u, v) =rp'(u) f 0' 2
(v) dv +<P' (v ) f 0' 2 (u )du 

I I 2 I I 2 I I I 
-oo u 

v v 

¢ (u,v)~.P"(u) f<Pd(v) / 1 .P'~(v 2 ) dv dv + 
2 1 ......,2 l-oo2 12 

00 

+ 1/J" ( v) f du 1/J ' 2 (u ) f 1/J' 1u) du 
2 I 1 I 1 2 

u u 

( 18) 

I -1 

-1/J' (u) 1/1' 2 (v) j 1/J' 2 (u' du -1/J' (v) t/J '
2 

(u) f 0' 2 
(v) d v 

I 2 1 I' I 2 I 2 I I 
u -oo 

(n) v . 

¢ (u;vl =<P (u) f 
I 

VI 

dv 1 f dv~ .. , 
2 

"' ( v ) + 2 r 

v-n-1 
J d.'v 1/J'2(vl) 

r 2 

+(-)n 1/J(n) (v) J du J du ... f du 1/1' 2 
(u) ... <P' 2 (u )+ Q (u, v). 

2 1 2 "tf ln n 
ul un-1 

x/ 
n o-sH.llHMOMY, nocnenyJOUlHe pe3ynbT8Tbl MO:>KHO nonyqHTb, npE>nnonaraSI 

BMecTo ( 17) cywecTsosaHHe nHWb cna6biX npenenos anSI 3TH X onepaTopos. 
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3.necb onepaTopbl Qn(u, v) .. O IlpH' V-+ Clo 

noaToMy .nnSI out - o n epaTopo a ¢n nonyqaeM 

( 19) 

flm ¢n(u,v) =(-)" .p1" 1(vl-1- T_u
1
(j 0

1
'

2
(u

1
)du

1
) : 

2 n! -o.o 

2 
T+ -on epaTop paccTaHaanHaaeT .;, ' ( v) no y6bJBBIOlUHM 3Ha"!eHHS!M apryMeHTa 

2 

vI. 1 a one paTop T _ -paccTaHaanHaaeT 1/1 '
2
(u ) no ao3pacTaiOIUHM 3HB"!eHHSIM 

I I 

apryMeHTa u 1 • Tenepb BH.llHo, "'TO nonHbilt onepaTop ¢ (u, v) HMeeT cne.nyiOIUHe 

Pim ¢ (u, v) = i w1
:

1 
(u) 

n==O 
V-+ oo 

(20) 

CMbiCn CTO!I lUHX B (20) one paTOpOB, B apr yM eHTe KOTOpb!X CTO!I T .n pyr11 e on e pa-

TOp bi, CT8H08HTC!I SICHbiM, 8Cfl ll 3 8M 8 Tl! T b, 'ITO one paTOpbl 3He p!' Hll 11 8 .ll810 lUHX BOJ!H 

H H = t i/J ' \.J.)d v KOMMyTHpy!OT M8 )1{Jly COOO J! H H )C 
2 _.., 2 

V• 2 1 a H2- C on e paTopOM 1/J 
1 
• .ll e ltCTBHTefl bH O, H3 \ 10) H ( 14) IIMee M ; 

H =f ,P '
2
(u)du 

I I 

" 
+ -

H 
2 

= f .U ; 2 
( v l d v = f dk k a ( -k) a ( -k } ; 

0 
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[ H, • H, I ~ [ H) • "'2 l = [ H 2 • c/• I)]=() 

[H
2

, t/1
2 

(v)] x -1 t/l;(v); [ H 
1 

, t/1 
1 

(n)] = I t/1; (u) ; 

(21) 

no3TOMY a (20) Mbi Mo>KeM onycTHTb sHaK T -npoHsae.neHHSI H sanHcaTb onepa-

TOp YXO.llSI!UHX BOflH npoCTO: 

</> (u,vl~t/J(u+g2 H)+o/l(v-g2 H). 
out ) 2 2 I 

(22) 

</>out T6K>Ke y.noaneTBOpSieT CB060.llHOMy ypaBHeHHIO ( 8) H npe,llCT6BHM fl03TOMy' 

KaK H onepaTop ¢
1

n 
1 

B cj:>opMe 

1 dk + 2 -lku - 2 lku 
</> ( u, vl ~-= f - I A (k.~ ) e +A (k,g ) e I + 

out , / 2rr 0 ,!2k ' 

1 .. dk + + q; f r;;;: I A (-k,g2 )e lkv +A-( k 2 -lkv 
ymoy21c -,g)e l, 

(23) 

+ + 
r.ne onepaTOpbl A- (k,g 

2
) H A- (-k,g2

) onpe.neneHbi cne.nyiOlllHM o6pasoM: 

,! 2 + +tkq 2 H 
A (k,g )=A-(k)e 2 

t_ 2 :t :pltq2H I 
A (-k,g )=a (-k) e 

(24) 

+ 
nanee MO>KHO flOK636Tb, 'ITO A- (-J;k) y.nosneTBOpSIIOT TeM >Ke KOMMyT6UHOHHblM 

+ 
COOTHOWeHHSIM ( 9), 'ITO H 8- (± k ), 3TO 6y.neT cne,llOB6Tb H3 cj:l6KT6 cyweCTBO-

10 



BaHHH yHHT8pHoro npeo6p83068HHH T,e, H3 cyweCTBOB8HHH 

S -MaTpHUbl, CBH3biB8IO!llei! ~n H 
¢out 

B 38KJJJOqeaue 3Toro paa.o.ena OTMeTHM, qTo nonyqHTb pew eane .o.nu rail-

aeH6epi'osa onepaTopa ¢( u, vl H8 OCHOBe HTep8UHOHHOrO peweHHH ( 18) He 

y.o.aeTCH B 38MKHYTOM BH.D.e, K8 K 6b!JJO C.D.eJJBHO B K118CCHqecKOM CJJyqae ( 5) .• 

3To, no-eH.D.HMOMy, ceuaaao c TeM, qTo ecnu 6bi peweaue onepaTopaoro ypaeae-

HHH HMeJJO ~OpMy (5}, TO B03HHK110 6bl 38Tpy.D.HeHHe B HHTepnpeTSUHH ero, JlOCKOJJb-

Ky B apryMeHTax onepaTopoa t/JI H t/12 CTOHJJH 6bl HeKOMMyTHpyiOwHe C HKMH ; 

onepaTopbi /l(U, v) H 11 (u, v). 

§ 3. S - M8TpHU8 

+ 
S ¢

1
n (u, vl S = ¢ ( \1, v) , 

out 
(25) 

3To ypaaHeHue c yqeToM (11) u (22) pacrraaaeTCH aa aaa: 

+ 
S t/1 

1 
(u) S 

(26) 

(27) 

y .llOBJJeTBOpHeT ypSBHeHHHM ( 26), 3aMeTHM cpaay, qTO ITOCKOJlbKy onep8TOpb1 HI 

H H2 KOMMYTHpyiOT, CM, (21), TO HeT Tpy.D.HOCTH B HHTeprrpeTSUHif 3KCITOHeHTbl 

c onepaTopoM H1 H2 a noKaaaTene • 

.llnn .o.oKaaaTenbcTaa paaeHCTB ( 26) rrpoamp<jlepeHnnpyeM 

11 



+ + 2 s ( g 2 ) tb s (g 2) 
I 

If s (&2) 1/12 s no g H C y'l e T OM KOMMYTBUH OHHbiX 

COOTH OW e HHJI ( 14) 6yne:v1 H M e Tb: 

a + + 
- 2 S tb ( u) S = S I H2 f [ t/; (u), 1/1 ' 1u ') l do'S = ag I I I 

+ 
= Jl s 

2 

a + 
1/1 ' (u) S = H - S 1/1 (u ) S • 

I 2 au I 

+ 
P e wa11 3 T O y p a sH e H >te c y c n o sHeM S If• (u) S I = t/• (u), 

I g~ O I 

S+ 1/1 (u)S = 1/1 (U+ g2 H ) , 
I I 2 

T a K * e non y '!ae M BTo poe p a s e H C TB O (20). llHcpcpe p e HuHpySI 

a + + . 
- S <fl(vl S = S iH

1 
f [ 1/, ( vl , tb'( v'] dv ' S 

a 2 2 2 2 g - oo 

p e waeM c y c n o sH e M 

+ 
= -E

1
S+ <f,' (v)S = - E

1
..£_ S 1/J (vl S, 

2 av 2 

+ 
S 1/J (v) S / 2 = 1/J (v) 1 f! OllY'IHM 

2 g"=O 2 

+ 2 

s "'2 ( v) s = "'2 ( v - g HI) • 

HBXOD.HM 

S - M BTpH U B onpe nen S! e T CS! y pasH e H HS!M H (26) OD.H0 3 H8'1HO C TO'IHOCTb~ D.O cpa-

3 0BOrO MHO)I{HT ellS!, T BK K B K CHC T eMbl i n H OUt on e paTO p OB ( 10) H (23) o 6 -

/5/ 
paaye T H enpH BOD.HM b l e Ha6o pb1 o n e paTo p o s B n ayxM e pHOM npoc T pBH C TBe x,t, 

yD. OB!leTBOpSI ~tu lf e KOMMyTB UHOHH biM COOTH OW e HifS!M ( 9) , 

llOK838T b pas e HCTBB ( 26) C S -MaTpHueJI ( 27 ) MO)I{HO T 8K)I{ e n e rK O H B 

k - npOC TpB HCTB e . lln!! 9 T OrO HBD.O n O K 838Tb , 'ITO 

12 



(28) 

Y'iHTbiBast KOMMyTBUHOHHbi e cooTHOWeHHR 

+ + + + 
[a- (k), ll ] =- k a-(1t); [a-(-k), H

2
l=+ka-(-k), 

I + 

k > 0, 

nerKo nony'iHTb paeeHcTea ( 24), Via ( 28) cneayeT, 'iTO 
y.ooeneTeopst~T TeM 

>Ke KOMMyTBUHOHHb!M COOTHOWeHHstM , 'iTO H 

.Uanee aaMeTHM, 'iTO onepaTop 'iHcna 

N1n = /'dk a+ (k) a -(k) + f~k a+ (-k) a - (-k) 
0 0 

( 27) , ll09TOMy 

a±" • 

'iBCTHU 

KOMMyTHpye T C 

00 + - 00 + -
N1n=Nout=fdkA (k)A(k)+ fdkA (-k)A (-k), 

.. 0 

s 

T,e, B npouecce paccestHHst He npoHCXO.llHT po>K.o eHHst 'iBCTHU. K STOMy >Ke Bbiso-

.lly Be.lleT pBCCMOTpeHHe MBTpH'iHb!X 3neMe HTOB 

np?e.oeM S- MBTpHUy (27) K HOpManbHOI! <j:JopMe OTHOCHTenbHO onepa-

TOpOB a-<± k ) .Unst aToll uenH noneaHo cneay~wee HHTe rpanhHoe npe.ocTasneHH{f 

tc} H 1H 0 1 f -t(c?-{3~ -t(a+ {3)qH -t(a- {3JqH 
2 e "" dafd{3e e I r;-__, 

(29) 

+ 
.Llnst Toro , 'iT06bl n e pel!TH K HopManbHOMy npoHase.oeHH~ no a- 0: k) B (27),(29), 

rae BpeMeHHOJ! 3BBHCHMOCTH onepBTOpOB y/Ke HeT, 6y.oeM llOHHMBTb 

S 
-I .(a+t{3 )qH S - t(a-t ,BlqH 2 

t e 1 H 2= e KBK pew e HHe onepaTopHbiX ypasHeHHl! 

as 
I ~ = (a- {3 ) H S a g 2 2 (30) 

13 



CnoayS! ct:>ai!HMaHy
161 

npe anono>KI!M, '!TO onepaTopbi H 
1 

H H
2 

B (30) aaaKCS!T 

OT ~ KBK OT ynopS!JlO'IHB8IOUle ro napaMeTpa. Toraa pew eHKS! y paeHeHHI! (30) 

Mbi aon>KHbl aanKcBTb KBK T g 3KCnoHe HTY 
112/ 

q 

S T 
. -Ita+ {3J f c1A H (Al 

I = A e 0 I 

S = T e -Ita- PlJ dA H (Al 
2 A 0 2 

(31) 

llanee np116erHeM K npeJlCT8BneHHIO S1 H S2 qe pe3 cj:>yHKUHOH8fl bHble HHTe rpanbl 

JlflS! TOrO, '!T06bl nepe i!TH OT KB8Llp8TH'!HOI! 38BHCHMOCTH a+ 9- B (29) B llOKa

/7/ 
38 Tene 8 KCllOHe HTbl K flHHei!HOI! : 

-t(a+tf3l J c1A rdk k a +lk ,Al a-(k ,A l 

s
1 

= TA e o o 

q 

= C ff 8 II 8 II e-1[ c1A ~ · dkll(k,A)II*(k,A) x 
I 2 

(32) 
X ll dA rdkyk(a+ {31 ta+(k,Alll(k,Al+a-(k,AJII*tk,A)) 

~e • 

rae 11(1--,A)= 11
1
(1--,A)+ !11

2 
(},,\), 

q 

-1 r C = ff8 11 o 
11 

e -to dA [dk ll(k ,AW*tk ,Al 
1 2 

nnS! s2 nonyqaeM TBKYIO >Ke cj:>opMyny TOflbKO C 3 8Me HOI! B ( 32) 

a +f3->a -{3 a+ (k), a-(k) ... a+(-¥), a-(-k). 

181 
no XopK uepexoa OT T -npoKa eea eHKS! K N -npoKae eaeHK IO onep•-

14 



"' to. To poe 6oaescKI!x none !I ocywec TB1!He TcSI c noMOWblO onepaTopa e , T .. N e 

N -aHaK Ho pMBll bHoro npoHaseaeHHH). OnepaTop 1\ HMeeT BHII: 

(33) 

onpe a enHe T csHab Me>Kay 

+ -r,~. I a 0<
1 
\) a 0<2 >. 2 I I 

B Haw eM cnyqae 

( 35) • 

Cne.nosaTellbHO, 

,, c k, >- ,I k 
2

>- l c e < >. - >. 1 s < k - k , 
2 2 I 2 I ' 

rae 

.:\ 
T enepb, a e llc TBYH onepaTopoM I! c y'leToM ( 34) 11 ( 35), nepexOilHM K N -

npoH:~seaeHHIO 

0 -

-tff ru\d.\ 2ffdt 1dt 2<cr+ {3J..,\t 20t> .. 2-\J B<t~-\1 
c e o o 

(36) 

15 



TaK >Ke npHBO.llHTCH K N -npOH3Be.neHHIO s2 • ELUe OCT89TCll no.ncTSBHTb ( 36) 

B (32) H BhlnOnHHTb ~yHKUHOH81lbHOe HHTerpHpOBSHKe no y H 
I 

nO.llHHTerpanbHble Bb!pS>K e HHSI eCTb ~aycCOBhl ~YHKUHOHanhl no y 

S I p81thl Bbl'iHCJtSIIOTCSI npOCTO ( CM, npH1tO>KeHHe), no.llCTSBJtSISI 

B3SITHSI ~yHKUHOHSJtbHbiX HHTe rpanoB B ~OpMyny. ( 29), nonyqaeM 

HOpM81lbHOl! ~OpMe: 

S = _I_ ff- -l(a
2
- f3 2

1 

Ne 

2" da df3 e 

f .. [ lq(a+ {:3Jk + - · lqca- ·{:3lk + - ] 
dk (e -1 l a (k l • (k I+(~ - II• (-k I a (-k I 

0 

Y
2 

• nocK01lbKY 

y TO HHTer-
I 2 • 

H 52 nocne 

S -MaTpHUY B 

(37) 

nerKO nOK838Tb, 'ITO S -MaTpBua (37) .nBaroHanbHa a npe.ncTasneHHH ~H3H'Ie-

CKHX 'iSCTHU: 

n,m 

s I k I' k <."' k, - p l' - p2 

tq2I k 

.... 11., > = e '· J '" J 
k,p?ll (38) 

I k I'" kn' -PI"' -P.,> • 

TaKHM o6pa30M, B 3TOA .nsyxMepHoA Mo.nenu pacce HHHe MO>KeT 6hiTb TOnbKO ynpy-

~ /91W 
ruM, 6e3 pO)f(.lleHHH unu nornoLUeHHSI 'iSCTHU. B MO.nenH TuppBHra ' pacc e H-

HHe TSKn<e CBO.llHTCSI K H3MeJteHHIO ~83bl nnOCKHX BOJtH, HO TaM B OT1lH'IHe OT 

aarnero CJty'iSSI 3TO H3MeHeHH9 He 38BHCHT OT BenH'iHHbl HMllY1lbC8 CTSJtKHBa!O-

LUHXCSI 'iSCTHU, B 3TOM CMblCJte Hawa MO.lle1tb 6onee peani!CTII'iHS. 

113 ~OpMyJtbl (38) cne.nyeT, 'iTO 'iSCTHUhl, .llall)f(Yll.llleCSI B O.llHOM Hanpa ane -

HHH (ace p 1 = () HJtll ace kj = 0) H e a 3SHMO.lle Ac TayJOT a CMblCJte H3Me H eHHSI 

~a3bi nnocKoA aonHbt: 

SI -PI "' -pm> = 1-p l, -p2'" -pm>' 
p > 0 

I n,m 

x/ AMnnBTy.na pacceHHHH 
tq2I k " 

f(k .,, k , -p .,, -p ).. (e I,J I J 
1 n 1 m 

16 
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Hall.neuua11 HaMH S -MaTpllua ( 27) o6pamaeT ua c e 611 BHIIMSHIIe npe >K.ne 

BCero TeM, 'ITO no Bll.lly Bbipa>KeHIIII, CTOIIUlero B nOK838Tene 3 KCnoHeiiTbl, HIIKSK 

He CBII38H 8 C H8'18/l bHbi M narpaH>KH8HOM CHCTeMbl ( 1 ) • ECIIH p83/IO>KIITb aarpaH-

>KII aH ( 1 ) B n e peMeHHbiX U v no KOHCTSHTe ,
2 

(39) 

TO TOTibKO BTOpOII '1/leH 3TOrO p83 /IO>KeHHII B npe.ncTaaneHKH aaau-

Mo.nei!CTBHII ,nae T npSBII/IbHOe Bb!pa>KeHHe .ll/111 S -MaTpiiUbi ( 27) (cao6o.llHbiii 

narpaH>KIIaH, .naromull ypaaueuue LlanaM6e pa ( 8 ) ecTb n8pBhrA '!neu pa'ano>KeHHII 

Y'le T OCT811bHblX '1 /l eH OB ( 38 ) p eaKO IICK8>K8e T Bll.ll II CBOII-

CTB8 S - MaTpiiUbl II ,ne naeT ee, B '!8CTHOC TII, !! C!,ll ll8rOH8/IbHOII no 'IIIC/Iy '18CTHII, 

T. e . np>iBC>UIIT K aoa MO>K H OCTII u e ynpyr11x npoue ccoa. 

Auan o rK'IHyro CKTyau>iro ~hi ua6nro.naeM a Knaccll '!eCKOM none , OfiiiChiBSeMOM 

narpaH>KHauoM ( 8 ) 11 ypaaue uueM (2). KnaccK'!ecKall S -MaTpHua, T. ~e . onepaTop, 

n e p e BO.llii Ulllll na,naromyro BOliHY B yX O.lliiUlyiO, IIMe e T BH.ll: 

2 a 2 a 
-~ H lOu + q H2 J"; 

s , a e 
K/1 (40) 

Tlpll'!e M BH,ll 3 T Or O ':We p a r o p a onpe ,ne 1111 e TCII TIO 8CIIMnTOTH'IeCKH~ p8lU dHH~M ypaa

HeHHII (2). 

B KBSHTOB OM c n y'1ae yHKTapaoe npeo6 p aaoaaH11 e c noMO I.'-l b !O 
e lcH I H e lbH 2 

eCTb T8K>Ke o n e p8UHII C,llBI!ra COO TBe TC TB e i!HO H8 9 .nn11 onepaTo pa 1/J 
1 

(u) 

II H a b .ll.TIII t/J
2 

(v) , 3 T O cne,nye T 11 3 K OM M Y T8U11 0 Hil b!X C OO TH OW e HHl! (21 ), 

17 



'ITO Mbl H BH.llenH Ha npKMepe aeJICTBHR S -MaTpHUhl ( 26). 0Tcroaa, B qac-r-

HOCTH, HMeeM 

1(1-1 
0

)(H j1" H 2 ) 

e 

a 1/1 
1 

(u) + 1/1
2 

( v) 1 

I vi (u )+ ·'· (v ) I -t(l-loHH I+ H l 
1 o '~'2 ti e 2 

(41) 

u0 ""x - t 0 ; U • X -t ; 

V =a: X+ t 
0 . 0 

V =X + t 

T, 2 ., 'ITO H 1+ H 2 ecTb onepaTop :>HeprHH ann cso6oJ.lHbiX qacTHU, a H 
1

- H 
2 

onepaTop HMnynbCa, nocKOnbKY 11pK KBaHTOBOM paCCMOTpeHHH Mhl 3a OCHOBy npH

HS!nH ypaBHei!He ( !6) Ha onepaTOpbl nonR cp 1 TO npRMaR CBR3b C narpaH)I{HaHOM 

(I) HaMH yTepRHa. HanpKMep, ecmr BHpa)l{eHKe , CTORWee B npasoJI '!aCTH ( 16) 

llO.ll 11HTerpanoM, paccMaTpHB8Tb KaK TOK j ( U, V) > TO 3 TOT TOK y)l{e He e CTb aa-

a2 
pHaUHOHHaR npOK3BO.llHaR OT narpaH)I{HaHa 

l 
KOpHeBhle 3aBHCHMOCTH THn a . r-:" '".Jt, I 

V 1+4 ucf>T 
HeT, 0TCIO.lla Hanpa WHBaeTCR BbiBO.ll, 'ITO 

( 1 ) • TaK KaK -- 6yaeT CO.llep)l{aTb 
a¢ 

a B ypaBHeHHH (16) 3TKX ¢aKTOpOB 

e cnH ypaaHeHHe .llBH)I{eHHR nony'!eHo 

113 sapbHpOBaHHR narpaH)I{HaHa H npH 3TOM np0113Be aeHO COKpaweHKe KaKKX-TO 

06WKX MHO)I{HTe n e JI, KaK 3TO HMeeT M eC TO npK BbiBO.lle ypasHeHHR (2) ( npOH3Be

S/ 2 
.lleHO COKpaW e HHB Ha MHO)I{KTe nb (1+ 4 g 2cf>u </J T) 1 TO TOK (HenHHeJIHaR '!aCTb B 

ypaBHeHHH {2)) H e CBR3aH sapKaUKOHHOJI npOK 3 BO.llHOJI C f , a, Clle.llOBaTenbHO, 

c S -MaTpHUeJI, llanee, ecnH B pa3110)1{eHHOM 110 g
2 

narpaH>KHaH!i (39) Mbl Bhi-

aenHM CB060.llHblJI narpaH)I{HaH 2 O 8 -2 cpu cpT 1 a OCTanbHbiB 'lllBHbl OTHeCeM K 

flnl 1. TO sapbHpOBaHHe f tnt TaK)I{e He aaeT HaM npasoJI '!aCTK (!6), X OTR 

sf, 
6bl nOTOMy, 'ITO a¢ nt 6yaeT CO.llep)l{aTb npOH3BOllbHO 60nbWH e C T eneH>! 

cp cp a Hawe HCXO.llHOe ypaBHeHHe Ky6H'!H O no np0113BO.llHblM nonR cp • 3THMH 
U T • 

C006pa)l{eHHRMII, no-BH.!l KM OMy, H 06"bRCHR9TCR TO, 'ITO S - MaTpnua ( 27) He 

HMeeT npRMOJI CBR3H C nerpaH)I{HaHOM ( 1), 

TaKHM o 6 pa3oM, anR TaKHx cno)I{Hbrx narpaH)I{Ha HOB ,KaK ( 1), HaM e '!ae T c R 

aaa B03 MO)I{HbiX noaxoaa ·npH paccMoTpeHHH KBaHTosoll T eopHH. IIH6o Mbl n:;>HHH-

MaeM 3a OCHOBy ypaBH e HHR .llBH>KeHHR, no HHM HaXO.llf!M aCI!MnTOTU'!eCKOe pewe-

HHe H S -MaTpiiUy, /l!f6 0 Mhl HCXO.lliiM H3 narpaH)I{ HaHa, CTpOHM COOTB e T C TByiO-

WHJI raMHllbTOHHaH H KaHOHH'!eCKK e n e p e MeHHble n o nsr , 8 T 8 K )I{e ypasH e Hf! e llJ p e 

/ 11 / 
LJ.IIHrepa. X o TR, K a K H3 B eC THO , a a R ropoM nyTK B T eop11srx c npo H3BO.ll HbiMH 
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so B 3 8H M o.n e ll c TBHH cyweCTBJIOT .n o n o nHHTen bHht e TPY .n H OC TH npH nocTpoeHHH ra-

MHJ1bT OHH8H 8 , 

0 38KJ110'1eHH e JK8)!{ e M H 8 O.ll Hy cjJo p M8J1bHJIO B03 M0)!{ H OCTb Jl:>.fl y'IHTb 

M8Tp!iUJ (27) HSXO.ll5! '13 J18 r p8H )!{ H8H 8 ( 1 ). Pac cMO T pHM cjJyHK UH !O .nei!CTB!i5l, 

COOTBeTCTByiOWYIO ( 1 ) : 

W = ff dx dt ( 1 - g J 1 + 4 g ¢ ¢ ' ) 
u v 

no.llCT8BHM CIO.ll8 ¢ u H 

¢ ( u, v) 
u 

W= ~ ffdu dv 1-2 

¢v 1 B35lTble H3 peweHK5l (5), 

t/1 ; (u+ I') 

v• ;<u+~-~) "' ; (v+v l't ~ 2 .;,~?(u+l') <Pa'~v+v\ 
1- g2t/1'2(U+I') t/J'2(v+ll) 

I 2 

I • 

(42) 

(43) 

nanee 38M e TH M, 'ITO )leTepMHH8HT npeo6p830B8HH5l . OT nepeMeHHbiX HHTerpHposa-

HHH U • v K HOBbiM nepeMe HHbiM u' = u+l'(u, .vl; v!, v+v(v.,u) 

a(u,v) 2 2 
-,--- = 1- g t/J'~u'J I/1 ' (v~. 

a(u',v'J I 2 

no3TOMy nocne nepexo.na K HHTerpHpOB8HHIO n o ' .. u ,v HMeeM 

W = - Jf du ' d v' [ t/J ' ( u ') 1/J ' ( v ') + </1 ' ~ u ') t/J ' 2(v ') ] • 
I ~ I 2 

-oo 

19 
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T enepb BH!!Ho , 'ITO nepBbil! 'lneH n O!!HHTe rpanbHoro Bbipa>KeHHSI TO'Iilo cosnanaeT c 

nnoTHOCTbiO narp8H>KHaHa !lnSI CB060!!HOT"'O nonS! f
0 1 a BTOpOl! 'lneH MO>KeT OT-

2 
HeCTH K B3aHMO!!el!CTBHIO ,l"ln ta - 1/J; (U)b; 

2 
( v) 1 npH'IeM KMeHHO TOT"'O BH!la, KaKOJI 

Hy>K e H nnSI nony'leHHSI S -M a TpHUbi ( 27). CnenyeT OTMe THTb, so- rrepBbiX, 'ITO 

3 TH C006pa)!(eHHS! HCnOnb3yiOT peweHHSI KnaCCH'IeCKOT"'O ypasHeHHS! ( 5) , KaKOBbl 

cooTseTCTByiDwHe peweHHSI KBaHTosoro y pasHeHHSI - HeHasecTHo, Bo-sTopbiX, npeo6-

pa30BaHire OT (43) H (44) OKa3biBae TCSI npOC Tb!M, ecnH HHTerpanb! no u ' v 
B3S!Tb! B 6eCKOH e 'IHb!X npenenax, B IIpOTHBHOM cny'lae 06naCTb HHTerpHposaHHSI ITO 

u ' V' 6y !leT 3aBHCeTb OT ~YHKUHJI o/1
1 

H 1/J J. H Mhl He nonyqHM IIpOCTOft HH-

Teprrpe TaUHH (44), 

B aaKn lO'IeH Ke asTop Bhrpa>Kae T rny6oKylO 6naronapHOCTb .Ll.H. 6noxHHuesy 

H H ,A, 4 c pHHK OBy 3 a liOCTOSIHHbiJI HHTepec K pa6oTe H UeHHb!e 3aMeqaHHS!. 

nPHflO)f(EHHE 

BbzqHcnHM <lJyHKUHOHanbHbrll HHTerp/iln, KOTOpbrll soaHHKaeT rrpH noncTaHOBKe 

H opManbHo-yrropSinoqeHHoro Bb!pa>KeHHSI (36) s ( 32): 
q 00 

-tff <IA1 <IA~f dk [ c%\ -A l-tk)(a+ fJ> OcA -A ))w* 
I = C ffB II Bll e o o I 2 I 2 

I 2 

q .. 

J -- + 
N -1 dA J dkyk(a+ ,B)[a (k)ll(k,Al+a"(k)JI*(k,A)) 

e o o 

16 /J 
npoH3Be!leM, KaK 06b!'IHO (eM, , np eo6pa30BaHHe nepeMeHHb!X Y=v+ii , 

v*= v*+ ;:;• 

rne 11 H 

L!HaroHanHay;owee KBanpaTHqHyiO <tJop w.y B !IOKa3aTene 3KCnoHeHTb!, 

; * - <tJyHKUHH, y !!OBne TB OpS!IOU.{He cnenylOWHM. ypasHeHHSIM: 

q 

ll(k,A)- i k(cz+ {3) J v (!<,~) dA 1+ v k(a+ J3} a (k)= 0. 
A 

_ _ ___ lkCo-A) 
P e wag ypasHeHHe, HaxonHM 11 ( k, A) = v'k (ez+ {3) e a(k) 

H - A + 
ll*(k ,A)-lk(cz+ {3) f v*(k,A

1
)dA 1+ y'k(a+ f3fa (k)= I' 

20 

OTKy!la 

- -- tkA + 
II* (k,A ) = - v' k(a+ {3) e a (k). 

n poH3BO!!SI 3 TO npeo6pa 3:JBaHH 8 , !IOnyqHM 

q 00 

I= C ffBII Bll e-tlf <IAI<~A,fdk [8cAI-A2l-tk(a+ fJ)O{A -A 1]1111* 
1 

2 
0 I z 

00 lk 0 ca+ .{31 + _ 
[ dk(e -1) a (k) a Ck i 

N e · 

0cTaBWHftCSI HHTerpan paseH !leTepMHHaHTY ct>pe!!f"'OnbMa, J<OTQiJ blll B CBOlO oqepe!lb 1 I . 

paseH 1 . .Llel!CTBHTenbHO I 
0 00 • 

-tff<IA
1

<1A
2

f dk (BCA -A l-tk fJ(A -A llvck,A 111* Ck,A l 
0 12 12 2 2 

C ff Bv 811 e 0 

I 2 

= Det[B( A 1 ~2 )-ik (a+ f3 ) 0( A cA 2 ) I= 1, 

TaK Ka K 3TOT !leTepMHHaHT HMeeT flO L!HaroHanH 1, a BbJWe L!HaroHanH - HynH, 

IIOTOMY qTO 0(0) = o. 
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