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I, B B e !l e H 11 e 

IlpooneMa ynbTpaqmoneTOBb!X pacxoniiMOCTefi B KB8HTOBOf!: TaOpi!!! nonSI SIB­

nSieTCSI OAHOfi 113 TpyAHefiWIIX II B8*Hb!X npooneM, T8K II He paapeWBHHO!!: AOC­

T8TO',lHO YAOBnBTBOpi!TenbHO no 1!8CTOIIUIBrO BpeMBHII B nenepeHOpMI!pyeMb!X TBO­

pi!SIX, B casran c aTnM coxpaasreT oonbmol!: nHTepec aana~a nocTpoeansr Monenn, 

CBOOOAHOH OT pacxonHMOCTefi C B3811MOl!BfiCTBIIBM, He npHBOnSIUIIIM K enHHII~HO!!: 

S - MaTpnue, B nocnennee apeMSI ace ~ame TaKne nonbiTKH cBSI3biB8IOT c nar­

paH*HaiiaMH, OIIIICbiB8IOUIIIMII cyUieCTBeHHO HennHeHIIbiB B3ai!MO):lefiCTBI!Si ( I,2), 

EcTb nane~a. ~To nMenao aToT nyTh non*eH npHBecTH K ycnexy. 

fon H838A 8BTOpOM aTOM CT8Tbll Obin8 HCCneAOBaHa !1ByMepH85I MO!I9nb, OIIH­

/3/ 
CbiBaeMasr narpall*HaHoM 

L ( x) = L 0 ("' (X). "' (X))- g: J ( x) r 1 yll"' ( x) all"'- (X) : - t. m 0 :;;; (x) r 3 "' (X) : 

( I) 

-M8Tp11Ubl 1130TOIIH'19CKOrO CIIHHa, Y 
11 

- M8Tpllllbl llHp8K8, t/J (X) -

onepaTop cnnnopnoro nom1, </>(x) -onepaTop cKansrpaoro nonsr. 

3TOT narpaH*118H yHIIT8pHbiM npeo6p830B8HH9M CBOAIITCII K narpaH*HaHy C cy­

meCTBBHHO HenHIIBl!:HbiM B38HMO!IBiiCTBIIBM IIO rp (x) 
/3/ 
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Pac'ieT, nponeAOHithlfi no Teopnn noaMymeann npn pa.anolKennn no 6.m 
0

, 

pa3HOCTH MBCC HyKnOHOB B ABYX B03MOlKflbiX COCTOSIHHSIX, noKaaan, 'iTO nccneAy+ 

OMh!O cpyaKUHH fpHHB KOl!O'il!bl B AByMepHOM cnyqae H MOAOnb CB060AHB OT ynb­

TpacpnoneTOBb!X pBCXOAHMOCTell. 

Ocaonaag npo6neMa n ynoMSIHyToii MOAenn 6hma cnSiaaaa c nocTpoeaueM 

cjlypbe-o6paaa cjlyaKunn fpnaa, coAeplKamnx BbipalKeane nHAa 

exp I ± I 4 g 2 6. 
0 

( x x') l , D. 
0 

( x x') = i < T ( </> ( x) </> ( x ') ) > 
0 ( 2) 

B AByMepaoM cnyqae, rAe 6. 0 (xx') aa cneTolloM Koayce HMeOT numb norapucpMH;­

'iOCKyiO oco6eaHocTb, sTy TpyAaocTb yAanocb npeoAoneTb. Ho AnSI 'iOTbipexMepao­

ro - cpnanqecKH aan6onee Hl!Tepecaoro - cnyqag, rAe cpyaKuun fpuaa o6naAaiOT 

OC06el!HOCTbiO BHAB 

-=expla -\1 x 2
-+0 

X 

aaAaqa ocTanacb nepaapemeHnoll. 

( 3) 

HacTOSilllBSI pa60TB KBK paa II HOCBSilllOl!B peiiiOHHIO STOlt npo6neMbl. BHOBl• 

paCCMOTpOHa MOAOnb C narpBHlKHBJIOM (}), 110 ylKe B 'iOTb!pOXMOpl!OM cnyqae. 

l1ccneAOBBHB CKam!pl!BSI cpyHKUI!!ll fpHI!B I!! BMnnHTYAB pBCCOSII!HSI CKBnllpl!b!X 'iBCTHU 

BO BTOpOM HOp SlAKe no /:1. m • t{To6bi ynpoCTIITb BbipalKeHHSI AnSI nccneAyeMh!X nenn-

qnn, MaCChi ncex cno6oA!lhiX qacTIIU npnnnMaiOTCB panl!biMII nyn10. PaccMoTpeno 

BCIIMnTOTI!'IOCKOO UOBOAOHI!O aMnnHTYAbl npn 60Hbllli!X 3HB'IOI!I!SIX HMnynbca. 

Pac'IOTbl noKaaann, 'ITO paCXOAIIMOCTI! OTCyTCTByiOT B TOOpiiH H nonHOCTbiO 

co6niOrtaiOTCSI ycnoBI!SI ynnTapnocTn, npii'II!HHOCTII 11 noKanbHOCTH. 

2. AnyX'IBCTII'IHB!l CKBHSIPHBSI dJyHKI!IISI fpnna II BMHHIITYAB paCCOSIHII!l 

CKBnSipHbiX 'IBCTIIU 

/3/ 
KaK n n pa6oTe , BbipalKeHIISI AnSI nnTepecyw.w,nx nac cjlnaiiqec~nx nenii-

'Inn nony'IOHbl MOTOAOM cpyHKUHOHBnbHOrO IIHTerpnpOBBHII!l. ¢opMyna AnSI OAHO'iB 
/3/ 

cTaqnol! q>yuKunn fpnna CKanSipaoro nom1 </> (x) npnnenena n pa6oTe • nony'il!M 

cpopMyny AnSI UBYX'IBCTII'IHOH cpyHKUIIII fpi!HB, KOTOpag CBSI3BHB C BMnnl!TyAOlt pac-

COSIHIIll CKBnllpHh!X 'IBCTHU COOTHOIIIOHHOM 
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rAe G(p'q'\pq) - HMnyiihCHOe npeACTaBJieHHe ABYX'18CTH'UIOil ljJynKnHH rpuna, 

p H q - HMnynhCbl naAaiOUIHX '18CTH!l, p' H q' -YXOAHUIHX. ¢yHKilHH rpn:-

HQ BhlpaJKaeTcn qepea !jlyHKllHOHanhHhiil HHTerpan 

rAe S0 (<{>) - nonnpuaanun BaKyyMa so snemnaM none </>(x). Hcnollb~YSI nonyqen-

nyro B pa6oTe (3) !jlopMyny Ann S0(<{>) aanumeM G(x 1x2 l x3x4 ) BO BTOpOM no-

pnAKe no ~m 0 

.PW n~\ ee') <{>( e ') I X I2A g<{>(y I)Sin2X g(<{>(y2 )-</> (y I)+ Cos 2X g (¢ (y2) -¢ (y I)) I 
(6) 

rAe Sc(y 1 -y2 )=1<T(f(y1 )1/r(y2))>~ · 

HnTerpupyn no !jlynxnn:onanJ>Hoif nepaMennoif ¢ ll no o6hl'IHOli: nepeMennoil X 

H OCTSBnHH nHUib TY '18CTb, KOTopan ABeT HeHyneBOil: BKnaA B f(p'q'\ pq), ·npn:-

XOAHM K BhlpaJKeHHIO! 

""t 2) . 2 4 
G (x

1 
x

2
l x3 x4 )~-t(~m) (2g) ffdy 1 dy2 (~(x1 y 1)-~(x 1y 2 )) ••• (~(x4 y 1)-~(x4 y 2)) 

c c 2 . 
Spll·IS (y

1
y

2
)S (y

2
y

1
)lexpl-1(2g) ~ 0 (y 1 y 2 )1_, (7} 

(8) 
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3To BhipaJKeaue yao6aee nepenucaTb B cneayromeM Bnae: 

-( 2) . ...II) ...12) 
G (x

1
x2J x

3
x

4
)=-iffdy

1
dy 21'1(x

1
y

1
)1'1(x

2
y

1
)1Ir (y

1
y

2
)'1\(y

2
x

3
)-!1(y

1
x

3
)lr (y

1
y

2
)1!1(y

2
x

4
), 

(9) 
rae 

(I) 2 4 e e 2 , 
n (y)=t2(!1m) (2g) JdespiS 0<e)S <-e)lexpl-1(2g) 1'1 0Wl[3BCe-y)+B(y)l, 

(2). 2 4 e e 2 
n (y)=tB(L'lm) (2g) JdespiS ws <-e)l.expl-1(2g) 1'1 0 WIB<e-,y). 

nepeXOAH K llMnynbCROMy npeAcTaBneHHIO II llOACTaBnHli nony'!eHaoe Bblp8li<~­

Hile B ( 4), OKOH'!aTenbao nony'!aeM ann aMnnnTynhi paccemmn cKannpHbiX '!RCTDil 

f ( p 'q '1 p q) = n ( p2
) + D( q 

2
) + n ( p :

2
)+ll ( q '

2
) -11 < O) - n ( s)-IT < t) - n (u ) , (lo) 

rae 

11 ( e2
) = 18 g 

4 
(1\ m )

2 f l X Sp I se ( x) se ( -x) l exp I If X -1(2 g) 
2 

1'1 o< 0) I ( 11) 

D S=(p+q)2. t= (p-p')2, U=(p- q')2. 

3. AMnnnTyAa paCceHI!HH CKBmiPHbiX '18CTHH C HyneBOi! M8CCOi! ITOKO!t 

AMnnnTyAa paccenann cKannpHbiX qacTnu, TaK JKe KaK u oaaoqacTH'IIIBH 
/3/ 

tPYIIKUHH fpl!lla, paCCMOTpeHI!IlH B rrpeAbiAYIIIei! pa6oTe , BbipalK8IOTCH '!epe3 OAHY 

II Ty me Ben!PHIHy ll (e
2
). 0o3TOMY B nanbHefillleM TOnbKO 0118 II 6yneT I!CCneno 

D8TbCSl. 0Ka3b!BaeTCH, B cnyqae, ecnn M8CCbl liOKOH '18CTHH p8Bllbl HyniO, MO)!{HO 

Bbl'II!Cn!ITb STY rjlyHKUl!IO. Torna tPYHKHilll pacrrpocTpaHeHHH, BXOnHIIII!e B ( 11), lipH­

o6peTaiOT Kpa !rue rrpocToii mrn: 

,, 
L'. 0 (x)=-lim 

1 
· Sc(x)=-lim ; 

2 
, SplSc(x)Sc(-x)~-lim 

4 
• , 

E~o(2rrl 2 (x 2.-id E~o2rr(x-id E-+orr(x 2 -!El3 
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2 v v rAe X ~ Xv X 
1 

X ~ y 
1
, X H HCKOMOe BbipmKeHHe MO)I(HO 38flHC8Tb cnenyroiiiHM o6-

p830M: 

(13) 

( 14) 

H K a ( JL )2 • 3aMBTHM, 'ITO, ecnn pa3nO)I(HTb flOAHHTerpanbHYIO f!JyHKIIHIO B psm 
IT 

no K , TO Mbi npnneM K o6bi'IHOH Teopnn B03Mymeana c aeycTpaHHMbiMH pacxo-

AHMOCTSIMH B KB)I(!IOM qneae pgna. 

HMOS! B Bnny aHanHTH'IeCKHe CBOHCTBa f!JyHKUHH /1 O (X) HHTerpan ( 14) MO)I(-
1 

HO 3anHC8Tb TBK: 

F (f 2 ) = i r d 3 
X fd X 0 e If X 

c 

rAe KOHTyp C yKB38H HB pnc. 1. 

(15) 

,Ung Bbl'IHCne!IHSI HHTerpana ( 15) cneAyeT BBeCTH npoMe)l(yTO"lHYIO peryng­

pH38UHIO, KOTOpag He HCKB)I(Bna 6bi aHanHTH'IOCKHX CBOfiCTB Hamero BblpB)I(eHHS! B 

KB)I(!IOM nopHAKO TBOpHH B03Mymeanit, ecnH npOH3B9CTH pa3nO)I(eHne no KOHCTBHTB 

K • TaKoa peryngpn:3annen MO)I(eT cny)I(HTb cneAyromag npone.ctypa. EyAeM C'IH-

T"aTb HCKOMOB Bb!p8)1(0HHe npenenoM npn 0 -+ 0 nonycyMMhi: 

( I) ( 2) 

F (f 
2
)= lim 

0 ... 0 

Fo + F o 
2 

F~~ l (~2)= i r d3x f.d~ oelf X 

c 

exp[--~K.:...__ 
xq. io 

(16) 

( 17) 

npH'IeM 0 MOHbiiiO pannyca nonyoKpy)I(HOCTefi, no KOTOpbiM Oi>XOAS!TCSI OC06eH­

HOCTH B KOHType C. 
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Bb!'IIICJIHM STU HHTerpaJibl B HeqJH3H'19CKOl! o6naCTH nepeMeHHOit f (·f 2< 0 ), 

nony'IeHHoe Bb!palKeHne nerKO 6y.QeT npo.QOJilKHTb Ha BCIO 06JiaCTb f, 

B necjlnaH'!9CKOl! o6nacTn Bbr6npaeM CHCTeMy KoopnnnaT, rne e = I 0. f I 
(snepreTnqecKaR KoopnnnaTa panna nynro). B STOll cncTeMe KoopnnnaT cnenaeM 

nonopoT KOHTypa C no nonnoro conMemennR ero c MHHMol! ocbro, nocne qero 

n nonyqenaol! TaKnM o6paaoM· enKnnnonol! MeTpnKe nerKo nponecTn HBTerpnposa-
c I) 2 

BH9 no yrnaM H F 8 (f J CTaHOBHTCR paBHOl! 

(I) 2 217
2 oo . - - exp [__!..__.] 

F
8

<fl=--}dAyAg 1 (fyA) A+i8 
e o (A+ 18 > 

(18) 

rne 
2 2· 

e~v-e =ve. 
Mcnonbayg JtJIR gt (f,iXJ npe.ncTannenHe 

... 2 

_, oo+la 
_, fyA f d • 

g 1(fyA) = i - 4-, Y sh
17

yr(l+iy)r(2+iy) 

( e A 1 y 

-r" 
(19) 

_,oo + Ia 

r.ne a <.( 1, H HM9R B BHJty aoCOJIIOTHYIO CXOllHMOCTb HHTerpanoB, MOlKBO nepenn­

CaTb (18) B BH.rte 

... 2 

Fell (f2)- . 172 8 --1 -
2 

oo+Sa 

f 
(_L)Iy "" 

dy . 4 fdAAI+Iy 
shl7yrtl+iy}r(2+iy) 0 -oo+ta 

PaccMOTpnM naTerpan no A 
I 

oo exp[ K 

f(y)= fdHt +ly ~] 
(A+ i 8P 

exp[ h: !§) 

(A+i8) 3 

(20) 

( 21) 

·no.nnnTerpanbHOe BblpalKeane nMeeT paapea s.nonb .neiicTBnTenbnol! oTpnnaTenb­

noii ocn n cymecTsenno oco6y10 TO'IKY Ha oTpnnaTenbnoli MBnMoli ocn ( cM.pnc.2), 

a Jia 6eCKOH9'IHOCTH CTp9MIITCR K HYJIIO, nosTOMy MOlKHO noBepHyTb KOI!Typ HI!-

8 



TerpHpOB8HHS! H8 yron 11. H 38TeM yCTpeMHTb a 
pan nerxo 6epeTcH: 

K nynro. ITonyqennhlfi HHTer-

( 21) 
sh11yi(iy) 

IToncTaBmm nonyqennoe Bbipa:lKeime B ( 20), HMeeM 

3 
1T 

2K 

oo.+ 1a 

f 
-OQ +!a 

dy 

[ 2) 2 
Ananornqnoe Bbipa:lKenne nerxo nony'IHTb H nnn Fa (~ ) . ITonnnTerpanbHhle <jlynx-

UHH HMeroT nonroca, nelKamne na peanbHoil: ocu,. H cTpeMnTcn K nynro· na 6ecxo­

neqnocTH. ITOSTOMy KOHTyp HHTerpHpOB8HIISI MO:lKHO ne<jJopMHpOB8Tb T8K 1 'IT06hl 

OH men CBepxy H CHH3Y OT peanbHOil: nonOlKHTenbHOil: OCH (eM. pHC~ 3), nocne 

qero,. cxnaAbiBan F i 1 
> u F~2 

l , nonyqaeM 

(24) 

3TOT HHTerpan paBeH CyMMe .BbJ'IeTOB B COOTBeTCTBYIDinHX TO'IKBX. Bbl'IHC­

nHSJ ero H noncTaBnnn nonyqennoe BbipalKenne B ( 13), npnxonnM K ncxoMofi <jJynK-

UHH 

2 2 2 "" n (f ) = 2(1TK~m) .~ I 
n=O 

2 
(~)n 2 (25) 

4 ( K~ -1 f1 f12 __ ...___ In (- e ) -r/l(n+3)-r/J(n+2)-r/l(n+ 1)]--. 
n!(n+l)!(n+'2)! 4 K 

qT06hl nOK838Tb1 'ITO HCnOnbayeMag npoMelKyTO'IH8Sl peryngpH38UHS! nefiCTBHTenb­

HO He HCK8:lK8eT aHanHTH'IeCKHX CBOil:CTB HCcnenyeMoro Bb!pSlKeHHH B K8:lKAOM no- ' 

pnnKe Teopl!H BoaMymennl! ( paano:lKenne B pnn no K ) , np.l!BeAeM B o6mnx qep-

Tax npyrofi cnoco6 Bhl'll!cneHl!H l!HTerpana (16) neaaBHCHMO B <jluall'lecKol! H ne-
2 

<jJl!3l!'leCKOl! o6naCTHX nepeMOHHOfi ~ • 

9 



npn: r 2 > o BbJ6epeM CHCTeMy Koop.an:naT, r.ne r= Ho. 0 I. Paanarag 

no .a IIHTerpanoM aKcnoHeHTY C ~ o (X) B pn.a H HHTerpnpyg no X O C nOMOmbiO 

Teopn:n: Bbi'IeToB, npn:xo.anM K cne.ayromeMy Bbipa:>Keun:ro: 

F(e 0 ) =A(fo-)+ iB(f 0 ). 
(26) 

2 co 
A(e )=-(217) llm ~ 

O a ... o n=O 
-K f 2 ( ) [ + ' ( )n a n+2 Cos foX Cosrox I 1 

- drr - + 3 n+3 
n!(n+2)! ax ('x+Jrz-ta)n I (X+/r 2+1a) ~ 

x=y-;r::!B x=yr HI> 

2 co (-K)n co a n+2 Sinfox I Slnf X 
B(f0 )=-(217)1lm~ Jdrr2(-) [ + ~+3 1= 

a ... o n=on!(n+ 2)!o ax (x+Jr 2-ia)n+3 . (x+v'r 2+1~) n 
3 ~ 

x=yr2-la x=yr2+ta 

(27) 

(-K)n co 2 a n+2 Sinf0 x 
= -811 2 I 

n== 0 

----f dr r (-) 
n!(n+2)!-o ax 

n + 3' \ 
(x+r) x=r 

3,aecb B MHHMOH .'laCTH cpaay MO:lKHO nonO:lKHTb a= 0 , n6o B Kll:lK.QOM nopSI.aKe 

no K MHHMllSI 'JaCTb KO!Ie'!Ha, 

llnSJ ue!j:Jn:anqecKotl o6nacTH f
2 

< 0 Bbi6epeM cncTeMy KoopnnnaT, rne 
... 

f =I O,f tl n nonyqaeM 

2 (217)2 co (-K)n co a n+2 1 n+3 1 +3 
F(f )=--·lim ! fdrrSinfr(-·l [( ) j +(---"'-' f \ ], 

f a .. o n=O n!(n+2)! 0 ax x+yr 2-ia x+yr2+ia -
x=~ x=yr2+ta 

(28) 

nony'IOII!Ible Bb!pa:>Ke!IHSI MO:lKIIO paCC'IHTaTb AO KOHUa 1H 3llBHCHMOCTb OT a B OKOH-

'IllTenbHblX Bb!pa:>Ke!IHSIX B npenene a-> 0 HC'!e3&0T, ( Hanpn:Mep, HHTOrpan B ( 28) 

npnao.anT K pHilYo npe.acTaBnSJromeMy 6ecceneBcKyro !j:JyuKilHro Kn+ 1(f/iBL Me-

HilS! nopSI.QOK cyMM!IpOBllHHSI H Bbl'IHCnSJSJ O.QHY H3 ABYX CY":4M B npe.aene a-> 0, 

Mbi npnxonnM K y:>Ke nony'lenuoMy panee Bbipa:>KeHnro ( 25)). 

AMnnnTyna pacceSJHHSJ cKanSip!IbiX '!acTnu paaua 

f(p'q'\ pq)= f(s)+ f(t)+f(u ), 
(29) 

r.ae r n 
2 co (K4,) Kf -117 

f{r)=-2(17K~m) r ~ {ln(4e ) ~rb(n+l)-•Hn+2)-rb(n+3)]. 
n=O n!(n+l)!(n+2)! (30) 

r=(s,t,u) 
CKanBpHaSJ !j:JynKUHSJ fpnua paaaa 

10 



!l ( p 2) = !l 0 ( p 2) + ~ !l 0 ( p 2) f ( p 2)!:;. 0 ( p 2). 

g 
(3 I) 

l1HTepecHo OTMeTIITb, 'ITO rrorrpaBKa K Macce cKanSipHof! 'IBCTII!lbl oiL 2 II KOH-
/3/ ' 

CT8HT8 Z_ 3 ( IIOniOCHOf! 'II19H ( CM. ) ) B paCCM8TpHB89MOM npH6I!HlK9HIIH paBHbl 

Hymo. nocKOIIbKy ( 29) II (31) Bblp8lK8IDTCSI '!epes OAHY tjJyHK!lii!O - f(r) t Mbl or­

p8HII'IIIMCS! TOIIbKO IIccnenoBaaneM aMrrnnTyAbl pacceSIHHSI. O'!eBHAHo, ecnn oaa 6y­

neT YAOBII9TBOpS!Tb Tpe6oBaHIISIM yHHTapHOCTII II Ilpii'IIIHHOCTII Teopnn, TOrAa TO 

JKe 6yneT aepao II nmi acex tjJyHKUIIti fpnHa cKanSipHbiX '!aCTII!l. 

4. YHIITapHOCTh. rrpii'IIIHHOCTh II aciiMIITOTII'!ecKoe noaeneHne 

rrp!I 60I!billiiX S 8MIIIIIITY!lbl pacceSIHIISI 

CK8I1SlpHb!X '18CTI!ll 

nony'!9HI!Oe BblpaJKel!ne AilS! 8MIIIIIITY!lbl pacceSII!IHI CKannpllb!X '18CTIIU l!aXo­

!liiTCSI B IIOIIHOM cornacnn C·Tpe6oBaHHeM YIIIITapHOCTH TeOpiiHo llei1:CTBIITenbHO, 

B tjJII3H'I9CKOi1: o6naCTII0 l!ai!p!IMep, rrepeMei!IIOH S (s > 0), MHIIM8SI '18CTb 8MIIIIIITy-

!lbl pacceSIIIIISI paaHa 

(~)n 

I 2 4 
m f(s,t,n)=21T(ITKllm) s I ------­

n=on!(n+l)! (n+ 2)! 

rne 0F2 (2,3; ~s) 

CKOf! o6naCTII S <0 

- o6o6menHaSI rnnepreoMeTpii'!ecKan tjJyHKUIISI. B netjJnsii'!e­

f(s) ,...'IIICTO neiiCTBHTenbHaSI Benii'IIIJia, 'ITO H AOIIJKHO IIMeTb 

M9CTO B cnny yHHTapHOCTII. 

Eonee TillaTenhHyro rrpoBepKy YHIITapHOCTII MOJKHO ocymecTBIITb cnenyrorniiM 

crroco6oM. Ms ycnOBIISI YliiiTapHOCTII s -MaTpH!lbl ss+ = 1 nerKo nony'IHTb B 

nccne.nyeMoM rropnnKe no !:;. m. 

4 00 

I> (p'+q'-·p-q)lm(s,t,u)=2" 2 v'ru ,ru,ru ru· S<OJa .. a .. s ln><niS+a:,a!,JO> 
P q P qn=2 P q 1 I p q I 

(33) 

rne ru P - saeprnn cKannp!!biX '!acTnu, S 1 -nepBbli1 nopnnoK no /). m 
0 

MaTpn­

llbi paccemmn. CrrpaBa B ( 33) CTOIIT CyMMa H!IB8pll8HTHb!X tjJa30Bb!X 06'b9MOB (l n • 
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3annchlBaR nx a anne qeTblpexMepnoro HHTerpana a KOH~nrypannonnoM npocTpan-
1-l 

CTBe OT COOTBeTCTBYIOIIIHX f!. (X) !jlyHKUllil H HHTerpnpyg no X O 
1 

nerKO npnBeCTH 

npaayro 'laCTb ( 33) K !jlopMe, ananornqnoll: MHHMoll: qacTH BbipaJKeHHSI ( 26), rrocne 

qero paB9HCTBO (33) CT8HOBHTC!I O'l9BHnHbiM. HTaK, BblliOnHeHHe TpefioBaHUfl: yHH-

TapnocTH noKaaauo. 

qT06bi y6enHTbCR B Bbiiionnennn Tpe6oaaunll:, nanaraeMbiX na rroaenenne aMn­
/4/ 

nHTynhl npl!HUHIIOM npnqnHHOCTH H noKanbHOCTH TeopHH , HCCnenyeM ee aCHMIITO-

TllqecKoe noaenenne npn 6on&mnx anaqennRx s. 

KaK noKaaano a rrpnnoJKeHHH l, MHIIMaR qacT& aMnnnTynhi npn 6on&runx s 

pacTeT cnenyromnM o6paaoM: 

lm f(s,t,u)= C(KL'.m) 
2 expl3(~ )1/al 

4 
sl/3 

S K »} 

rne C -HeKoTopaR qncnoaag KOHCTaHTa. 

• 
(l+ll(-1-)), 

(K s)l/3 

(39) 

nefl:CTBI!TenbH8R 'l8CTb aMnnHTynhi pacceRHIIR o6pamaeTCR B KOHCT8llTY ( CM, 

npnnoJKeHIIe II 

Ref(s)=8712KL'.m 2 (sK»l). (30) 

TaKoe rroaenenne nayqaeMoll: aenH'liiHbi ue BbixonnT aa paMKH orpannqennll:, nana-

raeMbiX na noaenenne aMrrnnTynhi pacceRHHR rrp11nnnnoM rrpnqnnnocTn H noKan&-
141 

. HOCTH ( CMo pa6oTy A. nJKa!jJ!jle ) • 

5. 3 a K n 10 q e H 11 e 

8 paMKaX qeTbip9XM9pHofi yHHTapnoll: penRTHBHCTCKOfl: MonenH IIOCTpOeHa KO-

nequag T90pHS1 nong BO BTOpOM IIOpRnKe IIO L'.m. HayqaeMbiil: narpaHJKHaH caonnT-

CR K narpallJKHaHy C cymeCTBeHHO H9nHH9ftHbiM IIO IIOniO cp ( :!1:) B38HMOnef!:CTBH9Mo 

3TO IlpHBOnHT K TOMy, 'ITO B HHTerpanaX, OIIHCbiB810IIIHX 8MIInHTyny paCC9!11Il!R II 

!jlyHKUHU rpnHa 'l8CTHU, IIOniiHTerpanbllbl9 tPYIIKUHH SKCnOH9HUH8nbHO 38BHC!IT OT 

nponaraTopoB CKanRpHbiX qacTIIU, qeMy n o6Raaua rronyqaeMaR KoHe'lHOCTb Teopun. 

neftCTBHT9nbHO, CTOHT pa3n0l!{I{Tb nonUHTerpanbHbl9 tPYHKUIII! no KOI!CT8HT9 g 2 

n BMecTo noKa3aTen&noft aaaucuMoCTII nx oT A o. ( x) BepHyTbCR K 06biqllofl: CTe-
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lleHHOn, K8K HeMeaneHHO IIOSIBnlllOTCll XOpOlllO 3HaKOMble· HeycTpa!IIIMble paCXOAII-, 

MOCTII, B TO BpeMl! KaK IICXO.QHOe BbtpaJKeHIIe CBOOO.QHO OT HIIX, YKaaaHIIOe CBoit­

CTBO aMIIniiTYAhl paccel!HIIll TeCHO CBll3aHO C ~e !IeaaaniiTIIqHOCTbro 110 KOHCT81IT9 

CBl!311 g
2 

B TOqKe g
2 

= 0, qTQ CBIIAGTenbCTByeT. 0 He3aKOHIIOCTII IICIIOnb30BaHIIll 

TeOpllll B03MyllleHIIft C paanoJKeHIIeM 110 
2 

g B 3TOll TOqKe, 

Bee pacqeTbl llpOBe.QeHbl BO BTOpOM IIOpli.QKe 110 ~m· !I llpll Maccax IIOKOll 

Bcex qacTIIrr, paBHbiX aynro. HaM llpeacTaBnl!eTcll BaJKUhiM yoeAIITbCll .B TOM, qTo 

II B Bb!Cll!IIX IIOpl!AKaX 110 ~m TeOplfll yHIITapna II He COAepJKIIT paCXOAIIMOCTefi, 

HecoMHeHHhtfi IIHTepec llpeacTaBnsteT oooomea11e 11onyqeHHbiX peaynbTaTOB na cny-

qaft OTnllqHb!X OT Hynst Mace IIOKOSI • 

• 
npoBe.Qel!HOe IICCne.QOBaHiie II03BOnsteT HaaestTbCst, qTo IIOCTppeHIIe Teopllll 

IIOnst 093 paCXO.QIIMOCTefi CTaHOBIITCSI B03MOlKHbiM, ecnll paccMaTpiiBaTb CyllleCT­

BeHHO aenllnefiHbie narpaHJKIIaHbi B3aiiMoaeficTBIIst, Bee peaynbTaTbi, llonyqenubte 

anecb, nerKo llepeHocsrTcst Ha Mo.Qenb, paccMaTpiiBaeMyro P. ApaoBIITOM 11 c.ne-

/5/ 
aepoM 

B 3aKnroqeJiue aBTOp BbtpaJKaeT onaronapHOCTb r.B. E<jliiMOBY II H.A. lJepHl!­

KOBy aa BeCbMa llnOAOTBOpllble oocyJK.QeHIIll. 

npllnOJKel!lle 

HccnenyeM aciiMIITOTIIqecKoe 11oaeaea11e <jlyaKrrllll $(a) 11pn oonbllliiX aaa­

qealll!X apryMeHTa. 3Ta <jlyHKIIIIll aanana psrnoM 

¢(a)= I 
n=O n! (n+l)!(n+2)! 

HciiOnbayeM IIHTerpanbHOe 11pencTaBnenlle oopaTHOll I"8MMa-¢yHKIIIIII: 

1 
r(n+3) 

cn.n 

I".Qe L - KOHTyp, yKa38HHblil Ha pnc, 4, noacTai'JnSISI ( tJ.1.2) B ( IT.l,l) II cyM-

MIIPYll llonyqellllblfi pli.Q, 11onyqaeM 
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«<>(a)=-__!_ fd n'"I 1(2y'.!..) 
-· v v 

2rrv' a L 5/2 v . 
(IT.1.3) 

rne l 
1 

( 2 y· f) - !jlyHKIUill EeccenH MHHMOI'O apryMeHTa, flpn a ... 00 MO:>KHO B~c-4 

IIOIIb30B8TbCH. 8CHMIITOTH'I9CKHM Bb!p8)!{9HH9M /liTH. oecceneBCKOil: !jly!IKUHH (noO 

~•»1 B TOil OOIISCTII nepeMeHHOi\ HHTerpnpoBaHn, KOTOpaH ll89T OCHOBHOi! BKIIIlll 
v 

B nnTerpan): 

(-i) dz. 1/3 2 
<f' (a)= 7 7 · f -

1 
exp I a (Z+ -:=) !. 

4rr32 a7sLzg' y':z (IT.l.4) 

1/s 
3necb 6bma cAenana 3aMeHa z = a v . ITonyqeHHhiil nnTerpan nerKo oneHI!Bai-

eTCH MeTOAOM nepeaana ll B pe3yiibT8T9 A89T 

«<>(a) .. (1+0(~)). 
a 

< rr.t.6) 

ITpnno)!{eHne II 

.tJTo6bi aafiTII aci!MIITOTH'IecKoe rro.aenenne np11 oonbWIIX 3Ha'!eHnHx a 

cPYHKUIIH R (a) . 3anaaaeMoil pHAOM 

R(a)= ~ 
n a 

n=O n!(n+l)!(n+2)! 
[ ln a -tb(n+3) -tb(n+2) -t/t(n+l) J. (IT,IT.l) 

3!IM9THM, 'ITO HRTepecyroWaH Hac !jJyHKUllll HBIIHeTCH IIp9/l9IIOM IIpOH3BOAHOil: OT 

cPYHKUHH ¢ (a) IIO HH/l9KCy rrpn r ... 0 

... 
«<> (a)= ~ 

( n=O 

n +£ a 

r( n+l+d r (n+ 2+dr<n + 3+ () 

<l>yHKUHID ¢£ (a) MO)!{HO 3!IIIHC8Tb Cne.lJ.yiDWHM 00p!I30M: 

«<>r (a)= I 
n+£ 

a 

< rr.rr.2) 

n=O B (l+n H ,2+n+·r) B(3 +nH, 3 + 2 ( n +£)) r ( 6 + 3 ( ll +f) ) 

14 
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fT 

1 2' · oo n + £ 2 3) n +£ 4 ( ) ( ) 
B-!ffd<f>dl/1 fdze• l: a (a {3 a(;l 2n+2+2f 3n+S+3f 

fT 0 CR n=O z 3n+"6+3£ 

2(n+t+r) 3(n+IH)+I l(nHll/1 -l(n+f) 1/J (n.n.3) 
:•(Cos¢>) (Cosl/1) [e + e 11· • 

a=f3=z 

3necb Mbl ncnonh3oaann HHTerpanbHbie npe.QcTaaneann raMMa- H 6eTa-4yaKum1. 

CR -KOHTyp, yKa3aRHb!lt aa pnc. 5. 06xon aaqana KoopnnaaT nponcxoni!T no 
2 th 

OKpylKHOCTII c pa.QI!yCOM R > {3 (a a ) npoii3B9ASI cyMMI!pOBaHI!e no n , 

nony'laeM cnenyromee BpbllKeane: 

fT 
2 '2 

<I> <a>=-4!1 d</>dl/1-a-[f(</>,1/J)+f(</> -1/1)11 . ,<n.il.4) 
f 17' 0 a a a {3 I a = {3 = 2 

rne 

<n.n 5) 

II 

b = a (a Cos¢>) 2 
( f3 Cos 1/1) 3 e II/I < n.n.6) 

noAI!HTerpanbHSSI ~YHKUHSI B (n.n.5) HMeeT TpH nonroca B TO'IKSX 

< n.n. 7) 

KOTOpb!9 nelKaT BHyTpll KOHTypa C R • noaTOMy HHTerpan no KOHTypy C R CBO-

AHTCSI K TpeM Bb!'leTaM B YK838HHb!X TO'IKSX H IIHTerpany BOKpyr pa3pe3a, npo­

XOAnmero no OTpHUaTenbHOlt neltCTBHTen~HOlt OCH. 

f3 2 Cos 1/1 e -II/I[ I t/3 I :!f.! I- 3f l I : 23". I hi :.if< I - 3f) I : \" 
f(¢>,1/1)=217 zh · exp b +e exp e b +e exp e 

3 a b 

<n.n.s) 
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rAe S -KOHTyp, yKaaaHHhili aa pnc. 6. Llmr naTepecyrome!i aac tflyaxunn R(a) 

B8lKH8 nlliiib 'IBCTb Bh!paJKeHH!l ( TI.TI.8), CB!!38HH8!! C paape30M, B TO BpeMSI K8K pac-

Tyl!lllfi ITO a 'IneH, COOTBeTCTBYIOlllllfi Bhi'IeTy, He 38BHCHT OT £ ll npn AHtfl-

tflepeannpOBBHHH no aToMy napaMeTpy o5pamaeTc!l B aynh. TaKIIM o5paaoM, B 

R ( a) AaeT BKnaA niiiiih Ta o5nacTh nepeMeaaoJi z , rAe e • y5hiBaeT aa 5ec:-

KOHe'IHOCTH. Tiocne AHtfltflepeHnHpOB8HHli no napaMeTpaM a, {3 1 c nony'IaeM 

2 ..lL ' 2 3 
R(a)= i-3-J/dc/>dt/1Cos2t/J bf dze" 2b -3z (b+Sz3) In z ·(TI.TI.9) 

17 a o s z 3 ( b - z 3 )3 

Tipu a -+ oo IlbipaJKeHIIe ( TI.TI.9) npHHHMaeT Bl!A 

17 

4 T 
R(a)= i-

3
-ff dc/>dt/1Cos 2 t/J fdz 

17 a 0 s 

e" --3-. 
z 

(TI.TI.lO) 

OTOT llHTerpan oepeTC!l II llpHBOAl!TCli K cneAyiOmeMy Bh!paJKeHl!IO AnSI aCl!MllTOTH­

'IeCKOrQ aHa'IeHH!l tflyaKnun R (a)~ 

< n.n.ll) 
R(a).,-...L 
a-+ oo a 
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